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Abstract

Uncertain time of retirement and uncertain structure of retire-
ment benefits are risk factors for life-insurance companies. Neverthe-
less, classical life-insurance models assume these are deterministic. In
this paper we include the risk from stochastic time of retirement and
stochastic benefit structure in a classical finite state Markov model for
a life-insurance contract. We include discontinuities in the distribu-
tion of the retirement time. First, we derive formulas for appropriate
scaling of the benefits according to the time of retirement and discuss
the link between the scaling and the guarantees provided. Stochas-
tic retirement creates a need to rethink the construction of disability
products for high ages and ways to handle this are discussed. We
show how to calculate market reserves and how to use modified tran-
sition probabilities to calculate expected cash flows without signifi-
cantly more complexity than in the traditional model. At last, we
demonstrate the impact of stochastic retirement on market reserves
and expected cash flow in numerical examples.
Keywords: behavioural option, Solvency II, benefit scaling, ordinary
differential equation, discontinuous transition probabilities.
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1 Introduction

In classical life-insurance models the time of retirement and the structure
of the retirement benefits are typically settled at the beginning of the con-
tract. However, in practice pension funds often allow the policyholders to
both change the time of retirement and convert between different benefit
structures. Conversion of benefit structures may for example be converting
a pension sum into a life annuity.

Modelling retirement as a deterministic time with a deterministic benefit
structure does not take the risk of these options into account and this is
a source of error both in market reserves and, to an even higher degree in
expected cash flows. The forthcoming Solvency II rules require that any
contractual option is taken into account. In this paper we address challenges
from modelling the time of retirement and the structure of the benefits as
stochastic. Combined we call it stochastic retirement.

In classical models, the state of the policyholder is described by a finite
state Markov chain. Here, the states of premium paying and retired are the
same, and at some fixed time the payments change sign corresponding to the
change from premiums to benefits. We introduce a stochastic time of retire-
ment by letting the states of premium paying and retired be two different
states in the Markov model. We assume that all transition probabilities are
deterministic and known, but unlike the other transitions, we let retirement
happen with positive probability at predefined time points.

The idea of modelling retirement by a state in the Markov model has
been mentioned before, e.g. in Jones (1994) and Skoog and Ciecka (2010).
In Jones (1994) the idea of modelling retirement as a separate state in the
classical actuarial Markov model is mentioned en passant, but no calcula-
tions or discussions are done. In Skoog and Ciecka (2010) the Markov model
with a retirement state is used for calculations of demographical variables
such as time to retirement. However, impacts on retirement savings are not
mentioned. To the knowledge of the authors we present the first discussion
of the actuarial implications of modelling stochastic retirement. We find that
this subject deserves attention for several reasons. One reason is the rele-
vance of the numerical impact of the forthcoming Solvency II regulations.
Another reason is the unconventional considerations we find is needed for
constructing reasonable products in a model with stochastic retirement. A
third reason is the mathematical impact on the calculation of reserves, ben-
efits and expected cash flows induced by stochastic retirement through e.g.
discontinuous transition probabilities, interaction with the free policy option
and our introduction of an auxiliary Markov model for describing benefit
conversions.
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Changing the time of retirement or the structure of the benefits is a
policyholder option just like conversion to free policy or surrender. These two
options are typically modelled by adding states to the model, and modelling
of the intensity of exercising them have been studied thoroughly. The studies
ranges from purely random decisions, as mentioned in e.g. Buchardt et al.
(2014) and Møller and Steffensen (2007), to optimal exercising strategies
as mentioned in e.g. Bacinello (2003), Grosen and Jørgensen (2000) and
Møller and Steffensen (2007). In between we find models which are perhaps
more realistic where policyholder actions happen randomly, but where the
intensity depends on some factors such as the profit from taking the action
as in Gad et al. (2014), or the interest rate as in De Giovanni (2010). There
is a large amount of literature on explanatory variables and we refer to Eling
and Kiesenbauer (2014) for further references and an overview. Many of the
studies done on the modelling of the exercise of the surrender option and
the free policy option would be equally relevant to do for the exercise of the
options of stochastic retirement. However, that is not our focus in this paper.

