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RESUME

L'article mite & l'estimatim & la mtabilitb &s instruments financiers dam le cas oil
I'm ne dispose que d'infonnatim incanplktes sur les cash-flows de ces instruments.
Toutefois, la dBdes travaux andrieurs dans ce domaine, on suppose que les
cash - flows des instnunents fmciers peuvent &re m&lis& comme une fonction
stochastique du temps, ce qui implique que l'erreur d'estimation est une variable
alhtoire, dont on peut donc faire des bvaluations probabilistes de l'arnplitude. On
montre, en utilisant ces p r d u r e s , que les mtthodes d'estimation traditionnelles
surestiment considbrablement les rendements reels. On montre en outre que la
distribution de ces rendements est trks bloi@ de la loi normale. Considhnt ces
resultats, il est douteux que l'on p u k e attacher m e credibilit6 aux deux m6thodes
standard d'valuatim des performances d'investissement.

ESTlMATING RETURNS ON FINANCIAL
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INSTRUMENTS STOCHASIlCANALYSIS

ABSTRACT:

Tk present paper addresses the problem of estimating returns <nfinancial instruments
when there is incomplete information about the instrument's cash flows. However
d that the financial instnunent'scash flows
unlike previous work in this area, it is a
may be modelled as a stochastic function of time. This implies that the estimation error
is a random variable and as a CcxISBQuence, probability assessmentscan be made as to
its likely magnitude. Using these procedures it is shown that traditional estimating
methods considerably overstate actual returns. Further, it is also shown that returns are
Uy
Given these results. it is doubtful if any aedibiitycan be
far from n r n ~ ~ ~distributed.
attached to the standard two parameter method of evaluating investment performance.
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In a previous paper, a co - author and I outlined numerical methods for estimating
returns on financial instruments when there is incomplete information about the
instrument's cash fldws (Kelly and 'Ilppett [1989]). It will be recalled that the pianeering
work in this area was conducted by the Bank Administration institute (1%8), Dietz
(1972) and Eadie (1973) and is based m the assumption that thefinancial inshument's
cash flows may be represented by a smooth deterministic function of time. The
implication of this is that returns should be estimated using some form of numedical
technique. Unfortunatelythis approach makes it difficult to obtain cancrete estimates of
the likely error associated with the estimated return. In the present paper we ovescame
this diffcuty by making the alternative assumption that the fmancial instrument's cash
flows are a stochastic function of time. 'lhis approach implies that the reNn itself is a
random variable and, as a consequence, it is possible to make probability assessments as
to the magnitude of the estimating technique's error.
The paper begins in section two, by surmnarizigthe e m analysis of Kelly and Tlppeu
(1989) since this provides the cornerstone of the stochastic analysis undertaken in later
sections of the paper. In section three we then turn to the problems associated with
determining an appropriate stochastic process through which to model a fmancial
instrument's cash flows. It turns out that a "bridge" process is the most logical candidate.
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After outlining its more important properties, the "bridge" process is then applled to the
problem of obtaining probabilty bounds for the financial instrument's return. The
d an empirical context by re - examining the problem of
techniques are then i l l ~ n k in
estimating the returns earned by Australian superannuation funds. Like McCrae and
Tippert (1987) and Kelly and ?Ippett (1989), we find that the fwds' estimated rehuns
are highly sensitive to the the technique used to estimate the returns. Finally, section
four concludes with some summary comments.

-

2 ERROR ANALYSIS

Suppose we defme i* to be the true (but unknown) money weighted return earned by a
financial instnu-t over the time interval (0.T).If we take ia to be an appximation to
this return, then Kelly and Tippett (1989, p.6) have shown that the enor associated with
the approximation is given by :

where :
T

and :
T

for dC(t) the instantaneous new cash flow (Holbrook [1977, p.241 ) and M(t) the
f~nancialinstrument's market value at time t.

