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In this paper I will deal with the dynamic asset allocation techniques 
applied to portfolio insurance. By portfolio insurance we mean all the 
policies which aim to protect portfolio, usually share portfolios, against 
losses. But, to make things easier, from now on I will always talk 
about the protection of a generic capital invested in a single kind of 
share. The results can be easily extended to the general case. In 
practice, if a portfolio manager has to ensure an ample portfolio, he 
only has to consider the entire share portfolio as a risk investment, as 
a single share could be. There will certainly be some complications in 
the implementation, but all of the indications obtained for a single share 
remain valid in the case of a portfolio. 

The whole subject is usually based on the option pricing theory. 
In fact the purchasing of a European put option (both an option on a 
single share and a stock index in case of a portfolio correlated to the 
index itself) could work quite well as an insurance contract, but in many 
cases of practical interest it is not possible to do that for a number of 
reasons: 

1 - Option contracts are not traded in the market for all kinds of 
shares. 

2 - A share portfolio could be scarcely correlated to any stock index 
on which options are traded. 

3 - The necessary size of the contract could be too big compared 
with the normal traded sizes. 

4 - The striking price and expiration dates are standardized and 
could not meet the necessities of the portfolio manager. 
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Fortunately any option, also the ones that don’t exist on the market, 
can be replicated through an adequate dynamic strategy. The key insight 
to modern option pricing theory is that, in most situations of practical 
relevence, the price behaviour of an option is very similar to a portfolio 
of the underlying stock and cash that is revised in a particular way 
over time. That is, there exists a replicating portfolio strategy, involving 
stock and cash only, that creates returns indentical to those of an option. 
Specifically, standard option pricing theory as developed by Black and 
Scholes rests on an arbitrage argument: by continuously adjusting a 
portfolio consisting of a stock and a risk-free bond, an investor can 
exactly replicate the returns to any option on that stock. In reality 
the continuous adjusting is impracticable and trading takes place only 
at discrete times. If trading takes place reasonably frequently, hedging 
errors may be relatively small and uncorrelated with the market return; 
therefore they can be ingored. But, what is the Black-Scholes replicating 
strategy? Obviously, using this mode1 we have to assume a Black-Scholes 
idea1 world. We are interested in replicating a protective put and the 
argument will be in terms of a single share. I recall that the Black- 
Scholes formula for pricing a European put option is: 

P(S, K, T, r, 0”) = Ih+V(Y + cd) - SN(Y) . 

Where 

Y = ln(Kr-T/S)/Ofi - $747 

S = stock price 

I< = striking price 

T = time to maturity 

T = one plus the interest rate 

a2 = variance of the stock’s rate of returns 

N( .) = standard normal distribution function . 

The equivalent portfolio must be composed of A shares of stock 
and B dollars of the risk-free security, over the interval At. The length 
of the interval At, must be reasonably small but not infinitesimal, as it 
is assumed by the continuous revision of the Black-Scholes model, and 
it will be termed the revision interval. At the beginning of each interval 
0, At, 2 At, . . ., T, it must be: 
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A = P, ; B=P-P,.S 

where P, is the partial derivative of P with respect to S and equals 
-N(Y). In this specific case of a put option, let’s notice that -1 < A < 
0 and B > 0. But we must also consider the share we want to protect. 
So, the equivalent portfolio of the position: long one share and long one 
put, will be: 

A= 1 +p,; B=P-P,.s. 

At maturity the portfolio value is: 

S+P(S,K,O,r,2) =S+max[O,K-S] 

At this point I wanted to make an empirical verification on the Italian 
market with a classic stock such as “FIAT ordinaria”. I chose two 
periods, three months long, on which the FIAT price had respectively 
fallen and risen by about 15-20% and I applied this strategy. I first had 
to consider some aspects that are simplified in the original model: 

l- Transaction costs: in the Black-Scholes ideal world it is sup 
posed there are no transaction costs, but the model can be eas- 
ily modified for considering nonzero transaction costs. I used 
Leland’s approach to this problem. Hedging errors exclusive of 
transaction costs will not be small unless portfolio revision is 
frequent, but transaction costs will sharply rise as the revision 
interval becomes shorter: the strategy may become very costly. 
Besides transaction costs are random and pathdependent: that 
is, they depend not only on the initial and final stock price, 
but also on the entire sequence of stock prices in between. Le- 
land’s technique for replicating options returns in the presence 
of transaction costs is a strategy that depends upon the level 
of these costs and the time period between portfolio revisions, 
in addition to the standard variables of option pricing. These 
additional parameters enter in a very simple way, through ad- 
justment of the volatility in the Black-Scholes formula. This is 
an intuitive explanation: inclusive of transaction costs, the net 
price of purchasing stock is slightly higher than the price with- 
out transaction costs. Similarly, the net price of selling stock is 
slightly lower. Since replicating strategies require buying stocks 
when their prices rise and selling stocks when they fall, trans- 
action costs cause an accentuation of up or down movements 
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of the stock price which can be modelled as if the volatility of 
the actual stock price was higher. Leland defines: 

b2(a2, h, At) = a2[1 + ha/am]. 

