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1. Introduction 

1.1 Actuaries have long had a simple model for a 

combined marriage and mortality table (see, e.g. 

Spurgeon, 1922), but (at least in Britain) have not 

generally developed this further. This paper first 

describes a fuller, but still simple, model for 

considering marital status, gives some numerical 

results, and then outlines more complex models that 

could be developed. 

1.2 The motivation for the model is as follows: in 

the U.K. it has long been the custom for pension 

schemes to pay pensions to the widows of members. In 

the past the widow had to have been the member's wife 

at the time of death in service or at retirement, so 

that her identity and age were known in advance; more 

recently the pension has been paid to any widow, 

including those whom the member may have married after 

retirement. It is therefore desired to estimate the 

cost of the change from'one definition to another, on 

an individual as well as on a collective basis. As 

will be seen, the proposed model has many other 

applications besides this. 



1.3 The methodology used in the model is that of 

Waters (1984 and 1986) and Waters and Wilkie (1986), 

where the same methods were applied to a sickness 

model. Reference should be made to these papers for 

the mathematical justification for the methods used. 

The method of deriving numerical results has also been 

described in Waters and Wilkie (1987) 

2. A first model for marital status 

2.1 This first model assumes that all transition 

intensities are functions only of the attained age of 

the individual under consideration. What this means 

will be explained below. 

2.2 The model can be portrayed as follows: 
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2.3 An individual of age x may be in one of a number 

of statuses. His status at age x is described by the 

variable S(x), which may take values in the set: 

{s, m, a, w, ds, dm, da, dw} 

where s means that he (she) is single 

m means that he (she) is married 

a means that he (she) is divorced (=art 

w means that he (she) is widowed 

ds means that he (she) is dead, having b 

single at death 

) 

een 

dm means that he (she) is dead, having been 

married at death 

da means that he (she) is dead, having been 

divorced at death 

dw means that he (she) is dead, having been 

widowed at death. 

The statuses are represented by boxes in the diagram. 

We shall in general use f,g to mean any of these 

statuses. 

2.4 Consider a "life" aged x in status f (we include 
those in the status "dead" in this term). Let 

be the probability that at age x+t (t 2 0) he is in 

status g (regardless of what may have happened between 

ages x and x+t). 



2.5 Define the transition intensities for f and g: 

ufg X = bt tpz/ t 

t-+O+ 
and let us assume that all the limits exist and are 

suitably well-behaved, eg continuous and bounded. The 

transition intensity from f to g can only exist if a 
direct transition from f to g is possible. Hence the 

only non-zero transition intensities in the model are 

those which are shown in the diagram. 

2.6 Note that we ignore the age of the spouse and the 

durations of marriage, divorcehood or widowhood in this 

mode 1. 

2.7 Consider now an individual who is single at some 

starting age x, so S(x) = s. Following the methods of 

Waters and Wilkie (1986) we can write down the 

following expressions for the derivatives of tp:f for 

all possible f: 
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d p ~ d m  - - sm mdm 
dt t x - tPx 'x+t 

d p ~ d a  = - sa ada 
dt t x tPx 'x+t 

d p ~ d w  = - sw wdw 
dt t x tPx 'x+t 

It is useful to note that the sum of the above 

derivatives is zero. 

2.8 Now we use the mean value theorem: 

f(x+h) = f(x) + hfg(x+j) for some j, 0 < j < h, 

to put: 

and approximate to give: 

2.9 It is now convenient to simplify the notation by 

writing pg(x+t) for tp;g and mfg(x+t) for u2t 
except when g = ds, dm, da, or dw, where we can write 
without confusion mfd(x+t). We also put x+t=y and 

x+t+h=yh. We then get the following approximations: 





2.10 NOW assume that we have calculated, or 

postulated, values at some age y=x+t of all pf(y), and 

so that E pf(y) = 1. 
f 

We have eight linear equations above, (1) to ( 8 ) , '  and 

eight unknowns, pf(yh). We assume that we know mfg(x) 

for all f, g, and x. It is then not difficult to 

calculate all eight pf(yh). 

