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Abstract
This paper describes an alternative discretization strategy for mean-reverting models which permits the use of implicit finite difference methods along lines developed for explicit methods by
Hull and White (1990a). This provides significantbenefits in terms of stability, convergence, and
flexibility. A technique for fitting the initial term structure is developed which is similar to that
proposed by Uhrig and Walter (1996), but much more efficient computationally. The approach
is illustrated with applications to three common single factor models and two factor stochastic
volatility extensions of these models.
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1 Introduction
main approaches have emerged in the modem literatureon the pricing of interest rate contingent claims. Each is intended to ensure that the model being used is consistent with an observed
initial yield curve. The first strategy involves specifying the evolution of some small number
of points on the yield curve (typically just one - the instantaneous risk free rate) and incorporating time-dependent parameters into the model in order to meet the consistency requirement.
Among the early contributors to this literature were Hull and White (1990b), Black, Derman,
and Toy (1990), Jamshidian (1991). and Black and Karasinski (1991).
The second line of attack was pioneered by Heath, Jarrow, and Morton (1992). It takes
the entire term structure as a model input and specifies its subsequent evolution over time in
an arbitrage-free manner. This is automatically consistent with today's yield curve, so there is
no need to augment the model with time-dependent parameters. The price to be paid for this
convenience is that the model typically ends up being non-Markovian and is then relatively hard
to implement, especially for American-style claims.
If a time-dependent parameter approach is to be used, an efficient method must be available
to determine these parameters from the observed term structure. As pointed out by Uhrig and
Walter (1996). many of the early papers in this area feature techniques which are applicable
only to a specific interest rate model. Perhaps the first authors to attempt to address this were
Hull and White (1993). in the context of a trinomial lattice which was built upon the framework
described in Hull and White (1990a). This is essentially an explicit finite difference method
for solving a partial differential equation (PDE). As is well-known, such methods are prone to
stability problems unless certain conditions are satisfied. These conditions restrict the size of a
time step relative to the spacing between points on the discrete grid. It can be difficult to satisfy
them unless the model is first transformed to one with constant standard deviation. Moreover,
the Hull and White method requires that the model be mean-reverting after the transformation,
which may not be true for some parameter values. Similarly, it can be hard to vary time step
sizes so as to match cash flow dates. The entire approach is inherently rather inflexible, though
Hull and White have managed to address many of these and related issues in a series of recent
papers (Hull and White (1994a, 1994b, 1996)).
One promising alternative is to use an implicit finite difference technique. Such methods
are unconditionally stable, and therefore quite flexible. For example, there are no obstacles to
changing the time step size in order to hit a cash flow date exactly. There is no need to transform
the model to one with constant standard deviation. As a result, some cases can be handled using
this type of approach which cannot be fit into the Hull and White framework. Such an approach
has been advocated in a recent paper by Uhrig and Walter (1996), who describe an "inverted
implicit finite difference" method and apply it to several common single factor models.
The contributions of the present paper build on the ideas of both Hull and White (1990a) and
Uhrig and Walter (1996). As will be discussed in greater detail below, one of the advantages of
the Hull and White explicit method is that it avoids the specification of boundary conditions at
the end points of the spatial grid. This can be a desirable feature in models with mean-reversion.
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This paper demonstrates that this can effectively also be accomplished for implicit methods,
through a slight change in the discretization strategy. As noted above, this offers superior stability, convergence, and flexibility properties. This alternative strategy can then be combined
with the Uhrig and Walter approach to fit the initial term structure. Significant computational
efficiency can be gained by using the discretization strategy proposed here in conjunction with a
different choice for the time-dependent parameter than that advocated by Uhrig and Walter. The
approach is demonstrated with applications to three common single factor term structure models
as well as three bivariate stochastic volatility extensions of these models.
The outline of the paper is as follows. Section 2 describes in detail the alternative discretization strategy. Section 3 provides an example which shows the superior accuracy of this approach
as well as some potential speed improvements. Section 4 describes one way how to calibrate
models to fit an initial term structure, and it is followed by Section 5 which presents illustrative
applications. Section 6 concludes with a brief summary.

2 A Discretization Strategy for Mean-Reverting Models
This section presents a discretization scheme for PDE models of contingent claims valuation
where the underlying factor(s) are mean-reverting. In such situations, the state variables have
a tendency to move back towards some central value as time moves forward. It is important
to remember, though, that time actually moves backwards when one solves a PDE to find the
price of a contingent claim (i.e. the pricing algorithm works back from the terminal payoff to the
current time). In this context, the state variable@)are not tending towards a central value, but
rather spreading out. In other words, the flow of information runs out towards the boundaries
of the computational domain. Consequently, it is desirable to design pricing algorithms in such
a way that any boundary conditions imposed on the edges of the computational domain arise
naturally from the problem at hand. The well-known Hull and White (1990a) trinomial lattice
technique accomplishes this by avoiding any specification of boundary conditions (except of
course for the terminal payoff). Unfortunately, it is an explicit type of method and is therefore
prone to stability problems. The objective in this section is to circumvent these concerns by
designing an implicit scheme with similar properties in terms of the boundary conditions. The
method used is a simple two point upstream technique. Such methods are commonly used in
other applications of numerical solutions of PDEs (e.g. computational fluid dynamics), but they
appear
- * to be relatively unknown in the finance literature.'
The easiest way to understand the scheme relies on knowledge of the relationship between the
Hull and White (1990a) trinomial lattice technique and standard finite difference approaches, and
so a brief review of those methods is presented first. The well-known one factor Vasicek (1977)
term structure model is used throughout the section for illustrative purposes. In this model the
instantaneousrisk free interest rate T evolves according to the mean-reverting process:

where B is a standard Brownian motion and K , 6, and u are parameters (respectively the speed
of adjustment, reversion level, and volatility). Assuming for simplicity that the market price of
interest rate risk is zero, the value of an interest rate contingent claim u may be found by solving
the following PDE:
subject to an appropriate terminal boundary condition. For example, the price of a pure discount
bond paying $1 at maturity date T, denoted by u (T,t, T), is found by solving (2) subject to
u (T,T,T)= 1. In order to solve (2) numerically,a discrete grid can be constructed for values of
r over some interval [r,i,, r,,].
Assume that this grid has M evenly spaced points rl, . . . ,rM
and denote the distance between successive points by AT. Let the value of & at the i-th grid
point at time step n be u:. In a centrally-weighted explicit scheme the derivatives in (2) are
approximated by:

+

where At is the length of the time step between n and n 1. It is common in finance (though
not standard in the PDE literature) to use riul for the FU term in (2). Substitution into (2) and
rearrangement yields:

+
uy(1+ rAt) = pi,i-lu~_+~

v+lun+'
i+l
+ p..

