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1. Introduction 

This paper deals with the problem of funding p’ost-retirement sickness benefits. In 
particular medical expenses covers are considered, which indemnify the insured for 
the costs incurred in obtaining medical treatments. We focus on lifetime covers, i.e. 
insurance covers relating to the entire lifetime of the insured from the retirement age 
on. The market for insurance products in respect of the elderly is expanding (as pointed 
out, for example, by Orros and Webber (1988)). H owever, considerable difficulties in 
pricing and reserving arise from uncertainties in estimating future mortality and future 
morbidity. Thus, actuarial research is needed in order to provide sound bases for this 
line of business. 

The insurance covers can be implemented in several ways, typically by individual 
policies, or by group sickness insurance, or by company sickness schemes. In any case, 
the stream of payments by the insurer must be faced by a stream of payments by the 
insured (or, possibly partially, by the employer, in some company schemes), i.e. by a 
stream of premiums. 

Several premium systems can be conceived and actually used in pricing the insurance 
cover. In particular the following premium systems can be considered: 

(i) a single premium at retirement age, fully meeting the future costs of the insurer; 
(ii) a sequence of level premiums, determined according to a given premium calculation 

principle; 
(iii) a sequence of “natural” premiums, each premium meeting the costs of the relevant 

year; in this case sickness benefits are funded on a “pay as you go” basis; 
(iv) mixtures of (i) and (ii), i.e. a single premium (partially meeting the future costs) 

plus a sequence of level premiums; 
(v) mixtures of (i) and (iii), i.e. a single premium (partially meeting the future costs) 

plus a sequence of annual premiums related to natural premiums (for example: a 
given percentage of the natural premiums). 

Each premium system has interesting features from the point of view of the insurer 
or from the point of view of the insured (or the employer). For example, a single 
premium entirely meeting the future costs may be of particular interest for the insured 
(or the employer) when a lump sum (for example a survival benefit) becomes available 
at the retirement age, whilst a sequence of natural premiums can intuitively reduce the 
variability of the loss of the insurer and hence can be appealing to the insurer itself. 
Mixtures (iv) and (v) may constitute good compromises. For example, a mixture (iv) is 
commonly used for funding CCRC costs; in this case an advance fee (single premium) 
is followed by a sequence of periodic fees (periodic premiums), possibly adjusted for 
inflation (see Jones (1997)). 

Uncertainty affecting lifetime sickness covers originates from various causes. The 
following classification gives an insight into the randomness of a lifetime sickness cover, 
and can help in appreciating the role of a premium system in determining the random- 
ness itself. Uncertainty comes from: 
(1) the random number of claim events in any given insured period; 
(2) the random amount (medical expenses refunded) relating to each claim; 
(3) the random duration of the life of the insured. 

Note that items (1) and (2) are common to all covers in the framework of general 
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insurance. The relevant effects can be faced by adopting appropriate premium calcula- 
tion principles, and in particular by charging premiums with a suitable safety loading. 
However, it should be stressed that paucity of sickness data relating to very old ages 
increases the difficulty in assessing the randomness originated from items (1) and (2). 

Item (3) represents the demographic risk; its impact is strongly related with the 
premium system adopted. Intuitively, the effect of this item vanishes when the premium 
system (iii) works. For the same reason, mixtures (v) reduce the randomness which 
originates from item (3). 

In this paper we focus on the impact of the demographic risk on sickness insur- 
ance. As sickness benefits for the elderly are analysed, we will deal with the so-called 
“longevity risk”, i.e. the demographic risk originating from mortality trends in later 
adult life (see Section 2). 

The analysis of mortality trends is a very important issue in the context of de- 
mography and actuarial mathematics. The reader can refer to Benjamin and Soliman 
(1993), also for a list of references. Population mortality trends are investigated in 
many countries; see Macdonald (1997) and Macdonald et al. (1998). 

Mortality improvements at adult and old ages have obvious effects on pricing and re- 
serving for life annuities; to this purpose see, for example, Marocco and Pitacco (1998) 
and Olivieri (1998). More generally, mortality trends affect any insurance cover pro- 
viding some kind of “living benefits”. This is the case of lifetime sickness covers for the 
elderly, as we will see in the following Sections. 

The problem which we deal with witnesses the presence of long-term features in sick- 
ness insurance; the simultaneous existence of short-term features (leading, for example, 
to actuarial aspects such as experience rating) will be disregarded, in order to keep 
probabilistic and computational problems at a reasonable level of tractability. 

The paper is organized as follows. Section 2 deals with the meaning of “longevity 
risk” and the relevance of this risk in the problem of funding sickness benefits for 
the elderly. The basic tool for stating and analysing the actuarial problem, i.e. the 
loss function, is presented in Section 3, in which premium systems are also defined. 
Section 4 deals with the demographic risk in sickness insurance, assuming a given 
projected survival function; the impact of each premium system is analysed. In Section 
5 the preceding model is generalized in order to allow for randomness in mortality 
improvements. The design of appealing premium systems, aiming at limiting risk, is 
dealt with in Section 6. Finally, in Section 7 some concluding remarks are presented. 
Numerical examples are provided and discussed throughout the paper. 

