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1. INTRODUCTION 

The concept of coherent risk measures together with its axiomatic characteri- 
zation was introduced .in the paper [ADEHl] and further developed in [ADEH2]. 
Both these papers supposed that the underlying probability space was finite. This 
was done for two reasons. First we wanted to focus the attention on the mod- 
elling. Second the extension of coherent risk measures, easily defined on the space 
of bounded random variables, to the space of all random variables triggered some 
mathematical questions. The aim of this paper is to extend the notion of coher- 
ent risk measures to arbitrary probability spaces. In section 2 we generalise the 
concepts introduced in [ADEHP] and show that using finitely additive measures, 
we get the same results. Most of the results are certainly not new but we prefer 
to include them in order to prepare the reader for later developments and to keep 
the paper as self contained as possible. In section 3 we relate several continuity 
properties of coherent risk measures to properties of the defining set of probability 
measures. This section relies heavily on the duality theory of the spaces L’ and L”“. 
Roughly speaking a coherent risk me&Sure is of the form p(X) = supQEF, EQ[-X] 
for a defining norm closed convex set of probability measures PO. Examples of 
coherent risk measures are given in section 4. By carefully selecting the defining 
set of probability measures, WC give examples that are related to higher moments 
of the random variable. Section 5 studies the extension to the set of all random 
variables. Because of the convexity properties of coherent risk measures, it follows, 
from well-known results on Lo (the space of all random variables), that there are no 
coherent risk measures that only take finite values. The solution given, is to extend 
the risk measures in such a way that it can take the value +cc but it cannot take the 
value -co. The former (+oo) means that the risk is very bad and is unacceptable 
for the economic agent (something like a risk that cannot be insured). The latter 
(--co) would mean that the position is so safe that an arbitrary amount of capital 
could be withdrawn without endangering the company. Clearly such a situation 
should be avoided in any reasonable model. The main mathematical results are 
summarised in the following theorem 

Theorem. If P,, is a norm closed, convez set of probability measures, all absolutely 
continuous with respect to B, then the following properties are equivalent: 

(1) 

(2) 

(3) 
(4) 

(5) 

For each f E Lo, we have that 

There is a y > 0 such that for each A with P[A] 5 y we have 

Qi$ Q[A] = 0. 
.7 

For every f E Lo, there is Q E P, such that EQ[~] < 00. 
There is a 6 > 0 such that for every set A with P[A] < 6 we can find an 
element Q E P, such that Q[A] = 0. 
There is a 6 > 0, as luell as a number I< such that for every set A with 

P[A] < 6 we can find an element Q E PO such that Q[A] = 0 and ll$llm < 
K. 
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In the same section 5, we also give some extra examples showing that, even when 
the defining set of probability me‘asures is weakly compact, the Beppo-Levi type 
theorems do not hold for coherent risk measures. Some of the examples rely on the 
theory of non reflexive Orlicz spaces. In section 6 we discuss, along the same lines 
as in [ADEH2], the relation with the popular concept Value at Risk, VaR. Section 
7 is devoted to the relation between convex games, coherent risk measures and non 
additive integration. In section 8 we give some explicit examples that show how 
different risk meaSures can bc. 

2. THE GENERAL CASE 

In this section we show that the main theorems of the papers [ADEHl] and 
[ADEHZ] can easily be generalised to the case of general probability spaces. The 
only difficulty consists in replacing the finite dimensional space RR by the appropri- 
ate space of measurable functions. As shown in example 4.8, there is a need to have 
a control measure. So we start with a fixed probability space (O,F,P). Although 
the set R and the u-algebra F may have an easy interpretation, the interpretation 
of the probability P seems to be more difficult. The measurable space (0, F) sim- 
ply describes all possible events for which we can, at the end of the period, decide 
whether they took place or not. The probability P describes with what probability 
they might occur. And precisely here is the difficulty. In risk measurement there 
is no reason to take a specific probability. The regulators might have a completely 
different view on this then the financial institutions. Inside one institution there 
might be a different view between the different branches, trading tables, under- 
writing agents, etc.. The insurance company might have a different view than the 
reinsurance company and than their clients. But we may argue that the class of 
negligible sets and consequently the class of probability measures that are equiva- 
lent to P is important. This can be expressed by saying that only the knowledge 
of the events of probability zero is important. So we only need agreement on the 
possibility that events might occur, not on the actual value of the probability. But 
as shown in example 4.8, there is a need to have a probability measure to start 
with. It is not sufficient to start with a more general a-ideal of sets in a sigma 
algebra F. The a-ideal has to come from a probability measure. 

In view of this, there are two natural spaces on which we can define a risk 
measure. Only these two spaces remain the same when we change the underlying 
probability to an equivalent one. These two spaces are the space of all (equivalence 
classes of) bounded measurable functions, Lm (G, F, P) and the space of all (equiv- 
alence classes of) measurable functions, L’(R, F, P). Convexity properties of the 
space Lo are very bad, e.g. if P is atomless, i.e. supports a random variable with a 
continuous cumulative distribution function, then there are no nontrivial (i.e. non 
identically zero) continuous linear forms on L ‘. So we better start with the space 
L” and deal with the extension problems later. 

Definition 2.1. A mapping p : L”(n,F,P) + R is called a coherent risk measure 
if the following properties hold 

(1) If X > 0 then p(X) 2 0. 
(2) Subudditivity: p(X1 + X2) 5 p(X,) + p(Xz). 
(3) Positive homogeneity: for X 1 0 we have p(XX) = Xp(X). 
(4) For every constant function a we have that P(a + X) = p(X) - a. 
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Remark. We refer to [ADEHl] and [ADEHS] f or an interpretation and discussion of 
the above properties. Here we only remark that we are working in a model without 
interest rate, the general case can “easily” be reduced to this case by “discounting”. 

The following properties of a coherent risk measure are immediate 

(1) p(O) = 0 since by positive homogeneity: p(O) = ~(20) = 2p(O). 
(2) If X 5 0, then p(X) 2 0. In other words if the future net worth of 

the firm is always nonpositive (an unpleasant situation), then there is a 
need for immediate increase of the capital. The proof is easy. Indeed 
p (X + (-X)) < p(X) + p(-X) and if -X > 0, this implies that p(X) 5 0. 

(3) If X 5 Y then p(X) > p(Y). Indeed p(Y) 5 p(X) + p(Y - X) 5 p(X). 
(4) p(a) = --a for constants a E Pg. 
(5) If a < X 5 b, then -b 5 p(X) < --a. Indeed X - a 2 0 and X - b 5 0. 
(6) p is a convex norm-continuous, even Lipschitz, function on L”. In other 

words ip(X - Y)I < 11X - Yllm. 
(7) p (X + p(X)) = 0. This obvious statement can be translated by the phrase 

that after the increase by the required capital, the new position does not 
require new extra capital. 

The following theorem is an immediate application of duality theory, i.e. the Hahn- 
Banach theorem. Let us first recall that the dual of LO” is the Banach space 
ba(R, 3, P) of all finitely additive measures p on (0,3) with the property P(A) = 0 
implies p(A) = 0. A positive element p E ba such that ~(1) = 1 is also called a 
finitely additive probability, an expression that should be used with care. 

Theorem 2.2. There is a convex u(ba, Lw) closed set Pb, of finitely additive 
probabilities, such that 

p(X)=sup{E,[-X] 1 P E pba). 

Proof. The set C = {X I p(X) < 0) 1s c early a convex and norm closed cone. The I 
polar set 6” = {p 1 t/X E C : E,[X] 2 0) is therefore also a convex cone, closed 
for the weak* topology on ba. All elements in C” are positive since Ly C C. This 
implies that for the set Pba defined as Pba = {p I ~1 E C” and ~(1) = l}, we have 
that C” = ~x>oXPt,,. The duality theory, more precisely the bipolar theorem, 
then implies that C = {X ) t/p E P ba : E,[X] 2 0). This means that p(X) 5 0 
if and only if EP[X] 2 0 for all !L E P&,. Since p(X + p(X)) = 0 we have that 
X + p(X) E C and hence for all p in Pb, we find that E,[X + p(X)] > 0. This can 
be reformulated as 

sup U-XI I P(X). 
PGL 

Since for E > 0, we have that p(X + p(X) -E) > 0 we have that X + p(X) -E 4 C. 
Therefore there is a p E Pba such that E,[X + p(X) - E] < 0 which leads to 

@yp! %-Xl = p(x). 

a 
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3. THE U-ADDITIVE CASE 

The previous section gave a characterisation of coherent measures in terms of 
finitely additive probabilities. Since finitely additive probabilities are highly non- 
constructive, we would like to have a characterisation in terms of sigma-additive 
probabilities. Of course, in general, such a theorem is impossible to find as, e.g. 
the coherent risk measure E,,[-X] shows, where p E ba is purely finitely additive. 
So we need extra conditions. 

Definition 3.1. The coherent risk measure p: LW -+ W is said to satisfy the Fa- 
tou property if p(X) < lim irlf p(X,), each time (X,), is a sequence of functions, 
uniformly bounded by 1 and converging to X in probability. 