(4)

where

Note that the p's sum to one. Provided that they are all positive, the scheme has the familiar interpretation of risk-neutral probabilities and a trinomial lattice (where, over the next time interval,
r can either remain constant or go up or down by Ar).2 As noted by Hull and White (1990a, p.
92), positivity of the p's is a sufficient condition for the stability of the explicit method.
Alternatively, the spatial derivatives u,, and u, can be approximated at time step n rather
than n 1. This yields an implicit scheme:

+

where

Such schemes are unconditionally stable (there is no requirement that the c's be positive), but
require the solution of a system of linear equations as well as some boundary information at rand r,.
In the present one dimensional context, the equation system is tridiagonal and so it can
be solved easily and quickly.
In models which feature mean-reversion, explicit schemes run into the difficulty that it is not
easy to ensure that the p's are all positive. In the Vasicek (1977) model, if r is low enough,
the upward drift will be strong enough that pis-1 (the probability of r decreasing over the next
time interval) becomes negative. Similarly, for sufficiently high r , the downward drift will cause
pi,i+l to be negative. This fact led Hull and White (1990a) to propose a modified trinomial lattice
method.
The basic idea of Hull and White (1990a) can be described as follow^.^ Consider 6rst moderate values of T such that the grid point closest to the expected value of r after another time step
is the current grid point (i.e. the absolute value of the expected change in r over At is less than
Ar/2). In such cases construct a trinomial lattice by solving:

for the p s . The idea is simply to find probabilities to match the first and second moments of
the change in r over At. These probabilities are denoted by 8 since they are not the same as the
p's for the standard explicit method in equation (5). However, if the second term on the right
hand side of the middle equation in (8) is dropped, then it is straightforward to verify that the
solution to (8) is equal to the p's given in (5). This amounts to approximating the second moment
by the variance. The error involved is of order
It should be emphasized that this is only
an error in the sense of matching the second moment in a lattice, not in the context of a formal
discretization of the PDE.The p's which solve (8) are used provided that they are all positive.
When T gets too low for this to be the case, say at value rl, modify the branching in the lattice
so that r either remains constant, goes up by Ar, or goes up by 2Ar. Note that this truncates the
computational domain since r will not go below rl. Form a set of equations analogous to (8) to
find probabilities to match the first two moments:

Similarly, when r becomes too high for the probabilities under the regular branching process to
be positive, say at value T M , modify the lattice so that r either remains at T M , decreases by Ar,
or decreases by 2Ar. Again, this limits the range of computation since r is constrained to not
increase beyond r ~ and generates the following set of equations which can be used to determine
probabilities:

To summarize, the Hull and White (1990a) method is a trinomial lattice where (risk-neutral)
probabilities are determined so as to match the first two moments of the change in r over time
internal At. Owing to mean-reversion, the branching in the lattice is modified at rl and r ~ ,
truncating the computational domain. This method is popular, fast, and generally quite accurate.
It has been extended by Hull and White (1990a, 1993,1994a, 1994b. 1996) in a series of papers
dealing with issues such as an additional state variable and matching initial yield curves and
term structuresof interest rate volatilities through incorporatingtime-dependent parameters. One
potential problem in the single factor case is that the underlying state variable is required to have
constant standard deviation. Models where this is not the case (such as the Cox, Ingersoll, and
Ross (1985) square root specification)must be transformed in order to apply the Hull and White
technique. However, as pointed out by Tian (1994). depending on the parameter values the
transformed process may or may not be mean-reverting. If it is not, then the Hull and White
method will not converge. Another potential difficulty is that applying the technique in the case
of a two factor model requires that the factors be orthogonalized and that they be mean-reverting
after the transformation. Again, this may not be the case. Furthermore, some models such as
the EGARCH stochastic volatility specifications examined by Andersen and Lund (1996) and
Vetzal (1997) cannot be transformed in a way such that the Hull and White method can be
applied.
Finally, and most importantly for present purposes, Hull and White's approach is strictly
an explicit type of method. They do not provide an implicit version, in part because in some
situations there may be no obvious boundary conditions to apply at the end points rl and r M .
Indeed, Hull and White claim that explicit methods are superior on these grounds since "the
explicit finite difference method has the advantage that it can require the specification of fewer
boundary conditions than the implicit method" (1990a, p. 92). Furthermore, "errors are introduced by the redundant boundary conditions in implicit methods" (p. 99). On one level, these
comments are correct. Equation (2) is formally a parabolic equation and technically does require
the specification of boundary conditions at the end points of the grid if an implicit method is
used. However, as the absolute value of r gets large, the magnitude of what is referred to in the

PDE literature as the convection coefficient, rc(0 - T), swamps that of the diffusion coefficient,
the constant 0'12. In other words, for extremely high or low values of r equation (2) is said
to be convection-dominated. Although formally parabolic, it behaves numerically as if it were
hyperbolic. Consequently, it is not only unnecessary to impose boundary conditions at the end
points of the grid, in fact it is desirable to avoid specifying them. However, to accomplish this in
the case of an implicit method requires a different discretization strategy.
Consider the following alternative. Construct a grid going from rl to TM and use a standard
method for the interior points TZ,. . . , TM-L. At the end points, proceed as follows. For rl, take
two Taylor's expansions around u (rl), one for u (rl + AT) and one for u (rl 2 b ) . Ignoring
higher than second order terms, this gives:

+

These can be rearranged to yield:

Similarly, at TM take two second order expansions around u (TM),one for u (TM- AT) and
one for u (TM - AT):

Rearranging gives:

This implies that an explicit method can be constructed in the following way. For the interior
grid points rz, . . . , T M - ~ the standard explicit scheme given by (4) and (5) applies. At the minimum value of T,take the discrete analogues of the spatial derivatives in (1 1) at time step n 1
and substitute into the PDE (2) to obtain:

+

where

Note that these p's sum to one. Furthermore, recall the relationship for the interior grid points
between the probabilities for the standard explicit method in (5) and the Hull and White probabilities generated by (8): they would be identical if the term in the second equation of (8) which
is of order (at)' was ignored. In fact, the same relationshi holds here. The probabilities given
by (16) are the solution to (9) when the term of order ( A t )!. 1s dropped from the right hand side
of the second equation.
Similarly, at the maximum value of r substitute the discrete analogues of (13) at time step
n 1for the spatial derivatives in (2) to find:

+

where

.