2. Sickness insurance and longevity risk 

Mortality trends at adult ages reveal decreasing annual probability of death (see for 
example Benjamin and Soliman (1993), Macdonald (1997), Macdonald et al. (1998)). 
The various aspects of mortality trends contribute in defining a moving scenario which 
clearly affects the shape of curves such as the curve of deaths and the graph of the 
survival function. In particular 

(i) an increasing concentration of deaths around the mode (at adult and old ages) of 
the curve of deaths is evident; in terms of the graph of the survival function, this 
implies the secalled “rectangularization”; 
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(ii) the mode of the curve of deaths moves towards very old ages: originating the so- 
called “expansion”. 

When living benefits are concerned, the calculation of expected present values (needed 
in pricing and reserving) requires an appropriate mortality projection in order to avoid 
underestimation of future costs. Commonly, projections are extensions of recent trends 
as far as these can be perceived from mortality statistics; thus, no what-if analysis is 
usually performed in order to inspect possible effects of important changes in life-style, 
in medical sciences or in environmental effects. In this framework, mortality projection 
models can be constructed according to various approaches. 

In actuarial practice, a common approach consists in choosing a model and estimat- 
ing the relevant parameters simply aiming at extrapolating the observed trend in the 
sequence of annual probabilities of death at each age. A frequently used model is the 
exponential one, possibly with a given positive asymptotic probability of death at each 
age. 

A different approach produces models expressing the basic characteristics of the 
evolving scenario in which the mortality improvements take place. In this case the 
projection model should catch the aspects described in (i) and (ii). To this purpose, 
analytical mortality laws should be used; for example, the following laws can be of 
interest: Gompertz, Makeham, Weibull, Heligman-Pollard. According to this approach, 
mortality trends are represented assuming that the parameters of the mortality law are 
functions of the calendar year. Hence, also the mode and the variance of the curve of 
deaths depend on the calendar year. Then, the adequacy of the projection model can 
be checked comparing the behaviour of the mode and the variance with the scenario 
characteristics above described (see (i) and (ii)). In the following Sections the Weibull 
law has been adopted to represent mortality at old ages; this law allows analytical 
expressions of the mode and the variance. 

It should be stressed that the increasing concentration of deaths around the mode of 
the curve of deaths reduces the risk affecting any insurance cover providing living ben- 
efits, whatever the location of the mode may be. Hence, any given mortality projection 
implying this feature reveals a reduction of the demographic risk of the insurer, with 
respect to the results produced by a non-projected mortality model. However, the mor- 
tality projection itself is affected by uncertainty. Evaluating the degree of uncertainty 
and incorporating this evaluation in the actuarial model, a higher risk emerges, As we 
will see in Section 5, the additional risk, usually called the longevity risk: is attributable 
to systematic deviations of the mortality from the projected mortality assumed in the 
calculation basis (used in pricing or reserving). 

In the framework of living benefits, sickness covers have features which can be prop- 
erly used to face, to some extent, the longevity risk. In particular, it is possible to choose 
a premium system allowing for a risk reduction goal (as mentioned in Section 1). While 
an immediate post-retirement life annuity must be financed by a single premium, post- 
retirement sickness benefits are consistent with premium systems based also on periodic 
premiums. For example, future costs can be met by a single premium followed by a se- 
quence of level premiums. In the following Sections we will compare different premium 
systems for post-retirement benefits and the relevant risk will be analysed in terms of 
the variance of the loss function. 
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3. Loss function. Premiums 

(a) Random present value of benefits. Consider a person aged y who is entitled 

to a lifetime sickness cover. In the following we understand that such person is retiring 
from work at age y; thus (as we have mentioned in the previous Sections) we analyse 

the insurance cover just from the time of retirement: disregarding whatever happened 

before. 

We will denote by 

Q the random number of claims from the time of retirement on 

T,, the future lifetime of the insured 

KY the curtate future lifetime of the insured 

K,=Ic~k/Ci~<k+l k = 0, 1, 

C,, the random payment made by the insurer to the insured for the h-th claim 

7h the random time of payment of the h-th claim 
The random present value of the payments of the insurer, Y, at the time of retirement 

(that we label, for simplicity, time 0) is 

Y=-&,J~ 
h=l 

where v = & is the discount factor and i the (deterministic and constant) rate of 

interest adopted by the insurer to evaluate benefits and premiums. 

The random present value, Yk+r, at time k of payments in year (Ic + l)-th is 

yk+l = c chu 
7h-k 

h:k<lh<ktl 

(3.2) 

Hence 

Y = 2 Yk+l Uk (3.1’) 
k=O 

from which the link between Y and the duration of life ICy (or Ty) is more evident. 

Let us assume that in each year claims are uniformely distributed, that the number 

of claims and claim costs are independent and that claim costs are equally distributed. 

