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Abstract 

Bartels (1995), following Bergman (1982), stated that derivations of the 
Black-Scholes PDE which follow the original approach of Black & Scholes 
(1973) are flawed, in that the time differential of the value of the hedge port- 
folio omits a term, but that a second error cancels out the first so that the 
option pricing formula is correct. In this paper we suggest that the error 
is one of terminology rather than methodology. Changes of value arising 
from additional investment or consumption should be excluded from rates 
of return, for example when considering arbitrage, and the original Black- 
Scholes analysis did employ the correct process. However, the distinction 
between rate of change of value and rate of return is not always made clear 
in expositions which follow the PDE approach. 
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1 Introduction 

Bartels (1995), following Bergman (1982), pointed out that  the analysis of 
Black & Scholes (1973) contained two mathematical errors, which were self- 
cancelling so that the famous option pricing formulae were nevertheless cor- 
rect. He also gave a more restrictive condition for the Black-Scholes formulae 
to hold, namely T = p + a2/2. He said: 

". . . even many text-books on this subject reproduce the wrong argu- 
mentation using erroneously the Black-Scholes hedge portfolio: obvi- 
ously they missed the fact, that contrary to the claim of Black-Scholes, 
the change in value of the hedge portfolio in a short time interval is 
not riskless . . ." 

and: 

"In studying the existing literature on this subject we find many incon- 
sistencies and I have got the impression that not only "many actuaries 
find themselves applying a formula which they don't understand prop- 
erly, and which they have never seen demonstrated" . . . but also most 
of the writers of text-books or of articles on this subject are just in 
the same unsatisfactory situation." 

That the original exposition contained lacunae is well-known. We revisit 
the topic for two reasons. 

I. Recently Clarkson (1997) cited Bartels (1995) as possible evidence of 
the inadequacy of the Black-Scholes analysis, in a contribution t o  the 
discussion of modern financial mathematics in the U.K. actuarial pro- 
fession. 

2. Bartels (1995) emphasised that the Black-Scholes formulae emerged 
intact once the errors in the original derivation were corrected. We 
think that this lays emphasis on the wrong point, as do some other 
recent commentaries on Black & Scholes. In fact, the Black-Scholes 
methodology emerges intact, which is much more important. 



2 Deriving the Black-Scholes PDE 

Black & Scholes (1973) formed a hedge portfolio containing a fixed number 
of shares and a varying number of derivatives. We follow what is by now the 
more usual approach, of holding a fixed number of derivatives and a varying 
number of shares; the argument is not affected. We use the term 'hedge 
portfolio' in the original sense just given; many later authors use the term 
to mean the portfolio containing shares and borrowed cash which replicates 
the derivative payoff; here we call that the 'replicating portfolio'. 

The stock price process St is assumed to follow geometric Brownian Mo- 
tion with constant drift and volatility: 

where z is a standard Brownian motion. (Bartels (1995) used a slightly dif- 
ferent parameterisation, but again the argument is not affected.) This is, of 
course, the original and most basic version of the analysis; these strict as- 
sumptions can be relaxed somewhat. Let the price of a European call option 
with strike price X and exercise time T be denoted ft; clearly ft depends 
on St. Assuming that this functional dependence satisfies the conditions for 
It6's Lemma to apply, we have: 

Therefore, if we form a hedged portfolio containing one short position in 
the derivative, and af/aS shares, the value of the portfolio, II,, follows the 
process: 

which is deterministic. Therefore, the portfolio earns the risk-free rate of 
return, r ,  so: 

and from these two equations, the Black-Scholes PDE is obtained 



The only difference between this and the original Black-Scholes analysis, 
is that the latter constructed a portfolio containing one share and a short 
position in (af /as)- '  derivatives. 

2.1 Where is the Mistake? 

Equation (3) follows from: 

However, a f / a S  is also a function of time, so the correct differential ought 
to be: 

which is not the same. (Bartels gave the corresponding expression under 
the original development.) The essential point is that, in the Black-Scholes 
analysis, the hedge ratio, af /aS,  or its inverse, is treated as a constant in 
obtaining dnt,  whereas it is not a constant. 