Using the general theory and a characterisation of weak* closed convex sets in 
L” we obtain 

Theorem 3.2. For a coherent risk measure p, the following 4 properties are equiv- 
alerlt 

(1) Then: is a (closed convex) set of probability measures Pg, all of them being 
absolutely continuous with respect to P and such that for X E I,“: 

(2) The set (7 = {X 1 p(X) < 0) is weak’, i.e. rr(L-(P), L’(P)) closed. 
(3) p satisfies the Fatou property. 

(4) If xn is a uniformly bounded sequence that decreases to X, then p(X,) 
tends to p(X). 

Proof. If C is weak* closed then p satisfies the Fatou property. Indeed if X, tends to 
X in probability, llX,,jlrn 5 1 for all n and p(X,) t a, then X,+p(X,) E C. Since 
C is weak* closed the limit X + a then also is in C. This shows that p(X + a) < 0 
and this implies that a 2 p(X). This proves the Fatou property. C:onversely if p 
satisfies the Fatou property, then C is weak* closed. This is less trivial and uses the 
Banach-Dieudonnk theorem together with the characterisation of weakly compacts 
sets in L’, see [G] for details. It follows from this chain of results that a convex set 
K c L” is weak* closed if and only if for each n the intersection K n B, of I( with 
the ball of radius n in Lc” is closed for the topology of convergence in probability. 
For a cone it is sufficient to check the intersection I<* f? BI. So let X,, be a sequence 
of elements in C, uniformly bounded by 1 and tending to X in probability. The 
Fatou property then shows that also p(X) 5 0, i.e. X E C. 

We still have to show the equivalence with item 1. This is not difficult and is 
done in exactly the same way as in theorem 2.2. But this time we define the polar 
C” of C in L’ and we use the bipolar theorem in the duality pair (L’, Lm). Because 
of C being weak* closed, this poses no problem and we define: 

C” = {f I f E L’ and Ep[fX] > 0 for all X E C} , 

PO = {f 1 dQ = f dP defines a probability and f E Co}, 

Of course we then have 
C” = U~~IJXP,. 
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So we find a convex closed set of probability measures F,, such that 

P(X) = sup {%-Xl I Q E PO). 
Conversely, Fatou’s lemma implies that every coherent risk measure that is given 
by the sup over a set of probability measures, satisfies the Fatou property. Indeed 
for each Q E P, we get 

EQ[-X] < lim inf EQ[-X,] 5 lim inf p(X,), 

where X, is a sequence, uniformly bounded by 1, tending to X in probability. 
That 3 and 4 are equivalent is proved exactly in the same way as Fatou’s lemma 

in integration theory. We omit the proof. 0 

Corollary 3.3. With the notations and assumptions of theorem 2.2 and 3.2 we get 
that the set Pv is a(ba, Lm) dense in Pba, 

The preceding theorem does not solve the problem whether we can choose the 
probabilities to be equivalent to P. This requires an extra property. 

Definition 3.4. The coherent risk measure p is called relevant if for each set A E .IF 
with P[A] > 0 we have that p(-1~) > 0. 

It is easily seen, using the monotonicity of p, that the property of being relevant 
is equivalent to p(X) > 0 for each nonpositive X E L” such that P[X < 0] > 0. 
The interpretation of this property is also straightforward. 

Theorem 3.5. For a coherent risk measure that satisfies the Fatou property the 
following are equivalent 

(1) p is relevant. 
(2) The sel Pi = {Q E P, 1 Q - P} is non empty. 
(3) The set Pi = {Q E PO 1 Q-P} ts norm (i.e. L’ norm) dense in PO. 
(4) There is a set Pz of equivalent probability measures such that 

Proof. We only show that (1) . Irn pi ies (a), the other implications being trivial. 
This follows from the Halmos-Savage theorem [HS]. Let us give a quick proof, for 
completeness. Since the set P, is norm closed and convex, the class of sets 

{{$$O} IQt%), 

is stable for countable unions. It follows that up to measure zero sets, there is a 
maximal element. Because p is relevant, the only possible maximal set is 0. From 
this it follows that there is Q E P0 such that Q N P. 0 

Notation. In the sequel we will, most of the time, identify the probability measure 
Q with its Radon-Nikodym derivative 8. E.g. we will write f E P, where in fact 
we mean that the measure Q defined as dQ = fdP is in the set Pg. No confusion 
should arise. 

The following theorem characterises the coherent measures that satisfy a stronger 
continuity property than the Fatou property. 
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Theorem 3.6. For a coherent risk measure the following properties are equivalent 

(1) The set ‘PO is weakly compact in L’. 
(2) The sets pba and PO coincide. 
(3) If (X,L)n>l is a sequence in Lm, uniformly bounded by 1 and tending to X 

in probability, then p(X,) tends to p(X). 
(4) If (A,), is a decreasing sequence whose intersection is empty, then p(-1,~) 

tends to zero. 

Proof Clearly items 1 and 2 are equivalent. Suppose that 1 holds, then the set 
P, is uniformly integrable (by the Dunford-Pettis t,heorem) and it follows that 
EQ[X,] tends to EQ[X] uniformly over the set P,,. This implies that p(X,) tends 
to p(X). Clearly item 3 implies 4 and item 4 implies that the set P, is uniformly 
integrable. Being convex and norm closed, this together with the (easy part of the) 
Dunford-Pettis theorem implies that PO is weakly compact. q 

Remark. It is not true that the property that p(l~“) tends to zero for every de- 
creasing sequence of sets with empty intersection, implies that p satisfies the 4 
properties of the preceding theorem. As the next example shows, it does not even 
imply that p has the Fatou property. 

Example 3.7. Take (0, .T, P) big enough to support purely finitely additive prob- 
abilities, i.e. F is supposed to be infinite. Take p E ba, purely finitely additive, 
and let Pba be the segment (the convex hull) joining the two points p and P. Be- 
cause there is a sigma additive probability in Pba, it is easily seen that p(l& 
tends to zero for every decreasing sequence of sets with empty intersection. But 

clearly the coherent measure cannot satisfy the Fatou property since PO = {P} is 
not dense in Pba. To find “explicitly” a sequence of functions that contradicts the 
Fatou property, we proceed as follows. The measure p is purely finitely additive 
and therefore, by the Yosida-Hewitt decomposition theorem (see [YH]), there is a 
countable partition of R in sets (B,),>l such that for each n, we have p(B,) = 0. 
Take now X an element in L” such that Ep[X] = 0 and such that E,[X] = -1. 
This implies that p(X) = 1. For the sequence X,, we take X, = X lUk<,~L. The 
properties of the sets B, imply that p = 0 on the union UkcnRk and hence we have 
that p(X,) = Ep[Xn], which tends to 0 as n tends to 00. - 

The next proposition characterises those coherent risk measures that tend to 
zero on decreasing sequences of sets. As a simplification, we introduce the following 
notation. If ~1 E ba then there is a decomposition of p into two measures 1~~ and 
p,,. The measure pp is sigma additive and absolutely continuous with respect to P. 
The measure pa is purely finitely addtive. Also 11~11 = //lall + ll~pll. 

Theorem 3.8. For a coherent risk measure the following are equivalent 

(1) For every decreasing sequence of sets (A,),>1 with empty intersection, we 
have that p(l~,) tends to zero. 

t2) s”P{lIPpIt 1 P E Pba} = 1. 
(3) The distance from Pb, to L’, inf{ll/l - fll I p E &,a, f E L’(P)} is zero. 

Proof. We start the proof of the theorem with the implication item 2 implies item 
1. So we take (A,),,1 a decreasing sequence of sets in F with empty intersection. 
We have to prove that for every E > 0 there is n and /I E Pb,, such that /L(A,) 5 E. 
In order to do this we take p E Pb, such that IIpLp(l 2 1 - &/2. Then we take n 
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so that pp(An) 5 ~/2. It follows that p(A,) < s/2 + ]]/la]] < E. The fact that 1 
implies 2 is the most difficult one and it is based on the following lemma, whose 
proof is given after the proof of the theorem. 

Lemma 3.9. If K is a closed, weak* compact, convex set of purely finitely additive 
nonnegative measures, suck that inf{]]ZL]] ] p E K} > 0, then there exists 6 > 0 as 
well as a decreasing sequence of sets A,, with empty intersection, suck that for all 
p E K, P(.&) > 6. 

