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Summary 

The author has collected together examples from areas of actuarial work to which 
martingales have been applied, and described the theory to a level sufficient for these 
applications to be understood. The paper is divided into the following sections: 

Introduction 

1. Definitions and Notation 

2. Basic Inequalities 

3. Convergence 

4. Discrete-Time Stochastic Integration 

5. Continuous-Time Stochastic Integration 

6. Arbitrage Pricing Theory 

7. Continuous Processes and Ito’s Formula 

8. Brownian Motion 

9. Levy Process 

Bibliography 

39 

Richard Kwan
2nd AFIR Colloquium 1991, 4: 39-81



Résumé 

L'Utilisation des Martingales dans le Travail Actuariel 

L'auteur a rassemblé des exemples de domaines de travail actuariel auxquels des martingales 
ont été appliquées, et a décrit la théorie à un niveau suffisant pour que ces applications soient 
comprises. L'article est constitué des sections suivantes: 

Introduction 

1. Définitions et notation 

2. Inégalités de base 

3. Convergence 

4. Intégration stochastique en temps discret 

5. Intégration stochastique en temps continu 

6. Théorie de tarification d' arbitrage 

7. Processus continus et formule d'Ito 

8. La motion de Brown 

9. Le processus de Lévy 
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INTRODUCTION 

Martingale techniques are increasingly being used to tackle 
financial problems in all areas of actuarial work. This 
paper was written as a response to those actuaries who are 
eager to learn of new developments, but frustrated at the 
lack of intelligible expository material available. 

A martingale is a very simple concept, that of a random walk 
without drift. So the expected position of a martingale 
some time in the future is exactly where it is now. This 
simple idea can be used to construct more complicated 
processes via differential equations with a random 
component. These processes have a wide variety of 
applications, including 

Security price modelling 
Portfolio insurance 
Claims forecasting 
Asset-liability matching 
Premium rating 
Asset and Option pricing 
Investment strategy 
Control of large funds 
Equitable profit allocation 
Mortality/Morbidity modelling 
Macroeconomic growth modelling 
Market product pricing 
Risk theory 
Solvency and Ruin calculations 
Early warning systems 
Consumption/Investment problems 
Dynamic hedging strategies. 

This paper is written with these applications in mind, 
assuming a knowledge. of mathematics sufficient to pass 
actuarial examinations. Chapter 1 contains the basic 
definitions, after that the dependence of chapters on each 
other can be illustrated as follows: 

41 



It is hoped that with the aid of this article, the reader 
should be able to understand the literature currently 
available to actuaries using martingale approaches. 

1. Definitions and Notation 

1.1 A stochastic process is a time-dependent random 
variable. We will consider mainly processes which 
start at time 0. In discrete time, t will have 
values 0, 1, 2, and in continuous time t can be any 
real number greater than or equal to zero. 

We use Ft to denote all information available to an 
observer at time t. A process (Xt) is adapted if you 
can observe Xt at time t. 

Xt is a martingale if 

(i) 
(ii) 
(iii) 

where E denotes expectation. 

Xt is a submartingale if (i) and (ii) hold, and 
(iii) is replaced by 

Xt is a supermartingale if (i) and (ii) hold, and 
(iii) is replaced by 

Note: submartingales have an upward drift, and 
supermartingales have a downward drift. This might 
not be what you would guess! 

A process (Xt) is L2 - bounded if E(Xt) and Var(Xt) 
never get bigger than some fixed limit. 
This is equivalent to saying that E(Xt

2)  is bounded 
by a fixed bound. 

(Xt) is L1 - 
fixed limit. 

bounded if Ε( Xt  ) never exceeds some 

A random time T is a Stopping time if as soon as it 
happens, we know about it, i.e. at time t, we know 
T if it has happened already. We allow stopping 
times to take value + ∞ 
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1.2 Examples. The following might be modelled as 
stochastic processes: 

Price of a security 
Annual turnover for a business 
Underlying force of interest. 

The first two are adapted - we can observe them at 
the time to which they relate. The third would be 
calculated retrospectively, so this is not adapted. 
We shall see the importance of adaptedness in 
control theory, since you can't act on information 
you haven't got. 

A random walk Wt is defined as follows: 

W0 = 
Wt = + 1 with probability p 

- 1 with probability q = 1 - p, 

each step being independent of earlier steps. 
Then Wt has an upward drift if p ≥ ½ no drift if p = 

½. They correspond to 
submartingales, martingales, and supermartingales 
respectively. 

Another example of a martingale is given by 
consecutive central estimates of a random quantity. 
Let U = Ultimate total liability arising from one 
year of insurance underwriting. After a delay of t, 
our central estimate for U will be the conditional 
expectation , and then E(Mt 

= Ms s ≤ t so Mt is a 
martingale. This is sensible, since a martingale is 
a process with zero drift. If consecutive estimates 
of U showed a clear downward trend, this would show 
evidence of over reserving. 