PM,M

.

1 [u2At 3r (8 - r ~At]
)
= 1 - 2 (~r)'
AT

+

+

As before, these p's sum to one and are also the solution to the corresponding Hull and White
equations (10) when the term of order ( ~ t )is' dropped.
It is clear that this proposed explicit method is quite similar to that of Hull and White, becoming identical to it as At + 0. It is constructed so that the relationship between the standard
explicit method and the Hull and White trinomial lattice for the interior grid points also holds
at each of the end points. Moreover, the Taylor's series approach permits the construction of an
implicit scheme along similar lines, merely by evaluating the derivativesin (12) and (14) at time
step n rather than at n 1 as for the explicit case. In particular, at the minimum value of r:

+

where

Notice that this discretization strategy avoids the requirement of imposing a specific boundary
condition at rl. The standard impiicit scheme given by (6) and (7) applies for the interior points
TZ,. . . ,TM-1,and at the maximum value of T:

where

Again, no specific boundary condition is required at the end point. It is also worth noting that
although this implicit scheme is not tridiagonal, it can easily be converted to a tridiagonal fotm
by taking appropriate linear combinations of the equations at TI and r 2 and of the equations
at TM-I and TM. As a result, the equation system can be solved very quickly. Several further
features of this proposed scheme deserve emphasis:
0

Equally weighted combinations of the explicit and implicit versions may be taken to fotm
a Crank-Nicolson scheme. This has the advantage of being second order accurate in time.
Consequently,much larger time steps can be taken without significant loss of accuracy.
The scheme is very flexible with regard to grid construction. There is no requirement that
the coefficients be positive for either an implicit or Crank-Nicolson version, so the end
points of the grid may be selected in advance in these cases, rather than determined as a
function of parameters as in the Hull and White technique. Furthemore, it is easy to adapt
the method to an unevenly spaced grid. This means that more grid points can be placed for
greater accuracy in areas of particular interest (such as regions where options are near-themoney). Also, grid points may be placed exactly on nodes for greater accuracy in valuing
By contrast, the Hull and White technique is nowhere near as
barrier types of clairn~.~
flexible. Being an explicit method, there is limited scope for modifying the spatial grid
without also changing the time step.
The implicit and Crank-Nicolson versions of the scheme are also flexible with regard to
choice of time step, so this can be varied in such a way as to match cash flow dates exactly

or to provide greater accuracy near the maturity date of an option. Again, this is hard to do
in the Hull and White method without also changing the spatial grid.
The scheme can be easily extended to accommodate more than one mean-reverting factor.
There is no requirement (except perhaps in the explicit case) for the underlying factor to
be transformed to a new state variable with constant standard deviation, or in the case
of multiple factors, for the factors to be orthogonalized. Consequently, the method can
be used in cases where the Hull and White scheme cannot, such as situations where the
factor is not mean-revertingafter the transformation and the EGARCH stochastic volatility
models alluded to previously.5 It should be emphasized, however, that if the model is not
transformed to one with constant standard deviation, then the PDE may not be convectiondominated for large values of the factor and the use of this discretization scheme needs to
be justified on other grounds. This will be discussed further below in Section 5.
To summarize, the method outlined here shares with the Hull and White technique the important feature of avoiding the specification of boundary conditions for models with mean-reversion
(and constant standard deviation). However, the method proposed here has a number of additional desirable properties. Most of these derive from the ability to construct an implicit andlor
Crank-Nicolson scheme, which removes many of the grid constraints required for an explicit
method. It is also more general in that it can be applied in some situations where the Hull and
White method cannot be.

3 A Numerical Example
This section provides a comparison of the performance of the Hull and White (1990a) method
with explicit-and crank-~icolsonversions of the scheme proposed in this paper. Again, the
single factor Vasicek (1977) model is used for illustrative purposes. The following parameter
values are used: K = 1.2, 0 = .08, and a = .05.6 The market price of interest rate risk is
assumed to be zero and the current value of T is 8%. The interest rate grid spacing AT is fixed at
100 basis points in all cases. Using Hull and White's recommended value of At = (AT)' /3a2
implies 75 time steps per year. The model is solved for the price of a pure discount bond with a
face value of $100 out to a horizon of T = 30 years.
In the cases of the Hull and White and explicit methods, the requirement of keeping the probabilities positive determines the range of the interest rate grid. For the Hull and White method,
the values of T&, and T,, turn out to be -24% and 40% respectively. For the explicit method
described here, the grid runs from -12% to 28%. As noted previously, there is no requirement
for the coefficients to be positive in the Crank-Nicolson scheme, so the end points of the grid can
potentially be set equal to any reasonable values. For reasons of comparability, here the grid is
set to be the same as for the explicit scheme. To demonstrate the advantage of being able to take
much larger time steps with the Crank-Nicolson method, results are reported for two different
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Vasicek Model Bond Pricing Results
Time steps
per year
HW
75
Explicit
75
CN
75
CN-a
4
Model

Execution time
Maximum Absolute Error
(in seconds) Discount Function Final Grid Values
2.228e-02
1.75%-02
0.48
-12% 28%
1.165e-02
1.946~-02
0.41
-12% 28%
9.011e-06
0.48
2.828e-05
-12% 28%
1.204e-03
0.04
8.766e-04
r

r
-24% 40%

cases: 75 time steps per year and 4 time steps per year. The algorithms were coded in Fortran-77
and run on a DEC Alpha 2100 workstation.
Table 1 summarizes the results. The first four columns of the table identify the model ("W
for Hull and White, "Explicit" for the explicit scheme, "CN" for the Crank-Nicolson scheme with
75 time steps per year, and "CN-q" for the Crank-Nicolson scheme with quarterly time steps),
the number of time steps, and the range of the interest rate grid. The fifth column contains the
amount of CPU seconds required. The last two columns each present measures of the maximum
absolute error from comparing the numerical solution with the analytic solution provided by
Vasicek (1977). The first of these, labelled "Discount Function", is computed over each time
step during the 30 year period at the grid point where r = 8%. The second, "Final Grid Values",
is calculated for each value of r on the grid at T = 30 years.
All of the methods are quite fast and accurate, but it is the relative comparison across models
which is of most interest here. The Hull and White model produces a maximum absolute error
of slightly over 2 cents (given the $100 face value) for the discount function and a little under
2 cents for the final grid values, taking less than 112 second of computer time. The explicit
method presented here proves to be slightly faster (not surprising given the narrower grid) and
also a bit more accurate. The Crank-Nicolson method is dramatically superior. With 75 time
steps per year, it is just as fast (on a narrower grid) as Hull and White's method, but much more
accurate.' With quarterly time steps, it is about 10 times faster than the other methods and yet
retains significantly better accuracy than either the explicit or the Hull and White method. For
instance, the maximum absolute error (for either the discount function or the final grid values)
is almost 20 times smaller than for the Hull and White technique. Figure 1 plots the errors in
computing both the discount function and the final grid values and reinforces these conclusions,
showing that they apply uniformly across the errors, not just for the largest errors.

