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Optimal Portfolio and Optimal Trading
in a Dynamic Continuous Time Framework
Pierre BrugiBre’

Abstract
One of the problems encountered by traders and fund managersis to control their
Profit & Loss smoothnessand volatility. In fact, traders who mark to market their
positions, or fund managers who want to reassure their clients are interested in
exhibiting a very smooth ascending (preferably) P&L, without any large swings.
Mathematically, the regularity or smoothnessof the P&L, within a given period of
time, can be measuredby its total quadratic varation. The quadratic variation also
measuresthe part of randomnessin the trading strategy results, and is a measureof
risk. We solve in this paper the problem of maximising, for a given time horizon,
the expected return of a trading strategy, with a constraint on the quadratic
variation of the P&L. We introduce in our demonstration the notions of
“instantaneous mean-variance optimal portfolios” and “instantaneous Sharpe
Ratios”, “optimal mean-quadraticvariation trading strategies” and “average Sharpe
Ratios”.
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1. Introduction

In the Markowitz

discrete time single period model, the return on investment is

optimised, with a mean-variance criteria. In this model, the Sharpe ratio (expected return on
standard deviation) enables us to compare the performances of different portfolios. This ratio is
maximal for the optimal risky portfolio. The problem of minimismg the variance of the final
wealth, in continuous time trading, with an appropriate continuous time strategy, has been
studied by Fiilhuer-Schweizer

(1991), JIufEe Richardson (1991)

Fiilhner (1992), in an

incomplete market framework. The problem of minimising the variance of a portfolio

at a

given time horizon and for a given expected return, has been studied by Bayeux-Portait (1993).
Nevertheless, the mean-variance criteria, in continuous time trading, can sometimes appear to
be too simple, and then utility functions at maturity can be introduced, as the probability
distributions of the achievable returns could be of very different natures, and could even be
orthogonals. Our point of view here is different, as we are interested in the regularity of the
evolution of the value of the portfolio and as we choose the quadratic variation as the natural
measure of the P&L smoothness and risk. We then maximise the expected earnings of a trading
strategy, for a finite time horizon, with a constraint on the P&L total quadratic variation.
To be able to compare two different strategies, in a dynamic framework, even for two
different periods of time, the quadratic variation can be divided by the time elapsed during the
actual trading period and then square rooted. With this renormalisation this quantity can be
interpreted as an average standard deviation, per unit time, over the trading period, of the
trading earnings. The mathematical problem of optimisation, developed in this article, consists
in maximising for a certain time horizon, the expected earnings of a trading strategy, with a
constraint of boundedtress on the quadratic variation of the P&L. The assets considered for
these trading strategies are fbtures, to avoid any useless consideration of financing. These
futures are expressed in one single currency, but the problem could also be handled with spot
assets and different currencies. The fbtures are modelled by diffusion processes and their
instantaneous covariance matrices are supposed to be non degenerate over time, so that none
of them is redundant at any moment, and no arbitrage opportunity occurs. Note that in the
model, the drifl and variance coefficients of the diffusion processes are not supposed to be
constant, and can even be non deterministic. When specifying more precisely, for example
deterministically, the drifts and variances of the futures, explicit calculations can be made for
the optimal strategy and the associated expected earnings. With mild conditions on the
processes drift and covariance matrice, it can be demonstrated that the quadratic variation
constraint saturates,
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For diierent

constraints on the P&L total quadratic variation, the optimal strategies

differ from one to another only by a constant multiplicative

factor. More precisely, if the

quadratic variation constraint is modified in the optimisation program by the multiplication
with a positive factor p, the positions on the futures in the new trading strategy are multiplied
by a factor,@ for the whole period. Therefore, any optimal trading strategy with the Rttures is
proportional

to a reference strategy, which serves as a “Benchmark”,

proportionality

the coefficient of

dependiig on the total quadratic variation accepted. The method for optimal

trading is then similar to that obtained in the discrete time Markowitz

model: a “Benchmark

Strategy” is determined as the optimal risky investment strategy, and the amount invested in
this strategy depends on the accepted risk.
It is also possible to calculate in this optimal trading problem what I would call an
“average Sharpe Ratio”, which consists in the non dimensional ratio: expected earning per unit
time divided by the square rooted quadratic variation per tit

time. This ratio can be viewed as

the continuous version of the discrete time Sharpe Ratio.
Note that, in the model developed here, holding positions on futures consume quadratic
variation, and the philosophy of the optimal trading strategy appears quite intuitively: quadratic
variation must be consumed intensively

when the ratio instantaneous return on risk is high

and moderately when the ratio is low. The problem of “optimal trading” is a problem of
controling

the quadratic variation consumption over time and with the best combination of

instruments. More precisely, at every instant the quadratic variation must be consumed with
the best achievable portfolio of futures, as in a classic two periods model written

from time t to

time t+dt. Note also that, even for a single future, the problem of optimisation is not trivial and
that the general problem can be viewed as a problem of optimaly trading a Markowitz
instantaneous optimal portfolio.
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2. The model

Our model includes several fhtures contracts and<’ represents the price of the future contract i
at a time s.
The futures are modelled by diEtsion processes, and their equations can be written as,

where q

are brownian motions under a given probability P.
the matrix of instantaneous correlations between the q.

