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Abstract

This paper givesa closed-formformula for pricing default-freezero-couponbonds in a
generalizationof the Cox, Ingersoll and Ross(1985) model, in which the “normal level” of the
shortrate is an exponentiallyweighted averageof past short rates. The model is further extended
to the case in which the initial yield curve can be prescribedexogenously,and a closed-form
formula for bond pricesis alsofound.
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1. Introduction

Fixed income securities comprise a major portion of assets owned by the insurance
industry. Many products it sells are highly sensitive to interest rate fluctuations.

For example,

more than two thirds of the assets held by U.S. life insurance companies are bonds and mortgages,
Certain deferred annuity products, such as fixed annuities, sold by U.S. life insurance companies
are basically bonds, wrapped around with some insurance features. Hence models of the term
structure of interest rates are important tools for actuaries. Actuaries need such models for
pricing assets and liabilities, for designing and executing hedging strategies, and for generating
interest rate scenarios used in solvency-testing exercises (Panjer, et al., 1998).

Some recent

surveys on term structure of interest rates models are Ang and Sherris (1997) Babbel and Merrill
(1996) Back (1996) Bjork (1997)

Chen (1996) Cheyette (1997) Ho (1995) Marsh (1995)

Rebonato ( 1998) Rogers ( 1995) and Vetzal(l994).
One of the most important term structure models in the literature is the Cox, Ingersoll and
Ross (1985) model.

In this model, the dynamics of the short rate, r(t), are governed by the

stochastic differential equation
dr(t) = k[x - r(t)]dt + ofi)
where {W(t)}

dW(t),

(1.1)

is a standard Wiener process, and k, x, and o are positive constants. Because of

the drift term k[x - r(t)], the short rate process, {r(t)}, is mean reverting; the current value of
the short rate process is pulled towards the long-run mean x with a speed proportional
difference from the mean. The volatility term, o&,

to the

approaches zero as r approaches zero,

ensuring that the short rate stays positive. Also, the volatility increases as the short rate increases.
These are reasonable properties for a short rate process.
Cox, Ingersoll and Ross (198 1, Section VII) suggested that the quantity x in (1.1) can be
generalized as a state variable x(t),
dr(t) = k[x(t) - r(t)]dt + ofi)

dW(t),

(1.2)

with x(t) being an exponentially weighted average (with parameter p > 0) of the past short rates,
x(t) = P j;,

r(s) e-p@) ds.

(1.3)

If for some to, the value of x(to) is known, then, for t > to, we have
x(t) = e-P(t-to)x(to)

+ p 5:: r(s) e-fl(t-s) ds.
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(1.4)

The differential form of (1 3) and (1.4) is
dx(t) = B[r(t) - x(t)]dt.
Cox, Ingersoll and Ross (1981, p. 791) pointed out that Malkiel(l966)

(1.5)
had proposed the discrete

time equivalent of (1.3) by using a moving average as ‘normal range” for the interest rate, as
substitute for the Keysian concept of a normal level. We call a term structure of interest rates
model involving (1.5) a Mulkiel model.

We call the model prescribed by (1.2) and (1.5) the CIR-

Mufkiel model. Although the short rate itself is not a Markov process, equations (1.2) and (1 5)
mean that the short rate and the exponentially

weighted average are jointly

modeled as a

Markovian system. Note that (1.2) and (1.5) are a special case of
dr = pi(r, x, t)dt + oi(r, x, t)dWi,

(1.6)

dx = pz(r, x, t)dt + crz(r, x, t)dW,,

(1.7)

with the volatility term in (1.7) 02, being identically zero.
An important feature of the Cox, Ingersoll and Ross (1985) model is that there is a
closed-form formula for pricing default-free zero-coupon bonds. As Babbel and Merrill (1998, p.
14) pointed out in an article for actuaries, an important criterion for selecting an interest rate
model is whether it has closed-form formulas for bond prices. “For models with such capabilities,
the economies in modeling and computer intensity are simply enormous, especially for scenario
analyses.

Without this feature, a model would need to incur many tens of millions of additional

simulation runs to achieve a similar level of richness and to provide for a rigorous and consistent
depiction of asset/liability management.”