Figure 1: Errors in Computing Discount Function and Final Grid Values

4 Fitting The Initial Term Structure
This section describes a method for calibrating an interest rate model to a given term structure
by using a time-dependent parameter. This has been done in various ways by authors such as
Black, Derman, and Toy (1990), Jamshidian (1991). Black and Karasinski (1991), and Hull and
White (1993, 1994a, 1994b, 1996). All of these papers are written in the context of tree-based
methods and describe techniques which are inapplicable for either a Crank-Nicolson or implicit
finite difference approach. Uhrig and Walter (1996) describe a technique for an implicit method,
and the strategy taken here is in many ways similar to theirs. There are, however, some significant
differences, and these will be described in detail below.
Before going further, it should be emphasized that any approach involving time-dependent
parameters is actually only necessary in the case of American-style claims. European-style securities can be easily handled using an adjustment proposed by Dybvig (1989). As Dybvig's
method will form the basis of the approach to be outlined below for American-style securities, it
merits a summary here. Dybvig's main result is contained in his Theorem 1, which is reproduced
below with minor notational changes:

Theorem 1 (Dybvig) Let ra be any interest rateprocess, let rbbe an interest rateprocess which
is afunction of time alone, and let the interest rate process rc be defined by re = ra + rb. Let
the current (time t ) price of a pure discount bond paying $1 maturing at date s for processes
a and b be denoted by D"(r:, t , s ) and Db(r,b,t , s). Then the discount bond price for process
c is given by DC(r,",
t , s ) = DO(r,",
t , s ) x Db(r,b,t , s). Moreover; if interest rates follow the c
process, consider a claim paying at s somefunction f [r:,Dc(rS,s, T I ) ., . . ,Dc(r:,s, Tn)]of the
spot rate and various bond prices at s. At time t, this claim has the same value as a claim pays , T,)] underproing Db(r,b,t , s )f [ r , ~ rt, Da(r:,s, T1)Db(rt,s, T I ) ,. . . ,Da(r,O,s, Tn)Db(rt,

+

cess a.

Proof: See Dybvig (1989).
To clarify some details, consider the example of a European call option on a coupon bond. In
this case:

where there are n coupon payments of amount C paid at times T I ,. . . ,Tn after the option expiry
date s, the face value of the bond is F, and the strike price of the option is K. Then:

I

+ + F)DO(r:,s, Tn)Db(r;,s , T,) - K , o

C D " ( ~ s,
, "T, , ) ~ ~ ( rs,, T,)
b , (C

which can be rewritten as:

Since the rbprocess is deterministic, ~ ~ ( rt , Tb ), = gb(r,b,t , s)Db(rt,S , T ) for any T > s. Then
the expression above simplifies to:

This means that the price of the option can be computed in a manner consistent with the obsewed initial term structure using the following simple procedure. First, calculate the discount
function Da(r:, t, T ) for the interest rate model under consideration. This just involves computing the prices of pure discount bonds out to the maturity of the coupon bond underlying the option. Next, determine the Db(r,b,t, T) function by dividing the observed initial discount function
DC(rP,t, T ) by the model discount function Da(rp,t, T ) for each T . Third, calculate the option
t , T,) and the coupon payments by
price after multiplying the strike price by Db(rb,t, s)/Db(rb,
Db(rb,t , Ti)/Db(rb,
t , T,). Finally, multiply the computed option value by Db(rb,t, T,). This
type of method provides an easy way to price European-style options under any interest rate
model so that they are consistent with a given initial term structure.
American-style claims are somewhat more difficult to handle. For expositional simplicity,
consider the following single factor model for the spot risk free rate:

which implies this PDE for contingent claim valuation:
1
2

+ (e - T ) - 4 ( r )oral u, + ut - ru = 0

-a2rZBu,,

[K

(24)

where 4 ( r ) is the market price of interest rate risk. This is a well-known formulation, nesting
the models of Vasicek (1977) when P = 0, Cox, Ingersoll, and Ross (1985) when P = 112,
and Courtadon (1982) when P = 1. A common approach for pricing claims consistent with an
initial yield curve is to make one of the parameters in (24) a function of time. The problem is to
determine the time-dependent parameter in such a way that the model reproduces a given term
structure when used to price discount bonds. In the previous literature, the parameter chosen has
been either the reversion level 0 (see for example Hull and White (1996)) or some component
of the market price of risk function (Llhrig and Walter (1996)). Here a different choice is made
which tums out to have some significantpotential advantages.

Recall from above that the basic idea underlying Dybvig's (1989) approach for European
claims is to augment the interest rate model with an additional interest rate process rb which
is a function only of time. The price of a pure discount bond paying $1 at T under the rb
process is exp [- :J rb(s)ds].This is just the solution of the ordinary differential equation
ut - rb(t)u= 0 with boundary condition u(T) = 1. The form of this equation suggests the
following modification of (24):

This formulationhas two attractiveproperties. First, given that the rb(t)process has been chosen
so as to match the initial yield curve, European option values found by solving (25) are the same
(up to numerical error) as those calculated using Dybvig's method. This is not hue when P # 0 if
either the reversion level or the market price of risk is specified as a time-dependent parameter.'
Second, it often turns out to be much quicker in the PDE context to determine the rb(t)process
than to find either a time-dependent reversion level or price of risk. The reason for this will be
explained in detail below.
In general, in a Crank-Nicolsonscheme with time-dependentparameters the solution at some
time step n (denoted by un) is moved to the preceding time step by solving a set of linear equations of the form Anun-l = Bnun or un-l = A;'Bnun where A and B are square matrices
of size M and the subscript n is used to indicate than their elements may vary with the timedependent parameter? Similarly,

It turns out that for models of the form of (25) the matrices on the right hand side of (26) commute
under a fairly general set of circumstances. In other words,