Such set of hypotheses is commonly accepted in actuarial theory and practice as well; 

however it must be pointed out that experience witnesses a link among the number of 

claims and the entity of damages. 
we denote by $y+k the expected number of claims in year (I;, k + 1) and by cv+.k 

the expected individual claim amount in the same year. Note that if we are dealing 

with medical expenses refunding, cy+k represents the expense incurred for claims in 

year (!c, !c + 1); on the contrary, in the case of hospitalization benefits cv+k represents 
the daily allowance times the average length (in days) of hospital stay for the claims 

occurred in year (k, k + 1). Under the above mentioned assumptions, the expected 
present value at time k of payments in year (k + l)-th is 

E(fi+l) = Cytk $‘y+k (3.3) 
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E(Yk+l) = Cy+k &+k ul/’ (3.3’) 

in order to take into account the distribution of payments during the year. 
As it is well known, such expected value represents the so-called natural 

d 
remium of 

the insurance cover in year (k + l)-th. Thus, we will denote it also by Pk+r. 

(b) Loss function definition. The stream of payments by the insurer must be faced 
by a stream of payments by the insured. A single premium, a sequence of annual 
premiums or a mix of single and annual premiums may be chosen We will denote by 
X the random present value at time 0 of premiums. We will go through such variable 
more deeply later. 

The analysis of the insurance cover requires a joint investigation of benefits and 
premiums. As it is well-known, this can be performed by the socalled loss function, L: 
defined as follows 

L=Y-x (3.4) 

Through (3.1’) we have also 

L=-&+,V”-x (3.4’) 
k=O 

In (3.4’) the randomness of the loss function, as far as the claim process Y is con- 
cerned, comes from the future lifetime, the number of claims in each year and the cost 
of each claim. In the following we will be mainly interested into the consequences on 
sickness insurance of mortality trends; thus, we will assume deterministic annual costs, 
equal to the expected values E(Yk+r), k = 0, 1, Instead of definition (3.4’) (or (3.4)): 
we will then adopt the following one 

L=~E(Yk+~)uk-X=~p~ril,“-X 
k=O k=O 

(3.5) 

It must be stressed that since in (3.5) only demographical risk is considered, substi- 
tuting (3.5) with (3.4’) implies an underestimation of the global riskiness of the insur- 
ance cover. However this simplification allows us to discuss more easily the incidence 
of longevity risk. It is understood that for a more complete analysis also randomness 
in claim frequencies and amounts should be included. 

(c) Premiums. First of all, let us consider the case of a single premium II: paid at 
time 0. Since the present value of premiums is equal to the single premium itself: the 
loss function simply becomes 

(3.6) 

As far as a system of annual premiums is concerned, considering that the sickness 
cover starts at retirement age, it is reasonable to suppose that premiums must be paid 
until the death of the insured. The present value of premiums is then a random variable, 
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which is a function of the duration of life of the insured. Denoting by rk+r the annual 
premium related to year (k + l)-th and paid at time k (k = 0: 1,. .), we have 

and then 

Annual premiums can be chosen in particular constant or each equal to the corre- 
spondent natural premium. In this latter case the loss function is identically equal to 
zero (obviously so long as claim numbers and costs are considered as expected values 
only). 

Both in the case of a single premium and in that of annual premiums, we assume that 
premiums are calculated according to the equivalence principle, i.e. so that E(L) = 0 
and hence 

E(X) = E(Y) (3.8) 

Note that expected values in (3.8) are in respect of the random variable Kv; hence, a 
demographic structure must be assigned. 

More realistically, a mix of single and annual premiums will be adopted, the single 
premium representing the accumulation of an investment plan, the survival benefit of a 
life insurance cover, the reserve of a sickness cover whose policy terms are being revised: 
etc. The present value of premiums is in this case 

X=rI+&,,,v” 
k=O 

(3.9) 

Let us express the single premium in terms of the expected value of benefits, as 
follows 

n=cxE(Y) O<CX<l 

Under the equivalence principle we must then have 

rk+l uk = (1 - a) E(Y) 
k=O 

In order to make evident the parameter CX, we adopt the notation II(o), rk+r(cX) for 
single and annual premiums, respectively. Trivially, when CY = 1 we find the case of 
single premium only (K,++r(I) = 0, k = O,l,. .), whilst for a = 0 we have the case of 
annual premiums only (II(O) = 0). Also the loss function depends on a; in the following 
we will then denote it by L(o). We have 

I;=0 

- Tk+&))vk - n(o) (3.10) 
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(d) Survival function. The randomness of the loss function depends on the duration 
of life of the insured (and only on this random variable under our hypotheses). Hence, 
a demographic structure must be assigned. With reference to a newborn; we assume 
that the distribution of his/her future lifetime, Tc, can be represented with the Weibull 
law, which is often used in the analysis of mortality because of its capability of fitting 
statistical data (see, for example, Keyfitz and Beekman (1984)). According to this 
model, the intensity of mortality at age Z, p(z), is 

with a, b > 0. The survival function, S(z) = Pr{Te > z}: relating to (3.11) is 

cqz) = ,-(z/d (3.12) 

and the density function (whose graph is the so-called “curve of deaths”) is 

fo(z) = -- y!’ = S(z) p(z) = $ (;)b-l ,-(44 

It must be mentioned that in general terms the Weibull distribution has a third 
(shift) parameter, which is equal to zero in (3.12). Assigning a positive value to such 
parameter, it would be possible to represent mortality only for adult ages, in order to 
obtain a better fitting to statistical data. 