However, Ingersoll (1987a, p. 408; 1987b, p. 881)

wrote that there was no known closed-form formula for default-free zero-coupon bond prices for
the CIR-Malkiel model. A main purpose of this paper is to give such a closed-form formula.
For valuation purposes, a term structure model should produce bond prices consistent
with those actually observed in the marketplace.

In Section 4, we show how the CIR-Malkiel

model can be extended so that it is consistent with an exogenously given initial term structure of
interest rates.

2. Notation
A default-free zero-coupon bond maturing at time T is a security that will pay one unit of
currency at time T and nothing at any other time. For t < T, we denote the time-t price of the
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bond asP(t, T). Hence, P(T, T) = 1. The time-t yield (or yieldto maturity) of the bond, y(t, T),
is determinedby

W, T) = exp[-W, VI,

(2 1)

where t = T - t is the remainingtime to maturity. That is,
y(t, T) = --.

(2.2)

r

With t fixed, the graph of y(t, T), with T asthe horizontalaxis,is usuallycalledtheyield curve at
time t.
The short rate or instantaneous spot rate prevailingat time t, r(t), is definedby
r(t) = y(t, t) 3 {>i+y(t, T).

(2.3)

For t < T, the time-T (instantaneous) forward rate prevailingat time t, f(t, T), is definedas
f(t, T) = --$ log P(t, T).
It follows from the lastequationthat
P(t, T) = exp[-ltTf(t, s) ds].

(2.5)

3. A closed-form formuln for bond prices in the CIR-Malkid model
In the CIR-Malkiel model,the statevariablesare the short rate, r(t), and the exponentially
weighted average,x(t). The dynamicsof the two state variablesare governedby (1.2) and (1.5).
With the assumptionthat the default-freezero-couponbond price, P(t, T), is a fimction also of
r(t) and x(t), we havethe partialdifferentialequation:
2

!--‘$f

b2

+ [k(x - r)- h(r, x)]:

f P(r- x)$

+z

- rP = 0

(Cox, Ingersoll and Ross,1981, p. 792; Ingersoll, 1987a,p. 408, (68)). Cox, Ingersolland Ross
(1981, p. 790) called h(r, x) a risk compensutionfuctor.
bond price equation(3.1) is of the exponential-affine

We now guessthat a solution for the

form,

P(t, T) = exp[A(r) + B(T)r+ C(r)x],

t < T,

(3.2)

where z = T - t, x = x(t) and r = r(t), seeDuffie and Kan (1996, p. 383) and Bjark (1997, Section
3.4). Substituting(3.2) into (3.1) and cancelingout the P(t, T) termsgives
fo2rB2+[k(x

- r)-)L(r,x)]B+p(r-

x)C-z
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dC
-x-r
dr

= 0.

(3.3)

Motivated by equation (69) in Cox, Ingersolland Ross(1981), we assumethat h(r, x) is a linear
fimction of r and x,
h(r, x) = lb + Lr + 1,x,

(3.4)

where ho, h, and h, are constantsto be specified. Then (3.3) is a linear equation of r and x
Because(3.3) is an equationnot dependenton specificvaluesof r and x, the coefficientsof r and
x (and hencethe remainingterm) must eachbe zero:
f&-(k+h)B+&$

- 1 = 0,

(k-k)B-PC-Z

=0,

(3 54
(3 5b)

(3.5c)
Dufie and Kan (1996, p. 383) calledthis the matchingprinciple.
BecauseP(T, T) = 1,we havethe boundaryconditions
A(0) = B(0) = C(0) = 0.

(3.6)

To find a solutionwe imposethe condition
f&B2 t PC = 0,

(3.7)

which simplifies(3.5a), and alsochoose

h=;

-k

(3.8a)

and
(3.8b)
Then we find that
B(r) = -;(I

- ,-e”‘)

(3.9)

satisfies(3.6) and
(3.10)
and that

-411-

C(s) = -$[B(r)]*

(3.11)

satisfies(3.6), (3.7) and
(3.12)
It follows from (3.5~).(3.6) and (3.9) that
A(r) = -&l,’

B(s)ds = y

[T + B(z)].