If item 2 were false, then 

Since ]]ZL~]] = E,n[l], the same inequality holds for the set K, defined as the weak* 
closure of the convex set 

We can therefore apply the lemma in order to get a contradiction to item 1. 
The proof that 2 and 3 are equivalent is left as an exercise. Cl 

Proof of the Lemma. Of course, we may suppose that ]]/L]] < 1 for each ZL E K. If p 
is purely finitely additive then the Yosida-Hewitt theorem implies the existence of a 
decreasing sequence of sets, say B, (depending on p!), with empty intersection and 
such that p(Z3,) = ]]ZJ]]. It follows that for every E > 0 there is a set, A, (depending 
on ZI), such that P[A] < E and such that p(A) > 6. For each E > 0 we now introduce 
the convex set, FE, of functions, f E L” such that f is nonnegative, f 5 1 and 
EP[f] < E. The preceding reasoning implies that 

inf sup E,[f] > 6. 
@EK /EF, 

Since the set ZC is weak* compact we can apply the minimax theorem and we 
conclude that 

sup inf E,[f] > 6. 
fEF. pEK 

It follows that there is a function f E F,, such that for all p E K, we have that 
E,[f] > 6. We apply the reasoning for E = 2-” in order to find a sequence of 
nonnegative functions f,,, such that for each p E K we have E,,[f,] > 6 and such 
that Ee[fn] 5 2-“. We replace the functions fn by CJ,, = ~up~,~ fk in order to 
obtain a decreasing sequence gn such that, of course, E,,[g,] >-6 and such that 
EP[gn] 5 2-n+1. If we now define A, = {gn > S/2}, then clearly A,, is a decreasing 
sequence, with a.s. empty intersection and such that for each p E K we have that 

CL(&) 2 s/2. 0 

Ezample 3.10. In example 3.7, %, contained a sigma additive probability measure. 
The new example is so that the properties of the preceding theorem 3.8 still hold, 
but there is no sigma additive probability measure in Pba. In the language of the 
theorem 3.8 (a), this simply means that the supremum is not a maximum. The set 
s2 is simply the set of natural numbers. The sigma algebra is the set of all subsets of 
0 and P is a probability measure on 0 charging all the points in R. The space L” 
is then P (the space of bounded sequences) and L’ can be identified with I’ (the 
space of absolutely summable series). The set IF denotes the convex norm-closed set 
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of all (purely) finitely additive probabilities 11 such that /~({n}) = 0 for all n E 0. 
With 6, we denote the probability measure (in I’) that puts all its mass at the 
point n, the so called Dirac meazure concentrated in n. The set Fba is then the set 

The set is clearly convex and we will show that it is norm closed. Therefore it 
defines a coherent risk measure, p. Since obviously sup {IlpPl[ 1 p E pbR} = 1, the 
properties of theorem 3.8 hold. But if 1~ E Pb, is sigma additive, then by uniqueness 
of the Yosida-Hewitt decomposition we must have C, & = 0. This means that 
all A, = 0 and this is a contradiction to p being a finitely additive probability. So 
it remains to show that pb, is norm closed. If 

converges to p = pa + pP, then, by the norm-continuity of the Yosida-Hewitt 
decomposition we have that ,~r converges to 11~ and that /LF converges to /l,,. the 
latter implies that the series AZ converges to a series A,, in I’ norm. From this it 
follows that 

4. EXAMPLES 

This section is devoted to 6 examples. The examples will later be used in relation 
with I/all and in relation with convex games. The coherent meazures all satisfy the 
Fatou property and hence are given by a set of probability measures. We do not 
describe the full set PC, the sets we will use in the examples are not even convex. 
So in order to obtain the set ‘P, we have to take the closed convex hull. Just for the 
record we mention that there is a one to one correspondence between norm-closed 
convex sets of probability measures and coherent measures that satisfy the Fatou 
property. This statement follows immediately from the Hahn-Banach theorem. 

Example 4.1. Here we take 

% = IQ I Q K E--l. 

The corresponding risk meseasure is easily seen to be p(X) = ess. sup(-X), i.e. the 
maximum loss. It is clear that using such a risk measure as capital requirement 
would stop all financial/insurance activities. But it is an example. 

Example 4.2. In this example we take for a given CY, 0 < LY < 1: 

It follows that 

P = {P[. IA] 1 P[A] > a} 
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This measure was denoted as WCM, in [ADEH2]. Of course if the space is 
atomless, then it doesn’t matter if we use the condition H”[A] > cy instead of the 
strict inequality H”[A] > 01. We remark that in this example the Radon-Nikodym 
derivatives $$ are bounded by l/a- and hence the set P, is weakly compact in L’. 
In the case where P is atomless, we get that the closed convex hull of P is equal t,o 

P, = f I 0 5 f, llflloo I $ ad Wfl = l} . 

The extreme points of this set are of the form & where $[A] = a, see [Lin]. 

Ezample 4.3. This example, as well as the next one, shows that although higher 
moments cannot be directly used as risk measures, there is some way to introduce 
their effect. For fixed p > 1 and /3 > 1, we consider the weakly compact convex set: 

If p = 00 and p = l/a, then we simply find back the preceding example. So we 
will suppose that 1 < p < co. If we define q = 5, the conjugate exponent, then 
we have the following result: 

Theorem 4.4. For nonnegative bounded functions X we have that 

c IIXIIS 5 P(-w I Pllxll~~ 

where c = min(l,P - 1). 

Proof. The right hand side inequality is easy and follows directly from Hiilder’s 
inequality. Indeed for each h E PC we have that 

WXhl I llhllp lb’% I Pllxllv 

The left hand side inequality goes as follows. We may of course suppose that X 
is not identically zero. We then define Y = ’ xp- 

IIXIK’ . 
As well known and easily 

checked, we have that llYllP = 1. Al so Ep[XY] = IIX114. We now distinguish two 
cases: 

Case 1: (1 - Ep[Y]) 5 /3 - 1. In this case we put IL = Y + 1 - Ep[Y]. 
Clearly we have that Ep[h] = 1 and llhllP 5 /3. Of course we also have that 

WhXl 2 WXYI = Ilxllq. 
Case 2: (1 - Ep[Y]) 2 p - 1. (Of course this can only happen if ,B < 2). In 

this case we take 

h = aY + 1 - CYE~[Y] where 01= P-1 
1 - EP[Y] ’ 

Clearly Ep[h] = 1 and llhllp 5 CY + 1 - (p - l)Ep[Y]/(l - Ep[Y]) 5 P. But also 
Ep[Xh] 2 cvllXllp 2 (P - l)IIXllu, since I - J%[Yl I I. q 

Remark. It is easily seen that the constant c has to tend to 0 if fi tends to 1. 
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If we take p = 2 we get a risk measure that is related to the II.112 norm of the 
variable. More precisely we find that, in the case p = 2 = /3: 

llXll2 5 P(X) i 211x112 
In insurance such a risk measure can therefore be used as a substitute for the stan- 
dard deviation premium calculation principle. The use of coherent risk measures 
to calculate insurance premiums has also been addressed in the paper [ADEH2]. 

Remark. In section 5, we will give a way to construct analogous examples as the 
one in 4.3, but where the LP space is replaced by an Orlicz space. 

Example 4.5. In this example we define directly the coherent risk measure. Section 
7 will show that it is a coherent risk measure such that P,, is weakly compact. We 
only define p(-X) for nonnegative variables X, the translation property is then 
used to calculate the value for arbitrary bounded random variables. The impatient 
reader can now check that the translation property is consistent with the following 
definition: 

PC-X) = 
J 

O3 (P[X > a])’ dol. 
0 

The number /3 is fixed and is chosen to satisfy 0 < /3 < 1. The exponent q is defined 
as q = l/p. The reader can check that p = 0 gives us IIXllm, already discussed 
above. The value /3 = 1 just gives the expected value Ep[X]. As usual the exponent 
p is defined as p = q/(q - 1). 

Theorem 4.6. IjX is a nonnegative and such that sow (P[X > a])’ da < 00, then 

also X E L*. Iffor Some E > 0, X E Lq+E, then s,” (P[X > 01)~ da < 00. 

Proof. If k = J,” P[X > N] ‘/Qda < 00, then for every z > 0 we have the inequality - 
xqx > x] _ l/q < k. This leads to z~-‘P[X > z]~/P < kq-‘. From this we deduce - 
that 

II-U; = qlly x4-‘P[X > x]dx 

= q J=‘T-cq-qx > zll/pqx > x]l’qdx 
0 

5 qkq-’ J m P[X > ~1”~ dx 
0 

5 qkq. 

This gives us IIXIIq 2 q ‘lqk < e’i’k < 1.5 k. The other implication goes as follows. _ - 
If X E Lq+’ for E > 0, then we have that z~+‘P[X > z] 5 IlXll~~: = k. This 
implies that 

P[X > Z] 5 kx-(q+‘) and hence 

P[X > x] */q < IlXll~~“)~-(~+:) which gives 

J w lqx > x] 
0 
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As expected, the constant on the right hand side tends to 00 if c tends to 0. 0 

We remark that in theorem 4.6, the converse statements do not hold. Indeed 
a nonnegative variable X such that for z big enough, P[X > Z] = CZ ,O\Z.r sat- 

isfies X E Lq, but nevertheless snm P[X > x]‘/qdx = +co. Also a nonnegative 
random variable such that, again for x big enough, P[X > x] = h, satisfies 

&- P[X > z]‘/q dx < co but there is no E > 0 such that X E Lq+‘. 