It can be easily verified that in the Weibull law described by (3.11) (or (3.12)) the 
mode of the distribution of TO for adult ages (often called the “Lexis point”) is the age 
< given (with b > 1) by 

<=a QJ 
( ) 

l/b 

Expected value and variance of To are (see Johnson and Kotz (1970), where the 
general Weibull law is considered) 

%a 1 - 0.57722 ; + 0.98905; 
> 

(where l? denotes the complete Gamma function and y  is the Euler’s constant, 
y  S 0.57722) 

Var(T0) = a2 ($+1) -($+I))‘) 

I? 1 1 
?Z a2 - - ‘2 a2 1.64493 - 

6 b2 b2 

In order to analyse the effect of mortality trends on sickness covers, we will adopt 
projected survival functions. More precisely, we will consider three projections, each 
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characterized by a given reduction in mortality. We denote by S[minl(~), S[med)(~). 
S[ma*l(~) the survival function expressing, respectively. a little, a medium and a high 
reduction in mortality (when compared with a survival function fitting observed mor- 
tality data). The parameters a, b of the three survival functions used in calculations 
are shown in Table 3.1. As it emerges from such parameters, the projected functions 
have been obtained so that they perform the trends of expansion and rectangularization 
witnessed by observations. Figures 3.1 and 3.2 show, respectively, the three survival 
functions and the related density functions. 

Table 3.1 

We point out that we have preferred to adopt the Weibull distribution instead of 
other laws more common in actuarial applications (such as the Gompertz or Makeham 
laws) because in the former case, contrarily to the other ones, an analytical expression 
for the variance is available. This knowledge allows us to project survival functions 
such that they reflect some specific future trends of mortality. 

Figure 3.1 Surwval functions 

Figure 3.2 Density functions (curves of deaths) 

(e) Portfolio valuations. Consider a portfolio of sickness covers, of the same type 
of that described in point (a) of this Section. Assume that (at time 0) N covers are 
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issued, each on an insured aged y. For each insured, the loss function is given by 
(3.10) and is in particular characterized by the specific future lifetime of the insured. 
Assume furtherly that (conditional to a given survival function S(z)) the insureds have 
independent and identically distributed durations of life and that the same premium 
arrangement is taken for each cover. Denoting by L(J)(o) the loss function for the j-th 
insured, the loss function at portfolio level is also a function of a and is given by 

N 

L(a) = c L(J)(a) (3.13) 
J=l 

4. Riskiness. Deterministic approach 

(a) Moments of the loss function at individual level. Consider a single cover. 
Its loss function is given by (3.10). Let S(z) be the survival function representing the 
distribution of the future lifetime of the insured (the following algebra holds whatever 
the source of S(z) may be, i.e. past data or projections). The expected value of the 
loss function can be easily assessed 

E(L(4IS) = E t-l,l~y g(Pj’;‘i - m+l(a)) uk - n(a) (4.1) 
t=1 k=O 

where t--l/r~y denotes the probability of death between ages y  + t - 1 and y  + t for a 
life aged y  (the notation E(L(a)jS) makes evident the demographical assumption used 
to evaluate the loss function). In particular, if S(z) is used also to calculate premiums, 
then E(L(a)lS) = 0 for the equivalence principle. In general, E(L(a)lS) $0. 

The variance of the loss function is 

t=1 k=O 

In numerical evaluations, two premium systems will be examined, which are inter- 
esting either for commercial or management purposes. The first one consists in letting 
annual premiums be proportional to natural premiums. If  Q! is the quota pertaining to 
single premium, II(o) = Q E(YI.5’) (S’ d enotes the demographical assumption used to 
calculate premiums and can in particular coincide with that used to evaluate the loss 
function for other purposes than premium rating), we must then have (for k = 0, 1, .) 

“k+l(a) = (1 - a) pi:; (4.3) 

We denote by Li(o) the loss function relating to this premium arrangement. From 
(3.10) we get 

(4.4) 
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or, recalling that II(o) = cy E(YIS’), 

L,(a) = a c &!+"I vk - E(YIS') 
k=O 

(4.4’) 

Expected value and variance of Li(cy) ( according to any given survival function S(s)) 

are 

E(Ll(a)IS) = Q E t-l,lqy 2 Pi,“{ vk - E(YIS’) (4.5) 
t=1 k=O 

It is interesting to note that the variance of Li(cy) increases with cy: i.e. with the 
amount of the single premium. In particular, when no single premium is paid (0 = 0) 
then Var(L~(0)l.S’) = 0. Actually, in this case there is a balance between expected 
costs and premiums in each year and (under our hypotheses) this implies absence of 
(demographical) risk for the insurer. 

The second premium arrangement examined in numerical evaluations is that of level 
annual premiums, i.e. 

nk+l(a) = n(Q), k = 0, 1,. 

