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Summary In this paper we examine and estimate threshold models for 
the short-rate of interest. Threshold models are capable of picking up 
important stylised facts in interest-rate time series without a significant 
loss in tractability nor the introduction of complicated unobservable 
variables. We fit the model to the Federal Reserve Bank’s H15 data set 
and compare the results of our estimation of one, two, and three regime 
models. Our statistical techniques are based on the Bayesian approach 
and computed using Markov chain Monte Carlo (MCMC) techniques. 
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1. INTRODUCTION 

One of the goals of the cla.ssical a.pproach to interest-rate modelling 
is to fit an empirically representative and tractable process to the short- 
ra.te of interest. This is fm1damenta.l since the short,-rate is one of the 
key observables that drives overall term structure dynamics in classical 
interest-rate models. One-factor models are not able to capture empiri- 
cal aspects of the short-rate data series. Indeed, one-factor models tend 
to do part,icularly poor jobs of capturing the volatility properties and 
conditional dependence structures of the short-rate. Traditionally, fi- 
nancial economists have used multi-factor models to better capture the 
empirical properties of the short-rate. Multi-factor model can improve 
the fit of the model to the data but they come at the cost of increased 
numerical complexity and the introduction of latent variables. Further- 
more, multi-factor models often based on the introduction of more of 
the same processes that are known not, to fit the short-rate well in the 
one-dimensional case. 

Another way to improve the empirical fit of the traditional one-factor 
model without, introducing a second factor into the model is to use a 
threshold model. By keeping the model to one factor, it is possible 
to a.void some of the most, significant numerical difficult,ies that, are 
encountered in generating numerical results for multi-factor models. 
However, a single-factor t,hreshold model is locally subject t,o many of 
the key shortScomings of traditional one-factor models. Chief among 
these is the perfect, correlation of yield rate movements for changes 
in t,he short-rate which remain within the same striations. When the 
short,-rate process is near the threshold boundaries this perfect corre- 
lation will be broken however. One-factor threshold models are able to 
pick up some of the changes in volatility of the short-rate that appear 
to depend on t,he level (or size) of the short-rate and this is one of the 
most compelling reasons to study these models. 

The two earliest diffusion models of the short-rate appeared in [16], 
known as the Vasicek model and in [4] (the original draft of the CIR 
working paper appeared in 1977), known as the CIR model. The Va- 
sicek model uses the following specification for the short rate: 

(VA9 drt = (cl + pr&it + mm,. 

The Cox-Ingersoll-R,oss model uses a different specification of the short- 
rate: 

(CIR) drt = (N + pr&it + .fidW,. 

An empirical st,udy of the CIR model and some suggestions on how 
the model should be extended t,o bet,ter capture the properties of the 
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empirical data may be found in [2]. A generalisation of both of these 
models is to allow an additional parameter (which we will call y) and 
specify that the short-rate follow the equation: 

(CKLS) drt = (a + flrt)dt + m,YdWt. 

This equation was studied in [3]. This one-factor model is the most 
general form of the one-dimensional diffusion model for the short-rate 
that has been studied. This equation can also be written as 

from which -,O is seen to be the speed of mean reversion and -Q//J is 
the mean reversion level. 

In Figure 1 is presented a graph of the three month US treasury rate 
based on the Federal Reserve Bank’s H15 data set. 
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FIGURE 1. The US Short-rate. 

Without getting involved in a detailed statistical analysis of each of 
these models, let us offer some intuition on t,he shortcomings and mo- 
tivations for each model. 

All models have mean reversion. More precisely, each of these mod- 
els can accommodate mean reversion and the estimated values of (Y 
and 0 will determine whether or not, there is mean reversion in the 
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model. There is a general belief that under typical economic condi- 
tions there should be a degree of mean reversion in the short-rate and 
thus a reasonable model of the short,-rate should allow for this feature. 
The Vasicek model has the drawback that the short-rate can assume 
negative values. In practice, the probability of the short-rate becoming 
negative will be relatively small for short time horizons if the process is 
calibrated to typical US data. The CIR model has the advantage that 
the short-rate process is always positive if the parameters are within 
certain ranges. 

