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ABSTRACT 

The paper summarises the reasons why the short term behaviour of stochas- 
tic asset models is relevant in asset/liability studies for pension funds and de- 
scribes briefly the process of fitting a new model to the UK fixed interest series. 

1. INTRODUCTION 

In modern asset/liability (A/L) studies, it is now commonplace to 
use some form of stochastic asset model in order to analyse the variabil- 
ity of the results. One of the most widely used models in this area is 
the “Wilkie Model” (1). Its suitability for pension fund asset/liability 
modelling was one of a number of issues considered in the Report on 
the Wilkie Stochastic Investment Model by the FIMAG Working Party 
(2) and presented to the Institute of Actuaries in January 1992. In 
pension fund A/L work the usual aim is to help the Trustees and the 
Sponsor to decide on a Strategic Asset Allocation (SAA) that is best 
suited to their objectives. SAA prescribes what constant proportions 
of the fund’s assets should be invested in specific asset categories in 
a passive manner. To calculate the proportions, one has to estimate 
- using a stochastic modelling approach - the spread of values of key 
financial indicators for the pension fund that are relevant to the objec- 
tives e.g. discontinuance solvency ratio or an on-going surplus/deficiency 
expressed through contribution change. These calculations are required 
for each of the asset categories that the pension fund may wish to invest 
in. The SAA is then obtained through an iterative process, combining 
optimisation using quadratic programming techniques and testing of the 
resulting portfolios against more refined portfolio projection models and 
common sense. In the optimisation process the covariance matrix of 
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the values of the financial indicators play a very important role. It is 
important that the values obtained through the simulation process are 
realistic, otherwise the advice based on the modelling exercise will be 
biased. The purpose of this paper is to present a few results about the 
covariance matrix of the investment returns, both historical and mod- 
elled, discovered during our investigations into the uses of the Wilkie 
model, and our extensions to it, in practical pension fund A/L work. 
To keep the paper brief I have concentrated on the results for the two 
most important asset categories for SAA in the United Kingdom, UK 
equities (UKEQ) and UK fixed interest (UKFI). 

2. BACKGROUND DETAILS 

When one uses a stochastic model as described above, it is of ut- 
most importance to be clear on what is the relevant time period for 
the stochastic element. Wilkie’s model is best suited to “long term” 
investigations, such as Life Office premiums or annuity rates, where the 
future cashflows are only affected by the investment model itself and 
cannot be changed through deliberate management actions. In this sit- 
uation one projects the future cashflows stochastically over the expected 
lifetime of the contract - typically at least 30 years or more - and the 
results are mainly influenced by the behaviour of the model over the 
long term. In pension fund A/L work one has to distinguish two differ- 
ent time horizons. The first is the time horizon over which one projects 
stochastically the assets and liabilities in order to calculate the values 
of key indicators, e.g. the discontinuance solvency ratio. This is usually 
about 10 years and the client is often more concerned with the results 
in the near future rather than 10 years hence. The second time horizon 
is the prospective lifetime of the pension fund over which the actuary 
would value the liabilities. This would be long term and in the normal 
course of events a stochastic approach would not be used for the valu- 
ation of the liabilities, but the actuarial expected values would be used 
instead. The reason for this is that, unlike in the case of a Life Office 
contract, the future values of key indicators are influenced by external 
factors. For example, the actuary may change the valuation basis, the 
contributions may change because of revealed surplus/deficiency or the 
funding policy may be changed. We are therefore more interested in the 
values obtained by projecting assets and liabilities stochastically for a 
short period and then applying the actuarial expected values approach. 
This can be represented diagrammatically as 
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It will be seen that the time horizon for the stochastic model in 
pension fund A/L work is relatively short and that the model one uses 
must have realistic short term behaviour. 

The notion that the time horizon for the stochastic model for pen- 
sion fund A/L work is very long is probably due to pension fund A/L 
studies that are sometimes carried out in a “closed fund” framework. In 
this situation it is appropriate to use the stochastic model throughout 
the entire expected lifetime of the fund to calculate, for example, the 
probability that at a given time the fund will be insufficient to ulti- 
mately pay all the emerging benefits from the assets currently held; this 
approach is sometimes called “the ultimate surplus” approach. 

However, recent developments in pension fund legislation in the UK 
make it unlikely that closed funds can be run for an extended period 
of time after they have been closed. They will have to secure benefits 
from approved providers (typically a Life Office) and “ultimate surplus” 
is no longer a relevant measure of “success” at a given point in time. 
The relevant measure of solvency on discontinuance is a comparison of 
the market value of the assets with the amount of the premiums that 
are required from the provider to secure the discontinuance benefits. 
This viewpoint shortens considerably the period over which stochastic 
modelling is appropriate. 