In the analysis of the Bank Administration institute [1968], Dietz [1972], Eadie [I9731
and Kelly and Tippett [1989], the cash flow function [C (t) ] is approximated by a
smooth deterministic(a non-stochastic)function of time. This in tum implies that F(i)
and F'(i) must also be approximated, since the in general unknown C(t) appears in the
error expression (1). Kelly and Tipeet [1989, p.671 suggest ways in which this may be
done, but conclude with the rather uncertain prescription that their procedures"... should
provide a reasonable estimate of the error ... "associated with their approximating
methods. In short, Kelly and Tippett [I9891 were unable to state with any assurance
whether one return estimating technique is better than another.

-
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3 STOCHASTIC ANALYSIS

3.1 Cash Flow Specification
As previously noted, the seminal work of the Bank Administration institute [1968],
Dietz [1!272] and Eadie [I9731 is based on the assumption that the instantaneous cash

flow function [C(t) ] is a deterministic (or non - stochastic) function of time. An
alternative and probably far more realistic approach however, is to assume that the cash
flow function is stochastic. The error expression (1) can then be viewed as a random
variable, and assessments made as to its likely magnitude.

A problem with this approach however is that we seldom have information on an
instrument's cash flows. In the assessment of superannuation fund performance for
example, fund cash flows are collected on a monthly basis (McCrae and Tippett [1987,
p 2131 ). Hence, whilst there is uncertainty about a fund's cash flows during a month, at
the end of the month this uncertainty is resolved. However, since the fund's return
hinges critically on the exact timing of its inter - month cash flows, it is still necessary to
view the return as a random variable. But the fact that cash flows are known at the end
of each month places a restriction on the type of stochastic process which can be used
for modelling putposes.
Furhmately, there ate standard ways of modelling such processes. To illustrate, suppose
a fund's instantaneouscash flow is described by the following stochastic process :

f a a 5 t < b and ciW(t) a white noise process with variance parameter 02. Occasionally
dW (t) is given the alternative representation dW (t) = oz 4 dt where z is distributed as a
standard normal variate. Using this specification, which is due to Bernstein (Kannan
[1!279, p. 2711), it follows that :

where & = z 4 & is a n m a l variate with mean zero and variance dt. Irrespective of
which expression is used, it follows that the instantaneous mean cash flow is given by :

where E is the expectations operator taken at time t Note that as t - - - > b, the expected
instantaneous cash flow becomes infitely positive or negative according to the sign
of [C(b) - C(t)]. This implies that C(t) is forced to take on a pre-specified value at time
b and is therefore known with certainty at this point. Since C(t) is also bown with
certainty at time zero, this means the process is "tied down" at its two end points and
for that reason is aptly described as a "bridge process" (Karlin and Taylor [I981, pp.
267-27 l ] ).
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Similar procedures show that the variance of the instantaneous cash flow is given by :

Var[dC(t)] = d d t

(7)

where Var (.) is the variance of the relevant random variable.
Following Hoel, Port and Short (1972, pp. 152-159). the solution to the differential
equation (4) is given by :

where C(t) is the accumulated cash flow as at time t. 'Paking expectations across the
above expression implies that :

is the expected accumulated cash flow at t i t. Finally, using Hod, Port and Stone
[1972, pp. 144 - 1451,the variance of C(t) is given by :
t

Note that at times t = a and t = b, the variance of C(t) is zero in accocdance with the fact
that C(t) is known at both these points. Hence, as noted previously, the stochastic
process formalized by equation (4) is "tied down" at its end pints and is aptly described
as a bridge process.

33 Estimation of Returns

Since the error associated with the estimated return is given by equation (1 ), it follows
that we need information on the distributional propaties of both F(i) and F'(i). We
begin by considering the integral expression in F(i). Integration by parts implies (Hoel,
Port and Stone 11972, p. 1421) :

-
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Substituting equation (8), it then follows:

+ i l l [(b

- t ) i "-]dfb - s

-

Usins the procedures laid down in Doob [1942, pp. 364 3651 and Apostol [1969, p.
3731, it may be shown that the above expression simplifies to :

TUhg expectations it follows that je-it dC (t) is normally distributed with mean (Hoel,
Rnt and Stone [1972, p. 1331 ) :

and variance (Hoel, Port and Stone (1972, pp. 144 - 1451 ) :

Unfortunately, the above expression cannot be evaluated in terms of elementary
functions and so the variance must be estimated using some form of numerical
technique.

