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Abstract
This article studiesthe ways in which the stochastic variance of the forces of
intercst and mortality affect the formulae of discounting, prolongation and term
insurance dcrivcd with the deterministic model. The stochasticity of the mortality
of Finnish life insurance has only a neglible effect on the formulae, while the
stochasticity of the force of interest hasa considerableeffect.
The cxpectcd values have been derived by integrating over all the forces of
interest on the infinite-dimensional Banach space of the continuous functions
C[O,T]. The measureused is the Gaussor Wiener measure.In many articles the
Wiener measure is referred to, but not explicitly expressed. In this article the
measureand the useful calculation formula of the expectation value are derived by
functional analysisand the formula is applied to the lift insurance. The idea of the
formula is applied to the life insurance. The idea of the formula is similar to that of
the Feynman path integral in quantum physics.
In addition the integration with respect to the gamma measure on finitedimensional spacesis studied. However, no corresponding result as for the Wiener
measurecan be derived for the gammameasureon any infinite-dimensional space.
Keywords: Stochastic interest and mortality, Integration in Banach spaces,Wiener
measure,Discounting, Term insurance.
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NOTATIONS

If function f is distributed according to the distribution function F, the
notationf + F is used.
If it is dcsircd that the previously undefiied function ,f be defined with
the known function g, the notation f = g is used.
Let (X,7) be a topological space. B is the functor mapping the
topological space to its Bore1 sets; B(X) is the o-algebra generated by the
family T.
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INTRODUCTION
In dctcrministic theory the discounting factor is
T
(0.1)

D(6,~,x,x+T)=exp-1(6(t)+~(t))cl’t
0

When using this as the exact discounting factor one must assume exact
information on the rates of interest and mortality during the time interval
[O,r]. Although one may have an exact model of the expectation value of the
rate of interest 6, the true rate varies in the neighbourhood of the expected
value and can bc measured almost continuously. Mortality differs from the
rate of intcrcst in such a way that it cannot be measured, even continuously.
Depending on the size of the population, it has been measured in one-year or
five-year age-groups and then interpolated to be a continuous function.
During the separated years the observed mortality in each group varies and
thus it is possible to obtain the mortality distribution in each group.
The discounting factor above has been derived from the Thick
diffcrcntial equation for the reserve V
(0.2)

V’(f) = (6(t) + JA(f))~V(f)...

The theory of stochastic differential equations has the same starting
point but with the further addition of the Brownian motions W& and WW to
the interest and mortality rates:
(0.3)

In this study the starting point is, however, different, The value of the
discounting factor (0.1) solved from the differential equation of Thiele (0.2)
depends on the paths of the interest and mortality rates during time interval
[OJJ. Every pair (6,~) of the random functions is mapped to the real value
O(s, p, x, x + 7’) . Thus the discounting factor is a random variable of pair
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(6,~) and whose moments can be calculated by integrating it with respect to a
probability measureof the function space formed by the pair (6,~).
The main source of integration theory in infinite-dimensional Banach
spaces has been the work of Laurent Schwartz [Schwartz] which deals with
integration in arbitrary topological spacesand thus is too general an approach
for the present study; nonessential definitions and properties of topological
spaceshave therefore been ignored. In addition, two other works dealing with
integration in infinite-dimensional Banach spaces have been those of
Skorohod [Skomhod] and Ledoux and Talagrand [Ledoux and Talagrand]
which are too narrow in scope and contain insufficient results for the present
study. The prerequisites of these works are the elements of functional
analysis, measure and integration theory (especially in topological spaces) and
topological vector spaces.
The reader not interested in theory need only read the notations in the
second chapter. After construction of the theory the applications of the main
theorem will be based only on elementary calculus.
The scope of the present study focuses on a single insurance when the
moment of time of the certain premium is known; if it also focuses on the
company, the moments of the premiums should be stochastic, as treated by
[Norberg]. Embedding this stochasticity in a study is simple in theory,
although not necessarily in practice, if one assumes that the premiums,
interest and mortality rates are independent stochasticvariables.

1. PROBABILITY

IN BANACH

SPACE

DEFINITION
1.1. Let X be a Banach space. The probability measure
P of space X on the Borel-o-algebra B(X) is a Radon (probability)
measure
if for every E > 0 and every measurable set Y E B(X) a compact set K of
spaceX exists such that K c Y and

(1.1)

