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Introduction

Goal 

The cash flows produced by the insurance business are invested and consequently they 
create a risk. As a result, not only do insurance companies face underwriting risk, but 
also market risk. In this regard, the aim of our paper is to describe a way of modeling 
the distributions of the annual rate of return and aggregate claim amount, in order to 
calculate the capital requirements for market and non-life premium risk and to 
illustrate their combined effect. We tackled a numerical analysis for a single-line and a 
multi-line insurance company in a multi-annual dynamic perspective and we calculated 
the Solvency Capital Requirements according to the Solvency II Standard Formula. 

Data 

We estimated the parameters of our numerical analysis, using current and available 
market data. For the financial side, we used the average of all the Euro Area 
government rates and European swaption-volatility quotes on September 30, 2020, and 
the Euro Stoxx 50 quotes between September 30, 2010, and September 30, 2020. For 
the technical side, we used Italian market data, provided by the National Association 
of Insurance Companies (ANIA) and Italian Insurance Supervisory Authority (IVASS).
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Risk reserve

The stochastic risk reserve (see [7]) at the end of the time , in absence of reserve 
risk, reinsurance, taxes, dividends and premium reserve, is given by: 

  

where  is the stochastic annual rate of return of the investments of the insurance 
company,  is the gross premium amount,  is the stochastic aggregate claim amount, 

 is the expense amount and  is the claims reserve at the end of the previous year. 
The gross premium amount, stochastic aggregate claim amount and expense amount 
are not capitalized, since they are accounted as realized at the end of the year. 

The gross premium amount is given by: 

  

where  is the risk premium amount,  is the safety loading coefficient and  is the 
expense loading coefficient.

t

Ut = (1 + jt) Ut−1 + (Bt − Xt − Et) + jt Lt−1

jt

Bt Xt

Et Lt−1

Bt = πt + λ πt + c Bt

πt λ c
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Risk reserve

We assume that the expense amount is equal to the expense loadings and that the 
claims reserve is equal to a constant percentage  of the gross premium amount: 

  

Since the insurance portfolio is dynamic (see [27]), we assume that the risk premium 
amount and the gross premium amount increase every year: 

  

where  is the claims inflation rate and  is the real growth rate. 

The stochastic annual net cash flows originated by the insurance business are given by: 

  

where  is the stochastic amount paid for the claims occurred in the current year and 
settled in the same year and  is the stochastic amount paid for the claims occurred in 
the previous years and settled in the current year.

δ

Et = c Bt and Lt = δ Bt

πt = πt−1 (1 + i) (1 + g) and Bt = Bt−1 (1 + i) (1 + g)

i g

Ft = Bt − Et − (CCY
t + CPY

t ) = Bt [(1 − c) + δ (1 −
1

(1 + i) (1 + g) )] − Xt

CCY
t

CPY
t
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Asset portfolio

We deal with three investments in non-dividend-paying stocks and five investments 
in risk-free zero-coupon bonds with time to maturity . 
Furthermore, we assume that the asset allocation is kept constant year by year. 

The stochastic asset value of the portfolio at the end of time  is obtained from the 
combination of the stochastic values of the stock and bond portfolios: 

  

The stochastic value of the stock portfolio is given by: 

  

The stochastic value of the bond portfolio is given by: 

  

w = 1, 2, 3, 5, 10

t

At = AS
t + AP

t with A0 = U0 + L0

AS
t = α (At−1

3

∑
v=1

βv
Sv(t)

Sv(t − 1)
+ Ft) = α (At−1

St

St−1
+ Ft)

AP
t = (1 − α) (At−1 ∑

w∈{1,2,3,5,10}

γw
P(t, t − 1 + w)

P(t − 1,t − 1 + w)
+ Ft) = (1 − α) (At−1

Pt

Pt−1
+ Ft)
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Asset portfolio

As a result, the stochastic asset value of the portfolio is found to be: 

  

where  and  are the percentages invested in the stock and bond portfolios 
respectively. Moreover,  is the percentage invested in the  stock, so that  is the 
stochastic average stock price, and  is the percentage invested in the bond with time 
to maturity , so that  is the stochastic average bond price. 