Similar analysis shows that:
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from which it follows that Wit dC (t) is normally distributed with mean :
b

and variance:
b

~ a r [ j t eb- c ( t ) ] =
a

b

j [te* " - 1te-i(b - -be-t)

13
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t)

Again, the expression for the variance cannot be evaluated in terms of elementary
functions and so must be estimated numerically. Finally, for the covariance we have:

where Cov(.,.) is the covariance between the relevant random variables. This expression
must also be evaluated numerically.
To illustrate the application of the above results, consider the problem of estimating
returns on Australian superannuation funds. McCrae and Tippett [1987, p. 2131 note
that funds provide details of their cash flows on a monthly basis and on their asset
values on a quarterly (calendar) basis. Hence, if we denote a calendar quarter by the
interval [0,1], it follows that the fund's accumulated cash flow will be known atthe time
points tj = j /3, for j = 12.3. Modelling the fund's cash flows on each of the intervals ((j
- 1) / 3, j / 3), j = 1 ,2,3, as a bridge process and using equation (2), it then follows that
the quarterly return is d e f i implicitly by the i f a which :

Since the market value of the fund's assets is known at the beginning and end of each
quarter, it follows from equation (14) that F(i) is normally distributed with the following
mcan :
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As previously noted, McCrae and 'Ilppett [1987, p. 2151 estimated quarterly returns on
Australian superannuationfunds over the period 1974 - 1981 by determining the root of
the above equation, a method they dubbed the linear technique. They coflcluded @.
219) that estimated retums "...are sensitive to the quadrature rule utilized ...",but were
unable to place a bound on the magnitude of the error from using a given estimating
technique. However, taken in conjuction with equation (2), the stochastic specification
given in this sectim can be used to derive the approximate probability density of the
emx in the estimated return. We begin by deriving the variance of F(i).
Using Hod, Port and Stone (1972, pp. 144-145) the variance of F(i) is given by :

which from equation (15) is seen to reduce to :

Similarly from equations (3), (17) and (18), it follows that F'(i) will be normally
distributed with mean :
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and variance :

b
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Finally from equation (19),the covariance between F(i) and F'(i) is given by :

Suppose we estimate the return by determining root of equation (21 ). Then since F(i)
and F'(i) are limiting sums of normal variates it follows from Lindgren (1968, p. 473)
that the joint distribution of F(i) and F(i) is also normal. To simplify matters, make the
change of variables (Freeman [1963, p. 1551):

where :

is the Pearson product moment correlation coefficient between F'(i) and F(i). It then
fdlows that Cov (u,v) = 0a that u and v are independent (Freeman [1%3, p.1511 ).
Using the variables u and v and the argument of Geary (1930) and Kendall and Stuart
[1%3, pp. 2'70 - 2711, we have that the variate :

-E[F (ia)](ia
f

- i')

I

is nannally distributed with mean zero and unit variance, prwided :
E[F8(ia)]2

3,/var[Flol

(29)

effectively precluding the possibility of F'(ia) being negative. This latter requirement
can easily be checked fran the foregoing equations. Sate it to say it is a condition
which is likely to be satisfied unless the fund is small or newly establi~hedl,~.
An
interesting consequence of the above analysis is that if the variance in the fund's cash
interval f a the true return.
flows is large, this could induce a large ccmditence

3 3 Estimating the Cash Flow's Instantaneous Variance
The importance of the analysis in the previous section is that it provides a means for
determining a confidence interval for a fund's return over a given period and, as a
consequence, a direct test of whether ane return estimating technique is mae reliable
than another. However if we are to implement these results, it is fmt necessary h a t we
have a reliable estimate of the instantaneous variance in the fund's cash flows. We now
demonstrate how such an estimate may be o b t a i i .
We begin by noting that from equation (8) it follows :

where :
A ~ c ( =~ C(t
) + 2At)

-

2C(t + At) + C(t)

represents the second differencein Ihe fund's total cash flows wer the interval [t,t+ ?At].
Letting b = t + 3At and using equation (30),it follows that :
provides an unbiased estimate of the cash flow's instantaneousvariance.
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As previously noted, in the McCrae and Tippett [I9871 study monthly cash flows
were used in conjunction with funds' quarterly market values to estimate quarterly
rates of return. Given this specification it follows that T = 1 and At = 113. Hence,
supposing we have n = 2m monthly cash flows for a particular fund, it follows that
the statistic:

provides an unbiased estimate of a2.