In a model with stochastic time of retirement it is reasonable to have
the size of the benefits depend on the time of retirement. As is common for
modelling of other policyholder behaviours (see e.g. Buchardt et al. (2014)
and Henriksen et al. (2014)), we let the benefits be affected in a way such
that the risk sum of retirement is zero under the technical basis. Scaling the
benefits this way makes the policyholder pay for her own retirement under
the technical basis at any time. The guarantee provided by the technical
basis thereby remains in force after the exercise of the option of changing
time or structure of the retirement. This means that even after the exercise
of one of the options the reserves bears interest with the technical interest
rate, and risk premiums are based on the technical transition intensities.
The impact of stochastic retirement bears some resemblance to the impact
of conversion to free policy or surrender. However, whereas the free policy
and the surrender options only induce a risk of reduced or earlier benefits,
stochastic retirement also induces a risk of increased, postponed benefits.
Its impact on market reserves relies heavily on the extent of the guarantee
provided by the technical basis. It is not obvious that a pension fund wants
to have deferred retirement covered by the guarantee from the technical basis.
In the case where deferred retirement after some reference age of the contract
is not covered by the guarantee from the technical basis, we may model the
time of retirement with this reference age as an upper limit for the time of
retirement. Policyholders who want to keep saving after this time may then
use their retirement benefits to start a new contract under new terms.

In this paper we study, in Section 2, a simple life-death model with a
retirement state added. We determine how to scale the benefits, we show
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how to set up a Thiele differential equation for the market reserves, and we
determine formulas for expected cash flows. This example serves to introduce
the method in a very simple setup. In Section 3 we study a complex model
which includes both cycles (through disability and rehabilitation) and other
behaviour scalings (through conversion to free policy). As is seen in Buchardt
et al. (2014) the combination of cycles and behaviour scaling may complicate
the calculation of expected cash flows, and likewise we find that calculations
of expected cash flows are eased by introduction of modified transition prob-
abilities which incorporates expected scalings. Studying the complex model
we find that one has to be careful in the description of payments and tran-
sition probabilities, as it is easy to formalize models and products which are
not practically meaningful. In Section 4 the possibility of conversion of ben-
efits is added to the complex model. We find that a Markov model, that has
one state for each benefit structure, is equivalent to our model in the sense
that it produces the same expected discounted cash flows. In Section 5 we
demonstrate the impact of stochastic retirement on benefits, market reserves
and expected cash flows by numerical examples from the setup in Section 2
and Section 4.

2 Stochastic Retirement in a Simple Model

In this section we consider a simple model and a simple life-insurance con-
tract to illustrate the main lines of the implications from stochastic retirement
clearly. We consider a life-death model with a retirement state as illustrated

p: Retired
?

µap(t)

a: Active d: Dead-µad(t)

�
��

�
��

��
��*

µpd(t)

Figure 1: Simple retirement model.

in Figure 1. We denote the three states a (active), d (dead) and p (retired).
The state of a policyholder over time is described by a cádlàg, finite state
Markov process, (Zt)t≥0, taking values in E = {a, p, d}. In the continuous
time Markov models commonly used in life insurance, it is natural to assume
that the distribution of the transition times is continuous. However, there
are multiple reasons to expect that there are time points at which there is a
positive probability of retirement. These reasons are among others monetary
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advantages coming from legislative rules, and standard dates for termination
of employment. Thus, even though we make retirement stochastic, we want
to place ourselves in between the stochasticity of death and the usual deter-
ministic modelling of retirement. We do this by introducing deterministic
time points at which active policyholders have a positive probability of re-
tiring. Let P̂ denote the probability measure of the technical basis of the
contract. That is, P̂ is the measure used for setting equivalence premiums
and benefits. The distribution of Z is given from the transition probabilities
defined by

p̂jk(t, s) = P̂ (Zs = k|Zt = j), (1)

for j, k ∈ E. We assume that for every t ≥ 0 the transition intensities are
well defined by