Stopping times typically arise as the first time 
something happens. The first time there are more 
than 3 million unemployed in Britain is a stopping 
time. We hope this will take the value + ∞ , but it 
may not. 

I wish to buy a house when the prices are lowest. 
Unfortunately, I won't know when this is until after 
the event. This random time is therefore not a 
stopping time. 

1.3 Example - Wilkie Inflation Model 

This investment model, developed by David Wilkie, 
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has been widely written about. It contains a number 
of different elements, including one relating to 
price inflation. The model, with suggested 
parameters, is given by: 

Qt = Retail prices index at time t 
µ = 0.05 
a = 0.06 
σ = 0.05 
zt = 

variables. = 
sequence of independent N(0,1) 

backwards difference operator, 

Then 

Define 

So Mt has no drift, and so is a martingale. 

It can be shown that Nt = is also a 
martingale. 

Basic Inequalities 

Martingale theory can be used to assess solvency 
requirements, so it is very useful to have bounds on 
the various quantities involved. A series of basic 
inequalities, ascribed to Doob, are: 

2.1 Submartingale Inequality 

Let Zt be a non-negative submartingale. Define 

Then for any C > 0, 

where P denotes probability. 
We can see why this is plausible, for if Z is a non- 
negative random variable, and C > 0: 
define S(Z) = C 

0 
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then Z ≥  S(Z), so E(Z) ≥  E S(Z) = CP(Z ≥ C) + OP(Z<C) 
This is Markov's inequality. 
Now if Zt is a submartingale, it has an increasing 
trend so Zt will probably be fairly close to Zt . 
Markov's inequality implies that 

and the submartingale inequality strengthens this 
slightly. 

2.2 L
2
 - Inequality 

Let Mt be a martingale. Then 

where 

Thus, the furthest away from zero a martingale has 
been so far is unlikely to be more than twice where 
it is now. 

Note : In continuous time some technical problems 
can arise with evaluating the max. These can be 
avoided by either choosing a sufficiently nice 
version of the process, or replacing max by ess sup. 

2.3 Jensen's Inequality 

A convex function is one where on a graph, from 
anywhere above the function' you can see the whole 
graph. 

Convex function This is not convex, because 
you can't see B from A. 

Let Mt be a Martingale, and let C(.) be a convex 
function. Define 

Xt = C(Mt). 

Provided is finite for each t, Xt is then a 
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submartingale. This result is mainly useful for 
applying 2.1, for example we can have for 
some Martingale M. 

2.4 Example : e -RU Method 

In classical risk theory, the fund of an insurance 
company is modelled as follows: 

vt = fund at end of year t 
U = initial reserve 
Nt = cash flow in year t. 

We let 
V 0 = U 
V 
t 

= V 
t-1 + N t t = 1,2,3 . . . . . 

It is usually assumed that the Nt are independent and 
identically distributed. 

Suppose we can find R>O such that E(e -RNt ) = 1. 
Then let 

For s < t, we have 

So Mt is a martingale. 
We are ruined by time T if Vt ≤ 0 for some t ≤ T 
i.e. 1 for some t ≤ T 
i.e. 1, where 

But M is a non-negative submartingale, so by the 
submartingale inequality with c = 1, 

Thus, ruin probability 

3. Converqence 

These results are needed for infinite horizon 
control problems, where information is needed on 
behaviour at infinity. In more general situations, 
the theorems below can give a good intuitive insight 
into behaviour a long time in the future. 

3.1 Supermartingale Converqence Theorem 

Let Zt be an L¹ - bounded supermartingale. 
converges (with probability 1) to a limit Z 

Then Zt 

If Zt is a non-negative supermartingale, it is 
automatically L¹ bounded, for 
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Intuitively, is L¹ bounded, 
indefinitely. 

Zt so can't grow 
But Zt has a downward drift. Since it 

can't go down forever, it must eventually flatten 
out to some limiting value Z? 

3.2 Fatou Lemma 

Let (X : n = 0, 1. 2, . . . .) I be a sequence of non- 
negative random variables. Then 

The most useful form of this says that 
. . . . are non- negative and converge to 
then 

if X0,X1,X2,  
a limit X0, 

Corollary : Let Z be a non-negative supermartingale 
then 
A similar result holds for conditional expectations. 
Unfortunately, if Mt is an L1 bounded martingale, it 
is not necessarily true that We 
state a sufficient condition. 

3.3 L2 - bounded Martingales 

Let Mt be an L2 - bounded martingale. Then 

Corollary : and 

3.4 Pythaqoras Theorem 

Let Mt be a martingale. Then, in discrete time 

bounded if and only if 

This result is obvious if M has independent 
increments, and in general it is equivalent to 
saying that the increments are uncorrelated. 
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This has an important analogue in continuous time 
(Section 7.3, with p = 2). 