The above procedure was used to estimate the cash flow variance for the 114 Australian
superannuation funds employed in the McCrae and 'Ilppett [I9871study. The difrerence
between the estimated return using the linear technique and the technique traditionally
used by the investment community was taken to be the error, ia - i*. As previously
noted, the linear technique estimates the return as the root of equation (21) and is the
method which arises naturally from the analysis of section 3.2. The return formula
traditionally used by the investment community is the following (McCrae and Tippett
[1987, p. 2141) :

where, as previously, M(t) is the market value of the fund's assets at time t and
Cj = C 0'13) - C ((i - 1)/3), j = l , 2 , 3 is the fund's cash flows during the jth of the
quarter. Kelly and Tippett [I9891 contains a comprehensive discussion of these
and several other techniques
The estimated variance was then used in conjunction with equation (28) to compute
the z statistics applicable to each fund3. As noted by McCrae and Tippett [1987, p.
2181, there are a maximum of 34 quarterly returns for each fund and so an average z
statistic was computed across these returns. The results are summarized in Table 1.
Note that all but
TABLE ONE ABOUT HERE

25 of the 114 average z statistics are signicantly different from zero at the one
percentage point level. Further, all but two of the average z statistics were negative, thus
confirming the suggestion made by McCrae and Tippett [1987, p. 2161 that the
traditional formula consistently over - estimates the returns earned. Hence, for this and
other reasons4, it is doubftful if any credibility can be attached to superannuation fund
evaluation methods based on the return metric (34).
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4 SUMMARY AND CONCLUSIONS
The present note derives a general technique for estimating returns on financial
instruments, when there is uncertainty about the instrument's cash flows. The method
assumes that the instrument's cash flows are generated by a Brownian bridge or "tied
down" process. This allows the general error expression of Kelly and 'Ilppett [1989,
p. 611 to be interpreted as a random variable, so that its distributional properties can
be &rived and probabilistic assessments made as to its likely magnitude. Using these
procedures and the data set of McCrae and Tippett [I9871 it is shown that the
traditional estimating methods considerably overstate actual returns.
Consistent with the empirical results of McCrae and 'Iippett [1987, pp. 218 - 2191, our
analysis also shows that returns are far from normally distributed. As a consequem,
our analysis raises serious doubts about the appropriateness of evaluating the
performance of Australian superannuation funds using the standard two parameter
model of Sharp [I9641and Lintner [1965].
TABLE 1
STANDARD NORMAL (z) SCORES OF THE DIFFERENCE BETWEEN THE
RETURNS OBTAINED FROM THE LINEAR TECHNIQUE AND THE
TRADITIONAL FORMULA

z Score
121 < 1.64
1.64 5 121I 1.96
1.96 I lzl < 2.57
2.57 I lzl

Si@icance
10%
5%
1%

Number
15
3
7
89
-

FOOTNOTES
1. See Hinkley [1%9] for the procedures to use when this assumption is not satisfied.
2. If we expand equation (2) as a Taylor series around the risk free rate of interest and
follow procedures similar to those used in deriving equaticn (28). it may be shown that
the dishibution of the risk premium, and by implication the return itself, is not nomally
distributed. Indeed, the mean and variance of the risk premium do not exist. This is
consistent with the empirical work of McCrae and Tipett [1987, pp. 218 - 2191. Given
these results, it is doubtful if any credibility can be attached to the standard two
parameter method of evaluating superannuationfund performance.
3. Equations (23), (25) and (26) were evaluated using ten point Gauss - Legendre
Quadrature. Details of this technique are to be found in Carnahan, Luther, and Wilkes
[1969, pp. 101-1051.
4. See foomote 2.
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