µ̂jk(t) = lim
ε↓0

1
ε
p̂jk(t, t+ ε), (2)

for j, k ∈ E with j 6= k, and we assume that they are continuous and that
µ̂pa = µ̂da = µ̂dp = 0. For a fixed set of time points t1, . . . , tn and probabilities
p̂1, . . . , p̂n we assume:

p̂jk(th−, th) = P̂ (Zth = k|Zth− = j) =

{
p̂h if (j, k) = (a, p),

0 otherwise,
(3)

for j, k ∈ E and we assume p̂n = 1, such that tn = Tmax is a maximum age of
retirement. Such a maximum is chosen to ease computations in practice when
valuing contracts. For each h = 0, . . . , n−1 and t ≤ s we assume s 7→ p̂jk(t, s)
are continuous on [th, th+1) with limits towards the right endpoints of the
interval. Thereby

p̂jk(t, th)− p̂jk(t, th−) =


p̂ja(t, th−)p̂h if k = p,

−p̂ja(t, th−)p̂h if k = a,

0 otherwise,

(4)

for j, k ∈ E. From the Kolmogorov equations we have that

∂
∂s
p̂jk(t, s) = −p̂jk(t, s)µ̂k.(s) +

∑
l∈E,l 6=k

p̂jl(t, s)µ̂lk(s), (5)

on (th, th+1) for j, k ∈ E and where µ̂k.(s) =
∑
{l∈E: l 6=k} µ̂kl(s). Combined

with (4) and p̂jk(t, t) = 1(j=k) for j, k ∈ E this describes the transition prob-
abilities. Except for the retirement state and the discontinuities in the tran-
sition probabilities, this model is a classical life insurance model as described
in e.g. Koller (2012), Møller and Steffensen (2007) and Norberg (1991).
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2.1 Scaling the Benefits

We consider a contract containing a premium, π. As it is common in pension
systems, upon retirement at time t there is a lump sum payment, denoted
bap(t), and a beginning of a life annuity payment, denoted bp(t). Since re-
tirement is a policyholder choice, we want benefits to depend on the time
of retirement to be able to reward the policyholder who retires late, and to
avoid speculation. We wish to describe the dependence of benefits on the
time of retirement through scaling functions. Therefore, we choose a refer-
ence retirement time, T , and consider an alternative model where the time
of retirement is deterministically T . Then we determine benefits bTap, b

T
p for

this model such that the equivalence principle is fulfilled. Now, for the model
with stochastic retirement we define scaling functions that scale the reference
benefits according to the time of retirement. We speak of scaling functions
as retirement factors. Let ρ1 be the function that gives the factor for scaling
the life annuity and let ρ3 be the function that gives the factor for scaling
the pension sum. The subscripts reflect the Danish tax codes.

Let Ia(t) = 1(Zt=a), Ip(t) = 1(Zt=p), dNap(t) = 1(Zt=p,Zt−=a), and let U
be the process of the duration the policyholder has been retired. Then the
contract has a payment stream given by:

dB(t) = −πIa(t)dt+ ρ1(t− Ut)bTp Ip(t)dt+ ρ3(t)bTapdNap(t), (6)

and we expect ρ1(T ) = ρ3(T ) = 1. Let r̂ denote the technical interest
rate and let V̂a(t) denote the retrospective technical reserve in the active
state at time t. In the retirement state we define two prospective technical
reserves: V̂p(t, u) is the reserve at time t after the duration u in the state,

and V̂ T
p (t) is a reserve for a life-annuity with the reference benefits. Then

V̂p(t, u) = ρ1(t − u)V̂ T
p (t). Notice that V̂ T

p does not depend on the time of
retirement. This is a special feature of the life annuity, but it would not be a
problem to extend the results of this paper to duration dependent reference
benefits.