In conclusion, the stochastic annual rate of return of the investments of the 
insurance company is given by: 

 

At = α (At−1
St

St−1
+ Ft) + (1 − α) (At−1

Pt

Pt−1
+ Ft)

α 1 − α
βv v-th St

γw

w Pt

jt = (At − Ft) − At−1

At−1
= α

St

St−1
+ (1 − α)

Pt

Pt−1
− 1
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Stock price and short-rate

We assume that the market is frictionless, meaning that all securities are perfectly 
divisible and that no short-sale restrictions, transaction costs, or taxes are present. The 
security trading is continuous and there are no riskless arbitrage opportunities. 

The real-world process for the  non-dividend-paying stock price (see [17]) 
follows a geometric Brownian motion that satisfies the following stochastic 
differential equation: 

  

where  is the drift coefficient,  is the diffusion coefficient and  is the 
standard Brownian motion under the real measure . 

The short-rate follows the Two-Additive-Factor Gaussian model (i.e. G2++ model) 
that is given by: 

  

where  and  are the stochastic state variables and  is a deterministic function 
of time that allows the model to fit perfectly the term structure observed in the market.

v-th

dSv(t) = μv Sv(t) dt + σv Sv(t) dWℙ
v (t)

μv σv > 0 Wℙ
v (t)

ℙ

r(t) = x(t) + y(t) + φ(t)

x(t) y(t) φ(t)
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Stock price and short-rate

The real-world processes for the state variables (see [4]) satisfy the following 
stochastic differential equations: 

  

  

The corresponding risk-neutral processes for the state variables (see [4]) satisfy the 
following stochastic differential equations: 

  

  

where  and  are the constant speeds of mean reversion,  and  are the 
deterministic mean reversion levels,  and  are the constant diffusion 
coefficients,  and  are the standard Brownian motions under the real 
measure  with instantaneous correlation  and  and  are the 
standard Brownian motions under the risk-neutral measure .

dx(t) = a (dx(t) − x(t)) dt + σ dWℙ
x (t) with x(0) = 0

dy(t) = b (dy(t) − y(t)) dt + η dWℙ
y (t) with y(0) = 0

dx(t) = − a x(t) dt + σ dWℚ
x (t) with x(0) = 0

dy(t) = − b y(t) dt + η dWℚ
y (t) with y(0) = 0

a > 0 b > 0 dx(t) dy(t)
σ > 0 η > 0

Wℙ
x (t) Wℙ

y (t)
ℙ −1 ≤ ρ ≤ 1 Wℚ

x (t) Wℚ
y (t)

ℚ
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Aggregate claim amount

The stochastic aggregate claim amount (see [7]) at the end of the time  is given by 
the following collective risk model: 

  

where  is the stochastic number of claims and  is the stochastic amount for the 
 claim. We assume that: 

1. the random variables  are independent; 

2. the random variables  are identically distributed; 

3. the random variables  and  are independent. 

The first and second assumption are satisfied, in particular, for limited time periods. 
The third assumption is usually satisfied, but it could be refuted in some situation. In 
case of storm, for example, the number of claims and single claim amount increase 
significantly at the same time.

t

Xt =
Kt

∑
k=1

Zk,t

Kt Zk,t

k-th

Zk,t

Zk,t

Zk,t Kt
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Number of claims

There are several distributions associated with the number of claims, such as the 
Poisson and Negative Binomial. We point out that the aggregate claim amount is 
found to be zero, in case that the number of claims is zero as well. 

We assume that the number of claims is distributed as a Mixed Poisson, i.e. a Poisson 
with stochastic parameter , such that: 

  

In order to describe the number of claims, considering the short-term fluctuations only, 
we assume that  is distributed as a Gamma with equal parameters  and with 
mean, variance and skewness given by: 

   and      and     

As a result, the Mixed Poisson distribution is found to be a Negative Binomial with 

parameters  and with .

nt > 0

nt = nt ⋅ q

q (h, h)

𝔼(q) = 1 𝕍ar(q) =
1
h

𝕊k(q) =
2

h
= 2 ⋅ 𝕍ar(q)

(h, pt) 0 < pt =
h

h + nt
< 1
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Single claim amount

There are several distributions associated with the single claim amount, such as the 
Lognormal, Gamma, Weibull, Inverse Normal and Pareto. The first four distributions 
fit better the attritional claims, i.e. the most frequent and least expensive claims. The 
last distribution fits better the large claims, i.e. the least frequent and most expensive 
claims or catastrophic claims. 