2.11 We now have a system for calculating all the 

probabilities we wish. We start by putting, for 

example: ps(x) = 1 and all other pf(x) = 0. We can 

alternatively choose any other initial distribution. 

We then choose a suitable small interval, h. We use 

the procedure described above to calculate, 

recursively, values of pf(x+nh), n = 1,2, ... as far as 
we wish. If the initial age x is an integral number of 

years, and l/h is also integral, then we shall 

calculate values of pf(x+t) for integral values of x+t 

as we go along. 

2.12 The transition intensities to use in the model 

could be postulated functions with hypothetical 

parameters; the probabilities derived above could still 

be calculated. Or they could be based on some 

realistic data, and graduated functions (for all x) 

derived therefrom. 

2.13 The intensities of dying p? are just forces of 

mortality, which may be different for the different 

marital statuses. The intensity of going from single to 

married, p? is the "forcefg or rate of marriage, and 

F L ~  and are rates of remarriage among divorced and 
widows respectively. p p  represents divorce rates and 

rates of widowhood. 



3. Some numerical results 

3.1 In order to produce numerical results we have 

used data for the population of England and Wales for 

1983. Various publications of the Office of Population 

Censuses and Surveys give actual numbers of marriages, 

deaths, divorces and widow(er)hoods for each age and 

each sex, within the year and also estimates of the 

numbers of persons alive in the middle of the year in 

each marital status for each age (or age-group) and 

each sex. From these data graduated rates of y? were 

produced. 

3.2 A convenient formula for all the forces of 

mortality (including widow(er)hood) was found to be of 

the form: 

= a. + alx + a2x2 + exp (bo + blx) 

In some cases the best value of a2 was found to be 

zero, so that the formula reduced to the first 

modification of Makeham's formula. 

3.3 For marriage and divorce rates a convenient 

formula was found to be 
2 2 

log yx = (aO + alx + a2x )/(I + blx + b2x ) 

which provides a sharp rise from about age 16 to a peak 

in the 20's or 30's with a slow decline thereafter. 

3.4 Values of the transition intensities for specimen 

ages for males only are shown below. The mortality 

rates for married are usually lowest, followed by 

divorced, single (at most ages) and widowed. The 

marriage rates are highest for divorced, followed 

usually by widowed and single. This is as expected. 



Mortality and Widowerhood 
sds mdm ada wdw mw 

Age v, ux vx vx ux 
25 0.00109 0.00052 0.00127 0.00452 0.00027 

45 0.00547 0.00252 0.00474 0.00556 0.00144 
65 0.03549 0.02550 0.03502 0.03878 0.01070 

85 0.15066 0.15646 0.15916 0.18507 0.06472 

Marriage and Divorce 

3.5 The first results of interest are the 

probabilities tp2. In all the examples we put f = s 
and x = 16, i.e. we start with a single person aged 16. 
The values of tpyz, tpS:, tpS: and tpSz give the 

probabilities that this person is single, married, 

divorced or widowed, respectively, at age 16+t. If the 

sum of these is denoted by tpE1 (1 = living), then the 

values of = tpF/tpE1 give the proportionate 
distribution of marital status among the living at age 

x+t who were in status f at age x. 

3.6 The table below gives specimen results for 
sl selected ages, showing tp16, the probability of being 

alive, and 1 0 0 ~ f ~ ~ ,  the percentage distribution in each 

status. These have been calculated putting h = 1/12, 
ie calculating the values with twelve steps per year. 

Intermediate values at steps of 1/12 are therefore 

available. It is found that using steps of 1/12 gives 

adequately good accuracy. 