P(X-K)<E.
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The theory of integration in locally compact Hausdorff spacesand their
Radon measures can be applied in infinite-dimensional Banach spaces even
though the latter are not locally compact, but since they are regular every
regular space can be embeddedin an open set of a compact Hausdorff space:
the Stone-Cech compactification [Bcrberian]. The open sets of the compact
space are locally compact Hausdorff subspaces,and there is a bijective map
between the measures of the Banach space and those of the rcspcctivc open
set of the Stone-Cech compactification.
Let X and Y be measurable spaces,fa measurable function X + Y and P
a measure of the spaceX. Thusf(P) is the measure of space Y whose value in
setA E B(Y)is (f(P))(A)=P(f-l(A)).
Let I bc a directed set and i + Xi ,i E I , the decreasing net of the
closed subspacesof Banach spaceX.
Term n i is the canonical surjection X + Xi , x H x + Xi for every i E
I. Let X j , j E I , be another closed subspace of the Banach space contained
mspaccxior X~~X;.Thefunctionx;i:X/X~+X/X~,isdefinedasx
+Xj+x+Xi;thusevidently
xi =r~i onj wheniIj.
DEFINITION 1.2. Let X be a Banach space, (X, )nE, a decreasing net
of finite-codimensional closed subspacesand P, a probability in the Borel-oalgebra B, = B(X / X,) of the cospace X / X, . If m I II or X, 2 X, and
the consistency formula Pm = 7c,,(P,)
holds the family (P,,X / Xn)nEl
or, in its abbreviated form, (Pn),EI is called the cylindrical probability
(measure).
The origin of the concept cylindrical probability can be explained as
follows. Set A c X is called a cylindrical set if there exists both a finitecodimensional closed subspaceXi and B c X/Xi such that A = n i’ (B) . Then
cylinder A is the set of those vectors by which a + Xi = B, while set B is
called the cross section or the base of cylinder A. The ‘measure’for cylinder A
can be defined by the formula P(A) = Pi(B) which in other words is the
‘measure’ of the cross-sectional area. With the consistency formula it can
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easily be proved that P(A) is independent of the pair (X$3). The quotation
marks around the word ‘measure’ indicate that P does not necessarily mean
measure as used in the measure and integration theory; i.e. it is not necessarily
o-additive.
The cylindrical probability of the previous definition defines a projective
system of probability spaces {X /Xi,Bi,fl,xv
li,j~l}
([Rao], p.14)
which can be satisfied if the following three conditions are met:
(i) 7[:!I1(Bj ) c Bj for every i I j because ?Kd is continuous.
(ii) X ik =~ijon:jkwhenil.iIkorXiI>XjI>Xk.
consequenceof the definition of functions TIu .

This

k

the

(iii) c = rt q (Pi) is contained in the definition of the cylindrical
measure. Schwartz uses the term exactly as for the previous system
([Schwartz], p.74).
A natural question is when in Banach space X does a Radon probability
P exist from which can be derived the probabilities of the finite-dimensional
cospaces with canonical surjection or with the formula P, = n n (P) . The

following theorem gives a necessaryand sufficient condition.
Let X be a Banach space and
{X / Xi, Bi , pi ,7[:;j Ii, j E I} the projective systemof probability spaces. The
necessaryand sufficient condition for a Radon measure P existing in B(X) for
which P,, = 7[:n(P) for every n E 1 is that for every real number 0 < E 5 1 a
compact set K, of spaceX exists such that P,(n nKE) 2 1 -E for every n E
I. P is unique if the net (Xi)i~, is such that the functions (?Ti )iEI separate
the points of spaceX.
THEOREM

1.3.

(Prokhorov)

Proo$ See ([Schwartz], p.81), ([Skorohod], p.5).
The theorem is not very easily applicable but is central to development
of the theory and it gives an understanding of the existence of Radon
measures and their concentrations. The following definition refers to different
types of concentrations.
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1.4. Let X be a Banach space (P,, X / Xn)nE1 its
cylindrical probability, A E B(X) and 0 < E 5 1.
(a) It is said that (Pn)nEl is cylindrically concentrated in set A to the
number&if
P,(7tnA)21-&
foreverync I.
(b) It is flatly concentrated
in set A to the number
E if
I’, (rcnA) 2 1- E for every hypcrspacc X,.
DEFINITION

(c) Let C be the family of sets of the Borcl-o-algebra B(X). Cylindrical
probability is concentrated in family C (flatly) if to each E > 0 a set A E C
corrcsponds such that ( Pn)nEl is (flatly) cylindrically conccntratcd in set A
to the number E.
The following proposition gives sufficient condition to the cxistcnce of
the Radon measure by cylindrical concentration.
PROPOSITION

1.5. Let (P,),E1 be a cylindrical measure of reflexive

Banach space X and cylindrically concentrated in the balls of spaceX. It then
defines a Radon measure in spaceX.
Proof. See ([Schwartz], p.204).
However, this proposition is too weak; e.g. the most important
cylindrical measure from which it can be derived, the Gaussian probabilities
of all finite-dimensional subspacesof X, is not cylindrically concentrated in
the balls of X, becausefor every R > 0