This fact is the key as to why the method proposed here can be much faster than the Uhrig and
Walter (1996) technique. The basic reason why the matrices might commute is that it is possible
to find discretizationsof (25) for which the terms involving rbappear only on the diagonal of each
row of each matrix. By contrast, if any coefficient of u, (e.g. the reversion level or the market
price of risk) changes over time, then off-diagonal elements in the matrices will change. More
specifically, as rbchanges over time, for certain discretization schemes A,, and A,,-1 (and Bn and
Bn-l) retain exactly the same structure, differing only by some constant on their diagonals, which
under some conditions leads to the commuting property. This is summarized in the following
proposition:

Proposition 1 Assume that any one of A,, An-1. B,, or B,,-l has M linearly independent
eigenvectors and that A, and An-1 and Bn and Bn-] differ only by a constant on their diagonals.
Then
A ; ! ~ B , , - ~ AB,
;~ =A;~B,,A;:~B~-~
Proof: See Appendix.
The condition in the proposition that one of the four matrices has M linearly independent
eigenvectors is sufficient, but not necessary. Also, it can be extremely difficult to verify in
practice.1° For these reasons, it is probably better to view the proposition as suggesting that
the commuting property might hold and to simply check directly whether it does for the PDE
discretization under consideration. Even if the matrices do not commute, it is still of course
possible to use a standard forward induction approach such as that of Uhrig and Walter (1996).
To see why large increases in speed can be achieved if the matrices do commute, consider this
illustrative example. Suppose the prices of one, two, and three period pure discount bonds are to
be matched. The W g and Walter (1996) forward induction pwedure works as follows. First,
determine the parameter at initial time zero such that the first period bond price is matched. That
is, use ?me appropriate numerical search technique to find a parameter such that the elemeft of
A , ' B ~ corresponding
~
to the initial value of T generates the appropriatebond price, where 1is a
column vector of 1's corresponding to the terminal payoff of the bond in each state. For the two
period bond, it is necessary to find the value of the time-dependent parameter in Al and B1 such
that the appropriate element of Ai1B0A;'B11 satisfies the required condition, having stored the
previously calculated value in A. and Bo. Similarly, for the three period bond the problem !i
to find the parameter in A2 and B2 such that the appropriate element of A,'BOA;'B~A,'B~~
gives the correct price. Notice that for each time step, the model must be solved right back to the
initial time, using the previously generated parameter values along the way. In this example, the
model must be solved for one, two, and then three time steps, giving a total of six time steps.
However, if the matrices conyute, the problem-can be solved much more directly. For the
two period bond, A , ~ B ~ A ; ' B ~=I A;'BIAilBol. This means that the parameter value can
be found by simply using the solution vector A i l B o i from the preceding time step. This avoids
having to solve the model all the way back to the initial time. Similarly, the solution vector for
the three period bond is A;'B2 times the solution vector for the two period bond, and the timedependent parameter can again be found by using the vector of bond prices from the previous
step. The three period matching exercise requires solving the model over only three time steps
rather than six is the case if the matrices do not commute. In general, for an application with
N time steps, the method described by W g and Walter (1996) will effectively require solving
i = N ( N + 1)/2 time steps rather than over N steps when the matrices
the model over
commute. To get a-feel for the magnitudes involved, suppose weekly bond prices are to be
matched for a decade. This would require 520 time steps for commuting matrices and 135,460
time steps if the matrices do not commute.
Given this enormous potential improvement, it is natural to ask what kind of discretization
schemes will produce commuting matrices. Without being able to provide a definitive answer,
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it does seem that the key factor is that the discretization produces matrices which differ only by
a constant on the diagonals. In every case tested where this has been true, the matrices have
commuted. The issue which really must be addressed is boundary conditions, as any reasonable
discretization for interior grid points will place the rb(t)term only on the diagonal of the corresponding row in each matrix. The type of discretization scheme proposed in Section 2 works.
It effectively sidesteps the issue of having to specify boundary conditions, and the criterion is
satisfied because the coefficients of the ru term in the PDE show up only on the diagonals of the
matrices for both r- and r,,."
What about other discretization schemes which require the specification of boundary conditions at the end points of the grid? Suppose, for example, a model of the form of equation (25)
is being used with P 0. Given mean-reversion, r will be prevented from going below zero,
but there may not be an obvious boundary condition to apply at r- = 0. One possibility is to
simply substitute r = 0 into (25) to get d u , ut - rb(t)u= 0. The u, term could be evaluated
using a one-sided difference and the rb(t)term will show up on the diagonal. For the condition
at r,,, a standard procedure would be to note that u = 0 if r = +ca and impose this value
of u at some large r,,. This effectively puts a 1 on the diagonal of the last row of the matrix
and would appear to violate the requirement that the rb(t)term appear there. However, it can be
put there anyway because if U M = 0,then [ I + rb(t)]u~ = 0. This does suggest, though, that
boundary conditions of the type where u is specified to be some non-zero value will not work,
and this is indeed the case.12 It should be emphasized, however, that these kinds of boundary
conditions can easily be avoided for term structure models with mean-reverting factors by using
the methods described in Section 2.

+

+

5 Numerical Results
This section provides some numerical results for bond option prices for some one and two factor
models using the methods described above for discretizing the associated PDE and ensuring that
the models are consistent with a given initial term structure. Six models are used. The first three
are single factor models corresponding to the choices of ,Ll = 0,P = 112, and P = 1 in (23)
and (25). As noted previously, these values of ,Ll generate respectively the Vasicek (1977), Cox,
Ingersoll, and Ross (1985), and Courtadon (1982) models. The remaining models are EGARCH
stochastic volatility extensions of these univariate models of the type investigated by Melino and
Turnbull (1990).
.
. Such extensions have been shown to orovide a much imoroved fit to historical
short term interest rate data by Andersen and Lund (1996) and Vetzal(1967). They are given by
the following bivariate specification:

where IC,0, a, 6,7,and p are parameters and B(') and B ( ~are
) standard Brownian motions. The
PDE for contingent claims prices is:
1

-2 [a2r2'ur,+ 2mar%, + ? ' 2 ~ , , ]