Probability of survival to selected ages and 

percentage distribution in each living status 

conditional on being single at age 16 

Age Single Married Divorced Widowed 

3.7 The ultimate values of the probabilities of 

entering the various dead statuses, which finally sum 

to unity, give the probabilities that the person dies 

in the relevant status. These final probabilities (as 

percentages) for this particular example (conditional 

on being single at age 16) are: 

Single 17.7 % 

Married 5 4 . 2  % 

Divorced 8.1 % 

Widowed 20.0 % 

3.8 One can estimate the proportionate numbers of 

transitions between age x and x+h by picking out 

particular terms from formulae (1) to (8). For 

example, the probability (conditional on the starting 

age and distributgon) of transition from single to 

married is approximately: 
h 7 {ps(x) msm(x) + ps(x+h) msm(x+h)). 



The others are calculated similarly. Summation of 

these small values between ages xl and x2 gives the 

expected numbers of transitions between these ages 

(conditional on the starting age and distribution), and 

summation over the whole range of ages gives the 

expected numbers of transitions for the remaining 

lifetime. These averages are (conditional on being 

single at age 16): 

Single to Married 0.8225 

Married to Divorced 0.3784 

Married to Widowed 0.2308 

Divorced to Married 0.2978 

Widowed to Married 0.0310 

3.9 At any age, x+t, one can calculate the overall 

(conditional) force of mortality for all statuses: 
f df yld = E pf (x+t).yx+, / X pf(x+t) 

f=s,m,a,w f=s,m,a,w 

and the proportionate (conditional) distribution of 

deaths by each status is given by 
f df ,id:'= pg(x+tl.ygdg / E pf(x+t).~+~ 

X+t f=s,m,a,w 

3.10 The table below gives the overall force of 

mortality and the proportions of deaths for selected 

ages. They differ from the percentages shown above, 

which are percentages of the living, because the 

mortality rates in different statuses differ. 



Percentage distribution of deaths by status 

conditional on being single at age 16 

Age Single Married Divorced Widowed 
16+t 

% % % % 

3.11 Mortality rates in Britain have not changed 

dramatically in recent years. However, marriage and 

divorce rates have. Marriage rates for 1983, which 

have been used above, were some two-thirds or less of 

those for 1973, for all ages and statuses, and the 

rates for females are similarly lower. The resulting 

proportions ever-married are thus lower than would be 

the case if 1973 or earlier data had been used to 

construct the tables, and lower than the actual 

proportions in the population. The numerical results 

reflect the position that would arise if the 1983 rates 

were to continue indefinitely, and should not be taken 

as forecasts of what will actually happen. 

3.12 A very simple extension of this first model is to 

separate the status "married" into "first married" and 

"remarried". People move from single to first married 

and from divorced or widowed to remarried. In 

addition, the "dead from married" status can be split 

into "dead from first married" and "dead from 

remarried". The extensions to the formulae are 

straightforward, and this formulation allows some 

additional results to be obtained. Since population 



statistics do not distinguish between deaths of those 

in their first marriages and deaths of those in 

subsequent marriages, it is difficult to assume 

anything other than the same rates of death, divorce or 

widow(er)hood for the two married statuses. 

4. Elaborations of the first model 

4.1 A second model elaborates the first by the 

explicit recognition of the age of the spouse in a 

marriage. For linguistic convenience we shall refer to 

the life (x) as "he" and to the spouse as "she", 

recognising that the model applies symmetrically for 

males and females. 

4.2 The status of an individual of age x is now 

defined by the pair: 

{S(X), K(x) 1, 
where S(x) is the status as before, K(x) is the 

difference between the ages of the spouses if S(x) = m 

and K(x) has no meaning (or = 0) if S(x) # m. The 

difference is taken as the age of (x) minus the age of 

his spouse. 

4.3 We now consider a life aged x for whom 

S(x) = f and K(x) = k 
Let 

pfg = P {S(x+t) = g and K(x+t) 5 j 
j,t x,k 

I S(x) = f and K(x) = k} 
be the probability that at age x+t he is in the status 

g and his wife, if any, is not more than j years 

younger than him. Note that we know the exact age 

differences of the spouses at age x, viz k; but we need 

to define the probability at x+t in terms of K(x+t)<j. 