Perhaps the most significant drawback of the Vasicek model is that 
the volatility of the short-rate is constant at the value (T. Even a casual 
look at Figure 1 suggests that the volatility of the short-rate is far 
from constant. As a mat,ter of fact, it appears that the volatility of the 
short-rate depends on the level the short-rate is at. In the roughest of 
terms, the short-late appears t,o have lower volatility when the short- 
rate is low and higher volat,ility when the short-rate is high. Unlike 
the Vasicek model, the volatility of the CIR model is not constant, in 
fact,, it, is equal to aJTt and thus is proportional to the square root of 
the level of the short-rate. Unfortunately, even though this volatility 
specification does a better job of picking up the volatility in the short- 
rate t,han does the Vasicek model, statistical analysis can be used to 
show t1ia.t the data does not give strong support for volatility of the 
form specified in the CIR model. The CKLS model offers an additional 
degree of freedom in that, t,he vola.tilit,y is permitted to be of the form 
CWT. Evidently, the CIR model is the special case of this model with 
y = l/2 and t,l ie Vasicek model is a special case of this model wit,11 
y = 0. If one estimates the CKLS model for a fairly wide set of data, 
one generally finds that y is in t,he interval [0.9, 1.51, the value which you 
obtain depending on which years in the data you based your estimation 
on. Apparently, a much higher value of y is required to pick up the 
volatility in the short-rate data than is allowed in the CIR model. Even 
when the CKLS model is fit to the data, one finds that there is no single 
value of y that can adequately pick up the volat,ility of the short-rate 
data. Short of introducing more parameters, we are pretty much at the 
limits of what can be done with a simple single-factor model. As we 
have noted, one approach is t,o now introduce other factors. Perhaps a 
more sophisticated approach is to allow for “regimes”. One can allow 
for regimes using a Markov switching process as was done in [?I, [6], 
[9], [lo], and others. This approach is capable of capturing very rich 
interest-rate dynamics. The two chief disadvantages of this approach 
are that a key latent (or unobservable) variable is introduced into the 
model and t,he term structure dynamics are difficult to analyse because 
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of this latent variable. Another approach to allowing for regimes is to 
permit the level of the short-rate to determine the current regime. This 
leads us to threshold models as pioneered by Tong (and presented in 
[14] and [15]) and first, applied to interest-rate modelling by [II]. 

Threshold models are an economical way to accommodate regimes 
without admitting the additional complexity of a latent regime switch- 
ing process. The basic idea is that the level of the short-rate will de- 
t,ermine the regime itself. This makes some degree of economic sense. 
For instance, one would expect the behaviour of the short-rate to ex- 
hibit very different properties when it is historically high compared 
to when it is in its historical range. Indeed, when rates are high the 
economy is likely to perform differently, the Fed is likely to be very 
actively pursuing economic policies, and there is probably a great deal 
of general economic uncertainty. In a threshold model of the short- 
rate, the instantaneous dynamics of the short-rate depends on which 
region of the state space the short-rate process currently lies in. A two 
regime threshold model is illustrated Figure 2. Suppose that our single 
t,hreshold level (resulting in two regimes) is denoted by U. 

I 
4 
I 

Short-rate follows the 
dynamics given by 
a stochastic process 
in this region. 

Short-rate follows the 
dynamics given by 
a possibly different 
stochastic process 
in this region. 

Time 

Threshold level, which is the 
boundary between the two 
state space regions. 

FIGURE 2. Dynamical behaviour of a simple threshold model. 
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The basic theoretical construct, of a t(hreshold model is to split t,he 
dynamics of the process up into striations which depend on the region 
of the stat,e space in which the interest-ra.te process is currently located. 

In this paper, we explore a. one-factor self exciting threshold autore- 
gressive (SETAR) model of the short-rate of interest. This model can 
have as many threshold levels as one desires. The number of threshold 
levels is limited by our ability to estimate the models and a recognition 
of the principle of parsimony. The inclusion of too many regimes will 
chop up the data into many different strata and the resulting model 
will tell us little about how the short-rate behaves. On the other hand, 
if too few strata are used then the model will not be sufficiently refined 
to pick up the various degrees of variation in the short-rate data. We 
will estimate models with one, two, and three regimes and this will pro- 
vide a. sufficient, degree of differentiation to tell if the use of thresholds 
levels can help us in st,udying the volatility structure of the short-rate. 