when the dimension n + 00, and because every ball of X is contained in a
cylinder of base [-R,Rln. Despite this the cylindrical measure in question
defines a Radon measure. From formula (1.2) it can be seen that the
cylindrical measure is flatly concentrated in the balls and thus also in the
compact sets, because in the condition of flat concentration it is sufficient to
ben=
1 in formula (1.2). By choosing a sufficiently large value for R the
integral can be arbitrarily chosen to be close to one.
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The following proposition gives condition to the existence of a Radon
probability in continuous-function space with the help of flat concentration
after first dcfming the new concept of convergence.
DEFINITION
1.6. Let X be a totally regular space and (Pn) a net of
finite Radon measuresof spaceX. It is said that (P,J converges narrowly on
the finite Radon measure P if P#‘) converges on the number P(F) for every
continuous and bounded function F: X + R. According to the definition the
narrow topology is the coarsest topology where convergence of the nets of
finite Radon measures (M’(X)-space) is the pointwise convergence in
continuous and bounded functions. Thus the neighbourhood base of the origin
of space Ml(X) is formed by the sets U(F 1, . .. . Fk; &) = ( p I p E MI(X),
Ip(
< E, 1 I j I k ) where E > 0 and F1, .... Fk are continuous and bounded
functions X + R.
PROPOSITION
1.7. Let K be a compact topological space, C(K) the
Banach spaceof continuous functions with respect to uniform convergence on
K (formula (2.5)), (P,),E~ its cylindrical probability, A another directed set
and (pa)aEA a net of projections of the space C(K) onto closed subspaces
which converges uniformly on every compact set of space C(K) towards the
identity map of the compact set in question. If (P,),E, is flatly concentrated
in
(a) the compact subsetswith respect to uniform convergence or
(b) the convex and weakly compact subsets
(Pn)rEI dclines Radon measure P on space C(K) if and only if the net of
Radon probabilities (p, ( P))aEA converges narrowly on a Radon measure Q,
and thus P = Q.
Proof. P has been defined on Page 4 after Definition 1.2. Schwartz

proved the theorem for general topological spaces([Schwartz], p.253).
The previous proposition is not very useful in proving the existence of
the Radon probability, but is so in calculating the integral when knowing from
other facts that the Radon probability exists. Thus, the narrow convergence
means that

880
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(1.3)

for every bounded and continuous F: C(K) + R. If the Radon probability
exists, its integral can be calculated as the limit of the probabilities calculated
in the finite-dimensional spaces. It is most useful when calculating the limit
using the subsequenceof the directed set.

2. GAUSSIAN MEASURE
2.1 Notations. We use the following notations:
TER+,
K=[OT],
(2.1)

t nl. =iT/2”,nEN

andi = 0, l,,.., 2n= N,

and
{ I
1
C(K) = X = the set of continuous real functions
of interval K.
0,

= t,i i =0,...2”

The meaning of real T is the moment from when the discounting is done
to the present moment 0. The dividing moments R, of interval K divide the
subintervals defined by moments R,-, in such a way that every subinterval is
divided into two intervals of equal length. In the present study the rate of
interest is considered to be a continuous function in interval K even though it
may be very oscillatory as is Brownian motion. Another possibility is that the
function of the rate of interest can be chosen to be a measurable function.
Each of these choices can be sustained with respect to realization; both are
approximations of reality when the rate is observed only in finite numbers.
,n}Of
For every subset R = {O= to ,tl ,..., t,-l,t, =Tlti-1 <ti,i=l,...
interval K the projection of space X is defined. Let J’ E X. Projection PDF is
the broken line which joins the points of set {(f, f (t))l t E R} .
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(t-ti-1)

+f (ti-1)

1
9

when t E [ti- 1,ti]. We denote
(2.3)

xn ={Pnflf

EX}*

which is linitc-dimensional and dim XQ = n when the initial value f(0) is
kept constant.We especially denote
PQn =p,,

(2.4)

and XQ, =X,.

C(K) = X is a Banach space with respect to the norm
(2.5)

Ilf II_ = SUPIf o>l.
tsK

The topology dcfmed by this norm is called the topology of uniform
convergence. Another topology used in space X is the weak topology @X,X’)
or the coarsesttopology with respect to all the functionals or all the maps
P’E X’:f

H jf (t)&(t)
K

are continuous where p is a Radon measure of interval K (Riesz
representation theorem). For the Radon measure each topology is equally used
because with respect to both topologies the Radon measures,measurable sets
and their measuresare equal ([Schwartz], p.162).
2.2 Gaussian measure in infinite-dimensional space. We define map J by
the formula

(2.6)

J:L2(K)-+X,g-+

[

t

tw~g(u)du
0

1

The map is well-defined and J(g) is absolutely continuous [Rudin]. We denote
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(2.7)

H =.&(K)).

Since J(g)’ = g almost everywhere (a.e.) with respect to the Lcbcsgue measure
[Rudin], J is an isomorphism between spaces L#) and H. In space H the
inner product can be dclincd as
(2.8)

(f, g>= jf’ct,g’(t)dt = (.I-‘(f>J’(gN .
K

Since L#C) is the Hilbert spaceit is thus also H.
In every finite-dimensional subspaccHo of H, dim Ho = d, the Gaussian
measure can bc defined as

where I. 1 is the Euclidean norm in space Ho and du the Lebesgue measure.
These are dependent on the considered isomorphism H,, -+ Rd . Schwartz
proved ([Schwartz], p.364) that a Radon measure G’ exists in spaceX, the socalled Wiener-Levy measure, whose projections onto the finite-dimensional
subspaces of H are the Gaussian measures (2.9). The expected value of the
one-dimensional density function (2.9) is zero and the variance is 1/2rc.Fixing
the multiplier of the exponent to be 71:is not essential; it was done so that the
multiplier would be independent of dimension d of the space.
2.3 Gaussian measure in finite-dimensional
space. We can project function
f and the measure onto the finite-dimensional spaces X, (2.4). For this
purpose we study the orthonormalized vectors of spaceL#). The maps