=

+ [IC (0 - r ) ]U . +[a+ 6v]u, +ut - [r + rb(t)]u = 0

(28)

where v In a and the market prices of risk have been set to zero both for simplicity and to facilitate comparisons across the models.13 Several earlier papers have provided similar comparisons,
particul&ly for the single factor models. Examples include the papers of Buser, Hendershott,
and Sanders (1990), Hull and White (1993), Uhrig and Walter (1996), and Vetzal(1997). The
general conclusion of these studies is that the models tend to produce quite similar values for
European bond options, except possibly for deep out-of-the-money options, provided that they
are constrained to have similar levels of volatility and that they are consistent with the initial term
structure. An issue to be investigated in this section is the extent to which similar conclusions
apply to American-style options.
Before proceeding further, it is necessary at this stage to discuss some technical issues regarding boundary conditions which arise when p # 0 . - ~ h ejustification for the discretization
scheme presented in Section 2 relies on the PDE being convection-dominated for extremely high
or low values of r , but this may not be the case if p # 0 for large positive values of r.14 As
a result, it is technically necessary to specify some boundary condition when T is large. Note
that the -TU term in the PDE is a source of exponential decay, driving the solution to zero for
large positive values of r. This also causes all derivatives with respect to r to approach zero,
so the boundary condition requirement can be satisfied by imposing that either u itself or some
derivative of u with respect to r equals zero. An obvious candidate is u,, = 0. This condition
arises naturally in the numerical solution when the discretization strategy outlined in Section 2 is
used due to the dominance of the exponential decay term?5 This justifies the use of the scheme,
even if the PDE is not convection-dominatedfor large positive values of r.'"
The parameter values to be used are presented in Table 2.17 The omitted values of IC are used
to control for the level of bond price volatility. Specifically, the value of K. = 1.5 for the single
factor p = 112 case is used for that model. The values of IC for the other models are found
by using a standard numerical search procedure to match the price of a European option for a
particular strike price to that produced by the one factor P = 112 model. Note that IC is not
specified as a time-dependent parameter, but rather is set to be a different constant depending
on the option under con~ideration.'~Specifying IC to be a function of time has some undesirable consequences. From a strictly numerical point of view, the problem is that it destroys the
matrix commuting property. More fundamentally, making volatility time-dependent can cause
significant pricing errors when the model is applied to claims which depend on the future level
of volatility (e.g. American-style options).lQ
Before presenting option pricing results, it is useful to provide some indication of the computing timirequiredforthe methods used. For ~uropean-styleoptions, one strategy is to simply
use the adjustment proposed by Dybvig (1989). Another possibility (which can also be used for
American-style options) is to compute the values of the time-dependent parameter rb(t)in the

Table 2

II
I

Parameter Values
Single Factor Models

%o Factor Models

PDE and then solve the model using these values. Table 3 provides some results. In each case
the programs were coded in Fortran-77 and run on a DEC Alpha 2100 computer. The sample
problem involved pricing a five year option on a ten year coupon bond using weekly time steps.
The Crank-Nicolson method was used for the discretization strategy proposed in Section 2. The
grids used contained 31 points for r , and in the two factor case, 21 points for v. The outstanding feature of the table is the difference in the time required for computing the time-dependent
parameter using the method of forward induction as opposed to the commuting matrices method
proposed in this paper. It should be emphasized that both methods produce the same sequence of
parameter values. For the single factor model, the commuting matrices technique takes about 1M
of a second but the forward induction method takes around a minute. Even more dramatically,
in the two factor case it takes about a minute and a half using the first method but about sevenand-a-half hours using the second method. The other feature of the table is that Dybvig's method
is somewhat faster atproducing option values than solving the model using the timeaepndent
parameter sequence. This is not surprising as the latter technique requires changing the matrices
involved at each time step whereas the former does not (though it does require solving the model
twice, first to generate the required adjustments for term structure consistency and second to
compute the option value). As a final comment, it should be pointed out that there are a couple
of reasons why the execution times for the two factor model are much slower than for the one
factor case. The most fundamental reason is the well-known fact that the computational effort
required to solve a PDE is exponential in the number of dimensions. Second, the sparse matrix
software used here is designed for matrices of a general sparsity pattern and does not exploit the

I

I
I

Table 3
Sample Execution Timing Results
5 Year Option on 10 Year Coupon Bond, Weekly Time Steps

I

CPU Seconds on DEC Alpha 2100
Task
Compute Eurouean
option value
*
using Dybvig's method
Generate time-deuendentparameter
sequence (commuting matrices)
Generate time-dependentparameter
sequence (forward induction)
Compute option value using
timedeoendent oarameter seauence

-

l b o Factor Model

One Factor Model
(31 grid points)

(31 x 21 grid points)

0.07

30.64

0.35

84.38

57.96

27,183.43

0.13

33.48

I

particular structure of the matrices to speed up computation. By contrast, the one factor model
produces tridiagonal matrices which can be solved very quickly.20
Table 4 presents some sample results for European call options. l b o cases are considered: a
one year option on a two year bond and a five year option on a ten year bond. The underlying
bond has a face value of $100 and pays an 8% semi-annual coupon. The initial term structure is
flat at 8%. The initial level of v is set to its reversion level of -a16 for each of the stochastic
volatility models. The Crank-Nicolson method was used on evenly spaced grids with weekly
time steps in every case. The interest rate reversion speed parameter K was adjusted across the
models so that they all produced the same option value for a strike price of $100. Analytic solutions are available for the single factor models where P # 1 and are provided in ~arentheses.~'
These suggest that the pricing errors for the numerical method are fairly small in those particular
cases. Broadly speaking, the results correspond to those reported in the previous literature cited
above. There is not much difference in the option prices across the various models, except (in
percentage terms) for deep out-of-the-money options. The stochastic volatility models produce
somewhat higher values in these cases. Option prices generally decline with P, though some exceptions to this are apparent for options which are deeper in-the-money (more so for the longer
maturity case).
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Table 4
European Call Option Values
Option
1 year
option
on 2 year
bond

Strike
98

One Factor

k o Factor

m

99
100
101

5 year

option
on 10 year
bond

102
98
99
100
101
102

The underlying bond has a face value of $100 and pays an 8% semi-annual coupon. The term structure is
flat at 8%. For the two factor models, the initial value of v = - 4 6 . Available analytic solutions are in
parentheses.
To approximately gauge the effect of the initial level of T , Figure 2 plots the option values
for the single factor P = 112 model for the two cases with a strike price of $100 across a range
of values of r . Of course, these numbers are not economically correct in that they have all been
adjusted so as to be consistent with a particular initial yield curve at r = 8%. However, it is still
interesting to observe how the large range in values for the short maturity case (from 2 cents to
87 cents) is compressed to only about 4 cents in the longer maturity case. This pattern is exactly
what one would expect given mean-reversion - as maturity increases, the initial value becomes
much less important. Nonetheless, it is perhaps surprising how quickly this effect occurs.
The two panels of Figure 3 illustrate the same type of phenomenon in the two factor case.
The spread of values for the short maturity case is about $1.65, dropping to around 5 cents for the
other option. Interestingly, the effect of the initial level of v is almost non-existent in this latter