We denote by &(a) the loss function in this case, 

k=O 

Denoting by n the level premium relative to cy = 0 (7r z ~(0)): we have in particular 

7r(cY) = (1 - CX) 7r 

and then 

&(a) = &;yj - 7r) uk -a E(YIS’)-n Fuk 
k=O i k=O 

Expected value and variance of Lz(cu) are 

E(L,(a)lS) = E t--l,lqy z(Pl,“i - =) vk - a: E(Y1.S’) - T E vUk 
t=1 k=O k=O 

-14% 

(4.7’) 
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In general terms, the behaviour of Var(Lz(a)IS) with respect to cx cannot be easily 
identified. Numerical evaluations (some of which are quoted in point (c) of this Section) 
show that also Var(&(a)lS) increases with o and that Var(Lz(a)lS) 2 Var(Ll(a)~S). 
On the other hand, this latter relation is intuitive; actually, level premiums do not 
perform a balance with costs in each year and so imply higher risk for the insurer. Note, 
in particular, that Var(Lz(O)lS) can be positive (whilst Var(L1(O)IS) = 0 necessarily). 
Trivially, Var(L1(1)jS) = Var(&(l)lS). 

(b) Moments of the loss function at portfolio level. Consider the portfolio 
described in Section 3. Adopt all the hypotheses introduced therein. Since risks are 
assumed to be homogeneous and independent, expected value and variance are given 
by 

W(~)ls) = N JW4IS) (4.10) 

Vm(L(a)lS) = N Var(L(ar)lS) (4.11) 

In particular, in the case of premiums proportional to natural premiums and in that of 
level premiums we have (with obvious meaning of the symbols) 

-W,(4IS) = N W,(~)ls) j=l,Z 

Var(L3(cy)lS) = N Var(L,(cr)lS) j=1,2 

(c) Numerical evaluations. The examples presented in this Section, as well es those 
described in the following ones, are referred to a medical expenses refunding cover. The 
following hypotheses have been assumed: 
. age at retirement y  = 65 
. expected number of claims in the year of age (2, z + 1) 

$, = 0.1048 x 0.272859 x e”.02g841= 

(obtained fitting an Italian sickness experience) 
. expected cost per claim at age z, c, = c = 1 
. rate of interest i = 0.03 
. demographical hypotesis for premium calculation S’ = Slmedl 

In Table 4.1 the variances of the loss function for the cases of level annual premi- 
ums and premiums proportional to annual costs are quoted, for some values of the 
parameter cy and under the demographical assumption given by Slmedl (zr). A sin- 
gle cover is considered, but when multiplied by the initial size of the portfolio, the 
data shown in Table 4.1 represent also the variance of the loss function at portfolio 
level. From the example it emerges that both Var(&(cr)lS) and b’ar(Lz(c~)IS) are 
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increasing with a; moreover, for a < 1, Var(Ll(cu)lS) < Var(L~(cz)lS), whilst trivially 
VcV(Li(l)IS) = Var(L2(1)IS). 

Figures 4.1 and 4.2 provide a comparison among the variances of the loss function 
calculated with different survival functions. Note that because of the lower (higher) con- 
centration of the distribution Slminl(s) (Slmaxl(z)) with respect to Sfmedl(z). 
VUT(Lj(Cl)(S'mi"l) > Var(L1(cx)(SfmedJ) > Var(L~(a)(S~maxl) (for any given a, 
j = 1,2). 

Table 4.1 

Figure 4.1 Var(~~(a)~S) 

In the examples quoted in this paper, constant claim amounts have been assumed. 
However, it must be pointed out that numerical analyses show that both Var(Ll(a)JS) 
and Vur(L~(a)lS) increase when claim amounts raising with age (and/or time) are 
considered. Hence, in a more complete investigation, care should be given in particular 
to medical expense inflation. 
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(d) Riskiness and portfolio size. It is interesting to investigate the effect of the size 
of the portfolio with respect to risk. To this aim,. we will refer directly to the present 
value of benefits, disregarding how they are financed. Denoting by JJ the random 
present value of benefits at portfolio level: we will assume as risk measure the so-called 
coefficient of variation of Y 

OIS) 
r==E(YIS) 

(4.12) 

Briefly, we will call T risk index. 
Since, under the hypothesis of homogeneous and independent risks, at portfolio level 

expected value and variance of the present value of future benefits are proportional to 
the individual ones, 

JqYIS) = N JWIS) 
Var(ylS) = N Var(Y(S) 

we have 

(4.12’) 

(the expressions of the expected value and the standard mean deviation of Y are 
straightforward). Relation (4.12’) shows that, in terms of the risk index, the riskiness 
of the portfolio is decreasing with the size of the portfolio itself. This gives account of 
the common opinion that the larger is the portfolio, the less risky it is, since with high 
probability observed values will be close to expected ones. 

Table 4.2 shows an example for a portfolio of initial N = 100 and N = 10,000 covers. 
respectively. 