Bartels said "The conclusion, that from the absence of arbitrage opportu- 
nities it follows, that the rate of change in value of a riskless portfolio equals 
the riskless interest rate, is also not true, if one does not assume the extra 
condition of self-financing for the portfolio under consideration." In other 
words, equation (5) would be correct for a self-financing portfolio, but (from 
a proposition of Bergman (1982)) the Black-Scholes hedge portfolio is not 
self-financing. 

2.2 Bartels' Alternative Derivation 
Bartels offered an alternative derivation of the Black-Scholes formula ". . . by 
complete elementary methods avoiding ItB's calculus." The starting point is 
the assertion that the stock is consistently priced in the sense that (in our 
notation): 

E[St. ISt] = ~ ~ e ' ( ~ ' - ~ )  for arbitrary t < t* 



while, in the case of geometric Brownian Motion: 

and equating these leads to the Black-Scholes formula if r = p + u2/2. Note 
that equation (8) is correct under Bartels' parameterisation; under our pa- 
rameterisation the second exponential would not appear. 

3 Why the Mistake Does Not Invalidate Black- 
Scholes 

In this section we discuss why Black & Scholes were right after all, not only 
in respect of formulae, but also of methodology. The essential point is that, 
in deciding whether or not a portfolio generated by some trading strategy is 
riskless, we should consider only that part of the change of value which can 
be attributed to changes in asset prices, and exclude changes which can be 
attributed to external financing or consumption. The resulting quantity is 
exactly that which appears on the right side of equation (5), 

1. We agree with Bartels that the Black-Scholes hedge portfolio is not 
self-financing, although the portfolio which replicates the payoff is. 

2. We agree that the rate of change of value of the hedge portfolio is given 
by equation (6) and not equation (5), but precisely because the hedge 
portfolio is not self-financing it is not appropriate to use equation (6) 
in applying the no-arbitrage condition. 

3. The only 'error' in the conventional derivation of the Black-Scholes 
PDE is in describing the differential on the left side of equations (3) and 
(5) as the rate of change of portfolio value. However, we note that some 
authors, including Black & Scholes (1973) and Hull (1997) employ a 
discrete-time analogy which avoids the difficulty, albeit without saying 
that that is what they are doing. 

4. Bartels' alternative derivation simply gives the condition for hedging to 
give the same price as expectation. Since it makes use of the equivalent 
martingale measure, it does not avoid the use of It6 calculus. More 



important, it lays undue emphasis on the formula, when the important 
matter is the methodology. 

3.1 Self-financing Portfolios and It6 Calculus 

The problem is encapsulated in the following question: what is the rate of 
return on a portfolio which is not self-financing; that is, which is subject 
to additional investments or consumption a t  various times? This is what is 
needed when applying no-arbitrage arguments, and in fact this is what Black 
& Scholes (1973) used. Unfortunately they described it as a change of relative 
value, which it is not because their hedge portfolio is not self-financing. In 
other words, the method was right but the terminology was not. 

It is perhaps unfortunate that the It6 calculus is so often presented in 
differential notation, as in equation (1). This disguises the fact that we 
are dealing, not with differentials, but with integrals. Sample paths of It6 
processes are, almost surely, nowhere differentiable; therefore, symbols like 
dz and dSt do not carry their conventional meanings. Equation (I), for 
example, is not to be interpreted as a differential, it is shorthand for the 
integral equation: 

in which the second, stochastic, integral is not like its deterministic counter- 
part, despite appearances. See any introduction to SDEs, such as Bksendal 
(1995), for details. 

Here we define self-financing portfolios and ask the question: what is the 
rate of return on a portfolio which is not self-financing? 

Suppose, for the sake of argument, we have n assets with prices S: (i = 
1 , .  . . ,n; t = O,1, .  . . ,T). We form a portfolio which a t  time t contains 0: 
units of the ith asset, so the the portfolio has value %+ = 6'$,". No 
trading takes place during each time period, so a t  time t + 1 the portfolio has 
value = CiB$i+,. Trading then takes place, which may include the 
investment of new capital or consumption, after which the portfolio contains 
@+, units of the ith asset, and has value &+,+ = xi Oj+lS,"+l. 