3.5 Example 

Let lt be the usual life function so lt = expected 
number of lives aged t, 
number observed in 

and let Xt be the actual 
a population with no new 

entrants. Thus, assuming independence of lives, 

Now let k>0. 
Binomial 
Define 

so 

So Mt is a martingale. 
Note that 

while X ∞ = 0 (everybody eventually dies), so E(M ∞ ) = 
M ∞ = 1 
Therefore E(Mt) is discontinuous at t= ∞ , it doesn't 
seem to converge to the correct limit. We saw in 
§3.3 that this can't happen if M is L2 bounded, and 
indeed some calculation reveals that 

which tends to + ∞ as t -> + ∞ 
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3.6 Example - Gambler's ruin. 
A gambler starts off with a stack of coins, which he 
punches into fruit machines. He is not allowed to 
get into debt, so if he uses up all his money, he 
must stop playing. He is also very compulsive, so he 
never stops until he runs out of money. Let Xt be his 
fortune at time t, in pence. 

On average, each play is unfavourable to the 
gambler, so his expected future fortune is less than 
it is now. Hence Xt is a supermartingale. Since it is 
non-negative, it is L1 bounded, and so it converges. 
But the only limit it can approach is zero, because 
the gambler must carry on playing until this 
happens. Since Xt is integer valued it must hit zero 
at some finite time, hence the gambler is eventually 
ruined. 

3.7 Example 

An investor has a bank account which earns interest 
at rate i. Each year until he dies he takes out on 
his birthday a sum Lt. His enjoyment of this sum 
will be measured by ? It, taking into account the law 
of diminishing returns. What strategy should we 
adopt to maximise his total pleasure until death? 

To make things easier, we will assume the investor 
starts at age 0. Let At denote the amount just 
before the withdrawal at time t. Let Vt be the 
expected pleasure derived from the account at time 
t under optimal control. Vt is thus a function of 
At. 

Suppose that at time t, the investor removes a sum 
I, and behaves optimally thereafter. His expected 
pleasure from time t will then be 

where pt is the probability of survival to t+l, and 

If I is chosen optimally, it will be chosen to 
maximise the expected pleasure, so we have the 
Bellman Equation: 

Unfortunately the Bellman equation may have many 
solutions - it is a necessary but not sufficient 
condition for optimality. An experienced control 
engineer will apply boundary conditions to get a 
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unique solution, but the only way to be really sure 
is to use martingales. 

Let T denote the birthday after death, and define 

total pleasure up to now 
+ expected future pleasure under optimal 
control. 

The total pleasure is 

Supposing V satisfies the Bellman equation, it is 
easy to see that 

for any control. 

So Xt is a super-martingale, and by the Fatou lemma, 
3.2 

It remains to show that equality holds when our 
supposed optimal control is chosen. 

Let 

It can be shown that satisfies the 
Bellman equation, and that under the control 

the process X is an L2 - bounded martingale, so 

So we have shown that the expected total pleasure is 
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strategy where equality holds. 

4. 

less than or equal to V 0 (A 0 ), and have found a 

Discrete-Time Stochastic Integration 

This chapter is intended to give an easy background 
to the next chapter, without the various 
technicalities which appear in continuous time. 
Most continuous-time stochastic financial models can 
be derived as the limit of discrete processes, and 
indeed many were constructed by analogy. The 
security trading model in this chapter is a good 
example. 

4.1 Integrals 

If f(t) is continuous, and g(t) is differentiable, 
we can define the integral 

The idea is that any change in g is scaled up by the 
factor f(t) in producing a change in the integral. 
We wish to extend this idea to functions g which are 
not differentiable. In particular, if g(t) is a 
martingale, the changes have zero mean. In this 
case, so will the changes in the integral, so we 
will conclude that the integral is still a 
martingale. 

4.2 Previsible Processes 

Let C 
(i) C 

t be a stochastic process. C 
= 0 

t is previsible if 

(ii) C 
0 

This means C 
t is known at time t-1 

t can be known one step ahead. 

If M is adapted, and C is previsible, we define the 
stochastic integral C.M by 

So for example 

Clearly C.M is adapted. The principal result is as 
follows: 

4.3 Stochastic Integrals Preserve Martingales 

Let C be a bounded previsible process (so there 
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exist constants K t with whenever s ≤ t) and 
let M be a martingale. 

Then (C.M) is a Martingale. 

Warning : This result is false in continuous time. 

4.4 Fair Games 
A martingale can be viewed as a series of fair 
games. At time t (t=1,2,3 ,..) the random amount M t - 
M t-1 will be credited to your bank account, starting 
With M 0 = 0 at time 0. It is a fair game in 
that just before time t, the expected value of your 
next gain is zero, so on average you break even. At 
time t, your bank balance is M t . 

Now let's suppose you can choose a stake on 
each game, i.e. a scale factor C t by which you will 
scale your winnings on game t. Then at time 3, your 
bank balance is your total winnings so far, i.e. 

This is precisely the stochastic integral (C.M) 3 . You 
must specify the stake C t without knowing the outcome 
of game t, otherwise you could cheat by putting C t = 
1 if M t > M t-1 and 0 otherwise, hence making a profit 
each game. In other words, C t must be calculated on 
the basis of information available before time t. 
But this was exactly the definition of previsible. 
Notice that (C.M) is still a fair game provided C is 
previsible, i.e. (C.M) is a martingale. 

