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1. Introduction 
In 1969 1 was developing an interest theory, when the Dutch actuary Veldt published an article in the "Verzekeringsarchief ' on  

the same subject. In this article he sketched the outlines ofan interest theory, that led him to a brand new concept of interest. 

During the Oslo congress I gave a lecture about the same subject, in particular I proved some existence theorems. In 1974 
Wolthuis published an  article in the "Verzekeringsarchief'; he criticized the new concept of interest and said that in his opinion it was 
not useful in practice. I think the new concept has not received the attention it deserved. It is true that the theory I am offering you in this 
article is difficult to practice, but how about the interest theory that we use now? 

Anyhow I think the theory very important; therefore I havegiven a special name to the new concept of interest: "Vinteresr". You 
can consider vinterest as an abbreviation of "variable interest" o r  as a homage to Veldt. 

For reasons of simplicity I shall use the vector and matrix algebra. Without these tools the theory is very hard to explain 

Notation 
a. Numbers are denoted by small characters: a a(t) a(t,u) 

b. ab  means 'a to the power ofb'. 

c. The sum ofa(t) for t = s to t = u is denoted by 2 (s -t t -t u) a(t). 

d. Row vectors are denoted by A = (a@))= (a(O), a ( l )  ................. , a(n)). 
Column vectors are denoted by A' = (a(t))l = (a(0) ................, a(n))'. 

e. Matrices are  denoted by: [A] = [a(t,u)] = 
(a(0,O) a(0, I )  ................................................ a(0,n)) 

................................................. (a(1 ,O)a(l,I) a(I,n)) 

(a(n,O) a(n, I )  ................................................ a(n,n)) 

Every matrix appearing in this article is a so called triangle matrix: [A] = 

(0 0 ..................................................... 0 I a(n- l ,n)) 
( 0 0  ........................................................ 0 I ) 

If not explicitly stated otherwise I will understand by a matrix [A] always a triangle matrix. 

Moreover I define [-a(t,u)] = 
(I -a(O, I)-a(O,2) ................................. -a(O,n)) 

...................................... (0 I -a(l,2) -a(] ,n)) 
................................................................................. ) 

................................................. (0 o 0 I -a(n- I ,n)) 

.......................... .............. ( 0 0  .. 0 I ) 

f. The identity matrix is denoted by [I]. The transpose ofthe matrix [A] is denoted by [A]' and the inverse by [Aft 

Some Theorems on Triangle Matrices. 
The following theorems are being used in'this article 

a. With respect to matrix multiplication the triangle matrices form a group; that means 
If[A] and [B] are triangle matrices then 
[I], [Arl and [A]. [B] are triangle matrices. 
The proofs ofthis and the following theorems are leR to the reader. 

b. Let [A] = [-a(t,u)] and [ A f l =  [x(t,u)]. 
Ifand only ifthere exists a number r, such that for every t 
2(t+l-tu-m)a(t,u). (I+r) (n-t)= l holds, then 
x(t,n) = (l+r) ,(n-t). 

Remark: i f r = 0  then x(t,n)= l 

c. Let [A] = [-a(t,u)] and [Af' = [x(t,u)]. 
Ifa(t,u)> =O for every t and u, and if for every t there exists a number u, such that a(t,u)>O, then holds 
x(t,u)>O for every t and u. 

The Institution 
I understand by an  institution a life insurance company or a pension fund or any other institution, to which the vinterest theory is 

applicable. 
T o  make the explanation of the theory as easy as possible we will use a simplified mathematical model of the institution. 

Therefore I introduce the following conditions: 

a .  The institution starts at time t =Oand ends at time t = n. n is finite. 

b. At the start the institution has noassetsand no liabilities. 

c. The institution pays nodividends. 



d. All receiptsand all payments take place once a year at 1st January. 

e. The institution has no expenses. 

t Cash is considered as an investment. 

g. The returns ofthe investments do not mature after time n. 

h. lfthe amount to be invested is negative, I assume that the institution can borrow the amount on the same conditions as it can 
invest. 