(3.13)

Thus (3.2) becomes
P(t, T) = exp{ T

[T + B(r)] f B(r)r(t) - $ [B(r)]*x(t)},

t < T,

(3.14)

where ‘5 = T - t, B(t) is given by (3 9), and x(t) is given by (1.3) or (1.4), and & is a free
parameter. To checkthat (3.14) is a solution,we substituteit into (3.1) and apply (3.4), (3.8a)
and (3.8b).

Remark

Cox, Ingersolland Ross(1981) alsosuggestedthe following model:
dr(t) = {k@ - r(t)] + k$x(t) - r(t)])dt + ofi)dW(t),

(3.15)

dx(t) = P[x(t) - r(t)]dt.
To find a closed-formformula for bond prices,we would
I., =

;

choose

- (k, + kz)

and
h, = kZ - $
in placeof (3.8a) and (3.8b). Then a formula pricingdefault-freezero-couponbondsis
P(t, T) = exp{v

[T + B(z)] + B(T)r(t) - $[Bb)l*x(t)},

where 5 = T - t, B(r) is givenby (3.9), and x(t) is givenby (1.3) or (1.4).

4. Matching

the initial yield curve
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t < T,

(3.16)

Hull and White (1990) extended the Cox, Ingersolland Ross(1985) model so that it is
consistentwith the initial (t = 0) term structureof interest rates. That the initial yield curve or
equivalently,the time-0 bond prices {P(O,T), T > 0) can be prescribedexogenouslyis of much
practicalimportance. Cheyette(1997, p. 5) wrote. “To be used for valuation,a model must be
‘calibrated’to the initial spot rate curve. That is, the model structure must accommodatean
exogenouslydeterminedspot rate curve,typicallygivenby fitting to bond prices,or sometimesto
futurespricesand swaprates. All modelsin commonuseare of this type.”
Thereis no closed-formformula for bond pricesin Hull and White’sextensionof the Cox,
Ingersolland Rossmodel. In this sectionwe give a closed-formformula for bond pricesin an
extendedCLR-Malkielmodel,which is definedby (1.5) together with
dr(t) = (a(t) -t k[x(t) - r(t)]}dt + oJr(t)dW(t).

(4.1)

The deterministicRmctiona(t) providesthe flexibility for matchingthe exogenouslygiven initial
term structureof interestrates.
Generalizing(3.2) we assumethat the default-free zero-couponbond prices are of the
form
P(t, T) = exp[A(t, T) + B(t, T)r(t) + C(t, T)x(t)],

t < T,

(4.2)

with A(T, T) = B(T, T) = C(T, T) = 0. (There is a slightabuseof notation here. The tirnctionsA,
B and C introducedin the last sectionare functionsof a singlevariable5 = T - t, the remaining
time to maturity, while thosein (4.2) are functionsof two variables,time t and maturity date T )
Correspondingto (3.3) we have
’ 2 r B2 + [a + k(x - r) - h(r, x)]B + P(r- x)C t T
20

+ z r t $x

-r = 0

(4.3)

Again, we assume
h(r, x) =

10

+ (i

a2
- k)r t (k ~ -- )X

and imposethe condition(3.7). Then, with ‘c= T - t, we have
B(t, T) = B(r) = -$ (1 - e?“),

(4.4)

*
C(t, T) = C(r) = -$[B(r)]*,

(4.5)

and
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A(t, T) = 5: [a(s)- ho]B(T - s) ds
=

5:

a(s)B(T- s) ds + S [z + B(r)].
B

(4.6)

Now we show how to choose the function a(t) to replicatethe initial (t = 0) term
structureof interestrates. It follows from (4.2) that
A(0,

T) = logP(0, T) - B(0, T)r(O)- C(0, T)x(O).

Define

g(T) = h@@, T) - y

[T+ B(T)] - B(T)r(O) - C(T)x(O).

(4.7)

Then it follows from (4.6) that
Ii a(s)B(T- s)ds = g(T).

(4.8)

BecauseB(0) = 0, differentiating(4.8) with respectto T yields
5,’

a(s)B’(T- s) ds = g’(T).

(4.9)

Noting that the function B satisfies(3. lo), we multiply (4.8) with p/2 and add it to (4.9) to obtain
I ,’ a(s)ds = -[f g(T) + g’(T)].