~~ 
35,771.516 37.573.840 0.0046 

Table 4.2 

5. Riskiness. Stochastic approach 

(a) Random projections. In the previous Section we have used projected survival 
functions in order to investigate the riskiness of the portfolio with respect to demo 
graphical aspects. However, the projection itself is affected by uncertainty, since future 
changes in mortality are not known at the time of valuation. 

In this Section, therefore, we will adopt a stochastic approach to the projection of 
mortality. From a formal point of view: we have to refer to a set of survival functions, 
on which a probability distribution is assigned. We will adopt a simple model, in order 
to show more easily the effect of longevity risk on the management of sickness covers. 

(b) Portfolio valuations. Consider the portfolio of sickness covers introduced in 
Section 3 and assume all the hypotheses stated there. As far as the survival function is 
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concerned, we use the three projected functions Sminl(~): S[‘nedl(~), S[maxl(s) described 
in Section 3. We assign to them the probabilities p[m”ll, pLmedl, pImax respectively 
(each of such probability can be interpreted as the “degree of belief’ attributed to the 
correspondent projection). We denote with S the set of survival functions. 

With reference to the portfolio of sickness covers examined in the previous Sections, 
expected value and variance of the loss function can be easily calculated 

WI(Q)) = mwJ(~)I~)) = NEp(E(L,(ct)IS)) = NE(L,(cu)) j = 1) 2 (5.1) 

VaT(Cj(a)) = Ep(VaT(Lj(~)lS)) + VaTp(E(L~(a)ls)) 

= NE,(Vur(L,(a)(S)) + iv2 VUT~(E(L~(CX)IS)) j = 1: 2 (5.2) 

The expressions of EP(E(L3(a)lS)), E,(Var(L,(a)lS)), Varp(E(Lj(a)lS)) can be eas- 
ily obtained. It can be checked that Var(Cl(cu)) IS an increasing function of (Y and that 
Vur(.Cl(O)) = 0 and Var(LI(l)) = Vur(&(l)). 

(c) Size of the portfolio and riskiness. As in the deterministic approach we can 
analyse the effect of the size of the portfolio on its riskiness through the risk index T. 
In a stochastic framework we have 

1 E,(Var(YJS)) + Vw,(E(YIS)) 

W’) E2 (Y) 
(5.3) 

As it is quite obvious from the expression of the variance (see (5.2)), the risk index 
incorporates two terms. The first one is inversely proportional to the size of the port- 
folio; hence it is lower the higher is N. The second one is constant with respect to 
N. As it emerges from (5.3), the first term in the risk index gives account of random 
fluctuations around expected values; as it is well known, such fluctuations represent a 
pooling risk since they can be reduced increasing the size of the portfolio. The second 
term in the risk index, on the contrary, is due to outcomes sistematically different from 
expected value (and therefore from projected values); such deviations constitute a non- 
pooling risk, since each cover is equally affected by them, irrespective of the size of the 
portfolio. It is interesting to note that in a deterministic framework only the first type 
of risk is actually considered (see (4.12’)). 

Expression (5.2) shows the two terms of variance. It may be of interest to determine 
which is the size of the portfolio that lets such terms be equal. They coincide when the 
portfolio consists of N policies, where 

i\; = E,W’~G(4lS)) 

vaT,(-w,(4ls)) 
j= 1,2 

I f  the size of the portfolio is lower than iv, then risk comes mainly from random fluc- 
tuations, whilst if N > ii’ systematic risk is predominant. This knowledge can help in 
providing proper instruments for the management of the risk itself. 

(c) Numerical evaluations. Tables 5.1 and 5.2 show the expected value and variance 
(as well as its two components) of the loss function, calculated with reference to a 
portfolio of initial N = 10,000 risks, in the case of premiums proportional to annual 
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costs and level premiums, respectively. As an example, the following set of probabilities 
has been chosen 

/pinI = 0.2, plmedl = 0.6, p[maxl zz 0.2 

Premiums have been calculated under the hypothesis Slmedl, considering that in the set 
of projected functions it represents the most reliable assumption. 

First of all, note that the expected value of the loss function is not zero (unless 
the case Cl(O)); this is due to the fact that premiums have been calculated under the 
hypothesis Slmedl , disregarding the distribution of the survival functions. 

As in the deterministic case, the variance of the loss function increases with the 
parameter a. In particular, Ep(Var(LJ(a)jS)) (which depends on N) has the same 
order of magnitude of the variance of the loss function in the deterministic approach (see 
Table 4.1). In the example of Table 5.1 and 5.2, the major contribution to Var(,$(a)) 
comes evidently from the component Var,(E(LJ(a)lS)). 

a E(fl(a)) Vdf,(a)) E,,U’ar(&(a)lS)) Var,(E(f~(a)lS)) n 

OYl 14p237 22,7407.223 275Y910 22.470.313 1221783 
0.2 26.473 90,988.893 1,103.641 89,885.252 122.783 
0.3 42.710 204,725.009 2,483.192 202,241.817 122.783 
0.4 56.947 363.955.571 4.414.563 359541.008 122.783 
0.5 71.183 568,680.580 6,897.755 561(i82.826 122.783 
0.6 85.420 818,900.036 9,932.767 808,967.269 122.783 
0.7 99.657 1.114,613.938 13,519.599 l,lOl,OQ4.338 122.783 
0.8 113.893 1,455,822.286 17,658.252 1,438,164.034 122.783 
0.9 128.130 1.842,525.081 22,348.725 1,820,176.355 122.783 