We note cY = [&]r,,4rrI

We suppose r,V to be strictly positive detinite for ails.
We note <, >9 the scalar product on R’relative to r,, and defbred by (u,v)* = , ,g:v,&
‘x denotes the transpose of vector x.
At every instant S, the number of future contracts Fd in the portfolio equals X: and can be
either positive,
negative or null.

(X8),,,

stands for the n-dimensional process (X,‘, X,’ ;. . , Xj’),Oand

represents a trading strategy.
We suppose that there is a constant instantaneous riskless interest rate r and that during the
trading period the gains or losses at financed at the interest rate r.
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2. The Optimisation

Problem

Trading starts at time 0 and T is the time horizon, for the optimisation problem.
G, representsthe earnings,cumulatedat tune t and actualised at time 0, of the trading strategy
G, can be viewed asthe actualisation at date 0 of the trader’s wealth at time t, (the trader starts
with a null initial wealth).

The expectation at time 0, of the actualised value of the portfolio at time T equals,

1

= [I

n E ‘e-“X,$~,~ds
i=l
0

The total
T

quadratic variation of the actualised value of the portfolio

equals

The problem of optimisation consistsin maximising the expected earnings,with a constraint of
boundednesson the total quadratic variation. This constraint is expressedunder the form YT
for more convenience.
Mathematicallv we solve,

(2.1)

for more conveniencewe define the new variables,

[;;]=,;

and&;(::;z;]
Y

the optimisation problem becomes,
J~~~~E[~~w]
(2.2)
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and the following theorem gives the solution of this problem,
Theorem 2.1

The solution of problem (2.2) is given by,

with,

f(s) =

Corollary

2.1

The optimal trading solution is given by,

and the instantaneous quadratic variatioti of the optimal portfolio equals,
[ gexp(

-[$$)]fb)

Proof of corollary 2. I
It’s just a change of variables.

Proof of theorem 2. I
To solve (2.2)we can solve, using a little revisited Bellman principle with constraints, the
following problem

and to solve this problem let us introduce the Lagrange multipliers /2,
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gives us,

$
I

SO,

= i Z:ti
,=I

and matricially we obtain, --$‘Y,=‘Z,lY~
t

z, = &-‘x
f

(2.3)

Now we are going to saturate the constraints to eliminate 1,.
(LZ,),

=+m

(2.4)

I

and we obtain, (Z, , Z, ), =

Let us define, dt) = yT-j(Zz,ZS),Yak

0

When replacing in (2.3) and (2.4) we obtain,

which finishes the proof of theorem 2.1.
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3. Interpretation

of the resulta and remarks

First of all, note that the term d’Y”r;‘Y, is the squareof the instantaneousSharpeRatio for the
optimal instantaneousmean-varianceportfolio of futures constructed at time u for the period
[u,u+du]. The instantaneous Sharpe Ratio is the ratio, expected gain divided by standard
deviation for the Markowitz optimal instantaneousportfolio.

representsthe quadratic average of the expected

The quantity,

successiveinstantaneousSharpeRatio achievablebetweentimes and T.
The quantity,

representsthe opportunity of an investment at time
/*

s.
it is calculated by comparing the present SharpeRatio to its expectedquadratic averagein the
future.
l-y’I:
represents the optimal mean-quadratic variation
The quantity,
gqzq
investment strategy for an averagequadratic variation consumptionof one.

The quadratic variation consumedat time t with the optimal trading strategy equals
f(s)ds

= gT[ I-exp[-i$$iu)]

So, at time t the quadratic variation remaining to consumeper unit time equals
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Finally, the optimal trading strategy we obtained can be decomposed into two terms.
The tirst one is the quadratic consumption control term and the second one is the renormalised
instantaneous mean- variance optimal portfolio.
In order to define an “average Sharpe Ratio”: expected earnings per unit time, divided
by the square of the quadratic variation per unit time of the constraint, we expect the constraint
to saturate, this can be obtained very simply with a constraint of continuity and non mtllity at
time T of the instantaneous Sharpe Ratio.

Proposition

3.1

If the instantaneous Sharpe Ratio is continuous and doesn’t vanish at time T, the quadratic
consumption constraint in the, mean-quadratic variation, optimisation problem saturates.
Proof of proposition 3.I
By continuity of the Sharpe ratio and as it doesn’t vanish,

-i$du

and, gexp

c

2 f(s) = 1

=O.
1

The financial interpretation of this result is the following: as the Sharpe ratio doesn’t
vanish at time T, there is an incentive to handle a position, and to finish to consume all the
remaining quadratic variation allowed.

4. Conclusion

We derive in this article an explicit formulation of the optimal trading strategy in a
mean-quadratic variation framework. The problem of optimaly trading in this context appears
as a problem of managing the consumption of quadratic variation through time and with the
best successive instantaneous Markowitz portfolios. The problem solved here can be extended
to include stop loss constraints on the P&L and will be discussed, with these additional
constraints, in a forthcoming publication with C.Lopez uorthcoming).
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