We assume that the single claim amount is distributed as a Lognormal distribution 
with parameters  and it is defined by the following probability density function: 

  

with      and      and     

A popular alternative is to use distributions where the attritional and large claims are 
described by different random variables.

(mt, s)

fZt
(z) =

1

z 2 π s
exp[−

1
2 ( ln(z) − mt

s )
2

]
z > 0 −∞ < mt < + ∞ s > 0
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Multi-line insurance company

The capital requirements are here calculated using a Monte Carlo approach based on 
100,000 simulations and using a risk measure that takes into account the expected 
return produced by the financial investment of the resources created by the insurance 
business. The minimum Risk-Based Capital over the time horizon  within the 
confidence level  is given by: 

   

where  is the  order quantile of the risk reserve. 

We now assume that the insurance company is multi-line, because not only does it 
work in the Motor Third-Party Liability (MTPL) line of business, but also in the 
Motor Other Damages (MOD) and General Third-Party Liability (GTPL) lines of 
business. We thus use the Gaussian copula or Gumbel copula to inject some 
dependence structure in the aggregate claim amount. We now present the parameters of 
our numerical analysis. 

(0,t)
1 − ε

RBC(0,t) = U0 −
Uε(t)

∏t
k=1 1 + 𝔼{jk}

Uε(t) ε-th
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Multi-line insurance company

LoB B0 λ c δ
Other relevant parameters of our numerical analysis

MTPL 50 million 0.87% 21.24% 156.10%

MOD 25 million 13.81% 30.30% 22.88%

GTPL 25 million 6.61% 32.30% 416.52%

Total 100 million 4.99% 26.27% 187.90%
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U0 / B0 F0 i g
Relevant parameters of our numerical analysis

25% 0 1.5% 2%

LoB !(Z0) ℂV(Z) n0 !ar(q)
Relevant indicators of the distributions of the single claim amount and number of claims

MTPL 4,000 7 9,760 0.0067

MOD 2,500 2 6,124 0.0025

GTPL 10,000 12 1,587 0.0218



Multi-line insurance company

Correlation coefficients of the Gaussian copula for the aggregate claim amount

MTPL and MOD MTPL and GTPL MOD and GTPL

0.5000 0.5000 0.2500

U0 / B0

Parameters of the Gumbel copula for the aggregate claim amount

Year MTPL and MOD MTPL aggregated to MOD and GTPL

1 1.5000 1.4893

2 1.5000 1.4893

3 1.5000 1.4892

LoB m0 s h p0

Parameters of the Lognormal and Negative Binomial distributions

MTPL 6.3380 1.9779 148.47 0.0150

MOD 7.0193 1.2686 399.40 0.0612

GTPL 6.7220 2.2309 45.78 0.0280
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Multi-line insurance company

v-th stock and variable y

μ1 μ2 μ3 σ1 σ2 σ3

Real-world parameters of the geometric Brownian motions

0.0269 0.0359 0.0448 0.1547 0.2063 0.2579

a b σ η ρ dx dy lx ly
Real-world parameters of the G2++ model

0.2810 0.0554 0.0154 0.0121 -0.9877 -0.0008 0.0178 -0.0296 0.0182

v-th stock and w-th stock v-th stock and variable x v-th stock and variable y
Instantaneous correlations between standard Brownian motions

0.7500 -0.0011 -0.0011

15

α β1 β2 β3 γ1 γ2 γ3 γ5 γ10

Asset allocation of our numerical analysis

15% 60% 30% 10% 40% 25% 15% 10% 10%



Market risk

We now isolate the effect of the market risk. In this regard, we drop the underwriting 
result by the risk reserve, but we still consider the interest on the investment of its 
average (i.e. the safety loadings). We also assume that the interest rate risk only affects 
the bond investments and the equity risk only affects the stock investments. 