(2.10)

ez,,i:K+R,tH

JNIT

, when t E [t,,i-1 7t,i ]
0 , otherwise
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are such vectors because the integrals of their squares over the intervals
[t,,i-t, tni arc (NF’)(ZYN) = 1. With the integral mapping of .I they are
mapped onto spaceH to the functions

1

0

eMni(t) E J(ezni)(t)

(2.11)

9 t E [Ol tnj-l]

(t - tn,i-1 1

=

/ m

’

t E [ln,i-l

m

1tni]

9 t E [tni

1~1

Letf E X and f (tni ) = fni . According to formula (2.2)
(2.12)

(Pnf)(t)

= J&---+

i

(fni

- fn,i-1

jewzi

ct)

*

We denote tn = tni - tni- 1. Due to formula (2.8) of the square of the norm and
the orthononnality of the vectors (2.10) and the property e’,,i = eZni(a.e.>
the formula
(2.13)
i=l

is true. As mentioned after formula (2.9) the Lebesgue measure in space RN
depends on the isomorphism which is now between the spaces X, and RN.
Two isomorphisms are
QP,,.~

I+ $(fnl,fn2
n

F2:Pnf

I+

(fnl

-fnl~.**~fnlv
v.fn2

-fn,N-ljT

,..*9f&dT

where r denotes the transpose. Between these isomorphisms is the connection
is the
FICp,,f) = AF2(prf)
where A=(~jk -Sj-l,k)/&and6jk
Kronecker delta, iJ = 1, .... N and 6 ok = 0. The Jacobian between the
-1N
isomorphisms is det A = t, z . Therefore the expected value of the
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continuous and bounded function F: X + R in Banach space X,, with the
norm (2.13) is
EG,(F) =
(2.14)

tn -‘Iv2

J

-xf(fni

-fn.i-1)2

i=l

KN

/tn fn~.*.dfn~~
b

PROPOSITION 2.4. Let F E C(C(K)) bc a continuous and bounded
function of C(K). Its expected value EG(F) with rcspcct to the Gaussian
Radon mcasurc G can be calculated as the limit
EG( F) = lim EG, (F)

(2.15)

n+-

The notations have been expressedin points 2.1 - 2.3.
Proof. The proposition is the consequence of proposition 1.7 after
stating the following facts:
(i) The cylindrical measure of Banach space C(K) can be defmcd in
Hilbert space H with the help of projections pn because there is a one-to-one
connection in the Hilbert space between projections pn and the canonical
surjcctions X + X/ X,’ of the finite-dimensional cospaceswhere X,’ is the
orthogonal complement of the closed subspaceX,.
(ii) The cylindrical measure is flatly concentrated in the compact subsets
of space C(K). (See remark after formula (1.2).)
(iii) Let F c C(K) be compact. We shall prove that the sequence of
projection (D,) converges uniformly to the identity map in set F and before
this that F is equicontinuous, i.e. for each E > 0 thereby corresponding to a 6
> 0 such that supIf
-f(u)\ <E foralltanduc
Kforlt-ul<6:
fcF

From the compactnessof the set Fit follows that there exist functionsf],
....f, E F such that
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FE(CIJB(.f;,E,3)
i=l

where B(fi ,E / 3) = (r E X1 IIf -fill-

<E

/ 3). On the other hand, since the

functions of set X are uniformly continuous, the numbers 6 i ,i = 1,... ,m exist
such that If, (t) - fi ( u)I <&/3whenIt-ul<si.
We 6=min{8ili=l,...,m}
and 1ctfE F and i in such an index that f E B(fi ,E / 3) . Then
If (t> - f (U>lc If (t> - fi (t>l + Ifi (t> - fi (U)l+ Ifi (u> + f Cdl < 5 + s + s = E
if It-u(i6.

//

Let it be so large that (t,i - tn,i-l( < 6, t E K , and i such an index that t
E Ltn,i-lYtnil.Then
IPnf(t)

-f(t)1

s~Pnf(t)--f(tnj-l)l

+If(fn,i-1)

+f(rj

s

+E52&

independently of functionf E F and the argument t E K. Thus
suplp,f(t)
IIl’nlF- 4FILF = fsup
EF td

- f(t)1 < 2.E

when 12is large enough as mentioned above, II.Ilm,F is the norm of the
uniform convergence in set F and id denotes the identity map.
2.5 GAMMA MEASURE. In space Xn (formula (2.3)) the expectation
value of function F(p~f)
is
?l

(2.16)

Em(F)

= jF(mf)n
K”

i=l

ppifyi-’

r(ai)

exP<-PifiMfl..+dfn

886
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where a i and pi are parameters depending on the expectation values and the
variances of arguments fi. This case has not been considcmd in the studies
listed in the bibliography. The Gaussian measure gives the possibility of
negative mortality and thus the need exists for obtaining a measure giving
only positive values. The above measure cannot be extended to an inlinitcdimensional space as canonically as the Gaussian mcasurc with formula (2.9)
and the extension problem is such a diflicult one that it does not belong to the
area of the prcscnt study even though it would solve the negativity problem.