4.5 (Optional Stopping Theorem) 

Let M t be a Martingale, and T a stopping time. Let 
tˆT denote the minimum of t and T. 
Let C 

t 
= 1 if 

0 if t ≥ T 

(C.M) t is then equal to , so we deduce that 

This result also holds in continuous time. 

4.6 

We shall construct a model of frictionless security 
trading, where switching occurs at integer times and 
price fluctuations occur between these times. 
Let be the prices of two securities at time 
t. 
Let denote the number of units of each 
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t < T,  i.e. t + 1 ≤ T 

is a martingale. 

Self-Financing Trade 

security held by an investor between times t-1 and 



t. We shall require h to be previsible. 
At time t-1, the investor switches from 

holdings of h t-1 to holdings of h t , where t is an 
integer. The total value of the portfolio is 
preserved during trading. This is called the "self- 
financing" constraint. Thus we must have 

In vector notation, this is 

where denotes the scalar product of two vectors. 
Subtracting from h t .S t and summing gives 

This has the intuitive interpretation: 
funds at time t = initial funds + cumulated 
price rises. 

The right hand side of (*) is a stochastic integral 
so we can state: 
If h is bounded and self-financing and S is a 
(vector) martingale, h.S is a martingale. 

In practice we would not expect S to be a 
martingale, but we can often make a transformation, 
for example dividing by a suitable index, so that it 
is. 

4.7 Quadratic Covariation and the Product Rule 

Let X t , Y t be adapted processes. Define the process 
[X, Y] by: 

[X, Y] is called the quadratic covariation of X and 
Y. 
Define 

Then X t is prevfisible. Define Y t similarly. 

From the identity 
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We can deduce immediately by summation that 

where (.) denotes stochastic integration. This might 
remind you of the Newtonian formula: 

but notice the quadratic covariation term. It is 
this that distinguishes stochastic calculus from 
Newtonian calculus. 

Notice in particular that [X,X] is an increasing 
process, and the polarisation identity : 

4[X,Y] = [X+Y,X+Y] - [X-Y,X-Y] 
We can prove this easily by considering differences 
and observing that 

5. Continuous-Time Stochastic Integrals 

The aim of this chapter is to state the 
technicalities which are involved in continuous time 
Stochastic calculus. 

5.1 Doob's Regularity Theorem 

Doob showed that providing the information structure 
satisfies three conditions, any martingale may be 
taken to have paths which are right-continuous with 
left limits (RCLL). These conditions are referred 
to as the "usual conditions", and they rarely cause 
problems in practice. 

RCLL means that the paths are continuous except for 
jumps, and each jump looks like this: 

So there is some limiting value as time tends up to 
the jump time T, but at time T the process takes the 
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Let X t be a stochastic process. X 
if there is an increasing sequence 

t is a local 
martingale 

..... of stopping times tending to ∞ such 
that is a martingale, for each n. Note 

limiting value from the right. The jump can be 
thought of as 'just before' time T. 

5.2 Localisation 

that by 4.4, every martingale is a local martingale. 
Local martingales inherit RCLL paths from §5.1. 

X 
sequence T1 ≤ T2 ≤ T3, . . . . . of stopping times tending to 
t is locally bounded if there is an increasing 

∞ such that is a bounded process (uniformly in 
t) for each n. 

5.3 Basic Processes 

A stochastic process is finite-variation if it can 
be expressed as the sum of an increasing process and 
a decreasing process. 

A semimartingale is a sum of a local martingale and 
a RCLL finite-variation process. 

A previsible process X t is a process where X t can be 

to but not including time t. For example a left 
continuous adapted process will look like this: 

t 

is a semimartingale, and it makes sense to define 
(H.X+Y) as (H.X) + (H.Y) by linearity. 

and at any time we can find the value of X t by 
looking at lim X s as s tends up to t. Thus X can be 
calculated given X s for s<t and X t is previsìble. 

There are good reasons for these definitions. 
If H is previsible (and hence measurable) and X is 
finite variation, we can define a classical integral 
(H.X). If Y is a local martingale we can define an 
Ito integral (H.Y) ,using some clever analytical 
trickery which we won't discuss further. Then X+Y 
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5.4 Stochastic Integrals and Quadratic Variation 

If H is locally bounded previsible, and X, Y are 
semimartingales, we can define a stochastic integral 
(H.X) and quadratic covariation [X,Y] with all the 
properties you might reasonably expect. In 
particular, 

If X is a local martingale, so is (H.X) 

where X left limit of Xt ,i.e. the limit 
of X s as s approaches t from below. Taking 

= 

we see that X is locally bounded previsible. Note 
in particular that if X, Y are local martingales, 
then so is XY - [X,Y] by the product formula. It is 
believable and true from the limiting process, that 
if X is continuous and finite variation, then [X, Y] 
is identically zero for any Y. 