Example 4.7. This example is almost the same as the previous one. Instead of 
taking a power function c$, we can, as will be shown in section 7, take any increas- 
ing concave function f: [0, 11 -+ [0, 11, p rovided we assume that f is continuous, 
that f(0) = 0 and f(1) = 1. The risk measure is then defined, for X bounded 
nonnegative, as: 

P(-4 = J m f (P[X > a]) da. 
0 

The continuity of / guarantees that the corresponding set ‘P,, is weakly compact. 
We will not make an analysis of this risk measure. Especially the behaviour off at 
zero relates this coherent risk measure to Orlicz spaces, in the same way as the Z@ 
function was related to L1lp spaces. Especially when f(z) = 1 for some x < 1, we 
get risk measures that fit in the context of section 5, whereas, as we will see, the 
power function ~0 does not produce risk measures that fall into this setting. 

Example 4.8. This example shows that in order to represent coherent risk measures 
via expected values over a family of probabilities, some control measure is needed. 
We start with the measurable space ([0, l],F), where 7 is the Bore1 u-algebra. A 
set N is of first category if it is contained in the countable union of closed sets with 
empty interior. The class of Bore1 sets of first category, denoted by N, forms a 
a-ideal in FT. For a bounded function X defined on [0, l] and Bore1 measurable, we 
define p(X) as the “essential” supremum of -X. More precisely we define 

p(X) = min {m 1 {-X > m} is of first category}. 

It is clear that p(X) defines a coherent risk measure. It even satisfies the Fatou 
property in the sense that p(X) 5 liminf p(X,), where (Xn),21 is a uniformly 
bounded sequence of functions tending pointwise to X. If p were of the form 

where ‘PC is a family of probability measures, then elements Q of the family PO 
should satisfy: 

Q(N) = 0 for each set N of first category. 

But if Q is a Bore1 measure that is zero on the compact sets of first category, then 
it is identically zero (see below for a proof). However we can easily see that 

P(X) = ;zpp W-XI, 

where P is a convex set of finitely additive probabilities on F. The set P does not 
contain any sigma additive probability measure, although p satisfies some kind of 
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Fatou property. Even worse, all elements in P are purely finitely additive (since 
Bore1 measures that are zero on sets of first category are identically zero). 

The reader can ask why we did not use the Baire a-algebra. This is the u-algebra 
of all sets. A that can be written as the symmetric difference of an open set 0 and a 
set of first category N, i.e. A = 0 A N. If Q is a u-additive measure on the Baire 
a-algebra, which is zero on the sets of first category, then Q is identically zero. This 
can be seen in the same way as for Bore1 measures. First of all we can see that we 
may suppose that Q is a probability (simply split according to the Jordan-Hahn 
decomposition and normalize). Since Q is zero on sets of first category, it, follows 
that all points have mass 0. From this it is easy to construct a dense open set 0, 
such that Q(0) 5 2-25. The complement P = 0” has measure 1 - 2--25 but is of 
first category since its interior is empty. So there was no reason to restrict to the 
class of Bore1 sets, except maybe to keep it more familiar. 

5. EXTENSION TO THE SPACE OF ALL MEASURABLE FUNCTIONS 

In this section we study the problem of extending the definition of coherent risk 
measure to the space Lo of all equivalence classes of measurable functions. We will 
focus on those risk measures that are given by a convex set of probability measures, 
absolutely continuous with respect to P. We start with a negative result. The result 
is well known but for convenience of the reader, we give more or less full details. 

Theorem 5.1. If the space (!$F,P) is atomless, then there is no coherent risk 
measure p on Lo. This means that there is no mapping 

p: LO -i Pg, 

such that the following properties hold: 

(1) If X 1 0 then p(X) < 0. 
(2) Subudditivity: p(X1 + X2) 5 p(X,) + p(X2). 
(3) Positive homogeneity: for A 2 0 we have p(XX) = Xp(X). 
(4) For every constant function a we have that p(a + X) = p(X) - a. 

Proof. Suppose that such a mapping would exist, then it can be shown, exactly as 
in section 2, that ~(-1) = 1. By the Hahn-Banach theorem in its original form, 
see [Ban], there exists a linear mapping f: Lo + R, such that f (-1) = 1 and 
f(X) < p(X) for all X E Lo. Let us define p = -f. Clearly /l(l) = 1. If X > 0 
then also p(-X) = f(X) < p(X) < 0. It follows that /J(X) > 0 for all X > 0. So p 
is a linear mapping on Lo that maps nonnegative functions into nonnegative reals. 
By a classic result of Namioka, [Nam] or see below for an outline of a direct proof, 
it follows that p is continuous. But because the probability space is atomless, there 
are no non-trivial linear mappings defined on Lo. This contradicts the property 
that ~(1) = 1 and ends the proof. q 

Remark. Forrunning the definition of VaR, to be given in section 6, this theorem 
shows, indirectly, that VaR cannot be coherent. More precisely, since VaR sat- 
isfies properties I,3 and 4 of the definition of coherent measure, VaR cannot be 
subadditive. 

Remark. Just for completeness, we give a sketch of the proof that there are no 
nontrivial linear mappings defined on L ‘. More precisely we show that if C c Lo is 
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absolutely convex, closed and has non-empty interior, then C = Lo. This implies 
the nonexistence of non-trivial linear mappings. Because C has non-empty interior 
it follows that 0 is in the interior of 6. This implies the existence of E > 0 such 
that for every set A E F, with P[A] 5 E, we have that ala E C and this for all 
scalars (Y E Pg. Next, for q > 0 and X E L” given, we take a partition of R into a 
finite number of sets (Ai)i<~ such that - 

(1) each set Ai has measure P[A;] 5 E. 
(2) there is a linear combination Y of the functions lo, such that IJX-Y/I, 1. 17. 

Since the convex combinations of functions of the form N;~A, exhaust all linear 
combinations of the functions lo,, we find that Y E C. Since C was closed we find 
that X E C. Finally since L” is dense in Lo, we find that Lo = C. 

The previous result seems to end the discussion on coherent measures to be 
defined on Lo. But economically it makes sense to enlarge the range of a coherent 
measure. The number p(X) tells us the amount of capital to be added in order for X 
to become reasonable for the risk manager, the regulator etc. If X represents a very 
risky position, whatever that means, then maybe no matter what the capital added 
is, the position will remain unacceptable. Such a situation would then be described 
by the requirement that p(X) = +oo. Since regulators and risk managers are 
conservative it is not abnormal to exclude the situation that p(X) = -cu. Because 
this would mean that an arbitrary amount of capital could be withdrawn without 
endangering the company. So we enlarge the scope of coherent measures as follows 

Definition 5.2. A mapping p: + R U {+m} ES called a coherent measure defined 
on LO if 

(1) If X > 0 then p(X) 5 0. 
(2) Subadditivity: p(X1 + X,) 5 p(X,) + p(X,). 
(3) Positive homogeneity: for X > 0 we have p(XX) = Xp(X). 
(4) For every constant function a rue have that p(u + X) = p(X) - a. 

The reader can check that the elementary properties stated in section 2 remain 
valid. Also it follows from item one in the definition that p cannot be identically 
+co. The subadditivity and the translation property have to be interpreted liber- 
ally: for each real number a we have that a + (+oo) = +w. 

We can try to construct coherent risk measures in the same way as we did in 
theorems 2.2 and 3.2. However this poses some problems. The first idea could be 
to define the risk measure of a random variable X as 

sup EQ[-X]. 
QEP, 

This does not work since the random variable X need not be integrable for the 
measures Q E ‘P,. To remedee this we could try: 

SUP{EQ[-XII Q E %;x E JW~}O~ 

SUP{EQ[-XI IQE P,;X+ E L’(Q)}. 
Such definitions have the disadvantage that the set over which the sup is taken 
depends on the random variable X. This poses problems when we try to compare 
risk measures of different random variables, So we need another definition. The idea 
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is to truncate the random variable X from above, say by n > 0. This means that 
first, we only take into account the possible future wealth up to a level 71. We then 
calculate the risk measure, using the sum) of all expected values and afterwards we 
let n.tend to infinity. By doing so we follow a conservative viewpoint. High future 
values of wealth play a role but their effect only enters through a limit precedure. 
Very negative future values of the firm may have the effect that we always find the 
value +oo. This, of course, means that t,he risk taken by the firm is unacceptable. 
More precisely: 

Definition 5.3. For a given, closed convex set, PO, of probability measures, all 
absolutely continuous with respect to P, we define the associated support functionial 

PP,l or if no confusion is possible, p as 

p(X) = lim n++m ;;; EQ f-(x A n)l. 
0 

Of course we need a condition to ensure that p(X) > --oo for all X E Lo. This 
is achieved in the following theorem 

Theorem 5.4. With the notation of definition 5.3 we have that the following prop- 
erties are equivalent 

(1) For each X E Lo we have that p(X) > -cc 
(2) For each f E Lo, we have that 

(3) There is a y > 0 such that for each A with P[A] 5 y we have 

Qi$ Q[A] = 0. 
.9 

Under these conditions we have that p is a coherent risk measure defined on Lo. 