As a result, the risk reserve is found to be: 

  

According to the Standard Formula, the Solvency Capital Requirement (SCR) for 
equity risk (without SA), calculated on a single stock investment, is found to be: 

  

Hence, according to the Standard Formula, the SCR for equity risk is found to be: 

 

Ut = (1 + jt) Ut−1 + jt δ Bt−1 + jt

t−1

∑
k=1

λ πk

SCRSv
= 39 % ASv

0  with v = 1,2,3

SCRequity =
3

∑
v=1

SCRSv
= 39 % AS

0
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Market risk

According to the Standard Formula, the SCR for interest rate risk, calculated on a 
single bond investment, is found to be: 

  

   

where ,  and  are respectively the average of all the spot 
Euro Area government rates (annually compounded) with maturity  and the spot Eiopa 
risk-free rates (annually compounded) without VA and with maturity , either without 
any shock or with positive interest rate shock. 

Hence, according to the Standard Formula, the SCR for interest rate risk is found to be: 

  

According to the Standard Formula, the SCR for market risk is found to be: 

 

SCRPw
= APw

0 − APw
0 [1 + Reuro

a (0,w)]w [1 + Reiopa up
a (0,w) + Reuro

a (0,w) − Reiopa
a (0,w)]−w

with w = 1,2,3,5,10

Reuro
a (0,w) Reiopa

a (0,w) Reiopa up
a (0,w)

w
w

SCRinterest rate = ∑
{w=1,2,3,5,10}

SCRPw

SCRmarket = SCR2
equity + SCR2

interest rate
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Results

Capital requirements over the initial gross premium amount and percentage diversification 
benefits according to the Standard Formula (SF) and our Model (M) over a period of one, two and three 
years (values in %)

Year 1 (SF) Year 1 (M) Year 2 (M) Year 3 (M)

Stock 1 7.47 6.01 6.24 6.44

Stock 2 3.74 3.77 3.86 3.94

Stock 3 1.25 1.48 1.50 1.52

Total stocks 12.45 11.25 11.60 11.90

Bond with maturity 1 0.72 0.35 4.42 6.36

Bond with maturity 2 0.90 0.46 2.60 3.74

Bond with maturity 3 0.80 0.43 1.50 2.15

Bond with maturity 5 0.88 0.67 1.08 1.45

Bond with maturity 10 1.72 2.00 2.06 2.28

Total bonds 5.02 3.91 11.65 15.98

MARKET RISK 13.43 12.28 17.32 21.43

Market percentage 
diversification benefit

23.15 19.01 25.51 23.16
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We now isolate the effect of the non-life premium risk. In this regard, we drop the 
investment result by the risk reserve, assuming that the annual rate of return is null. 

As a result, the risk reserve is found to be: 

   

where the stochastic aggregate claim amount is obtained using the Gaussian or 
Gumbel copula to join the aggregate claim amounts of the lines of business.  

Ut = Ut−1 + [(1 + λ) πt − Xt]

Non-life premium risk

19

Simulated aggregate claim amounts after one year (MTPL in red, MOD in black, GTPL in blue and      
x-axis values in millions)  



Market and non-life premium risk

According to the Standard Formula, the SCR for non-life premium and reserve 
risk (that in our case is equal to the non-life premium risk) is found to be: 

  

where  and  are the standard deviation, in relative terms, and the volume measure 
for non-life premium and reserve risk (respectively 8.5% and 103.53 million in our case). 

We now finally take into account both the market risk and non-life premium risk, 
considering the original risk reserve equation. 

According to the Standard Formula, the SCR for market and non-life underwriting 
risk (that in our case is equal to the non-life premium risk) is found to be: 

   

where  is the SCR for non-life underwriting risk.

SCRnl prem res = 3 σnl Vnl

σnl Vnl

SCR = SCR2
market +

1
2

SCRmarket SCRnon−life + SCR2
non−life

SCRnon−life
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Results using Gaussian copula

Capital requirements over the initial gross premium amount and percentage diversification 
benefits according to the Standard Formula (SF) and our Model (M) (using the Gaussian copula) over 
a period of one, two and three years (values in %)

Year 1 (SF) Year 1 (M) Year 2 (M) Year 3 (M)

MTPL 15.53 13.00 18.27 21.87

MOD 6.21 0.27 -0.95 -2.40

GTPL 10.87 21.07 28.71 33.87

Total LoBs 32.61 34.35 46.02 53.33

NL PREMIUM RISK 26.40 27.69 35.96 40.69

NL percentage 
diversification benefit

19.05 19.39 21.87 23.71

MARKET & NL RISK 32.47 29.90 38.24 43.37

Percentage 
diversification benefit

18.47 25.19 28.23 30.18

Total percentage 
diversification benefit

35.16 39.61 44.80 46.60
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Results using Gumbel copula