1 142.367 2,274,722.322 27591.019 2,247,131.303 122.783 

Table 5.1 

var(&(Q)) EoWQr(C2(a)lS)) 
54,388.611 1,430.150 

129,488.780 2,407.495 
237J40.772 3,749.004 
377,644 586 5,454 679 
550,700.223 7J24.518 
X6,407.682 9,958.523 
994,766.965 12,756.692 

1,265,778.070 15,919.026 
1,569,440.998 19,445.525 
1,905,755.748 23,336.190 
2.274.722.322 27.591.019 

va~,(qL(a)ls)) 
52.958.461 
127,081.285 
233,491.767 
372,189.907 
543J75.704 
746.449.160 
982,010.273 

1,249,859.044 
1,549,995.472 
1.682,419.559 
2.247,131.303 

123.969 ----I 122.783 

Table 5.2 

The last columns of Tables 5.1 and 5.2 show the size of the portfolio, N: such that the 
two components of the variance of the loss function are equal. In the case of premiums 
proportional to annual costs such number is independent of a, as it can be easily proved 
by developing the expressions of E,(Var(L~(cu)~S)) and Var,(E(Ll(a)[S)) (see (5.4)). 
On the contrary, in the case of level premiums, such number is decreasing with respect 
to cy and hence is higher the higher is the amount of the annual premium. Note also 
that it is higher than in the case of premiums proportional to annual costs. Moreover, 
it can be checked that the contribution to the variance given by Ep(Var(Cj(a)lS)) is 
higher in the case of level premiums than in that of premiums proportional to annual 
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costs. These two facts give evidence that the risk of random fluctuations is higher in 
the case of level premiums and is higher the higher is the entity of such premiums. 

In Table 5.3, finally, the risk index r is quoted, for various sizes of the portfolio. It 
is interesting to observe that not only the risk index is higher than in the deterministic 
case (see Table 4.2), but also that, contrarily to the deterministic approach, it has a 
positive limit for N + co, given by its second term (see (5.3)). 

N E(Y) Var(Y) &(Var(YJS)) Vor,(E(ylS)) r=gg 

100 
200 %:E 

500.623 
1,450.673 E?% %:s’:~ EE3” 

1,000 3,591.388 25,230.415 2,759.102 22,471.313 0.044 
10,000 35,913.882 2,274,722.322 27,591.019 2,247,131.303 0.042 

. t.. 00 m co 30 m 0’642 

Table 5.3 

6. Premium loading 

(a) Premium loading and loss function. In the previous Section it has emerged 
that an arrangement where annual premiums are proportional to annual expected costs 
is less risky than a system with level annual premiums. However, level premiums are 
usually preferred. In order to design appealing funding systems, but aiming at limiting 
risk, the insurer may adopt level premiums charged with an appropriate loading. 

Let ~(cr; A) be the charged premium and assume a proportional loading, i.e.: 

7r(a; A) = (1 + A) 7r(a) (‘3.1) 

Let Ls(cr), &,(a) denote the individual and portfolio loss function relative to such 
premium arrangement 

La(a) = &jTj - 7r(a; A)) Ilk - IT(a) 
k=O 

&(a) = 5 Ly(cr) 
J=l 

Sensible aims for the insurer in determining the premium loading are 

Var(&(a)) = var(Ll(cy)) 

(6.2) 

(6.3) 

(6.4) 

or 
Var(C3(a)) = var(‘cl(Q)) (6.5) 

We point out that we disregard loadings of the single premium because they would be 
useless for targets (6.4) and (6.5). Ob v~ously, when aims other than the variance of the 
loss function are pursued, also a loading of the initial premium may be convenient. To 
this regard, it is important to stress that the loading structure examined in this Section 
is not meant as a tool for reducing longevity risk. The aim pursued by conditions (6.4) 
and (6.5) is to arrange premiums so that the variance of the loss function is the lowest 
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within the probabilistic structure adopted, for a given initial payment. The reduction 
of the overall demographic risk should be sought through appropriate safety loadings 
or, possibly, through reinsurance. 

We will investigate the loading of annual premiums resulting from requirements (6.4) 
and (6.5) both in a deterministic and a stochastic framework. 

(b) Deterministic approach. Given the link between the variance of the loss function 
at individual and portfolio level (see Section 4, point (b)), the loadings resulting from 
requirements (6.4) and (6.5) coincide. We will then discuss only the individual case. 

Expected value and variance of the loss function are 

E(L3(a)IS) = E t-l,lQy E(Pg - 7r(a; A)) ?Jk - II(a) (6.6) 
t=1 k=O 

Va7+3(a)lS) = E t--l,lQl 

2 

- 7r(a; A)) Vk - II(a) 

t=1 

Rearranging (6.7) and imposing (6.4), we find a second order equation in X of the 

type 
AX’+BX+C=O (6.8) 

where, in particular, C = Var(Lz(cu)lS) - Var(Ll(a)lS). 