Pro,& We first prove that, 1 implies 2. Let f E Lt. Clearly 

-P(f) = - IiF ;$ EQ [-(f A n)] = li;n Qi$ EQ [f A 7~1. 
0 r 

We next prove that 2 implies 3. If 3 would not hold then for each n we would 
be able to find A, such that B[A,] 5 2-” and such that 

inf Q[An] 2 Ed > 0. 
QEP~ 

Define now f = C, %. Because of the Bore1 Cantelli lemma, f is well defined 
and of course we have that for each n: 

inf EQ[~ A 7~1 > n5 = n, 
QEP, &7X 

which contradicts 2. 
Let us now show that 3 implies 1. For given X let N be chosen so that P[X > 

N] 5 y, where y is given by item 3. Since for each n > N we have, by item 3, that 

sup EQ[-(X A 7~)] = sup EQ [-(X AN)] > -N, 
QE% QEP., 

we immediately get 1. 
The last statement of the theorem is obvious. Positive homogeneity, subadditiv- 

ity as well as the translation property are easily verified. 0 
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Proposition 5.5. The hypothesis of the previous theorem 5.4 are satisfied if for 
each nonnegative function f E Lo, there is Q E P, such that Ea[f] < CO. 

The proof of the proposition is obvious. However we have more: 

Theorem 5.6. If P, is a norm closed, convex set of probability measures, all 
absolutely continuous with respect to P, then the equivalent properties of theorem 
5.4 are also equivalent with: 

(4) For every f E L$ there is Q E PO such that Ea[f] < co. 
(5) There is a 6 > 0 such that for every set A with P[A] < S we can find an 

element Q E ‘PO such that Q[A] = 0. 
(6) There is a 6 > 0, as well as a number K such that for every set A with 

P[A] < 6 we can find an element Q E P, such that Q[A] = 0 and ll$$lloo 5 
ZC. 

Remark. The proof of this theorem is by no means trivial, so let us first sketch where 
the difficulty is. We concentrate on item 4. Suppose that for a given nonnegative 
function g, we have that 

li,m $4 Eo[g A n] = (6(g) < 0~). 
v 

This means that for every n we can find f,, E p, such that 

EP [fn (g A n)l I 4(g) + 1. 
The problem is that the sequence fn does not necessarily have a weakly convergent 
subsequence. If however we could choose the sequence f,, in such a way that it is 
uniformly integrable, then it is relatively weakly compact, a subsequence would be 
weakly convergent, say to an element f E PO and a direct calculation then shows 
that also Ep[fg] = lim, Ep [f (g A n)] 5 4(g) + 1 < +oo. So in case P, is weakly 
compact, there is no problem. The general case however is much more complicated 
and requires a careful selection of the sequence f,,. 

Proof. It is clear that 6 implies 5 implies 4, which in turn implies the properties 
1,2 and 3 of theorem 5.4. So we only have to show that the properties 1,2 and 3 
imply property 6. The proof is divided into several lemmata in which the following 
notation will be used. For a nonnegative random variable g and for 6 > 0 we define: 

j6(g) = inf {A I P[g > Xb] < 6). 

Without further notice we will assume that the properties 1,2 and 3 of theorem 5.4 
hold. 

Lemma 5.7. There is a y > 0 as well as a constant c such that for all 0 < 6 5 y 
and for all nonnegative g, we have 

449) I c (h(g) + 4 . 

Proof of Lemma 5.7. If the statement were false then for each n > 1 we would be 
able to find 

(1) 0 < 6, 5 2-” 
(2) g7, a nonnegat,ive random variable 
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such that 

Clearly 

4(sn) 2 2n (h” (sn) + &a). 

[ 
Sn 

’ j6” (sn) + 6, >&I <L, 1 
and therefore the function 

But for all n we would then have that 

Clearly a contradiction. Cl 

Remark. The same idea as in the proof of the above lemma can be used to prove 
that every positive linear functional on L ’ is continuous and therefore identically 
zero. Of course Namioka’s theorem goes a lot further then the application to Lo. 

Lemma 5.8. With the notation of lemma 5.7 we have for all IZ, for all nonnegative 
g E Lo, and all nonnegatioe k such that Ep[k] 5 1, the ezistence of an element 
f,, E P, such that 

EP [fn (9 A n)l 5 j%(g) + 27 + $ > Cc + 1) ad 

EPEfn(kA2n)lI j+(g)+‘3+$ (ctl). > 

Here y and c are the constants from lemma 5.7. 

Proof of lemma 5.8. Since 

we immediately get that for all X 2 j: (9) + y + $: 

From this it follows t,hat 

j,(g+k) Ijz(s)+r+L. Y2 
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By lemma 5.7 and by the definition of the function $, there exists, for each n a 
function fn E P, such that 

Q[fn ((9 + k) A (n+ 2"))l L 4(g + k) + Y 
I c(&(g+k)+7)+7 
5 cc + 1) (&(!I + k) + 7) 

5 ( Jg,)+z7+$ (c+l). > 
This inequality immediately yields 

EP [fn (g A n)l I ( j+(s) + 2~ + $ > Cc + 1) and 

EP [fn (k A zn)3 I j:(s) + 2-y + $ > (c + 1). 
cl 

Lemma 5.9. With the notation of lemma 5.7 we have that for every set A with 
P[A] < y/2, for every nonegative random variable k such that Ep[k] 5 1, for every 
E > 0 and for every number n, the existence of an element f,, E P, such that 

(1) .f, fndP i E and 

(2) j-fn(kA2”) 5 (27++)(‘+1). 

Proof of lemma 5.9. For given n and E > 0, let us define g = (zy+4’yz)(c+1) IA. As 
easily seen we have that j,lz(g) = 0. The lemma is now an easy :onsequence of 
the preceding lemma 5.8. 0 

Lemma 5.10. Let 7 and c be as in Lemma 5.7. Fiz A such that $[A] < y/2. Let 
E, > 0 be a sequence of positive numbers tending to 0. For each n we define the 
sets 

F,= fifEP,andLf<En} 
{ 

C;,={~lO<k<landl~~2-“} 

With this notation we have that 

(1) 

vT1 = fipi f:cp 
J 

fk = sup inf 
kEC, /CF. J fk. 

” n 

(2) FurthermorT the sequence vn satisfies sup,, 2121771 5 4 (7 + $) (c + 1) = K. 

Proof of lemma 5.10. The equality between “supinf“ and “infsup“ follows from 
the minimax theorem. Indeed the set F,, is clearly convex, the set C,, is weak* (i.e 
o(L”,L’)) compact, the mapping s fk is bilinear on L1 x Lm and for each f it is 
weak* continuous. The difficulty lies in the bound on q,. It is of course obvious 
that qn > 2-“. For each n we select k, such that 

(1) O<k,<land j’kn<2-‘L 
(2) for each f E P, and s, f 5 E,, we have that j- fkn. > qn/2. 
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By definition of 7, as the “supinf“ such a function k, exists. Remark that 
Ep[k,2”] < 1 so that we can apply the lemma 5.9. For each n we can find an 
element f,, E P, such that 

J fn 5 E, and 
A J f,k,2n I (27, 3 (c+ 1). 

The selection of k, however implies that (~,/2) 2” < (y + $) (c + 1) and hence 

~~2” 5 K. This ends the proof of lemma 5.10. Cl 

Lemma 5.11. Let 6 = y/2 > 0 and K be found according to Lemma 5.10. Let A 
be such that P[A] < 6, let E, > 0 be a sequence tending to 0. Let n, be the sequence 
obtained in the previous lemma 5.10. For each n there is an element f,, E P, such 
that 

(I) s/j f73 5 &,I 
(2) If g is such that 0 5 g < 1 and lg 5 22” then 1 fng 5 2n,, 

The sequence f,& is uniformly integrable and each weak (i.e. u(L’, L*)) limit point 

f is bounded by 4K = 16 (y + $) (c + 1) and satisfies f = 0 071 the set A. 

Proof of lemma 5.11. The existence of a sequence fn that satisfies (1) and (2) 
follows from the previous lemma and the definition of Q, as “infsup”. First let us 
remark that for an arbitrary set B and number n such that P[B] < 22”, we get for 
k 2 n that s * 5 2-k. The definition of rJk as well as the choice of fk imply 
that, for k > 71, s $!&fk 5 2qk which implies that s, fk 5 2Lc2-n. 

We now show uniform integrability, i.e 

fim sup sup 
h’“qB]<h k J fk = 0. 

B 

For given s > 0 we first find n such that 2-n-l < s 5 22”. Take h > 0 such that 
for P[B] 5 h, we necessarily have that 1, fk < s for every k < n. Clearly we then 
have that sB f,,, 5 4K f s or all m and for all B with P[B] 5 min(h,s). This shows 
the uniform integrability of the sequence fn. 