These models can also be used t,o readily generate the full term 
structure via Monte Carlo simulation. A knowledge of the market 
price of risk process is required, however, if this simulation is to be fully 
calibrated to the data. Parametric techniques for estimating the market 
price of risk in sophisticated models without closed formulas for bond 
prices have not, been discovered at this time. In practice, one will have 
to obtain values for the market price of risk process by trial and error 
or by nonparametric methods. This is an important, area for future 
research. It. is possible t,o a.pproach the modelling of the short-rate 
and the entire term structure from a nonparametric perspective. This 
technique can yield an estimate of the market price of risk parameter, 
which is necessary to obtain the term structure from the short-rate 
process. This approach has been studied in [I], [13] and (51. 

We now turn our attention to the investigation of threshold models 
for the short,-rate of interest. 
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2. THRESHOLD MODELS FOR THE SHORT-RATE PROCESS 

A one-factor threshold model for the short-rate with single threshold 
level u is defined by the process: 

(~2 + Part) dt + ~72 r? dWt. rt > u 

This particular specification has only one threshold level but one can 
accommodate multiple threshold levels. Additionally, it is not neces- 
sary to have the threshold level governed by the current value of the 
short-rate process. Instead, the threshold changes can be triggered by 
lagged variables or even an adapted functional of the short-rate history. 
We will not investigate these more general specifications in this paper. 
These short-rate dynamics can be written out in stochastic differential 
form using indicator functions: 

drt = 1{,.,+,) [(a + Plrt) dt + 01 r? dwt] 
+ 11 rt>zr~ [(m t P2rt) dt + g2 r:’ dW,] 

It, is preferable to write this out in the following form: 

drt = [l{Tte‘) (01 + hrt) + l{l.t>Ul(a2 + P2rt)] dt 

(SIM) 

as this shows the dynamics in terms of traditional drift and diffusion 
coefficients. 

This model is sometimes referred to as a two regime model because 
there are two regimes implicit in the model. Which regime (or inter- 
est rate dynamics) are being followed depends on which side of the 
threshold the short-rate is currently on. This is not the same as the 
Markov switching models that are customarily referred to as “regime 
switching models.” However, there is regime switching that takes place 
in a threshold model. The difference is that in a threshold model the 
regime is determined by the level of the observable variable r whereas in 
Markov switching models the regime is determined by an unobservable 
switching variable. 

A three regime model can be defined as in the following equation. 
In this case we assume there are two threshold levels, u1 and u2, with 
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Ul < 247. 

(al + Plrt) dt + ~1 rty’ dW, rt I Ul 

drt = (a2 + P2rt) dt + a2 r? dW,. u1 < rt < u2 

( (QS + /i$rt) dt + g3 r:” dWt. rt > u2 

As you will note, both the t,wo regime and three regime threshold mod- 
els are nonlinear models but we have retained a standard linear model 
of the CKLS form in each strata. The nonlinearity arises because of 
the changes in regimes. 

3. ESTIMATION OF THE SHORT-RATE PROCESS 

We used Bayesian estimation techniques and the Markov chain Monte 
Carlo (MCMC) technique to compute the posterior distributions for the 
various model parameters (including the threshold parameters). Our 
short-rate data is the t,hree month rate from the Federal Reserve Bank’s 
H15 data set. 

The single regime (or CKLS model) has no threshold parameter and 
the unknown parameters a, ,0, u’, and y. These estimated values 
are reported in Table 1. This model serves as a frame of reference 
to compare the estimation results of the two and three regime models 
with. 

TABLE 1. Posterior Mean Estimates of the Single 
Regime (or CKLS) Model for the Short-Term Interest 
Rate. Posterior standard deviations are in parentheses. 