5. Cashflow 
The vinterest theory is based on some properties of the cashflow. Solvency, insolvency and financial balance are, as I shall show, 

properties, that can directly be deduced from the cashflow; it is not necessary, not even desirable, to define the vinterest first. 
If the institution meets the conditions of paragraph 4, the cashflow consists of: 

Premiums: ~ ( t )  
benefits: b(t) 
invested amounts: a(t) and 
investment returns: r(t) 

By investment returns I do not only understand interest, rents and dividends but also Redemplions! 

I define the following vectors: 

premium vector: 
benefit vector: 
investment vector: 
return vector: 

P = (p(o),p(l ), ........................................................................................... , ~ ( n ) )  
............................................................................................ B =(b(o),b(l), b(n)) 

A = (a(O),a(l), ............................................................................................ a(n)) and 
R = (r(O),r(l ), ................................................................................................ dn)) 

It is easy to see that the following equality holds ifthe institution meets the conditions ofparagraph 4: 
P-B=A-R 

This equality means that at every moment t the sum of premiums and investment returns equals the sum of benefits and invested 
amounts. This is the case if the cash is considered as  an investment. 

Further it is easy to understand that: b(O)= r(O)= p(n)=O and a(O)= p(0) 

What is the meaning ofa(n)? 
At time t = n the institution terminates its activities; after the payment of the last benefits the remaining cash is the amount a(n). 

Therefore is a(n) a measure for the solvency of the institution. If a(n) is positive the institution ends with a positive balance, if it is 
negative the balance is negative and ifa(n)=O then the institution is in financial equilibrium. 

The vinterest theory does not, like the method we are used to, use vague valuation methods for balancing the institution, no, i t ,  
states very precisely that ifone wants to know what the financial position ofthe institution is, one has to estimate the vectors P, B, A and 
R till the (estimated) end of the institution. It provides means for this venture, that at first sight seems to be hopeless. 

6. The Investment Matrix 
As I have already stated r(t) are the returns from the investments, invested from 0 till 1-1. If x(s,t) is the return at t of the 

investment invested at s, then holds 
r(t) = z(O+s+t- l )x(s,t) 
At s the amount that was invested was a(s) and I define a(s,t) as follows: 
a(s,t) = x(s,t)/a(s) 
a(s,t) is the return at t ofthe monetary unit, invested at s. 

We set. 
r(t) = z(O+s-tt- l )a(s) a(s,t) 
Now I define the Irn~esrmenr Ma1ri.r 
[A1 = [-a(s,t)l 151. 
It follows that 
P-B = A [A] 161 

Therefore holds 
A = (P-B) [ A ~ I  171 

This is the crucial formula ofthe vinterest theory. The investment matrix [A] depends on the unit invested for every t and 
not on the invested amounts. Therefore it is possible to calculate A and so a(n) for dinerent P-B vectors. while the investment 
matrix and so the investment policy remain the same. On the other hand one can also vary [A] and keep P-B constant. It appears 
possible to make the normal actuarial calculations by means ofthe formula [7]. It seems however that this is done without the aid 
ofan interest concept, but this is not the case, in the following paragraph I shall show that the vinterest is implicitly present. 

7. Vinterest 
Let [x(t,u)] =[A)' and x1 = (x(O,n), x(l ,n) , .............. x(n-l ,n),x(n,n))' 
wherein x(n,n)= I. From [7] it follows that 
a(n#P-B)x' = ZO+t+n)(p(t))-b(t)) x(t,n) 



We see that  the  solvency measure a(n) equals the sum of the products of premiums less benefits and x(t,n). The same formula we 
use in the classic interest theory, but x(t,n)is then replaced by the following product: 

(I+i(t+l)) (I+i(t+2)) ......( l+i(n)). 
It is obvious to  define f i e  vinterest v(t) as  follows: 

v(t) = x(t,n)/x(t+l ,n)-l 191 

This definition is only valid if x(t,n)#O. Now is [A] = [-a(t,u)] and [A]' = [x(t,n)]. Theorem c of paragraph 3 teaches that ifa(t,u)> = 
0 for every t and  u and ifthere is a u for every t such that a(t,u)> 0 then x(t,u)>O. In the sequel 1 shall assume this condition fulfilled. 