Changes in the value of the portfolio arise from two sources: 



1. changes in asset prices during each time period; and 

2. investment or consumption a t  the start of each time period. 

and the value of the portfolio a t  time t ,  say, just after investment or con- 
sumption, is: 

t-1 t-1 

&+ = C e;s; + C C et(s;+, - s;) + C C(e;+, - ei)s;+, ( lo) 
I s=O i s=O i 

which, after some rearrangement, we can write as: 

t-1 t-1 t-1 

&+ = C 0;s; + C C etas:, + C C siaeg + C C ae;as ; .  (11) 
I s=O i s=O i s=O i 

A portfolio is self-financing if the last term in equation (10) is absent, or the 
last two terms in equation (11). Then we have: 

The answer to the question - what is the rate of return over one time 
period, of a portfolio which is not necessarily self-financing? - is given by: 

c e;(s:+, - s;) 
rate of return = 

C, e:sj 

which only depends on the increments of the process on the right side of equa- 
tion (12), whether or not the portfolio is seu-financing. If the portfolio is not 
self-financing, the process does not represent the portfolio value, but it does 
represent, through its increments, the rate of return with external investment 
and consumption stripped out. Over more than one time period, questions 
of (for example) time-weighted returns versus money-weighted returns might 
arise, but over one time period there are no such problems. 

Now turn to continuous time, and suppose we have n assets with prices 
St" (i = 1 , .  . . , n).  We form a portfolio which at  time t contains 0; units if the 



ith asset. Let the portfolio have value Q = C, BiS,'. Applying It8's Lemma 
to this. we have: 

in exact analogy with equation (11). The portfolio is self-financing if the 
last two terms are absent, equivalently if there is no additional investment 
or consumption: 

Now ask the question: what is the instantaneous rate of return at time 
t ,  meaning that part of the rate of change of value attributable to changing 
asset prices? Proceeding from the discrete case to the continuous limit, as 
in Merton (1990), we see that this depends only on the increments of the 
process: 

whether or not the portfolio is self-financing. 

3.2 Application to the Black-Scholes Hedge Portfolio 
The Black-Scholes hedge portfolio is not self-financing. This is obvious, since 
the portfolio contains: 

1. an unchanging short position in one derivative; and 

2. a changing quantity of shares, which involves sales and/or purchases. 

(In the original derivation, it would be the other way round.) That is, the 
asset price processes are St = ft and S: = St, and the portfolio is given by 
0: = -1 and 0: = a f / d S .  From the discussion above, the rate of return 
depends on the increments of the process: 



or, in the differential notation, on: 

and this is correct whether the hedge portfolio is self-fnancing or not. Bartels 
is clearly correct in saying that the change in value of the Black-Scholes hedge 
portfolio is given by 

but that is not the relevant quantity when considering rates of return and 
when applying the no-arbitrage assumption. 

We suggest that the most that can be said is that it would be an error 
to describe the differential (18) as the change of value of the hedge portfolio. 
We agree with Bartels that this might not always be made clear by authors, 
although we hesitate to say that this is because authors are unaware of the 
point. The important point is that the Black-Scholes methodology emerges 
intact, whether or not the quantity in (18) is always described with sufficient 
care. 

If we examine closely the argument, due to Merton (1990) and cited by 
Bartels (1995), that led us to conclude that the last two terms of equations 
(11) or (14) were irrelevant for measuring rates of return, we run into sub- 
tleties whose resolution depends on the construction of the It8 integral and its 
non-anticipating nature. If, therefore, the Black-Scholes analysis is presented 
without a discussion of It6 integrals, which is usual when the author chooses 
the PDE route, it is understandable if the issue is ducked. We would agree 
with Bartels (1995) to the extent that this has much potential to mislead. 

It is worth noting that Black & Scholes (1973) referred to the "change in 
the value of the equity [in the position] in a short interval At". Hull (1997) 
refers to the "change in the value of the portfolio in time At". It is perhaps 
unfair to call these errors when they are couched in terms of discrete time 
intervals At and not infinitesimal intervals dt, since that is tantamount to 
reliance on the discrete-time analogy, where the distinction is immaterial over 



any one time interval. Willmott et al. (1995), who also approach derivatives 
via PDEs, are quite explicit that the hedge ratio is held constant during each 
small time interval or other terms would arise. 