Since uniform integrability implies relative weak compactness, there are subse- 
quences that are weakly convergent. Let f be a weak limit point of the sequence 
f,,. For every set B, 2-n-r < P[B] < 2-” and for m > n, we got the estimate 
j-, fm 5 2K22” 2 4KP[B]. Th’ IS implies that for every set B, we necessarily have 
that sB f 5 4KP[B]. Th is in turn implies that ]]f ]loo 5 4K. This ends the proof 
of Lemma 5.11. q 

The theorem 5.6 is now an easy compilation of lemmata 5.7 to 5.11. 0 

Corollary 5.12. Let the closed convex set of probability measures pS satisfy the 
(equivalent) conditions of theorem 5.6 (or 5.4). Then there is a constant I<0 such 
that all the sets, defined for K 2 Kb, 

P u,~c = {f I f E P, and Ilfllo3 L K}, 

all satisfy the conditions of theorem 5.6. 

Proof. Obvious 
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Corollary 5.13. Let h be a strictly positive P-integmble random variable. If PO 
satisfies the conditions of theorem 5.6, then there is a 6 > 0 as well as a constant 
K such that for each set A of measure P[A] < b we can find an element f E PC 
such that Ilf/hjlm < 1-C. 

Proof. It does not do any harm to normalise the function h. We therefore may 
suppose that the measure W’ = hdP is a probability equivalent to P. When 
working with the measure $‘, the P-densities f E P,, have to be replaced with the 
P-densities f/h. The corollary is now a rephrasing of the theorem. q 

Example 5.14. The reader might ask whether the set 

P o,m = {f I f E PC and llfllm < ml, 

is dense in the set PO. This example shows that this is not the case. The set P, 
is defined as follows. We start by taking an unbounded density, i.e. we start by 
taking a nonnegative random variable f, such that f is unbounded and Ep[f] = 1. 
Then we define: 

PO = {Ah+ (1 - X)f 1 Ilhlja3 5 2,0 5 h,Ea[h] = 1,0 5 X 5 1). 

It is now clear that the only bounded elements in ‘PO are the elements h such that 
llhlloo < 2, i.e. where X is taken to be 1. The unbounded function f will never be 
in the closure. 

Remark 5.15. In view of the discussions in the beginning of this section and after 
having seen theorem 5.6, the reader might ask whether there was really a need to 
have this special limit procedure. More precisely, let P, be a convex closed set of 
probability measuress, all absolutely continuous with respect to P. Suppose that 
P, satisfies the conditions of Theorem 5.6, i.e. there is a 6 > 0 such that for each 
set A with P[A] 5 6, we can find an element Q E P, with Q[A] = 0. The risk 
measure p is now defined as 

p(X) = li,m ;F; Eq [-(X A n)] . 
0 

Is it true that also p(X) is given by the expression: 

a(X) = sup {EQ [-Xl ) Q E PO and X+ E L’(Q)}? 

The answer is no, as the following counter-example shows. Fix an atomless proba- 
bility space. Take a number k > 1 and let K to be the set of all probability densities 
g (with respect to P) such that llgllm 5 k. Th is set is a weakly compact set in L’(P). 
Fix now a probability density h that is unbounded. Let P, be the set of all convex 
combinations Xh + (1 - X)g where g E K. This set is obviously closed and convex, 
it is even weakly compact (since K is). Since h is unbounded it is easy to find a 
P-integrable random variable X, such that Ep[X+h] = Ep[X-h] = 00. It is easy 
to see that the only elements Q E PO such that EQ[X+] < co (or EcJ[X-] < m) 
are the ones in K. Hence we get that a(X) 5 k llXllL~(p,, whereas p(X) = +OO. 

Remark 5.16. The examples 4.1, 4.2 and 4.3 trivially satisfy the assumptions of 
theorem 5.6. The distorted measure of example 4.5 doesn’t satisfy the assumptions 
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of theorem 5.6. The more general case of example 4.7 satisfies the assumptions of 
theorem 5.6 if and only if f(x) = 1 f or some 2 < 1. This will become clear after 
section 7. 

The following examples show that Beppo-Levi type theorems are false, even when 
the set P, is weakly compact. 

Example 5.17. We use the same notation as in example 5.15. The probability space 
is supposed to be atomless. The set PO is the convex hull of the sets K of densities 
that are bounded by 2 and the unbounded density h. The random variable X is 
chosen so that Ep[[X[] < co but EP[X+h] = Eb[X-h] = foe. The sequence Xk is 
defined as Xk = max(X, -k). Clearly Xk decreases to X. Now we have that for n. 
big enough the quantity &[- (max(X, -Ic) A n) h] = Ep[h(X-r\lc)]-Ep[h(X+r\n)] 
is smaller then -lOIIXI(Ll(P), we get that for n big enough t,he maxium is attained 
for an element of K. It follows that for each Ic the quantity p(X) is bounded by 
2llXI(~1(p). But as seen before p(X) = +oo. 

Example 5.18. This example is similar to the previous one but it does not have the 
drawback that p(X) = +oo. We start with the same set P,. This time we select X 
in such a way that +oo > Ep[X-h] > 10O)IX(l~l(~) and such that Ep[X+h] = +w. 
The sequence Xk is defined as Xk = -X- + l{X>kjX+. Exactly as before, for 
each k the maximum expected value will be attained for an element in K and 
hence p(X) 5 211Xlll. But Xk decreases to -X- for which the risk measure gives 
/+X-J 2 lqlxllI. 

Ezample 5.19. This, as well as the following example deals with increasing se- 
quences. Again we use the same set P,. Let us take a nonnegative function f such 
that Ep[fh] = too. Define X = 0 and Xk = -fl{f>k). Clearly Xk increases to 0 
but for each /.z we have p(XI;) = +m. 

Ezample 5.20. In this example WC fix the inconvenience that for each Xk the risk 
measure gives the value +co. This example is of a different nature and is related 
to example 4.3. But this time we use a non reflexive Orlicz space to define the set 
P,. Let us start with some notation and some review of the definition of an Orlicz 
space (see [Nev] for more information on Orlicz spaces). All random variables will be 
defined on the space [0, I] equipped with the usual Lebesgue measure. To construct 
an Orlicz space we start with an increasing convex function a: R+ + R+ such that 
@(O) = 0. Also we suppose that @(x)/x tends to +oc for x 4 +oo. The derivative 
4 = a’ should also satisfy 4(O) = 0 and we suppose that #J is continuous and 
strictly increasing. (In a more general setup, not all these conditions are needed). 
The space L’ ’ IS now defined as the space of all (equivalence classes of) random 
variables X such that there exists X > 0 with Ep[ia(XlXl)] < +oo. The norm is 
then defined as 

IIXIl+ = inf { ,.O,Er[C(F)] <I}. 

It can be shown that this is indeed a norm and that the space L’ is a Banach space. 
With each function @ as above, we associate the dual function Q. This function 
has as its derivative the function $,, which is the inverse function of 4. The spaces 
L” and L’ are in duality. 
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In our example we take @(CC) = & ((z + 1) log(x + 1) - z). The expression 

1 is introduced in order to have a(l) = 1 which together with Jensen’s ZlogZ-1 

inequality then implies that llXlll 5 IIXIIe for all X E L”. The associated function 
Q is then given by 9(y) = & (eY(z’0g2-1) - 1) - y. Young’s inequality states 

that Ep[XY] 5 2llXII+IIYII9. The dual of L’ is L’, but the dual norm is only 
equivalent (not equal) to II I[*, in fact 

II . II* I II . II( L ‘4 II*. 
Before defining the set Pg, let us describe one of the pitfalls of Orlicz space theory. 
If we define the function j(t) = log(t-‘) then the function f is in L’. But as 
can be verified by direct calculation, the norm Ilf - f A klle remains bigger than 
2 log 2 - 1 = 6. This means that the bounded functions are not dense in L’. This 
will in fact be the kernel of our example. 

Let us now describe the set PO. Exactly as in example 4.3, we take 

P, = {h 1 h 2 O,Ep[h] = 1 and Ilhll~ 5 2) 

From de la VaIKe Poussin’s theorem it follows that PO is weakly compact. Let us 
now take the function f = log(t-‘) as above and let X = 0 and Xk = -fl{/,k). 
It follows from Young’s inequality that p(-f) < +oo. Clearly Xk increases to 0. 
Since IIXkllQ# 2 6, we get the existence of an element gk such that Ilgkll@ = 1 and 
such that EP[gk(-Xk)] 2 6/4. Since F&k] < llg/Lo 5 1 we get that the function 
hk = gk + 1 - &[gk] is in P,. And of course we have that Ep[hk(-Xk)] 2 6/4. 
Which shows that p(Xk) does not decrease to zero. 

The reader can check that the method used in the example above yields the 
following generalization of the result 4.4. 