Single Factor Model European Bond Option Values

om 1

0.m

0.05

0.10

0.15

OM

0.23

0.30

I

Figure 2: Single factor model (P = 112) European bond option values. The underlying bond
has a face value of $100 and pays an 8% semi-annual coupon. The strike price is $100. Option
values are computed so that they are consistent with an initial term structure which is flat at 8%.

l b o Factor Model European Bond Option Values
1ycP~onZyurbOnd

Option Vdvc
0.25
0.23
0.21
0.19
0.17
0.15

0.m

Figure 3: 'lko factor model (P = 112) European bond option values. The underlying bond has a
face value of $100 and pays an 8%semi-annual coupon. The strike price is $100. Option values
are computed so that they are consistent with an initial term structure which is flat at 8%.

Table 5
American Call Option Values
Option
1 year
option
on 2 year
bond

5 Yea

option
on 10 year
bond

Strike
-

n o Factor

p = 112

100
101
102
103
104
105
106
100
101
102
103
104
105
106
-

The underlying bond has a face value of $100 and pays an 8% semi-annual coupon. The term structure is
flat at 8%. For the two factor models, the initial value of v = -a/&
case. Clearly, slower rates of mean-reversion in v would imply greater effects, but relatively fast
adjustment speeds in v seem to be characteristic of historical data.22This suggests that the effects
of the initial level of v on long tern European option values are likely to be quite small, unless
the market price of volatility risk is such that the reversion rate of volatility is much slower under
the equivalent martingale measure.
Table 5 presents results for American call options.a3Note that the values of K for the various
models are kept the same as for the corresponding European option case -the models are still
forced to produce the same price for a European call with a strike price of $100. Comparing
prices with those in Table 4, it can be seen that the early exercise premia are huge, but the
same general pattern prevaikZ4The models all produce quite similar values for in-the-money
options, but there are now somewhat larger discrepanciesfor out-of-the-money options. This is
particularly true for the longer maturity options. The effects of P are most apparent for out-ofthe-money options (the values of which decline with P), again especially for the longer maturity
case. The stochastic volatility models typically produce higher values than their single factor
counterparts for options which are well out-of-the-money, but lower values for options which are
relatively deeper into-the-money. There are, however, exceptions to this pattern for the shorter
maturity cases when /3 # 1.
Table 6 repeats the exercise for American put options. There are a couple of noteworthy

Table 6
American Put Option Values

I

Option
1 year
option
on2 year
bond
5 Year
option
on 10 year
bond

I Strike ( p = 0
1 95 1 0.0094
96
97
98
92
93
94
95
96
97
98
99
100
101
102

One Factor

' h o Factor

0.1938
1.0647
2.0602
0.0140
0.0956
0.3550
0.8698
1.5800
2.3900
3.2604
4.1516
5.0602
5.9763
6.9311

The underlying bond has a face value of $100 and pays an 8%semi-annual coupon. The term structure is
flat at 8%. For the two factor models, the initial value of v = 4 6 .

differences here. First, for out-of-the-money options, the values for the one factor models are
increasing with p, whereas the prices for the two factor models are declining with P. Second,
there is a very small range of values over which the models generate any noticeable differences
in the shorter maturity case, but quite a large range in the longer maturity case. For all strike
prices above $98, the models all produce essentially identical prices for the one year option on
the two year bond. By contrast, in the case of the five year option on the ten year bond the price
differencesbetween the corresponding one and two factor models is around 15 cents for a strike
price of $100, and although it is not shown in the table, there are still differences of a cent or
two between the models even at a strike price of $106. The two factor models generate higher
values than their single factor counterparts for deep out-of-the-money options and lower values
for relatively in-the-money options, except when P = 1in which case lower values are produced
over the entire range of strike prices shown in the table.
To briefly summarize, while the results found here are more suggestive than conclusive,they
are in line with the previous literature for European-style options. Constraining different models
to match a given initial term structure and to be similar in terms of bond price volatility effectively forces them to generate quite similar option values, with the most significant differences
occurring for deep out-of-the-money options. The results here show that similar conclusions

apply in the case of American call options, though the effects are somewhat larger. American
put options also fit this general pattern, with even bigger price differences being observed for
the longer maturity cases. The impact of stochastic volatility is quite complicated and depends
on p. Generally speaking, the stochastic volatility models produce higher values than the corresponding single factor models for out-of-the-money options and lower values for options which
are relatively deeper into-the-money. Among the exceptions to this, however, are the P = 0 case
for European calls where the stochastic volatility model generates higher prices for both in and
out-of-the-money options. Also, the P = 1case for American puts produces lower values across
the board.

6 Summary
The first contribution in this paper is the two point upstream discretization strategy for meanreverting models. This improves on the well-known Hull and White (1990a) trinomial lattice in
several ways. By permitting the construction of an implicit (and hence also a Crank-Nicolson)
scheme, superior stability, grid spacing flexibility, and time step flexibility are attained. Unlike
the Hull and White method, it does not require the use of any transformations. It is therefore
more general because it can be applied in situations where the Hull and White technique cannot
be. The general applicability of the method should be emphasized - it can be used for any
model with mean-reverting factors provided that the PDE either becomes convection-dominated
for extreme values of the factors or that exponentialdecay drives the solutionto zero as the factors
get large. In addition to the specificationsdealt with in this paper, examples would include all of
the general factor models described in Section 2 of Duffie and Kan (1996), such as the models
of Longstaff and Schwartz (1992) and Chen and Scott (1992).
The second contribution is a demonstration of how to find European option values consistent
with an initial term structure along the lines of Dybvig (1989), but in a PDE context which also
permits the valuation of American-style claims in the same setting. Again, the generality of
the method is a significant strength. It can be applied to any Markovian interest rate model.
Most importantly, the two point upstream discretization scheme results in the commuting matrix
property, which provides huge efficiency gains in computer time.
Finally, as a demonstration of the methods some numerical results are provided for three
common single factor models and two factor stochastic volatility analogues of them. These
results reproduce the general pattern observed in the previous literature for European options,
but also show somewhat larger differences across models for American options, especially for
longer maturity cases.
Future related research topics might include examining possible efficiency gains from using
unevenly spaced grids and a exploration of time step selection schemes to take advantage of the
flexibility offered in that area. The generality of the methods described here may also prove
useful in empirical tests of alternative term structure models.