If f = m, and he remains married throughout (x,x+t), 

then j = k; spouses retain the same age difference. 



4.4 All probabilities in which f#m cannot depend on 

K(x), so we drop the subscript k. In all probabilities 

for which g#m K(x+t) has no meaning so we drop the 

prefix j. We can write, for example: 
sds - sds 

j,tPx,k - tPx 

as in our first model. 

4.5 Direct transitions not involving the status 

married cannot depend on the value of K(x), so we 

continue to write, for example: 
ps = ~t sds 
X tpx 1 

4.6 Transitions out of the status married may depend 

on the value of K(x), ie on the age of the spouse 

(which equals x-K(x)). 
ma ma 
%,k = Lt j,tPx,k 

t-,O+ 

noting that K(x+t) -3 k as t -9 O+. In practice one 

may choose to m;ke pyk, the force of mortality of the 

spouse, depend only on the age (x-k) of the spouse, and 
mdm 
pXIk depend only on the age of the individual x. 

But 

there is little inconvenience in leaving the more 

general form at this stage. 



4.7 For transitions into the status married we need 

to attach an age difference for the new bride. Thus we 

write: 

noting that pSm etc are a kind of cumulative 
x,j sm transition intensity function, with pX,-== 0, and the 

value increasing with j up to the limit which 

corresponds to pEm of the first model. It may be 

convenient to define 

p? = px sm , +- 
and FSm. - Sm sm 

x,3 - 'x, j ' px am wm with corresponding definitions for p, ,j8 'x,jr F Z j  and 
F:~. The F functions are then true distribution 

functions. In a practical exercise they might be taken 

as having the same values, ie the age distribution of 

the spouse of a man marrying at age x could be assumed 

to be the same whether he is single, divorced or 

widowed. There is little inconvenience in retaining 

the more general form. 

4.8 The formulae for derivatives of pfg are 
j,t x 

similar to those in P2.7, but include integration over 

the appropriate ages of spouse. The method of 

numerical solution is similar to that described in 

Section 2, but it is necessary to subdivide the married 



(or remarried) status according to the age difference 

between the spouses at intervals of h. No new 

principles are involved, but the formulation is 

laborious. 

4.9 The transition intensities required for numerical 

calculation in this second model are also more 

elaborate than for the first, and some of them cannot 

be estimated, at least from British population data. 

An expression for the distribution functions F:~. etc 
,I' 

is required for each age of marriage, x, and for each 

status (single, divorced and widowed). Data is 

available from which these can be estimated. The rate 

of widow(er)hood is clearly dependent in the first 

place on the age of the spouse, and this can readily be 

made explicit. However, the model permits rates of 

divorce and of the mortality of each spouse to depend 

on the ages of the spouses in combination, and data on 

this is unavailable. 

4.10 A further model, even more elaborate, would 

introduce a third element into the full status: the 

duration that a person has been in the current status. 

This is identical to the age for single and of 

relevance only for the married, divorced and widowed 

status. The full status is then given by the triple: 

where S(x) and K(x) are as before and Z(x) is the 

period during which (x) has been in status S(x), or 

~ ( x )  = sup{ t: S(x-u) = S(x) for all u 

such that 0 2 u 2 t) 



4.11 The differential equations defining this model 

are yet more elaborate, and the numerical computation 

is also greater, especially when age of spouse and 

duration of marriage are taken into account. The 

transition intensities are bivariate or trivariate, and 

data is not available for their estimation, with the 

one exception of rates of divorce by duration of 

marriage. 

4.12 This third model, however, may represent the 

truth more accurately. It is not implausible that 

rates of remarriage of divorced are high immediately 

after divorce and reduce thereafter, nor that rates of 

remarriage of the widowed are low immediately after 

widowhood and may rise thereafter, nor that rates of 

mortality for the widowed start high and reduce 

(relative to age) thereafter. But hard evidence on 

which to base numerical results is lacking. 
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