[X, Y] is always a finite variation process, for 
4 [X, Y] =[X + Y, X + Y] - [X-Y, X-Y] 

= increasing process + decreasing 
process. 

5.5 Notation 

By analogy, the notation 

and 

is used. Many identities with stochastic integrals 
appear trivial in this notation. For example 

becomes 

With the exception of the product rule, all the 
manipulations you are used to in Riemann-Stieltjes 
calculus carry over into the stochastic setting. 
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(X,X] is often abbreviated to [X]. 

Some authors use the previsible quadratic variation, 
written <X, Y>. If X and Y have continuous paths, 
this is the same as [X, Y]. It is only defined if 
X and Y satisfy local square integrability 
conditions. It is my opinion that practitioners can 
safely ignore this process and think in terms of 
[X,Y] instead. 

The words predictable and previsible mean the same 
thing. 

5.6 Recognition of Martingales 

Martingale approaches will often yield an answer in 
the form of a stochastic integral. It is easy to 
tell if this is a local martingale, by inspecting 
the integrand, but applications usually require 
martingales. In practice, this doesn't cause 
difficulties, since local martingales which are not 
martingales appear to be uncommon. However, 
mathematicians like to be more careful. Some tools 
which can help are: 

(i) 

(ii) 

(iii) 

Boundedness 
Let Xt be a local martingale. Suppose we 
can find an increasing function C(t) such 
that 
probability 1). Then X is a martingale. 

≤ C(t) for all t (with 

Fatou Lemma 
Let X be a non-negative local martingale 
such that Then X is a 
supermartingale. This follows from §3.2 

t 
t 

also called the Fatou Lemma by observing 
that 

Let X be a local martingale. Then the 
following are equivalent: 

t 

(a) X is an L - bounded martingale. 2 

(b) is a stopping time} is bounded 

Note that it is not sufficient that X be 
t 

L bounded, for example, see §8.9. 2 

(iv) If X has continuous paths, §7.3 is very 
useful. 
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6. 
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Arbitrage Pricing Theory 

This theory derives pricing models for securities 
such as options based on a partial equilibrium 
hypothesis. It is still an area of active research, 
and the potential applications are vast. It starts 
with assumptions about security price fluctuations 
which can be tested statistically, sidestepping the 
need to guess utility functions. 

6.1 Self-Financing Equation 

Let S be a vector semimartingale whose components 
are security prices at time t. We assume no 

t 

dividends are payable during the period under 
examination. Let h be the vector of an investor's 
holding in these securities. By analogy with §4.6, 

t 

we argue that 

for a self financing strategy. 

6.2 Preservation of Martingales 

In general stochastic integrals with respect to 
martingales of a bounded previsible process will not 
yield martingales, but only local martingales. 
However, if h is bounded as in §4.6 and S is a 
martingale, the self-financing constraint implies 
that h.S is a martingale. 
[Sketch proof : Fix n>0. Then S is class (D) and h 
is uniformly bounded on [0,n] , so their product h.S 
is also class (D) on [0,n]. The integral (h.S) is a 
local martingale, but is equal to the product so is 
class (D) on [0,n] and hence a martingale. For 
explanations of these terms, see Rogers & Williams.] 

6.3 Arbitrage 

An arbitrage opportunity means a self-financing 
bounded portfolio with value 0 at time 0 and ≥ 0 
with probability 1 at some fixed time t. It is 
trivial if it has value 0 at time t. A non-trivial 
arbitrage opportunity is a risk-free profit, and is 
inconsistent with general equilibrium models. 
Arbitrage pricing theory is based on the non- 
existence of such profits. Note that if security 



prices are martingales, and h.S is an arbitrage 
opportunity, then 

so 
and it is a trivial arbitrage opportunity. 

6.4 Pricing Scaling Invariance 

An important transformation involves scaling prices, 
usually but not necessarily relative to some index, 
i.e. discounting at a fixed rate of interest. It 
is not hard to show (product rule) that if 
s ' =  S,B, for some scalar semimartingale B, and 
ht is self-financing for S, then it is also self- 
financing for S'. 

If B is strictly positive for all t, then the 
definition of arbitrage opportunity is also 
invariant under the transformation. 

6.5 Martingale Scaling 

Suppose B is a positive semimartingale, and S is a 
vector of security prices such that SB is a 
martingale. Then SB admits no arbitrage 
opportunities by §6.2, so neither does the original 
unscaled vector process S. The process B is called 
a martingale scaling for s. 

The central belief of arbitrage pricing theory is 
the if S has no arbitrage opportunities, then it has 
a martingale scaling. This belief goes back to a 
paper by Harrison and Kreps, later refined by 
Duffie. In its tightest form the theorem proved 
gives a martingale scaling provided: 

(i) 
(ii) 

There exists a risk-free asset 
Agents preference relations are over L1 
and are algebraically continuous, convex 
and strictly monotonic (for definitions, 
see Duffie). 