Table 6.1 

In Table 6.1 the case relative to examples in Section 4 is quoted (in particular, the hy- 
pothesis Slmedl has been adopted). When no real solution for equation (6.8) exists, the 
loading X has been put equal to the minimum point of the function 
f(A) = A X2 + B X + C. When the equation is possible, the lower solution has been 
chosen because it is the only one reasonable as a loading factor. Under the column 
x MIN the minimum point of f(A) has been quoted. 

The numerical example shows that the loading factor has a reasonable magnitude, 
and then premium loading is a possible practice (at least in some cases). 
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(c) Stochastic approach. In a stochastic framework, the loading factor X depends on 
the size of the portfolio. We will thus refer to a portfolio; anyway, the results discussed 
below give, for N = 1, also the individual case. 

Expected value and variance of the loss function & are 

E(L~(Q)) = IV E(L3(a)) (6.9) 

Var(&(cu)) = N E,(Var(L3(a)jS)) + N” Var,(E(L,(a)lS)) (6.10) 

Rearranging (6.10) and imposing (6.5) we find again a second order equation in X. of 
the type 

A(N) X2 + B(N) X + C(N) = 0 (6.11) 

where C(N) = Var(&(cr)) - Var(tl(ct)); the three coefficients A(N): B(N), C(N) 

are second order polynomials with respect to N. 
Numerical examples (obtained with the inputs used in Section 5) are quoted in 

Tables 6.2 and 6.3. As in the deterministic case, when equation (6.11) has no real 
solution, the minimum point of the function g(X; N) = A(N) X2 + B(N) X + C(N) has 
been chosen. When equation (6.11) is possible, the lower solution has been accepted as 
loading factor 

N=l N=lOO 1 N=l,OOO 

x XM1.v 
0.2157 0.2157 
0.3508 0.3508 
0.3085 0.5196 
0.2764 0.7367 
0.2635 1.0261 
0.2564 1.4314 
0.2517 2.0392 
0.2485 3.0523 
0.2461 5.0784 
0.2443 11.157 

n - 

Table 6.2 

Examining Tables 6.2 and 6.3, it emerges that when N increases, the required pre- 
mium loading decreases and has a positive limit. In order to understand such behaviour, 
it should be recalled that when the size of the portfolio increases, the contribution to 
the variance of the loss function given by its first component vanishes (whatever pre- 
mium arrangement is adopted). As a consequence, when N increases, the coefficients of 
equation (6.11) tend to depend on N2 only and thus the solution of (6.11) tends to be 
independent of the size of the portfolio. Moreover, when N increases: Var(&(cu)) and 
Var(Ll (a)) get closer (in relative terms, as it can be checked from results in Tables 5.1 
and 5.2); hence a lower loading is required for fulfilling condition (6.5). 

Results relating to the deterministic and stochastic framework are not comparable. 
Actually, the reason why loadings in the stochastic setting reveal lower than those in 
the deterministic one is that when N is large the variances of C,(a) and C,(a) are 
more close (in relative terms) in a stochastic framework then in a deterministic one 
(see Tables 4.1, 5.1 and 5.2). To this regard it should be stressed that the premium 
loading examined in this Section is not addressed towards reducing the longevity risk 
inherent in the management of the sickness covers. When Tables 6.1; 6.2 and 6.3 are 
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analysed, one should reflect that in a stochastic framework the variance of 131(a) is 
sensibly higher than in the deterministic case. Anyway, only the stochastic framework 
gives a complete representation of the demographic risk. 

Finally, we remind that in the examples quoted above, constant claim amounts have 
been considered. When claim costs increasing with age (and/or time) are assumed, 
higher loadings follow. 

-r 
v=1o,ooo 

x x ‘WIN 
0.1800 0.1800 
0.1844 0.3111 
0.1823 0.4750 

0.1817 0.1814 oO:E: 
0.1812 1.3600 
0.1810 1.9499 
0.1809 2.9333 
0.1809 4.8999 
0.1808 10.7998 

0 

v=100,000 
x x ‘WIN 

0.1796 0.1796 
0.1824 0.3107 

Table 6.3 

7. Concluding remarks 

The impact of longevity risk on lifetime post-retirement sickness covers has been anal- 
ysed. Different premium systems meeting the costs of the insurer have been considered 
and compared in terms of the involved riskiness. 

It has been shown that premium systems consisting of a single premium followed by 
a sequence of level premium can be reasonably adopted. In terms of the variance of 
the loss function, the risk inherent in such systems is equal to the risk of corresponding 
systems based on natural premiums when an appropriate premium loading is charged. 

Further research work should concern uncertainty originating from paucity of sickness 
data relating to very old ages. Combining morbidity and mortality in a stochastic 
framework may lead to analitically untractable models, but simulation procedures can 
help in studying the global riskiness related to sickness covers. 
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