(4.10)

Differentiating (4.10) we have
a(T) = -[!g’(T)

+ g”(T)].

(4.11)

Differentiating (3.10) yields
;B’(T) + B”(T) = 0.

(4.12)

It follows from (2.4) and (4.12) that (4.11) becomes
a(T)= if(O,T) + $f(O, T) + 2h,
p + [+(T)
= $O,T)

+ -$(O,T)

+ y

+ C”(T)]x(O)

- O2
p emPT
x(0).

(4.13)

To evaluateA(t, T) accordingto (4.6) we evaluatethe integralon the right-hand sideof (4.6)
using (4.13). Integratingby partsand applying(3.6) yields
1; [i fl0, s)]B(T - s)ds = -t(O, t)B(T - t) - j-; 40, S) 2 B(T -
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S)

ds.

(4.14)

Hence it follows from (4 14) and (3.10) that
; 1; f(0, s)B(T - s) ds + 5: [;

f(0, s)]B(T - s) ds

= -f(O, t)B(T - t) - 1; f(0, s) ds
= -f(O, t)B(T - t) + log[P(O, T)/P(O, t)]

(4.15)

Similarly, we get
; j; C’(s)B(T - s) ds + It’ C”(s)B(T - s) ds = C’(t)B(T

- t) - C(T) t C(t)

= -[$B(t)e-p”]B(T

- t) - C(T) + C(t)

by (3.11) and (3.9). Hence (4.2) becomes
A(t, T) = log[P(O, T)/P(O, t)] - f(O,t)B(T -t) + ?(I-;)[T-t

f B(T-t)]

- (C(T) - C(t) + $ B(t)B(T - t)e-Pfl}x(0).

(4.16)

We now have an extended CIR-Malkiel model in which the dynamic movements of the two state
variables are determined by (1.5) and
dr(t) = {i f(0, t) + $ f(0, t) + 2!i
B

- $ eepTx(0) + k[x(t) - r(t)]}dt

+ oJr(t)dW(t),

where f(0, t), t 2 0, are the initial forward rates based on observed bond prices.

Thus we have

the bond price formula
P(t, T) = y

exp(B(T-t)[r(t)

- f(O,t)] + y

(I - ; )[T - t + B(T-t)]

- {C(T) - C(t) + G B(t)B(T - t)e+fl}x(0)),

+ C(T-t)x(t)

01 t<T.

(4.17)

Remarks (i) Cox, Ingersoll and Ross (1985, p. 395) also discussed how to adjust their model so
that it can match an exogenously given initial yield curve. They would generalize (1.1) as (1.2)
but without (1.3). The mnction x(t) would be such that the initial yield curve is matched.
(ii)

Dybvig (1997) ha d proposed a method to adjust a term structure model to match an

exogenously given initial yield curve or equivalently, time-0 bond prices {P(O, T), T > 0).
0 5 t < T, let P*(t, T) denote the bond price given by a model before adjustment.
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For

Then the

adjusted bond prices are
V, T) I’ * (0, t)
P(t, T) = -P*(t,
W, t) P * (0, T)

T),

Olt<T

(iii) Hull and White (1990) also discussed extending the Cox, Ingersoll and Ross (1985) model
to match the future volatilities of the short rate. Thus we would change the positive constant o in
(4.1) to a positive deterministic hmction o(t). To get a closed-form formula for bond prices, we
would assume the risk compensation factor to be of the form
h(r, x, t) = ho(t) + LWr

+ L,(t)x,

with

L,(t) = ti
+ !j - k
o(t)

(iv)

Many practitioners would call an interest rate evolution model “arbitrage-free”

if it can

reproduce an exogenously given initial yield curve, irrespective of its other properties; this usage
of the term “arbitrage-free”

can lead to confusion.

5. Conclusion
We have presented a closed-form formula for pricing default-free zero-coupon bonds
in the CIR-Malkiel
parameter.

model for a particular family of risk compensation factors, with &I being the

The model was lInther extended so that it can match an exogenously given initial

yield curve, and a closed-form formula for bond prices was also found.

Such closed-form

formulas provide an expeditious method for generating interest rate scenarios or yield curve paths
for cash flow testing and dynamic solvency analysis.
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