Under these conditions, the martingale scaling is in 
fact a bounded process. 

Unfortunately, the Black-Scholes model, which many 
would regard as minimal to arbitrage pricing theory, 
has a unique martingale scaling, and this is not 
bounded, so it is inconsistent with conditions (i) 
and (ii). If L1 is replaced by L2 as in Harrison and 
Kreps, we can constrict the Black-Scholes model from 
such an equilibrium. Clearly there is still work to 
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be done on finding exactly the right conditions. 

Most of the literature rephrases martingale scalings 
in terms of measure changes. The approach bristles 
with technicalities, but has some computational 
advantages. I shall not pursue it further here. 

6.6 Example of Martingale Scaling in Discrete Time 

Suppose I have a choice of two banks in which to 
place my cash. The first gives me risk-free 
interest at rate r per day, the other gives a higher 
rate of interest s per day but over any night there 
is a probability q that the bank will declare itself 
insolvent, and my savings are then worth nothing. 
Now define 

where T = time at which second bank goes 
insolvent. Check that B is a martingale scaling. t 

An important special case is the risk-neutral world, 
where the expected gain is the same in each bank. 
In this case we have 

Thus , not depending on T. In this 
case, the value of a security can be calculated by 
discounting appropriate expected values at the risk- 
free interest rate. 
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7. Continuous processes and Ito's Formula 

Great simplification can be made in stochastic 
calculus under the assumption of continuous paths. 
of particular importance is Ito's formula, which 
takes the place of Newton's "Chain Rule". 

7.1 Ito's Formula 

Let X be continuous semimartingale, and let f(·) be 
a twice continuously differentiable function. 
Then 

or, in differential notation: 

The resemblance to Taylor's theorem is no 
coincidence! This formula easily extends to more 
than one semimartingale, e.g. 

Note that since t is continuous and finite- 
variation, 

In particular f(X) is a semimartingale, since it is 
a sum of stochastic integrals. 

7.2 Uniqueness of Decomposition 

If X is a semimartingale, we can by definition write 

where M is a local martingale, A is finite 
variation, and Ao = Mo = 0. This decomposition 
is not in general unique. However, if X is 
continuous, then there is a unique decomposition in 
which M and A are continuous. These are referred 
to as the martingale and finite-variation parts of 
X. Note that if X is a local martingale, the 
decomposition of f(X) is provided by Ito's formula. 

Suppose that X and Y are local martingales. Then by 
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the product rule, 

so XY - [X,Y] is a sum of two stochastic integrals, 
each of which is a local martingale by § 5.4 .If we 
write 

this decomposes XY into martingale and finite 
variation parts. Therefore, we may define [X,Y] to 
be the finite variation part of XY. 

7.3 Burkholder - Davis - Gundy Inequalities 

A special case of these inequalities states that if 
M is a continuous local martingale and p>0 then 
there exist constants cp and cp not depending on M 
such that 

In particular, taking p = 1, if for all t, 
then E Mt < ∞, and by Lebesgue's dominated 
convergence theorem, M is a martingale. This result 
is used by Duffie to devise constraints on security 
trading strategies. 

7.4 Asymptotic Behaviour 

Let M be a continuous local martingale. There is a 
great deal we can say about the behaviour of Mt for 
large t. 

The quadratic variation process [M] is continuous 
and increasing, and we divide according to its 
behaviour. 

Case 1. [M]t converges to a finite limit as t -> 
this case Mt also converges to 

∞. In 
a finite limit. 

Case 2. [M]t tends to ∞ as t -> ∞. 

This is known as the "Iterated Logarithm Law". 

7.5 Example : Driving the Pension Fund 
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A simplified model for comparing pension funding 
methods is as follows: 
Let Ft = fund at time t 

St = portfolio value at time t 
Ut = benefits + expenses - contribution 

payment rate. 

We assume Ft, St and Ut are all positive, and that St 
is continuous. We postulate on accounting an 
equation of the form: 

change in fund = contributions 
+ investment income 
- benefits - expenses 

and if the fund is invested in portfolio S, then 
investment income = value of fund x increase 

in security price 

so 

Contributors will obviously like Ut to be large, 
since then their contribution will be small. We 
adopt the concave utility function log u, weighted 
over time, as the objective function, so we seek to 
maximise 

over possible choices of previsible process u. 

These assumptions are artificial and somewhat 
unrealistic, for example we allow negative 
contributions. I have chosen them to make the maths 
work nicely. Clearly, this is not the most useful 
approach to practical problems! 

Since 
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Now we can use Ito's formula to show 

and taking S0 = 1 we may deduce from the product rule 
that 

Hence 

with equality when u = F. 
So the optimal strategy is 

contributions=benefits+expenses- λ x value of fund 

irrespective of the law governing S. Of course, this 
does depend on the particular utility function, and 
on a constant discounting factor λ. 
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Brownian Motion 
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8. Brownian Motion 
8.1 Discrete Random Walks 

Consider a process X 
jumps at integer times. Suppose that each jump is 

t 
which takes integer values, and 

earlier jumps. This process is called a simple 
±1 each with probability ½, and independent of 

random walk.. 