The results for the two regime model are presented in Table 2 and 
Table 3. A graph of the posterior density for ‘1~ is shown in Figure 3.’ 
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cy P 2 Y 

Regime I 0.0000745 -0.00127 0.000732 0.936 

(0.0000924) (0.00280) (0.000449) (0.139) 

N P c2 Y 
Regime II 0.0151 -0.106 0.00445 0.625 

(0.0201) (0.134) (0.0159) (0.507) 

TABLE 2. Posterior Mean Estimates of the Two Regime 
Model for the Short-Term Interest Rate. Posterior stan- 
dard deviations are in parentheses. 

Posterior Mean Standard Deviation 

U 0.110 0.0278 

TABLE 3. Posterior Mean and Standard Deviation Esti- 
mates of the Threshold Parameter for the Two Regime 
Model. 

FIGURE 3. Posterior Density of u for the Two Regime 
Threshold Model. 
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The results for the three regime model are presented in Table 4 
and Table 5 where Table 5 gives the estimated value of the threshold 
parameters u1 and uz. A graph of the posterior density for ur is shown 
in Figure 4 and a graph of the posterior density for u2 is shown in 
Figure 5. 

TABLE 4. Posterior Mean Estimates of the Three 
Regime Model for the Short-Term Interest Rate. Pos- 
terior standard deviations are in parentheses. 

Posterior Mean Standard Deviation Ll 
TABLE 5. Posterior Mean and Standard Deviation Esti- 
mates of the Threshold Parameters for the Three Regime 
Model. 

For estimation of the three regime model we imposed the prior re- 
strictions: 

Restriction (a) P(ul < 74) = 1, 

Restriction (b) P(O.03 < u12u2 < 0.15) = 1, and 

Restriction (c) P(u2 - 211 > 0.02) = 1. 
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FIGURE 4. Posterior Density of u1 in the Three Regime 
Threshold Model. 

FIGURE 5. Posterior Density of IL,, in the Three Regime 
Threshold Model. 
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The exact det,ails of the estimation of the threshold model are based 
on dividing t,he data int,o the st.ra.ta. defined by the threshold levels 
as shown in Figure 6, which would a.pply to a data sample path for 
estimation in a three regime model. 

If the indicated sample path were the data that was being used in 
the estimation then we would in effect, be estimating three distinct 
processes for three separate blocks of data which are separated into 
the strata 

lower strata: B 

middle strata: A and C 

upper strata: D. 

A 

FIGURE 6. Data is partitioned into strata which are then estimated. 
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4. C0NCLUsI0Ns 

In t,his paper we did not, provide illustrations of the full term struc- 
t,ure model based on a threshold model for the short-rate. As in 
a.ll arbitrage-free models of t,he term structure, the default-free zero 
coupon bond prices are given by the equation: 

P(t,T) = Ey [exp (-lTru.du)]. 

Monte Carlo simulat,ion ca.n be performed to evaluate this equation 
once the short-rate process is calibrated and an assumption is made 
about the market price of risk. The dynamical form in (SIM) is easiest 
to implement for the Monte Carlo simulation. 

Some financial economists would argue that, the mean reversion be- 
haviour that the short,-rate seems to exhibit when away from its his- 
torical range is an artifact, of regime switches and that if one looks at 
shorter periods of data, as done in [8], then this strong mean rever- 
sion will disappear. This is an interesting and important econometric 
issue and at, its heart is t,he question of whether more sophisticated 
modelling is an appropriate way to obtain models that can generatee 
volatility changes like those that have been observed in the historical 
time series for the short,-rate. 

The work of [12] employs macroeconomic aspects of the term struc- 
ture to investigate the behaviour of long-term and short-term interest 
rates. Real interest rates are linked to a model of the business cycle 
in this model. In order to obtain better models of the term struc- 
ture, these structural relationships need to be investigated, understood, 
and modelled. Generally, it seems useful and important to ext,end the 
threshold behaviour of the type of model we have discussed to allow 
for thresholds that depend on the level of the inflation rate and other 
key macroeconomic variables. Related suggestions are made in [ 111. 
Investigation of multi-factor threshold models involving the infla.tion 
rate will be the subject of future research. 
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