3. PRESENT

VALUE

We will examine the results of the previous chapter with the choicesf =
6 = the continuous rate of interest in interval K and F = v is dclined with the
formula
T
(3.1)

v(6)(T) = exp- js(t)dt .
0
T

The map 6 + j&(t)&

is a Bore1 function (“I p.140). Since

0

f + exp- f , f E X , v is also a bounded Bore1 function and therefore can bc
integrated. The argument T in notation v@)(T) only reminds us of the upper
bound of the integration; T is fixed and not a variable.
We denote the initial value and the variance of the rate of interest in the
dividing points (2.1) as follows:

[‘I Ylinen, K.: Mitat ja integrointi topologisissa avaruuksissa (Measures
and integration in topological spaces), lecture series [in Finnish], Turku
University, Department of Mathematics (1981). Also see Bourbaki N.,
elements de mathematique, Livre VI, Integration, Hermann (1965)
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and

(3.2)
Oni =“(6(c,i))

*

The expectation value in spaceX, is
(3.3)

Erz(v) = jexp

-26(r,i)‘(f.i

-t,,i-1)

[ i=l

P(6(t,i)),
41

where the exponent of the integrand has been calculated from formula (2.2)
with the semiparallclogram formula leaving a small error for simplifying the
formula by subtracting -36 nu and adding+6 ,,,v . The error can also be
corrected by defining projection p,, in a slightly different way in formula (2.2)
and by proving that the correctness of proposition 2.4 does not depend on this
projection.
3.1. NORMALLY

DISTRIBUTED

RATE

OF INTEREST

We denote t = t,i - C,,i-t and assumethat

s(t,i)
41

(3.4)

Although this is not the distribution N(O,Mc), proposition 2.4 can be applied
because the results are independent of whether the variables s(t,i) or
@ ctni ) - 6 (tn,i-l

27tO ii t

1) 2 are studied

Now
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We translate zi = 6 (t,i ) - 6 (t,,i-t ) whose Jacobian is enc. Thcrcforc,

E,(v)=

’

7 fi
- i=l j/G&

We can intcgratc with respect to the measured6 (t,k ) in the order k = N, N-l,
. . . .2 , I.Then

t3 N
-6,T+-yz(Oi(N+1-i))2

=e
4

r=l

1

If it is assumed that CTi =o for every index i, then

(3.6)

1

02T3 N(N + 1)(2N + 1)
6

and according to proposition 2.4 the expected value calculated with respect to
the Wiener-Levy measure is
(3.7)

E(v)=~~~E,(v)=exp[-BuT+q]

02T3
6

In deterministic theory cr = 0 and E(v) = exp[-6 e~];thus expcaused by the stochasticity of the rate of interest.

is
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3.1. Let T = 10 and the variance in the whole interval to be
(7*T = 4% * (e.g. from the formula (3.4) it can be seen that the dimension of
o *Tequals that of square 6*). The deviation from the present value
calculated with deterministic theory is
EXAMPLE

exp(i+16.10m4 .lO*) - 1 = 2,70%.
3.2. Let T = 30 and the variance in the whole interval to be
02T=6%*.
The deviation from the present value calculated with
deterministic theory is
EXAMPLE

exp(i.36.10m4

.9.10*)

- 1 = 71,6%.

It can be seen from the examples that the increase of reserve compared
with the reserve calculated with deterministic theory may be very large if one
takes into the account the variance of interest. The more long-term the
insurance the larger is the increase of reserve.
The insurance is riskier the larger its variance. The skewness and
kurtosis arc also relevant in assessingthe distribution of the present value.
For these reasons we will calculate the moments of the present value, which
are simply
(3.8)

E(v(mG)) = exp -m6 oT +

m302T3
6

1

Therefore the variance is
(3.9)

Var(v) = (expo *T3 - 1

EXAMPLE
3.2 CONTINUES.
With the assumptions of the example
and with the additional assumption 6 u = 6 %
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Var(v) = 1.974.