Capital requirements over the initial gross premium amount and percentage diversification 
benefits according to the Standard Formula (SF) and our Model (M) (using the Gumbel copula) over 
a period of one, two and three years (values in %)

Year 1 (SF) Year 1 (M) Year 2 (M) Year 3 (M)

MTPL 15.53 13.00 18.27 21.87

MOD 6.21 0.27 -0.95 -2.40

GTPL 10.87 21.07 28.71 33.87

Total LoBs 32.61 34.35 46.02 53.33

NL PREMIUM RISK 26.40 31.11 39.80 45.86

NL percentage 
diversification benefit

19.05 9.44 13.53 14.01

MARKET & NL RISK 32.47 32.42 40.78 46.71

Percentage 
diversification benefit

18.47 25.28 28.60 30.58

Total percentage 
diversification benefit

35.16 34.52 41.13 42.49
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Conclusions

Results 

In our paper, together with other results, we showed that: 
• the capital requirements, according to our Model, are usually smaller than in the 

case of the Standard Formula, because the Standard Formula was calibrated on 
riskier distributions than in our Model and the correlation assumptions are more 
favourable in the case of our Model rather than in the Standard Formula;  

• the capital requirements for non-life premium risk, according to our Model, are 
bigger in the case of the Gumbel copula rather than in the case of the Gaussian 
copula, because the upper tail dependence of the Gumbel copula is higher. 

Improvements 

Possible improvements can include the introduction of: 
• an interest rate sensitive claims reserve; 
• other sources of risk (e.g. spread risk, default risk and non-life reserve risk); 
• a more complex and realistic asset allocation; 
• some reinsurance forms.

23



Bibliography

[1] ANIA. (2020). Italian insurance in 2019-2020. 

[2] Ballotta, L., & Savelli, N. (2006). Dynamic financial analysis and Risk-Based Capital for a general insurer. XXXVIIth ASTIN 
Colloquium, Paris. 

[3] Beard, R. E., Pentikäinen, T., & Pesonen, E. (1984). Risk Theory: The Stochastic Basis of Insurance. London: Chapman & Hall. 

[4] Berninger, C., & Pfeiffer, J. (2021). The Gauss2++ model: A comparison of different measure change specifications for a consistent 
risk neutral and real world calibration. European Actuarial Journal, 11, 677-705. 

[5] Brigo, D., & Mercurio, F. (2006). Interest rate models: Theory and practice - with smile, inflation and credit. New York: Springer. 

[6] Cox, J. C., Ingersoll, J. E., & Ross, S. A. (1985). A theory of the term structure of interest rates. Econometrica, 53(2), 385-407. 

[7] Daykin, C. D., Pentikäinen, T., & Pesonen, M. (1994). Practical risk theory for actuaries. London: Chapman & Hall. 

[8] Duffie, D., & Kan, R. (1996). A yield-factor model of interest rates. Mathematical finance, 6(4), 379-406. 

[9] EIOPA. (2013). Explanatory text on the proposal for guidelines on forward looking assessment of the undertaking's own risks, based on 
the ORSA principles. 

[10] EIOPA. (2013). Guidelines on forward looking assessment of own risks, based on the ORSA principles. 

[11] Embrechts, P., Lindskog, F., & McNeil, A. (2003). Modelling dependence with copulas and application to risk management. Handbook 
of Heavy Tailed Distributions in Finance, 329-384. 

[12] European Union, European Commission. (2014). Delegated Regulation. (Commission Delegated Regulation (EU) 2015/35). 

[13] European Union, European Parliament and European Council. (2009). Solvency II. (Directive 2009/138/EC). 

[14] Gambaro, A. M., Casalini, R., Fusai, G., & Ghilarducci, A. (2018). A market consistent framework for the fair evaluation of insurance 
contracts under Solvency II. Decisions in Economics and Finance, 42, 157-187. 

[15] Giordano, L., & Siciliano, G. (2015). Real-world and risk-neutral probabilities in the regulation on the transparency of structured 
products. ESMA Working Paper Series. 