3.3 The Replicating Portfolio and the Martingale Ap- 
proach 

Although the hedge portfolio is not self-financing, the replicating portfolio 
is. That is, we can construct a portfolio containing af/aS shares, and an 
amount -lit of cash (strictly, the risk-free asset) which replicates the deriva- 
tive payoff. This can be shown to be self-financing. Its value satisfies the 
Black-Scholes PDE, which agrees with Bergman's equivalence theorem cited 
by Bartels (1995). 

A more illuminating approach to the whole problem is to note the ex- 
istence of a self-financing strategy replicating the payoff using a martingale 
approach (see for example, Baxter & Rennie (1996, Chapter 3)) and then find 
by direct computation that it gives the Black-Scholes hedge. This approach 
is founded explicitly on the representation of gain processes as It6 integrals, 
and therefore avoids the subtle pitfalls of the PDE approach. 

3.4 Bergman's Portfolio 

Bartels (1995) gave an example from Bergman (1982), as follows: form a port- 
folio, not self-financing, with eAt/2St shares and eAt/2 ft derivatives. Then 
the portfolio has value eAt, and is riskless, but since A can be made arbitrarily 
large, the return on the portfolio is not necessarily equal to r .  

This trading strategy is problematical. With positive probability, the 
call option expires worthless. In such a case, the investor must purchase 
unbounded quantities of options as expiry approaches. However, that is 
beside the point here: in considering the rate of return on the portfolio, it is 
only the following process that should be considered: 



We see that, although the portfolio's value is deterministic, the rate of return 
on it is not, so this is not a riskless portfolio at  all. Calling it such suggests 
confusion between rate of return and relative rate of change of value. 

3.5 Bartels' Alternative Derivation 

Bartels' alternative derivation arises from the two expectations (7) and (8) 
The first is the expectation under the equivalent martingale measure, while 
the latter is the expectation under the 'real world' probabilities; they are not 
equal unless r = p + a2/2. Perhaps matters are clearer if we write explicitly: 

E4[St. ISt] = ~ ~ e ' ( ~ * - ~ )  
and: 

where P is the 'real-world' measure and Q is the equivalent martingale mea- 
sure. In general these are different, and cannot be equated. An analagous 
error would be to note that any two Poisson distributions (on the same sam- 
ple space) are equivalent probability measures, in the same sense as that in 
which P and Q are equivalent probability measures, and to suppose that 
their expected values are therefore equal. 

Of course, if by chance Bartels' relation T = p + a2/2 did hold (under his 
parameterisation) then the Black-Scholes formula would be obtained under 
either of two methods; pricing under Q or pricing under P. In the first case 
it is assumed that hedging takes place, in the second that hedging does not 
take place. However, if hedging takes place the price given by Q is obtained 
regardless of the drift of P, so the relation is no more than the necessary 
condition for an actuarial risk-taker to calculate the same net price as a 
Black-Scholes hedger. 

Such 'proofs' of the Black-Scholes formula, purporting to avoid the use of 
It8 calculus, miss the point - it is the methodology which matters, not the 
formula. (In this instance, note that equation (20) depends on the construc- 
tion of the equivalent martingale measure, in which It8's calculus is needed.) 
That is why it is important t o  restate that it is not simply the formula but the 
methodology which emerges intact when the lacunae of the original exposition 
are addressed. 



4 Comments 

This paper would not have been written but for the fact that, after much 
argument, the actuarial profession in the U.K. is on the brink of accept- 
ing the need to catch up with modern financial mathematics. It is curious 
that, in a supposedly mathematical profession, much of the argument should 
have involved the mathematics itself. es~eciallv the use of stochastic calculus 
(Clarkson, 1997) which one would have thought could have been examined 
fairly objectively. In fairness, it is hard for the actuary who has not already 
begun to study the modern mathematics of finance to assess the worth of 
doing so, but it does seem to us that recourse to the judicial approach - 
weighing up opposing arguments rather than examining them forensically - 
has proved more tempting than recourse to the textbooks among substantial 
numbers of actuaries. Unfortunately, there is no saying whether correct or 
incorrect mathematics will weigh more heavily in scales like these. Opposing 
views there certainly are, and Bartels (1995) has been cited by opponents of 
modern financial mathematics. That is our reason for revisiting the question 
here. 

Finally, if Black & Scholes were ever in error, we can only wish that our 
own errors should be as good as theirs! 
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