3.2. GAMMA

DISTRIBUTION

We assumethat
(3.10)

qt

,) f P~~6(tni)anip1
nl
l-Ca ni >

exP(-P ni6 (tni ))

where Cc,;and,p,i are reals. It is known that
E(6 (tni )) = z

and

(3.11)
EC6(tni 1) = EC6(tni 1)2

O$ ZVar(6(t,i))=~=
pii

Pni

ani

If the random variables s(tni) are mutually independent, the formula (3.3)
can be factorized and thus it is enough to calculate one factor which is in the
abbreviated fotm
(3.12)

This is the moment-generating function of r-distribution, equal to
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Thus,
(3.13)
The mutual independence proposition is not necessarily correct, but
neither is it too far from the truth. Without this proposition, the problem
would become too complex. In Britain, the rates of interest observed over
about 50 successive years have almost no correlation, whereas rates of
interest at two-year intervals have clear correlations [Waters].
Ifthe {8(t,i)li=l,...N}

are distributed so that their expectation values

and variances are identical in each subinterval ([t,,i-l, tni ] i = 1,... N}, the
index i can be omitted (a ni = a n and p ni = p n) . The parameters of interval
K can also be denoted a=ol,

/3~Pt, o=Land&c=s
=%.
P
Pn
P2
assumethat the rates of interest follow the distribution [Dufresne]

(3.14)

6(t,;)++)

-6()),

+fi(t*1

then
(3.15)

C5,‘i =fV02

and
(3.16)

Thus, according to formula (3.1 l),
2

(3.17)

If WC
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Further, WCfind that

(3.18)

2

We denote the inverse of the square of the relative dcvintion as h =

, in

which case
(3.19)
This is in fact independent of index n. When the deviation approaches zero,
i.e. when h approaches infinity, this model approaches the deterministic model
and
(3.20)

E,(v) + K60T

which is the result of the deterministic model.
The present study cannot prove that formula (3.19) is the expectation
value for any measure defined in space C(K), but it is an expectation value in
fiite-dimensional spaces.Since the actual observations are made at a finite
number of times, formula (3.19) is an approximation of the real situation. In
quantum physics, the Feynman path integral quantization makes use of
similar integrals calculated in finite-dimensional spaces, allowing the
dimensions to increase without limit. The limit value produces the wave
function, which can also be obtained with other methods. Furthermore, the
path integral method produces new ways of approximating the physical
system.However, it has not been shown that this limit, i.e. the wave function,
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derives from any measure of space C(K) [‘I, yet despite this the method does
depict reality. A more general question arises from these observations: is it
even necessary to prove that the limit of the expectation value calculated in
finite-dimensional spaces is the expectation value of a particular measure in
space C(K) ?
With the r-measure, the expectation value (3.19) cannot be decomposed
into factors depending on the mean on one hand and on the variance on the
other, as with the normal distribution (3.7); thus, the deviation of this model
from the present value of the deterministic model is also dependent on the
mean 6 0. This deviation is

(3.21)

EXAMPLE
3.3. Let 6 = lo%, T = 30 and CJ= 3%; then (3.21) returns
the deviation from the deterministic formula as 1.411.

Moments can be calculated for other statistical quantities:
(3.21)

E, (e-m6’

Thus, for example,
(3.22)

Var(v)=(I+2yr

-(l+2yrh

=o(hM4)

t2]Ylinen, K.: Topo 1ogi set vektoriavaruudet (Topological vector spaces),
lecture series [in Finnish], Turku University, Department of Mathematics
(1980). Also see Bourbaki N., Elements de mathematique, Livre V, Espaces
vectoriels topologiques, Hermann (1966)
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In the previous chapter, discounting was examined taking only rates of
interest into account, and is thus also applicable to other sectorsof businessin
addition to life insurance. In life insurance, another essential factor in
discounting is the mortality of the insured.
Let u(x) be the mortality of the insured at age x. The discounting
function is then
m 9W))(t)

(4.1)

= v@)(t) ~4P(x))(t) 9

where
z&(x))(t) = exp- j p(x + ~j)d~=

(4.2)

0

= the probability that a person x years of age will
still be alive at the age of x+t years.
Let u be a random function whose expectation value and standard deviation
are known. Since j.r and 6 are mutually independent, D can be decomposed
into a product of two functions dependent on these two factors respectively.
One of these functions, v, was discussedin the previous chapter; thus we need
only examine function u here.
We divide the interval K = [O,T] into 2” = N subintervals according to
formula (2.1). Using the same observations as with formula (3.3), we now
find that
(4.3)

E.(u) = fi/exp[-p(

x + fni >’ (t,i - tqi-1 )kp(P(X + f,i >>3

i=l

where P is also introduced to indicate the distribution of mortality.
With rates of interest, distribution P was determined by a model
according to which the transition 6 (t,i ) - 6 (t,+t ) follows a normal
distribution. This model does not depict mortality in successive years, since
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p(x + t,i) is independent of mortality p(x + t,,iml) in a large population of
insured persons. If a dependence does exist, it can be found in small
populations and is such that if in any period a greater number of people have
died than normal, it is probable that in the next period a smaller number of
people will die than normal, since the age-group will then be smaller than
normal. With mortality, the essential variable is not the transition but the
deviation from normal value, i.e. u(x + t,i) - Itni, where ttni is the
expectation value of mortality It(x + t,i) .
Therefore, if p(x + t,i) + N(~L,i, S,i), the expectation value (4.3) in X,
spaceis

E,(u) =
(4.4) - N
1
HI -exp

--coi=l J2ru;;z,

- P(tni >(lni -

tn,i-l)