Notes
'Willmott, Dewynne, and Howison (1993, section 22.4.1) use a two point upstream method in a PDE
for Asian options. Zvan, Forsyth, and Vetzal (1996) explore the use of a more complicated variation
known as a flux limiter, again in the context of Asian options.
other words, prices are computed by working backwards from final payoffs, discounting expected
future values under the risk-neutral measure.

h he scheme is presented in a different form from that originally provided by Hull and White in order
to facilitate comparison with the method to be proposed here.
4The importance of doing this has been emphasized in the context of equity options by Cheuk and
Vorst (1996), among others.
5 ~ o mtransformations
e
may still be desirable on grounds of computational efficiency, but they are not
required in order for the method to work.
6These values are approximately equal to (annualized) parameter estimates based on historical U.S.
Treasury bill data reported by Vetzal(1997).
%ere is a negligible upward bias in the computing time for both the Hull and White method and the
explicit method in that bond prices are solved for over the entire interest rate grid for the full time horizon
rather than back only to the initial value of r in the cone-shaped region generated by the trinomial lattice
for the first few steps in the tree. For the Hull and White method, using the full grid over the entire time
horizon requires evaluating the bond price at 65 interest rate grid points x 2,250 time steps or 146,250
points. In a trinomial lattice, there are a total of ~ : , ( 2 i 1) = (N 1)' points after N time steps.
Here it takes 32 time steps to reach both r- and r,,, so the total number of points required would be
33' (2,250 - 32) x 65 = 145,259 points. By comparison, the explicit method used here requires 2,250
time steps x 41 interest rate grid values or 92,250 points and is only about .M seconds faster than the Hull
and White method with 146,250 points.

+

+

+

reason is that making 0 or q3 time-dependent involves changing the mean level of r under the
equivalent martingale measure, which in turn affects the variance in the model since it is a function of r if
P # 0.

he discussion here is in the context of a Crank-Nicolson scheme, but it applies to either a fully
explicit method if A, is an identity matrix for all n or to a fully implicit method if B, is an identity matrix
for all n.
1°1t is worth noting that this property is occasionally used in matrix stability analysis. For example,
Geske and Shastri (1985, p. 56) state that it holds "in general" and proceed to derive some standard
stability results.
"'This remains true for the cases of unevenly spaced grids and extensions to two factor mean-reverting

models using the same type of discretization.
120neexample could be the value at T- in the Vasicek (1977) model. Since there is nothing to prevent
from going negative in the model, one possible boundary condition is u = +m if r = -m, which could
be imposed by setting u equal to some large positive value for some large negative value of r.
T

13Similarly,when solving (25) the market price of interest rate risk 4 ( r ) will be set to zero throughout
this section.
14when P # 0, the lower boundary for r is zero. At this point the diffusion coefficient a2r2P/2 will
vanish, and so the PDE is convection-dominated at and near the lower boundary.

his is true for any value of P, including 0. In fact, this provides another perspective on the discretization scheme in that case. Instead of viewing the scheme as avoiding the specification of boundary
conditions, it can alternately be seen as imposing the natural boundary condition u,, = 0 when r gets
large. Of course, there is nothing unique about this discretization scheme in this regard. Since the boundary condition develops naturally in the numerical solution, any reasonable scheme will satisfy it.
16Notethat for the stochastic volatility specifications v is mean-reverting with constant standard deviation, so the PDE is convection-dominated with respect to v for extremely high or low values of v .
1 7 ~ h e s are
e approximately equal to annualized values of the parameter estimates reported in Vetzal(1997).
"A more satisfactory approach in actual empirical applications would be to choose n to minimize
model pricing errors over a sample of options.

lgF'or a good discussion of this issue, see Hull and White (1996), pp. 32-34.
'AS a point of comparison, using the general purpose sparse matrix routines on the one factor model
approximately triples the required computing time.

21~heseare based on the formulas for discount bond options provided by Jamshidian (1989) for the
model with P = 0 and Cox, Ingersoll, and Ross (1985) for the model with P = 1, converted to
coupon bond option formula using the well-known method of Jamshidian (1989). and adjusted using
Dybvig's (1989) technique to ensure consistency with the initial term structure.

he estimate of 6 used here for the P = 112 case implies that the half-life of a deviation from the
mean level of v is about 0.3 years. This is based on a data sample running from 1980 through 1990. Using
a much longer sample (19.54-1995). Andersen and Lund (1996) report an estimate of close to 0.65 years,
still not very long relative to the maturities of many interest rate derivative securities.
2 3 ~ o tthat
e strike prices must be adjusted to reflect accrued interest when evaluating the early exercise
decision. For particular details, see for example Longstaff (1993).
24~ongstaff(1993) reports early exercise premia of similar magnitude.
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Appendix Proof of Proposition 1
By Theorem 6.4.6 of Ortega (1987), any two M x M matrices with M linearly independent
common eigenvectorscommute under multiplication. By assumption, one of A,-,. B,-,, A,, or
B, has M linearly independent eigenvectors, so proving the proposition requires only showing
that A;!,, B,-1. A;', and B, all have the same eigenvectors.
Since B, and Bn-, only differ by some constant 7 on the diagonal, Bn-l = B, 7 1 where
I is an M x M identity matrix. Any vector x which satisfies [AI - B,] x = 0 also satisfies
[ ( A - 7 ) I - B,] x = 0, which establishes that B, and Bn-l have eigenvalues which differ by 7
but a common set of eigenvectors. A, and A,-, also differ only by a constant on the diagonal
and therefore also share a common set of eigenvectors. Since the eigenvectors of a matrix are the
same as for its inverse, A;' and A;!, have the same set of eigenvectors.
The last step is to show that the eigenvectors of A, and B, are the same. For a CrankNicolson scheme, it is always possible to write A, = I - C, and B, = I C, for some matrix
C,. The eigenvectorsx of A, satisfy:

+

+

[AI - (I - C,)] x = 0
Multiplying by -1 gives:

[(I- X)I - C,]X = 0

Substitution of X = 2 - b yields:

[(b- 1)I - C,]X = 0

which establishes that A, and B, have the same eigenvectors and completes the proof.
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