3. HISTORICAL CORRELATIONC MATRICES 

In order to generate realistic stochastic results for the key indica- 
tors of a pension fund, it is important that the covariance matrix of the 
stochastic asset returns is broadly similar to that obtained historically. 
The following tables show the means, standard deviations and correla- 
tions for UKFI and UKEQ total returns over different time periods: 
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Table 1 - One-year total returns 

Time Period 
UK Equities 

Mean StDev 
% p.a. % p.a. 

UK Gilts 
Mean StDev 

% p.a. % p.a. 

Correlations between 
UK Equities and Gilts 

1919 - 1991 14.4 26.0 6.3 13.9 0.55 
1946 - 1991 16.2 29.3 6.5 15.4 0.61 
1962 - 1991 18.0 33.1 10.5 16.6 0.62 
1972 - 1991 20.4 37.5 12.1 18.4 0.67 
1982 - 1991 20.3 13.0 15.4 13.5 0.26 

Table 2 - Two-year annualised total returns 

Time Period 
UK Equities 

Mean StDev 
% p.a. % p.a. 

UK Gilts 
Mean StDev 

% p.a. % p.a. 

Correlations between 
UK Equities and Gilts 

1920 - 1991 12.8 13.8 6.1 9.5 0.53 
1946 - 1991 13.7 13.2 6.0 10.9 0.57 
1962 - 1991 14.3 9.9 9.8 11.1 0.73 
1972 - 1991 15.7 11.2 11.3 12.3 0.75 
1982 - 1991 19.8 8.6 15.1 9.5 0.43 

Table 3 - Five-year annualised total returns 

Time Period 
UK Equities 

Mean StDev 
% p.a. % p.a. 

UK Gilts 
Mean StDev 

% p.a. % p.a. 

Correlations between 
UK Equities and Gilts 

1922 - 1991 12.6 9.9 5.9 6.4 0.68 
1947 - 1991 13.2 8.6 5.7 7.3 0.71 
1962 - 1991 14.3 9.8 9.5 6.3 0.87 

N.B. 197 
% 

-1991 and 1 81-1991 results are not shown as there were an insufficient 
num er of peri b& 

It can be seen that in all periods, except for the last 10 years, 
the on&year total returns between UKEQ and UKFI were strongly cor- 
related. Also, when comparing the annualised total returns over non- 
overlapping twayear and five-year periods, the correlations generally 
increased over time. 
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It would therefore be desirable if our stochastic model of asset 
returns exhibited similar characteristic. 

4. STOCHASTIC CORRELATION MATRICES 

In the standard Wilkie’s model as described in (1) and using the 
“neutral” initial values, Wilkie obtained the following results: 

Table 4 - Correlations and Volatility of UKEQ and UKFI series 

lyear 5 year 10 year 30 year 50year 75 year 

Con 
StDev 

0.18 -0.09 -0.17 0.29 0.49 0.54 
6.27% 2.81% 1.55% 1.08% 1.19% 1.15% 

As shown the correlations are far too low, indeed negative, during 
the first ten years. It is only over the very long term, 30 years and 
more, that the correlations become more like the historical data. The 
published volatility obtained from the stochastic model for the UKFI 
at short durations is also too low by comparison with recent historical 
evidence. 

The low volatility, particularly at the longer durations, may have 
been caused by the original Retail Price Index (RPI) model. Because 
of the autoregressive nature of the RPI model, the volatility of RPI 
reduces rapidly over time. The latest thinking in this area suggests 
that the RPI model should be heteroscedastic AR( 1). When a form of 
the heteroscedastic AR(l) model was fitted to the 1946-1991 data and 
the returns for the UKFI in Wilkie model were recalculated, the results 
were slightly better but still not “realistic” enough. As expected, the 
improvement was evident at the longer terms where the reduction from 
the first year volatility was less marked, but the heteroscedastic RPI 
model did not increase the initial volatility or the correlations. 

In order to capture better the volatility and correlation of the UK 
Fixed Interest, it was decided to model the redemption yield by analysing 
and modelling the gilt/equity yield ratio. 

The model for the gilt/equity yield ratio fitted was of the same type 
as the model for the equity yield in the Wilkie model. If we denote by 
G(t) the ratio GRY(t)/YLD(t), we have modelled the logarithm of G(t) 

In G(t) = GW * RPl(t) + GN(t) 
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where 

GN(t) = In GA4U + GA(GN(t - 1) - In GAdU) + GSD * GZ(t) 

and GZ(t) is a sequence of independent identically distributed unit nor- 
mal variates. 