Now for n = 0,1,2 . . . . . define (continuous time) 
processes Xnt by 

This is scaled random walk, with jumps at times 
which are multiples of 1/n. In particular note that 

(i) 
(ii) 

X n is a martingale 
if t is a multiple of 1/n, then 
t 

and for any t, 

n Here dX 
and zero elsewhere. 

t 
is interpreted as ±n-½ at a discontinuity, 

We now consider what happens as n –> ∞. It can be 
shown that the law of X n t converges to the law of a 
process Bt satisfying. 

(i) Bt is a martingale 

(ii) 

with a suitable interpretation of the integral. 
By the central limit theorem, we deduce 

Bt is N(0,t). 

8.2 Formal Definition and Uniqueness 

Brownian motion is a process B satisfying 
(i) B has continuous paths 
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(ii) 
(iii) 

B0 = 0 
Bt - Bs is N(0, t-s) independent of 
B s , for s ≤ t. 

It can be shown that 

Levy's theorem states the converse: 
If B is a local martingale with B 0 = 0 and dB

2 = dt, 

then B is Brownian motion. 

8.3 The Log-Normal Asset Model 

Since Brownian Motion has independent increments, it 
is often used to represent log returns on 
investments. Unit prices, for example, are supposed 
to follow the rule: 

St = S0 exp 
for constants µ and σ. In particular, the Black- 
Scholes option-pricing formula assumes price 
dynamics of this form. 

8.4 Ito's Formula for Brownian Motion 

Let f(x,t) be twice differentiable. Then 

This can be thought of as Taylor's theorem, with 
dBt 2 = dt, dt2 = 0, dBdt = 0. 

8.5 stochastic Integrals and Brownian Motion 

If Ht is a continuous adapted process, then we can 
construct a stochastic integral 

This integral will always be a local martingale. It 
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is an L2 - bounded martingale if and only if 

is finite 

8.6 Stochastic Differential Equations 

Applying Ito's formula to St in section 8.3, 

The expressions sometimes 
referred to as 'instantaneous variance' and 'drift'. 
More generally, we may require a solution to 

X0 given, a( ) b( ) suitable functions. 

There exists an extensive literature on existence 
and uniqueness of solutions to this equations, a 
Lipschitz condition on a and b is sufficient. 

Intuitively, these equations mean 

dB is thought of as an increment with mean 0 and 
variance dt. 

8.7 Example - Fledgling Company Growth 

By collective risk theory, we would expect the rate 
of growth and the instantaneous variance of growth 
to be proportional to the size of a company. 
Assuming continuous growth, we model this situation 
by the stochastic differential equation: 

If we define 

Ito's formula gives 
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Substituting for dX and noting we find 
after cancellation that 

so 

=local martingale. 

But 0 ≤ Mt ≤ 1 for all t, so by §5.6(i), Mt is 
actually a martingale. 

Now we fix s,t and write 

for some 

thus 

so 

and 

but so this gives 

So we can identify the distribution of Xt conditional 
on Fs as a compound Poisson distribution of 
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exponentially distributed sums. 

Letting 

so if s = 0, and t -> ∞, then 

Ruin probability =exp 

8.8 The Ornstein-Uhlenbeck Process 

The O.U. is formed from a Brownian motion with 
feedback, i.e. a process X satisfying 

Let 

so Mt is a martingale. 

We can also show that 

is a martingale. This suggests that this is a 
continuous-time version of §1.3. 

Knowing that the dB is an increment with mean 0 and 
variance dt, the increments being independent, we 
conclude 

so 
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Rearrangement gives 

Using the iterated logarithm law, we can show 

The O.U. process has the important property of 
stationarity, for if we suppose 
independent of the Brownian motion B, we find 

and 

Also, it is easily checked that 

In fact, the O.U. process is the unique stationary 
one dimensional Markov Gaussian process. It was 
thus suggested by Balzer as a model for bond yields. 
In engineering notation, the spectral density of a 
stationary process is defined as 
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and for the O.U.process this is 

8.9 A Local Martingale That is not a Martingale 

Let Bt be 3-dimensional Brownian Motion, i.e. a 
vector of 3 independent Brownian Motions. Let 1 be 
the vector whose components are (1,0,0) and let 

Where x denotes the length of x. 
Applying Ito's formula, appropriately generalised to 
3 dimensions, 

with . being the scalar product. Thus, X is a 
local martingale. But by standard properties of Bt, 

is bounded 

and 

xt -> 0, with probability 1. 

Thus, if Xt were a martingale, 

Since Xt > 0, this is clearly false, and so X is a 
local martingale but not a martingale. 

9. Levy Processes 

A Levy process means a RCLL process X with 
stationary independent increments, and X0 = 0. 

Stationary means that for h ³ 0 and t ³ 0, the 
distribution of doesn't depend on t. 