+

(Jl(tni)-Pni))*

2S;ti

[l

PCtni)
1Ei

We examine one of these factors, discarding the indices for the sake of
simplicity. Let the mean Itni = ~0 and t = t,i - t,,i-l . We translate
p(t,i) = z + ~0, making one of the factors

ThUS,

(4.5)

E.(u)=exp-

gP,i(f,i
i=l

-t,,-i)expf$sziCtni
i-l

-t,,i-1)2

In this formula, we cannot assume that the expectation l,tni and the standard
deviations S,i are equal; t,i - t,,i-1 is also in practice one to five years, OIUS
estimating the limit IZ+ 00 is neither easy nor necessary.
The variance can be calculated on the basis of the same statistics as the
mean and is
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=

(4.6)

because t,i - t,,i-l=‘.

tz

If, on the other hand,
(4.7)

PCt,*i > + r(a ni 1p ni 3p(t,*i ))

(4.8)

E.(1) = fi

CX ni

Oni

i=l i P ni + tni - ln,i-1

derived in the same way as formula (3.13).
4.1
DISCOUNTING
WITH
CALCULATION
FOR MORTALITY
/

THE

FINNISH

BASIS

OF

As a calculation example, we will examine the numerical value of the
expectation value (4.5) when the data are taken from the basis of calculation
used in the Finnish life insurance business [Koskinenl. In the statistics used,
mortality is observed for age-groups spanning five years: 15-19, 20-24, ... ,
65-69, i.c. T/n = 5. Observations exist for persons aged over 70 years, but are
not included in the present discussion. The observations cover the 13 fiscal
years 1972-1984. The mean age of each subinterval is used as the observation
age, i.e. 17.5, 22.5, ... , 67.5.
The means and standard deviations obtained from the statistics are
shown in the table below. The standard deviation was calculated with the
formula xi [mi - E(l.t)12, where mi is the annual mortality in the statistics,
and the decreasing trend in mortality has not been taken into account. It would
be more correct to replace E(p) with a mean that takes the decreasing trend
into account. Since the present author is not aware of how the decreasing

.
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trend is calculated, and since it does not affect the conclusion presented
below, the standard deviation given in the table will be used.
A$
15-19
20-24
25-29
30-34
35-39
40-44
45-49
50-54
55-59
60-64
65-69

E(u) 1O-3
0.7477
0.9785
0.8892
0.9877
1.3823
2.5315
4.4085
7.1269
12.2123
21.6046
49.9085

(3 10-3
0.1607
0.1786
0.2068
0.1157
0.2483
0.8523
1.1653
1.4426
2.0668
4.0700
9.8029

c 106
0.32
0.40
0.53
0.17
0.77
9.80
16.97
26.02
53.40
207.06
1201.22

u IO-3
0.5382
0.5896
0.6865
0.8690
0.2128
1.8603
3.0801
5.3777
9.7057
17.8580
33.2140

TABLE 4.1. The table shows the means (E(p)) and
standard deviation (CT)of the annual mortalities in the
statistics for the years 1972-1984; the relative deviation
minus one from deterministic theory caused by the
standard deviation (C); and the mortality used as the basis
of calculation derived from the statistics without a safety
loading based on the mean age of each subinterval
(u). The mortality used for the basis of calculation takes
into account the decreasing trend shown by the statistics
[Koskinen].

The relative deviation minus one values are
(4.9)
and are extremely small. The largest relative deviation from the deterministic
theory is found in the subinterval 40-70, and is
67,5

(4.10)

C(l+Ci)=1+0,15%.
i=42.5
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Thus, we may observe that the need for increasing the reserve due to the
variance of mortality is negligible.

5. TERM

ASSURANCE

The above formulae for discount factor D ((3.1), (3.3), (4.1) and (4.3))
constitute the single premium liability of pure endowment assurance. In this
chapter, WCwill derive the formula for the single premium liability of the term
assurance as an example and application. The single premium liability for
other types of assurance can also be derived, but are outside the scope of the
present study.
A policy is taken out at the age of x years, and the heirs of the insured
person will be paid 1 unit in monetary compensation if the insured person dies
bcforc the age of w years. The single premium liability is then
(5.1)

A(K,x,w)

= E,E(v) ,

where E, is the taking expectation value of the moment of death t over the
age interval [x,w]. Let p(x,x+t) be the distribution function of the remaining
life of an insured person aged x years. Then, according to formula (3.7),
w-x

A(K,x,w)=

(5.2)

J
0

If 6(t,i) + N(h(t,,i-l)vO
ni d)(S) (formula (3.4)) and
N (~1ni, Sni) , then according to formula (4.5)
(5.3)

p(x, x + t) = 1- exp

Therefore

/.L(x

+ t,i)

+
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w-x

A(K,x,w)=-

Id
0

-

.f(x,x+t)dt.

We dcfiic
(5.5)

where D, is the discounting factor of deterministic theory, and life annuity at
w-x

(5.6)

a(x,w) = j D(x,x+

t)dt

0

In this cast
(5.7)

A(K,x.w)=l-D(x,vv)-~ou(x,w)+~~2w~~2D(x.x.
0

If, in this case, CT= s = 0, the remaining single premium liability is that of
deterministic theory. The term 6 oa(x, w) is the discounted expectation value
of the interest rate.