Proposition 5.21. With the abo ue notation for Young functions @ with @(l) = 1, 
and for 

P, = {h 1 h probability density on R with Ilhjla 5 K} , 

where K 2 1, there is a constant 6 = min(K - 1,1) > 0 such that for all nonpositive 
random variables X, we have 

wwP I P(X) 5 2w4l~ 

Remark. It is of course a trivial consequence of the BeppeLevi theorem that the 
following holds: 

If Vn),,, is a sequence that is uniformly bounded from above and decreases to a 

functionx, then p(X,) increases to p(X). 
Of course using the appropriate uniform integrability conditions permit to extend 
this result. The above examples show that care has to be taken. 

Remark. By choosing the appropriate sets P, we can find measures that are re- 
lated to entropy or to the Esscher premium calculation principles. Based on a 
suggestion by the author, premium calculation principles based on Orlicz norms 
were introduced in [HG]. However, there, the translation property was not fulfilled 
because the authors took the Orlicz norm instead of taking a set P, of the form of 
propostion 5.21. 
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6. rrltE RELATION WITH VaR 

The aim of this section is to give the relationship between coherent risk measures 
and popular, although not coherent,, measures such as VaR. We will restrict the 
analysis for risk measures that are defined on L”. The extension to the space 
Lo is straightforward provided the properties of theorems 5.4 and 5.6 are satisfied. 
It is not easy to find a mathematically satisfactory definition of what is usually 
meant by VaR. Expressions such as “VaR summarizes the maximal expected 
loss whithin a given confidence interval ” are hard to translate into a mathematical 
formula. The best we can do is to define VaR as a quantile of the distribution of 
the random variable. We start by defining what is meant by a quantile, see [EKM] 
for a discussion on how to estimate quantiles for extreme value distributions. 

Definition 6.1. If X is a real valued random variable, if 0 < cy < 1, then we say 
that q is an cl-quantile ifP[X < q] 5 N < P[X 5 q]. 

It is easy to see that the set of quantiles forms a closed interval with endpoints 
q; and qi. These endpoints can be defined as 

Qo = inf{q I P[X 5 ql 2 aI 
q,+=inf{qIP[X<q]>cy}. 

The fact that there are different values for a quantile will cause some troubles in the 
formulation of the theorems. Fortunately for a fixed variable X, the two quantiles 
coincide for all levels CY, except on at most a countable set. 

We also use the following 

Definition 6.2. The quantity VaR,(X) = -q;(X) is called the value at risk at 
level cz for the random variable X. 

We start with a characterisation of coherent risk measures that dominate VaR, 
this means that for every bounded random variable X, we have that p(X) > 
VaR,(X). 

Theorem 6.3. A coherent risk measure p dominates VaR, for bounded random 
variables, if and only if for each set B, P[B] > CY and each E > 0, there is a measure 
p E Pba such that p(B) > 1 - E. 

Proof. We first prove necessity. Take E > 0 and a set B such that P[B] > cy. Since 
Var,(X) = 1 for the random variable X = -lo, we conclude from the inequality 
p > Var,, that there is a measure p E ‘Pba such that p(B) 2 1 - &. 

For the sufficency we take a random variable X as well as E > 0 and we consider 
the set B = {X 5 q: + E}. By definition of VaR, we get that B[B] > (Y. There 
exists a measure p E Pba with the property p(B) > 1 - &‘. This gives the inequality 

p(X) > U-XI 2 E,[-xl~l - ~IlXllm 2 (1 - E)(V~&(W - E) - 4IXIIco. 

Since the inequality holds for every E > 0, we get the result p > VaR,. 0 

Example 6.4. There are risk measures, satisfying the Fatou property, that dominate 
VaR, but that do not dominate -9;. We will construct a coherent risk measure 
p and a set B of measure exactly equal to 01 such that SUP,,~~, p(B) = 0. This 
will do, since for X = -lo, we then have that q;(X) = -1. The construction 
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goes as follows. As probability space we take the unit interval [0, l] with the Bore1 
sigma algebra ;F and the Lebesgue measure, which we denote by P, for probability 
reasons. We will now describe a set of probability measures (or better a set of 
densities) P. The set P, is then the closed convex hull of P. For each set B of 
measure P[B] > 01, we now define the density 

1ml[O.l-a] 

hB = P[B n [0, 1 - N]’ 

The set P is defined as the set 

P = {hB 1 P[B] > o}. 

It follows from the construction that the properties of theorem 6.3 are fulfilled and 
hence the corresponding risk measure p(X) = supqBl>, Ep[(-X)~B] dominates 
VaR,. But p(-l~I-,,I~) = 0 since all the densities are supported by [O,l - o]. As 
easily seen we also have that q; (-~L~-,,~J) = -1 and hence p does not dominate 
the function -q;. 

The example has a little disadvantage. The risk measure p is not relevant. This 
can be repaired by adding the measure P to the set P. We get that p is relevant 
and we still have the inequality ~(-1s) = P[B] = 01 < 1. 

We end the discussion of this example with the following result, proved in the 
same way as theorem 6.3. 

Proposition 6.5. For a coherent risk measure the following are equivalent 

(1) The risk measure is bigger than -q; . 
(2) For each set B, I”[B] > LY and each E > 0, there is a measure p E Pba such 

that p(B) > 1 -&. 

Corollary 6.6. If (O,.F,P) is atomless, if P, is weakly compact in L’ and if p 
dominates VaR, then p also dominates -q;. 

Proof. If B[A] = a, then we simply take a decreasing sequence of sets A, of measure 
P[A,] > (Y, whose intersection is A. This can be done since the space is atomless. 
For each n we can find h, E PO such that Ep[hnlA,] > 1 - l/n. Since the set P,, 
is weakly compact, the sequence h, has a weakly convergent subsequence, whose 
limit we denote by h. Clearly (by weak compactness, i.e. uniform integrability) we 
have that EP[hlA] = 1. The corollary now follows. 0 

Proposition 6.7. If p: Lm t R is a coherent risk measure that satisfies the Fatou 
property and is defined with the set P,, if the eztension p: Lo + R U {+oo} defined 
as 

P(X) = li,m 4:; I%- (X A n)l c 
satisfies p(X) > --co for all X E Lo, if p dominates VaR for bounded random 
variables, then p dominates VaR for all mndom variables. 

Proof. The proof of this proposition is obvious. 0 

We now can give the first theorem on the relation between VaR and coherent 
risk measures. 
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Theorem 6.8. For each bounded random variable X and each o1,O < o < 1, we 
have that 

V.aR,(X) = min {p(X) 1 p 1 VaR, p coherent with the Fatou property } . 

Since VaR is not coherent this shows that there is no smallest coherent risk measure 
that dominates VaR,. 

Proof. We only have to show that for X given, we can find a coherent risk measure 
that dominates VaR, and with the property that p(X) 5 Var,(X). For each 
E > 0, the set C = {X 5 qz +c} has measure P[Cj > o. But the definition of qz 
implies that P[X < qz] 5 cr. It follows that the set D = {q& < X < qi + E} has 
strictly positive measure. Take now an arbitrary set B with measure P[B] > cr. 
Either we have that P[B n Cc] # 0, in which case we take hi = & or we 

have that B C C. In this case and because P[X < qz] 5 cy we must have that 
P[BnD] > 0. Wetakehs = w. Th e risk measure p is then defined as 

P(Y) = SUPP[B]>, EP[(-Y)hB]. By theorem 6.3 we have that p dominates VaR 

but for the variable X we find that Ep[(-X)h,] is always bounded by -q,$, i.e. 
p(X) < VaR,(X). It follows that p(X) = VaR,(X). 0 

In order to prove the second theorem on the relation between VaR and coherent 
risk measures, we need a characterisation of atomless spaces. (compare proposition 
5.4 in [ADEH2], where another, but not unrelated, kind of homogeneity of the space 
R is used). 

Proposition 6.9. For a probability space (E, E, Q) the following are equivalent 

(1) The space is atomless. 
(2) The space supports a mndom variable with a continuous distribution. 
(3) Every probability measure on B is the distribution of a random variable 

defined on E. 
(4) There is an i.i.d. sequence of random variables fn such that Q[fn = I] = 

Q[f,, = -11 = l/2. 
(5) Given a distribution v on W, there is an i.i.d. sequence fn with distribution 

Y. 

Proof. The proof of the proposition (probably an exercise in some textbook on 
probability theory), is easy but lengthy. So we omit it (because it is lengthy). Cl 

Theorem 6.10. Suppose that (0, .T, B) is atomless, suppose that p is a coherent 
risk measure that satisfies the Fatou property, domilaates VaR, and 0711~ depend 
on the distribution of the mndom varibale, then p 2 WCM, (see ezample 4.2 for a 
definition of WCM). In other words WCM, is the smallest coherent risk measure, 
dominating VaR and being distribution invariant. 

Proof. We first show that 

p(X) 2 Ed-X I X I cdl. 

So let us take E > 0. The set A = {X < q: +E} has measure P[A] > cy, by definition 
of qz. The variable Y defined as 

Y = X on A’ and Y = Ep[X 1 A] OIL A 
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satisfies VaR, = Ep[-X ( A] and hence p(Y) 2 Ep[-X 1 A]. We will now 
show that p(Y) < p(X), which will then prove the statement, p(X) > Ep[-X 1 
X 5 qz + E]. To achieve this goal, we consider the atomless probability space 
(A, JF n A, P[. ( A]). On this space we consider an i.i.d. sequence of functions fTL 
each having the same distribution as X under the measure P[. 1 A]. For each n we 
define the random variable 

X,=XonA’;X,=f,onA. 