[16] Heath, D., Jarrow, R., & Morton, A. (1992). Bond pricing and the term structure of interest rates: A new methodology for contingent 
claims valuation. Econometrica, 60(1), 77-105.



Bibliography

[17] Hull, J. C. (2018). Options, futures, and other derivatives. Harlow: Pearson. 

[18] Hull, J. C., & White, A. D. (1990). Pricing interest rate derivative securities. The Review of Financial Studies, 3(4), 573-592. 

[19] IASB. (2017). IFRS 17 Insurance Contracts. 

[20] IVASS. (2019). The insurance business in the motor car sector between 2013 and 2018. Statistical Bulletin, 6(14). 

[21] IVASS. (2020). The insurance business in the property sector and in general liability lines of business between 2013 and 2018. 
Statistical Bulletin, 7(5). 

[22] Nelsen, R. B. (2006). An introduction to copulas. New York: Springer. 

[23] OECD. (2020). Short or long-term interest rates and short or long-term interest rates forecast (indicators). 

[24] R Core Team. (2019). R: A language and environment for statistical computing. 

[25] Rytgaard, M. & Savelli, N. (2004). Risk-based capital requirements for property and liability insurers according to different reinsurance 
strategies and the effect on profitability. XXXVth Astin Colloquium, Bergen. 

[26] Savelli, N. (2002). Solvency and traditional reinsurance for non-life insurance. VIth International Congress on Insurance: Mathematics 
and Economics, Lisbon. 

[27] Savelli, N. (2003). A risk theoretical model for assessing the solvency profile of a general insurer. XXXth GIRO Convention, Cardiff. 

[28] Savelli, N., & Clemente, G. P. (2011). Hierarchical structures in the aggregation of premium risk for insurance underwriting. 
Scandinavian Actuarial Journal, 2011(3), 193-213. 

[29] Schrager, D. F., & Pelsser, A. (2006). Pricing swaptions and coupon bond options in affine term structure models. Mathematical 
Finance, 16(4), 673-694. 

[30] Sklar, A. (1959). Fonctions de répartition à n dimensions et leurs marges. Publications de l'Institut Statistique de l'Université de 
Paris, 8, 229-231. 

[31] Vasicek, O. (1977). An equilibrium characterization of the term structure. Journal of Financial Economics, 5(2), 177-188.



Thank you for  
your attention



Appendix: Short-rate

The deterministic function of time that allows the model to fit perfectly the term 
structure observed in the market is given by: 

  

where  is the instantaneous forward rate at initial time for a maturity  implied 
by the term structure observed in the market. 

The price at time  of a zero-coupon bond with maturity in  is thus found to be: 

  

where the integral admits an explicit solution that depends on the prices at initial time 
of the zero-coupon bonds implied by the term structure observed in the market and 

 is the variance of the integral between  and  of the sum of the state variables.

φ(t) = fM(0,t) +
σ2

2a (1 − e−at)
2

+
η2

2b (1 − e−bt)
2

+ ρ
ση
ab (1 − e−at)(1 − e−bt)

fM(0,t) t

t T > t

P(t, T ) = exp{− ∫
T

t
φ(u) du −

1 − e−a(T−t)

a
x(t) −

1 − e−b(T−t)

b
y(t) +

1
2

V(t, T )}

V(t, T ) t T
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The relation between the expected zero-coupon interest rate (continuously 
compounded) at time  for a term of  under the real measure  and risk-neutral 
measure  is found to be: 

  

where  and  are the actual risk premiums of the short rate between time 0 
and  for the state variables: 

  

We assume that the mean reversion levels are given by step functions: 

  

where , ,  and  are real valued constants,  is a constant time parameter (that is 
15 months in our case) and  is the indicator function.

t T − t ℙ
ℚ

𝔼ℙ
0 {R(t, T )} = 𝔼ℚ

0 {R(t, T )} +
1

T − t [ 1 − e−a(T−t)

a
RPx(t) +

1 − e−b(T−t)

b
RPy(t)]

RPx(t) RPy(t)
t

RPx(t) = ∫
t

0
e−a(t−u) a dx(u) du and RPy(t) = ∫

t

0
e−b(t−u) b dy(u) du

dx(t) = 1t≤τ dx + 1t>τ lx and dy(t) = 1t≤τ dy + 1t>τ ly

dx lx dy ly τ
1
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