Where h represents the round trip transaction cost, measured 
as a fraction of the volume of transactions. The modified 
Black-Scholes formula for put options can be denoted with 
P(S, K, T, r, u2, h, At) and it only differs from the original one 
in the modified volatility: 8 instead of ~7. This alternative 
replicating strategy has the following properties: 

a - Transaction costs remain bounded as the revision interval 
becomes short. 

b - The strategy replicates the option return inclusive of trans- 
action costs with an error which is uncorrelated with the market 
return and approaches zero as the revision period shortens. 

2 - Taxation: the model also hypothesizes absence of any taxation, 
but this factor has no influence on this strategy if applied on 
the Italian market. 

3 - Dividend: it is assumed that shares do not pay any dividend. 
Fortunately, in the two periods I chose no dividend was paid. 

4 - Interest rate: the variable r is considered constant. Uncertainty 
in interest rate is not a very important factor in our case and 
I just revised the interest rate together with the portfolio com- 
position. 

5 - Volatility: an important factor in these strategies is the esti- 
mation of volatility, which is considered known and constant in 
the original Black-Scholes model. In reality we should estimate 
this variable and it often isn’t easy; besides a wrong estimation 
of it could cause us to failin our objectives. Since my intentions 
were to check the working of this technique in real conditions, 
that is with transaction costs and noninfinitesimal interval pe- 
riod, I avoided this problem inserting the actual volatility of 
the stock rate of return in the two periods I considered. Doing 
so, I do not want to undervalue a problem that is weighty, but 
which, in my opinion, can be seen as a separate argument. 

6 - Lastly, there is the socalled random walk hypothesis on which 
all the model is based. Obviously I didn’t modify this hypoth- 
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esis, also because I just wanted to verify its validity in the real 
world. 

I chose a daily revision interval and I supposed transaction costs 
to be 0,3%; that amount is usual for institutional investors or banks in 
Italy. Finally I was in a position to apply the strategy. The results were 
excellent: the capital was completely protected in the case of falling 
prices and the actual upside capture was equal to the estimated one in 
the case of rising prices. The daily revision interval proved proper and 
transaction costs didn’t invalidate the strategy. 

The following table shows the results I got, using these technique 
in the period from 26th August to 26th November 1991, when Fiat 
stock price lost more than 14%. I hypothesized that the user of these 
techniques was a bank, willing to preserve the integrity of its capital 
invested in Fiat stocks, and that the risk-free investments were made 
on the interbank market in a kind of current account. I also supposed 
that the negotiations were always made at the closing price with spot 
contracts immediately regularized. 

In this test I inserted a volatility parameter of about 17%, pretty 
precise but not equal to the volatility that took actually place in that 
period, that is 18.33%. I chose a striking price equal to Lit. 5,800, so 
that the maximum possible loss was 0.5%. 

Date Stock Price 7 Delta Share Total amount Total amount Portfolio 
percentage invested in stocks lent value 

26-8 5489 1.115 0.4128 39.0656 2266.1170 3534.6566 5800.7736 
27-8 5525 ” 0.4362 41.4463 2410.2071 3405.0413 5815.2484 
28-8 5530 ” 0.4380 41.6399 2422.3617 3395.0380 5817.3997 
29-8 5582 ” 0.4733 45.2379 2641.7055 3197.8826 5839.5881 
30-8 5645 ” 0.5165 49.6838 2915.7796 2952.8907 5868.6703 

2-9 5620 1.116 0.4952 47.5269 2782.8880 3072.5092 5855.3973 
3-9 5655 ” 0.5192 49.9979 2936.0369 2936.2840 5872.3210 
4-9 5685 ” 0.5396 52.1001 3067.4206 2820.1287 5887.5493 
5-9 5638 ” 0.5040 48.4779 2841.5772 3020.0112 5861.5884 
6-9 5605 ” 0.4781 45.8495 2679.6839 3164.8365 5844.5205 
9-9 5520 1.113 0.4066 38.6834 2244.6790 3558.0209 5802.6999 

IO-9 5460 ” 0.3599 34.0174 1965.3661 3812.1703 5777.5364 
11-9 5437 ” 0.3408 32.1210 1853.0455 3915.8998 5768.9453 
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Date Stock Price 1 Delta Share Total amount Total amount Portfolio 
percentage invested in stocks lent value 

12-9 5447 
13-9 5490 
16-9 5403 
17-9 5472 
18-9 5535 
19-9 5575 
20-9 5473 
23-9 5526 
24-9 5329 
25-9 5305 
26-9 5218 
27-9 5220 
30-9 5200 

l-10 5260 
2-10 5370 
3-10 5277 
4-10 5190 
7-10 5169 
8-10 5160 
9-10 5200 

10-10 5098 
16-10 5111 
17-10 5219 
18-10 5179 
21-10 5189 
22-10 5120 
23-10 5046 
24-10 5090 
25-10 4925 
28-10 4921 
29-10 4890 
30-10 4810 