6. PROLONGATION

In the deterministic rate of interest model, prolongation is easily obtained
by changing the sign -6 0 + 6 0 and the prolongation factor is the inverse of
the discounting factor. In stochastictheory, the prolongation factor is
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E(v(-S))V) = Wv@))(-T)

(6.1)

i.e. the prolongation factor is obtained by performing a time inversion on the
discounting factor, -T + T . (This is also possible in dctcrministic theory.)
Then, according to formula (3.7), the prolongation factor of the rate of
interest with normal distribution is ([Dufresne])
(6.2)

E(v(-~))(T)

EXAMPLE

=exp

6.1. If, after a period of time

T, the unit payment is

prepared for with the rate of interest 6 + N (6 d ,o d fi)
cxp(-6dT +&

,thc reserve must bc

iT2) If the development of this reserve is prognoscd with

the rate of interest 6 + N(6 p ,CJ, fi)
increased reserve is

, the expectation value for the

(6.3)
If the prognoscd rate of interest 6 d = 6 p , the expectation value (of the
reserve) will be greater than one.
If, on the other hand, S + T(cx, p) , then according to formula (3.19)

(6.4)
As in Chapter 2 above, the discussion of discounting is based on the
assumption that the size of the reserve made against future payments is
calculated with the discounting factor in the Thicle differential equation,
giving the result that the reserve in the stochastic model must be larger than
that in the deterministic model by a factor exp(io2i3).

If, on the other

hand, the size of the reserve is calculated based on the demand that the reserve
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must attain a certain level with a certain rate of interest, then according to
formulae (6.2) and (6.4), a reserve smaller than that in the deterministic model
is suflicient. This is a strange result in that one would think that introducing
stochastictheory to prolongation would increase the reserve demand: the yield
of successive years is larger if the annual yields are equal (e.g. 10% and 10%)
than if they vary so that the average remains the same (e.g. 0% and 20%).
Thus, the reserve obtained with discounting corresponds to the preconception
of the size of the reserve.

SUMMARY
The present study has examined the effect of random variation in rates
of interest and mortality change and the formulae for discounting,
prolongation and term insurance compared with those of deterministic theory.
The signilicance of randomness in mortality is found to be negligible in the
Finnish life insurance business. Rates of interest, on the other hand, are of
great importance, particularly over longer periods of time. Introducing
random factors into discounting increases the average discounting and
prolongation factors in proportion to the size of the variance and the length of
the discounting interval.
The expectation values for interest rate used here were derived by
assuming that the interest rate forms a continuous function over the period
examined and by integrating all possible interest rates in an infinitedimensional Banach space relative to the Gaussian measure. The measure of
the space represents a process in which the rate of interest is at some point
normally distributed, with the rate of interest of the previous point in time as
its average, when a finite number of points in time is examined. The number
of points in time is allowed to increase without limit, producing the desired
expectation value. The derivation of the formula for the expectation value is
based on the results of functional analysis. Integration relative to the Imeasure was also examined in finite-dimensional spaces. While it is
impossible to prove that the limits of the formulae obtained in these spaces
could be derived through any measures in infinite-dimensional spaces, a
satisfactory interpretation for the results can be produced.
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Mortality is a process that differs from rate of interest, and cannot be
intcgratcd relative to the Gaussian measure. The expectation values of
mortality arc actually easier to derive than those of rates of interest, but the
formulae used arc more complex.

APPENDIX
FUNCTIONAL

ANALYSIS

TERMINOLOGY

This appendix is a short summary of the concepts of functional analysis
used in the present study and is intended as a reminder for readers already
familiar with functional analysis.
A Banach space is a normed space that is complete with respect to the
metrics generated by its norm.
A Hilbert space is an inner product space that is complete with respect
to the metrics generated by its norm.
A topological space is locally compact if its every point has a compact
neighbourhood. A normed space is locally compact if and only if it is fiitedimensional.
A topological space X is totally regular if for its every point x and the
neighbourhood U of point x there exists a continuous function
f:X +[O,l]suchthatf(x)=O
andf(X -U)= 11).
Subset C of a vector space is convex if for all elements x, y E C and
0 5 t 5 1,tx + (1 - t)y E C.. A vector space is locally convex if its every point
has a convex ncighbourhood.
A Banach spaceis reflexive if it is algebra-isomorphic with its bidual. A
bidual is a dual of a dual.
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The weak topology 0(X,X’) of a Banach space X is the coarsest
topology relative to which all its functionals are continuous.
Let A and B be sets.The function set { f: A + B ) separates the points
of set A if for every (x, y) E A2 a fimctionfof the set exists so thatf(x) =fo1>.
(I,<) is a directed set if 5 is a binary relation of set I so that it is (i)
transitive, (ii) reflexive and (iii) for each element m and n of set I an element p
exists so that m I p and n 5 p.
If A is a set, I is a directed set andf: I + A a functionf is called a net
and the notation (fn)nEl is used.
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