The sequence X, is a sequence of identically distributed random variables and the 
strong law of large numbers implies that xl+...xw tends to Y almost surely. The 
convexity and the Fatou property then imply yhat 

p(Y) 5 lim inf p 
( 

x, + . . . x, 
n > 

5 lim inf $2 p(X,) = p(X) 
1 

So we obtain that p(X) > Ep[-X ( X < qz +E]. If we let E tend to zero, the right 
hand side converges to EP[-X 1 X < q$] and we get the inequality 

4x1 2 J%-X I x I dl. 

Unfortunately the conditional expectation does not define a coherent risk measure. 
This is due to the fact that quantiles are not continuous with respect to any rea- 
sonable topology. So we still need an extra argument. Since the space is atomless 
we can, as can be shown easily, find a decreasing sequence of random variables 
I1X1I, 2 Z,, 1 X, tending to X and such that for the quantile qi(Z,) of Z,, we 
have exactly P[Z,, < qz(Z,)] = N. For each n we then have that 

p(z,) > E+-n 1 zn I d(zn)l = wcMa(zn) 

If n tends to infinity the left hand side tends to p(X) by the Fatou property. The 
right hand side tends to WCM,(X) for the same reason. Cl 

Corollary 6.11. Suppose that (G, .T, P) is atomless, suppose thal p is a coherenl 
risk measure that satisfies the Fatou property, dominates VaR, and only depends 
on the distribution of the mndom variable, then p also dominates the function -q;. 
In particular WCM, dominates -q;. 

Proof. We only have to show that WCM, dominates -q;. This is easy since 
-q, 5 Ep[-X I X < q,] 5 WCM,. 

7. CONVEX GAMES AND COMONOTONE RISK MEASURES 

This section describes the relation between convex games and particular coherent 
risk measures. The basic tool is Choquet integration theory, also called non linear 
integration. The use of non linear premium calculation principles was investigated 
by Denneberg [Del]. In [De21 the relation with Choquet integration theory is 
developed. In Delbaen, [D], based on previous work by Schmeidler [Schml], the 
reader can find the basics of convex game theory needed in this section. 
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Definition 7.1. A convex game, defined on the space (0,3,P) is defined as a 
function v: 3 + R+ such that 

(1) If A = B, P almost sure, then v(A) = v(B) 
(2) w(A n B) + v(A u B) 5 v(A) + v(B). 

Usually a convex game is given in its characteristic form. We differ from the 
usual definition in two ways. First of all, we require the game to be continuous 
with respect to P. This is not an essential change. Second the number v(A) has 
to be interpreted as the maximum, the coalition A, is allowed to get. Usually the 
minimum w(A) is used in the definition. But as easily seen the relation w(A) = 
v(0) - v(A”) defines the minimum the coalition A will get. For our purposes it is 
better to use the description given above. 

Definition 7.2. The core C(V), of the game v is the set of all finitely additive 
nonnegative meaures p E ba, p(O) = v(O) and such that for all sets A E 3 we 
have p(A) 5 v(A). 

In [Schml] and [D] the reader can find the following properties of the core of a 
game u. 

(1) The core of a convex game is non empty 
(2) The core is weak* convex subset of ba. 
(3) If for each decreasing sequence A,, with empty intersection, the numbers 

v(A,) tend to 0, then the core is a weakly compact subset of L’. 
(4) For a bounded nonnegative function X the following equality holds: 

p(X) = sup E,[X] = 
Pa(V) 

w(X > 2) dz. 

(5) If u(G) = 1, then p(X) = cp(-X) = s~p,,e~(~) E,[-X], defines a coherent 
risk measure. 

Definition 7.3. Two functions X and Y defined on Q are said to be comonotone 
if almost surely (X(w) - X(w’))(Y(w) - Y(d)) > 0 for the product measure $ @I P 
on R x Cl. 

Schmeidler, [Schm2] proved the following 

Theorem 7.4. The coherent risk measure p comes from a convex game v, i.e. 

P(X) = PC-X) = s;rv) %-Xl, 

if and only if p is comonotone, i.e. p(X + Y) = p(X) + p(Y) for comonotone 
functions X and Y. 

In [D],an example of sectrion 12, an example of a convex game was given, using 
so called distorted measures. The example given there, corresponds to the function 

f(z) = K of theorem 7.5 below. More precisely the following holds 

Theorem 7.5. If f: [0, l] -+ [0, l] is an increasing concave function such that 
f (0) = 0 and f (1) = 1, then the function v(A) = f (P[A]) defines a convex game. 
If f is continuous (at 0), then th e core is a weakly compact set in L’. 
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Proof. We only have to show that the game is convex, the rest follows from the 
general theorems stated above. This follows from the property that for 0 5 2, y, z 
and z+y+z 5 1: 

f(x + z) + f(Y + z) 2 f(z) + f(x + Y + z) 

We just have to take z = P[A \ B], y = P[B \ A], z = P[A n B]. The inequality can 
be proved as follows: 

f(x + 2) + f(Y + z) = f(x + z) + f(z) + l* *+yl f’(du) 

2 f(x + z) + f(z) + iz+= 2+z+y1 f’(du) by concavity Of f 
2 f(z) + f(x + Y + z). 

Corollary 7.6. Thefunction f(z) = x0 defines a conmx game w(A) = (P[A])’ for 
0 5 p < 1. We also have that v(X) = In- P[X > zip dx for nonnegative functions 
X. The examples 4.2, 4.5 and 4.7 above therefore define a coherent measure. For 
1 > /YI > 0 we have that P, is weakly compact. 

Remark 7.7. We state without further proof that for 0 < 01 < 1 and for the function 
defined as f(z) = x/cy if z 5 cy and f(x) = 1 for x 2 01, the convex game v(A) = 
/(P[A]) has as its core, the set ‘P,, of example 4.2. Therefore the risk measure 
WC&f, is comonotone. The set in example 4.3, cannot be obtained as the core of a 
convex game. We verify this using comonotonicity and under the extra assumption 
that the probability space is atomless. Let us, for /3 > 1, define 

Po = {f I 0 5 f, Wfl = 1, %4fzl 5 P”} . 

Take two sets B c A such that P[B] < P[A] = $. If the risk measure were 
comonotonic, then the same function f E P0 could be used to calculate p(-1~) 
and p(-1~). But as easily seen the function f = & gives Ep[fl~] = p(-l,~), 

whereas for -1~ the optimal function is different from f. Indeed some functions 
of the form f’ = i!l~ + (1 - A) with 0 < X < 1 yield a greater value. The reader 
can check, but this is not necessary to obtain the result, that the optimal function 
for -1~ is indeed of the form A& f 1 ( - ), h X w ere X is chosen so that Ilf’llz = p. 

8. SOME EXPLICIT EXAMPLES 

We conclude this paper with some explicit examples that show how different 
the risk measures can be. Since only the order of convergence is important we do 
not bother about the fact that distorted probability measures do not satisfy the 
relations of theorem 5.4. The reader can easily adapt the analysis. 

Example 8.1 The one sided normal distribution:. In this case we suppose that 

x = -f, where P[f 2 z] = fiJ:- e -u2/2 du for 2 > 0. For x0 > 0 given - 
and big enough, we have that E[f 1 f > zn] is approximately equal to x0. It 
follows that if x0 = VaR,, the quantities Value at Risk and the WCM, almost 
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coincide. See [EKM] for the details of the calculation. The risk measures of the 
form p@(X) = ./,” E=‘[j 2 z]fl dz b e ave differently. A quick calculation shows that h 

pp(X) = &. Of course, since normal variables are unbounded, we must have that 

limp+upp(X) -+ ]]X]],,= = 00. But th e order of convergence is only a square root. 

Example 8.2 The case of the exponential distribution. IIere we assume that P[f > 
z] = e-” for x 1 0. Since in this case we have that E[f ] f 2 xu] = zu + 1, it turns 
out that the Value at Risk and the WCM measures differ with just one unit. The 
distorted mesures pp(X) = l/p tend ( o course) to 00 but this time faster than in f 
the case of a normal distribution. 

Example 8.3 The case of Pareto like distributions. Here we assume that for x > 0 
we have P[f 2 x] = b for some fixed cy > 0. Calculus shows us that E[f 1 
f 2 zu] = sze if (Y > 1 and equals 00 in case (Y 5 1. This means that WCM 

is 2 as big as VaR. The distorted measures give us p@(X) = & if ,/3 > l/o 
and 00 if not. This means that for j3 small, the risk measure pp gives us co as a 
result. This coincides with the intuitive expression that says that for small 01 the 
risk involved in Pareto distributions is too high to find an insurance. What small 
means is subject to personal risk aversion. 
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