The values of the parameters were estimated from the 1946-1991 
data and for the simulations the parameters used were 

GW = 2, GMU = 1.9278, GA = 0.7, GSD = 15% 

Using this model, together with the heteroscedastic form of the RPI 
series and the “neutral” initial values, the following results have been 
obtained: 

Table 5 - Correlations and Volatility of UKEQ and UKFI series 

1 year 5 year 10 year 

Corr 
StDev 

0.59 0.52 0.46 
23.33% 5.71% 3.10% 

As shown above the correlations and the volatility are closer to 
reality than the standard Wilkie model, but the first year volatility is 
too high, and also the correlations between UKFI and RPI (not shown) 
were “wrong”. Both the Wilkie model and our model had negative cor- 
relations between RPI and UKFI and RPI and UKEQ in the first year; 
in the data there is strong positive correlation of one year returns in 
most periods, except the last ten years. On closer examination of the 
residuals, there was significant negative correlation between the residuals 
of the UKEQ yield model and the UKFI yield ratio model. Making the 
residuals in the model also negatively correlated improved the volatility 
pattern of the UKFI series. To adjust the first year correlations in the 
model between UKFI and RPI and UKEQ and RPI, one can adjust 
the correlations between the random shocks in the model. Instead of 
using in the simulations uncorrelated sequences of independent identi- 
cally distributed ullit normal variates for the stochastic residuals, one 
can impose a correlation structure on the stochastic residuals. 
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The problem of finding the “best” structure is difficult, particularly 
when the model has a large number of series. In our model we have series 
representing RPI, salary inflation, property, four equity markets (UK, 
USA, Japan and Europe ex UK), index-linked gilts, fixed interest and 
cash. By examination of the fitted residuals and some experimentation, 
it has been found that if the residuals in the model are correlated as 
shown below, 

UKEQ yield 
UKFI/EQ ratio 

RPI 

-0.3 
-0.4 

UKFI/EQ ratio 

-0.5 

the results of the simulation will become: 

‘able 6 - Correlations and Volatility of UKEQ and UKFI series 

1 year 5 year 10 year 

Corr 0.34 0.30 0.25 
StDev 11.00% 2.75% 1.37% 

and both series have positive correlation in the first year between with 
RPI of around 0.1. 

5. CONCLUSIONS 

Experience has shown that it is a very complicated exercise to con- 
struct a stochastic model that has both “sensible” econometric properties 
and a good fit with historical data. Whilst this process is intellectually 
rewarding and essential if one wishes to really understand the scope and 
limitations of a model, it is not efficient. It would be very useful if 
the actuarial profession promulgated a comprehensive stochastic model 
building kit, including an appropriate software, in order that actuaries 
can concentrate on generating new ideas about the investment world 
rather than the mechanical details of implementing them. 
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APPENDIX 

Summary of the 1946-1991 data used for the fitting of the model 

RPI 
% p.a. 

UKFI 
Yield 

% pa. 

UKEQ 
Yield 

Yo p.a. 
Year RPI 

% pa. 

UKFI 
Yield 

% pa. 

UKEQ 
Yield 

Yo p.a. 

1946 0.3 2.6 3.1 1969 5.3 9.1 4.0 
1947 -0.2 2.7 3.1 1970 5.9 9.5 4.7 
1948 9.9 3.3 3.6 1971 10.3 9.3 3.6 
1949 1.0 3.3 4.2 1972 6.1 9.3 3.2 
1950 2.6 3.7 3.9 1973 9.3 10.4 3.7 
1951 9.6 3.9 3.7 1974 16.5 15.6 7.3 
1952 9.7 4.5 5.3 1975 26.1 14.9 6.5 
1953 2.6 4.2 4.7 1976 13.8 13.9 5.9 
1954 0.8 3.8 4.0 1977 17.7 13.0 5.5 
1955 5.2 4.2 3.7 1978 7.4 12.4 5.7 
1956 5.4 4.8 4.5 1979 11.4 11.4 5.3 
1957 3.1 5.0 4.2 1980 21.0 12.0 6.4 
1958 3.1 5.0 4.5 1981 11.3 13.0 5.7 
1959 0.5 4.8 3.6 1982 9.2 12.6 6.1 
1960 1.3 5.7 3.5 1983 3.5 10.4 4.6 
1961 3.3 6.5 3.7 1984 5.2 10.9 4.9 
1962 5.5 6.2 4.6 1985 7.0 10.6 4.8 
1963 1.0 5.4 4.3 1986 2.5 9.4 3.9 
1964 3.4 6.1 4.5 1987 4.2 9.2 3.0 
1965 4.9 6.7 5.7 1988 4.6 9.6 4.2 
1966 3.9 6.9 4.9 1989 8.3 9.7 4.3 
1967 2.4 6.8 5.0 1990 9.8 11.0 4.7 
1968 4.6 7.8 3.5 1991 5.8 10.4 5.1 

Sources of Statistics (all results are end of Jmle values) 
RPI General Index of Retail Prices UKFI Yield 
Consols Yield from Actuaries/FTi to 1982 

25 Year High Coupon Gilts 1983 to 1990 
20 Year High Coupon Gilts 1991 

UKEQ Yield Actuaries Index to 1962 
FT-Actuaries All-Share Index from 1963 
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