25-11 4738 1.1175 0.0000 0.0000 
26-11 4711 I, 0.0000 0.0000 

9, 0.3458 32.6280 1883.3771 
,, 0.3755 35.6237 2061.4208 

1.108 0.3002 28.1993 1622.2405 
>> 0.3488 33.0612 1908.5205 
,. 0.3952 37.7579 2187.6484 
,, 0.4249 40.7759 2368.7563 
7, 0.3421 32.4793 1872.2700 

1.113 0.2300 21.4467 1225.1290 
(7 0.2290 21.3626 1220.4651 
,, 0.2101 19.5286 1114.5550 
3, 0.1548 14.2033 807.9061 
1, 0.1529 14.0331 798.2640 
17 0.1332 12.1828 692.5993 
,, 0.1632 15.0753 858.1760 
I> 0.2319 21.8138 1245.4423 
1, 0.1667 15.4691 879.7035 
9, 0.1159 10.6995 601.7194 

1.112 0.0967 8.8205 500.0167 
I, 0.0899 8.1802 463.6379 
I, 0.1046 9.5956 544.1787 
,I 0.0611 5.5080 311.7419 
,I 0.0497 4.4889 254.0908 
I, 0.0865 7.9713 451.5946 
1, 0.0667 6.1017 345.4498 

1.111 0.0606 5.5551 314.5384 
I, 0.0367 3.3255 188.1380 
II 0.0198 1.7742 100.3202 
I, 0.0255 2.2994 130.0401 
I, 0.0056 0.4907 27.7296 
I, 0.0035 0.3070 17.3483 
,I 0.0021 0.1833 10.3476 
I, 0.0000 0.0000 0.0000 

1, ,I 91 
9, I, 

0.0000 
0.0000 

3888.8956 5772.2727 
3725.2302 5786.6511 
4130.5237 5752.7642 
3864.1641 5772.6846 
3606.2379 5793.8863 
3440.4437 5809.1999 
3892.2318 5764.5018 
4487.2947 5712.4237 
4492.6326 5713.0977 
4592.7449 5707.2999 
4880.2504 5688.1565 
4890.1724 5688.4363 
4992.4707 5685.0700 
4834.4128 5692.5888 
4463.9852 5709.4275 
4807.1224 5686.8258 
5069.8127 5671.5320 
5168.7828 5668.7995 
5204.1845 5667.8224 
5127.0070 5671.1857 
5348.1042 5659.8461 
5406.3749 5660.4657 
5213.6639 5665.2585 
5316.0395 5661.4892 
5347.5232 5662.0615 
5469.3744 5657.5124 
5554.2177 5654.5379 
5525.2860 5655.3261 
5623.0867 5650.8164 
5633.4145 5650.7628 
5640.2853 5650.6329 
5650.4331 5650.4331 

,, ,, 
>, I, 

5650.4331 5650.4331 
5777.9602 5777.9602 

We can notice that, from 30th October on, the whole capital must 
be invested in the current account, and that, at expiration, the credit 
balance includes about Lit. 127 of receivable interest. 

Surprisingly, the loss suffered is just 0.51%. So, the portfolio insur- 
ance strategy has performed very well. But I got these results upon the 
hypothesis of hitting the right volatility or, as in the case I showed, of 
having a good estimation of it. So, I decided to test these techniques by 
inserting in the formula a volatility parameter which was intentionally 
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wrong; at first much lower, then much higher than the actual volatil- 
ity. The result,s were less precise but equally brilliant. The volatility 
estimation was not a very important factor in these case. 

In general, I saw out that when the volatility was undervalued, the 
exposition was higher than it would be if the stock price was higher or 
lightly lower than the initial stock price. It was lower if the stock price 
was notably lower. 

On the contrary when the volatility was overvalued the exposition 
was lower than it would be if the stock price was higher or lightly lower 
than the initial stock price. It was higher if the stock price was notably 
lower. 

With an undervalued volatility a portfolio manager can profit by 
rising prices, but, if after a rise there was a sharp fall in prices, the 
exposure would be too high and the objects of protection could be lost. 
If the fall is not too quick the undervaluation does not affect too much 
the protection of the capital. Instead, with an overvalued volatility the 
portfolio manager takes less advantage of rising prices, but the capita1 
is protected against sudden falls. Anyway, in the case of falling prices a 
sufficient protection is guaranteed. 

Obviously, it is advisable that the volatility estimate be always up 
to date, owing to the small experience I gathered about the robustness 
of the strategy with respect to estimation errors. 

My conlcusion is that dynamic strategies can be a valid tool for 
portfolio management, at least when the priority is on the value preser- 
vation of the capital. 
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