T o  my regret it is witnin the scope of this article not possible to give a thorough explanation of the vinterest concept. I have to 
confine myself t o  the most important properties. 

Let again [A] = [-a(t,u)] and [A]' = [x(t,u)]. 
It is easy t o  recognize that x(t,u) depends on a(v,w), wherein v<  = t and w <  = u. This means that the vinterest depends on the 

future and the present, but not on the past. Generally the vinterest will never be known as a fact but only as an estimate. Moreover, ifthe 
vinterest estimate changes, as time passes by, every value ofthe rate ofvinterest changes, also those in the past! 

O n  the other hand the vinterest has the tremendous advantage of not being dependent on the vector P-B but only on the 
investment matrix. This property makes the rate ofvinterest an appropriate measure ofthe investment performance. I think the concept 
ofvinterest solves the latter problem, unfortunately at the cost ofthe uncertainty ofthe vinterest itself. 

In the sequel I shall use the word 'interest' and the symbol i(t) only as  the rate of interest on the base ofwhich the final value ofthe 
(t-l)th row o f t h e  investment matrix is zero (the market rate of interest). 

If i(t) = i is constant for every t, then we get back the classic interest theory with a constant rate of interest. We expect to find in 
that case a constant rate of vinterest. This follows indeed immediately from theorem b of paragraph 3. 

8. Valuation 
I define the  final value w(n)ofthe vector P-B with respect to the investment matrix [A] by: 
w(n) = a(n) 
and the value ofP-Bat time t by: 
w(t)= a(t)/x(t,n) 



This definition is valid if at time t the value of the investments exceeds the value of the insurances (the premium reserve) by 
a(n)/x(t,n). To prove this I define: 

P(O,t)= (p(O),p(l) ,....., p(t),O ,....., 0) and 
P(t+l ,n) = (0 ,....., O,p(t+l ) ,....., p(n)) 
B(O,t), B(t+l ,n)m, A(O,t), A(t+l ,n), R(0,t) and R(t+l ,n) are defined analogically. 
From [8] 1 derive: 
(P(O,ttb(O,t)).X1/x(t,n) = 
= a(n)/x(t,n)+(B(t+l ,n)-P(t+l ,n)).XB/x(t,n) 1121 

The left side ofthe equality [I21 stands for the prospective premium reserve, the second term ofthe right side for the retrospective 
premium reserve. 

According to the formula [3] holds: 
(P(O,ttB(O,t)). X1/x(t,n)= (A(0,t)-R(0,t)). X1/x(t,n) 119 

The right hand side of [I31 stands for the value at time t of the investments, invested from 0 till t included. From [I21 and [I31 we 
find: 

(A(O,tER(O,t)). XL/x(t,n)= 
= a(n)/x(t,n)+(B(t+l ,n)-P(t+l ,n)). Xl/x(t,n). 1141 
what completes the proof. 

So we see that the valuation on the base of the vinterest leads to the aim it was created for: to measure the solvency of the 
institution. 

I remark that for the determination of the solvency I do not need to value the assets. I could achieve that goal by comparing the 
prospective and retrospective premium reserves. 

I notice that the developed valuation method leads to a subjective concept of value. The value depends on the investment matrix; 
the latter varies from one institution to the other. Therefore the same investment has dfifferent values, depending on the institution, to 
which it belongs. 

To my regret I can not go any further into the matter. For instance it would be of interest to explain to what practical valuation 
methods the theory in some concrete cases leads. This however requires another article. 