Independent means that if then Xs - Xr is 
independent of 
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Their original application was to collective risk 
theory, and more recently they have been used to 
model stock market returns. 

9.1 Examples 

An example we have already met is Brownian motion 
with drift, The other well known 
example is the Poisson process Nt, defined by N0 = 0, 
Nt-Ns is Poisson (t-s). 

9.2 Martingales 

Suppose Xt is a Levy process. Let 

then 

Whence φ (θ, t) is of the form exp(t ψ (θ)) 

and this function determines the process uniquely. 
If we define 

Then we can check that Mt is a martingale for any 
fixed θ 

It is a fact that any Levy process is a 
semimartingale, so stochastic integrals can be 
constructed. We shall not prove this statement 
here. 

9.3 Compound Poisson Process 

This process which is used to model claims to an 
insurer makes the following assumptions: 

(i) 

(ii) 

Claims occur as a Poisson Process, at 
rate λ. 
Claim amounts come from a common 
density function f(.), and are 
independent of each other and the 
time of payment. 
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Conditioning on the number of claims, 
Let N be the underlying Poisson process. 

t 

Conditional on Nt , Xt is a sum of independent 
identically distributed random variables so 

But Nt ~ Poisson (t λ) so taking the expectation 
over Nt yields: 

So if we write g(x) = λ f(x), we have in the 
notation of 9.2, 

The function g(x) is a 'jump intensity', for the 
probability of getting a claim of size x to x + dx 
in a time interval dt is f(x)dx. λ dt = g(x)dxdt. 

9.4 Sums of Levy Processes 

If Lt and Lt' are two independent Levy Processes, 
their sum Lt + Lt' will still have stationary 
independent increments, and hence will be a Levy 
Process. 

Suppose L and L' are compound Poisson processes with 
jump intensities g(x) and g'(x) then 
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so L +L' has jump intensity g(x) + g'(x). This is 
not at all surprising since the jumps in L + L' are 
formed from superposing jumps in L' on the jumps in 
L. 

More interesting is the possibility of adding an 
infinite sequence of compound poisson processes, the 
jumps of successive processes getting smaller but 
not necessarily less frequent, so that the sum 
converges. This process will still be a Levy 
process, but the total jump rate will be infinite. 
Its jump intensity will however be the sum of the 
jump intensities for the original processes. The 
stable processes form a particularly important case 
of this construction. We will consider them in 
§ 9.7. 

9.5 Example : chi-square Process 

Define a family of Levy process with the following 
jump intensities, independent of each other: 

otherwise 

otherwise 

Each of these processes has a jump rate < 1, and 
the jump sizes get small exponentially fast with n, 
so we would expect the sum 

to converge for each t. Furthermore, Xt will have 
jump intensity 
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so 

and if t is an integer. 

9.6 Hitting Processes 

Let Bt be a Brownian Motion, and let 

Xt is then a continuous increasing process. We 
consider the effect of interchanging the t and x 
axes. The (right continuous) inverse of Xt  is the 
hitting function: 

Hx = min {t: Xt ≥ x} 

= min {t: Bt ≥ x} by definition of 

Xt 
= min { t:  Bt  = x} since Br is 

continuous and x ≥ 0  

You should try to convince yourself that Hx is a Levy 
process. 

Let >0, and Nt  = exp It is easy to θ 
check directly that Nt is a martingale. Let 

where means min { t, Hx } 

By the optional stopping theorem 4.5, Mt is a 
martingale. 
But exp (Θ x), so by 3.3, 

Since this boils down to 
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We can show also 

where √ z is taken to have a positive real part. 

9.7 Stable Processes 

Consider the effects of scaling a compound Poisson 
process by a factor c. 
If we scale the time axis, the frequency of the 
jumps will multiply by c, while the distribution of 
the jumps will be the same, so the new jump 
intensity will be cg(x) . 
If we scale space by a factor of c, the claims 
density function will scale and the frequency is 
unchanged, so the new jump intensity is g(x/c)/c. 

A Levy process is stable with exponent α if scaling 
time by c has the same effect as scaling space by 
c α , for each c > 0. 

for each x and c > 0. 
so x>0 

x < 0 
for some non-negative constants K1 ,K2. Provided 
0 α 2, ≤ we can build this from compound Poisson ≤ 
processes, as in 9.4. 

Evaluating the relevant integrals, it can be shown 
that 

where 
sgn ( θ ) = 1 θ >0 

0 θ =0 
-1 θ <0 
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Note that for the example in 9.6, we have 

so H× is a stable process with 
and K2 = 0 

The fact that H is stable with exponent ½ in fact 
could have been deduced directly from the stability 
of B with exponent 2. 

In some work (e.g. Walter) the definition of stable 
processes is enlarged to allow the addition of a 
drift δ . No general closed form expression for the 
density of Xt has been discovered, but if K1=K2 and 
α=2 we get Brownian motion, and if α=1 we get a 
Cauchy process. 
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Stable Process with α = 1 and K1 = K2.  
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