Except for the discontinuity points, t1, . . . , tn, then V̂a is continuous.
Thiele’s differential equation gives

d
dt
V̂a(t) = π + (r̂ + µ̂ad(t)) V̂a(t)

− µ̂ap(t)
(
ρ3(t)bTap + ρ1(t)V̂ T

p (t)− V̂a(t)
)
, (7)

and in discontinuity points we have

V̂a(th)− V̂a(th−) = −p̂h
(
ρ3(th)b

T
ap + ρ1(th)V̂

T
p (th)− V̂a(th)

)
. (8)
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How to choose the scaling depends on how we understand the guarantee
provided by the technical basis. As mentioned in the introduction we choose
the scaling such that the risk sums of the policyholders actions are zero.
That is the expression in the large parentheses in (7) and (8). Thereby, the
guarantee from the technical basis covers through the exercise of the option
of changing the time of retirement. This means that no matter the time
of the retirement or the benefit structure, the reserve bears interest with
the technical interest rate, and risk premiums are based on the technical
transition probabilities. With this choice of scaling we see from (8) that the
retrospective technical reserve of the active state, V̂a, becomes continuous,
and it follows from (7) that before time T , V̂a equals the classical retrospective
technical reserve from the reference model with deterministic retirement at
time T .

To calculate a prospective technical reserve in the active state, V̂ prosp
a

we need to have a terminal boundary condition for (7). To get this we
need to either assume an upper retirement age or make assumptions about
the relation between the intensities for death and for retirement for high
ages. We choose to have an upper retirement age, Tmax, as this is easiest
for computations. In this case we get from pn = 1, tn = Tmax and (8) the
terminal condition

V̂ prosp
a (Tmax−) = ρ3(Tmax)b

T
ap + ρ1(Tmax)V̂

T
p (Tmax).

Since the retirement factors are chosen such that this equal V̂a(Tmax−), we
find that the prospective reserve equals the retrospective, and our choice for
the retirement factors ensures that the equivalence principle is fulfilled.

However, a zero risk sum for retirement still leaves us with some choices
regarding how to specify the relation between the two retirement factors.
The choices we face here resemble the choices one faces upon conversion to
free policy. For the conversion to free policy it is often seen in the literature
(see e.g. Buchardt et al. (2014), Henriksen et al. (2014)) that the factors
of the different benefits are either kept identical or one factor is fixed at a
desired level. However, in practice the saving is often divided into partial
reserves according to the benefit structure, and it is natural to wish to have
each of these pay for itself in a way that makes the risk terms for each of the
partial reserves zero. This is in Denmark done for tax reasons. We assume
that the reserve is divided in two. Let V̂ 1

a denote the reserve for the annuity
and π1 the annuity premium, and likewise let V̂ 3

a and π3 denote pension sum
reserve and premium.

d
dt
V̂ 1
a (t) = π1 + r̂V̂ 1

a (t) + µ̂ad(t)V̂
1
a (t)− µ̂ap(t)(ρ1(t)V̂ T

p (t)− V̂ 1
a (t)),

d
dt
V̂ 3
a (t) = π3 + r̂V̂ 3

a (t) + µ̂ad(t)V̂
3
a (t)− µ̂ap(t)(ρ3(t)bTap − V̂ 3

a (t)).
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By choosing the factors such that risk sums from retiring are zero we do
not get any discontinuities. As for the combined reserve we get that the
retrospective reserves equal the technical reserves from the reference model
with fixed retirement at time T and the equivalence principle is kept. The
retirement factors become

ρ1(t) =
V̂ 1
a (t)

V̂ T
p (t)

and ρ3(t) =
V̂ 3
a (t)

bTap
=

V̂ 3
a (t)

V̂ 3
a (T )

. (9)

Note that ρ1(T ) = ρ3(T ) = 1 as anticipated. Further, notice that both
scaling factors may be determined from V̂ 1

a , V̂ 3
a and V̂ T

p , which can all be
calculated from the reference benefits alone.

If we chose ρ1 = ρ3, we would find that the combined technical reserve
would be unchanged by the stochastic modelling of retirement. However,
money would be moved between the partial reserves upon retirement. When
we instead assume that risk terms for both of the partial reserves are zero we
ensure that no money is moved between the partial reserves upon retirement.

When splitting the reserve calculation in partial reserves we may assume
that the policyholder has separate Markov state processes for each partial
reserve. It is common in Denmark that policyholders choose to have their
lump sum retirement payment paid out at a different time than the beginning
of their life annuity. With separate state processes we may choose different
distributions of the time of retirement for each partial reserve and allow the
policyholder to retire for one benefit structure while remaining active for
another.

2.2 Market Valuation

We saw above how our benefit scaling resulted in the technical reserves being
unaffected by modelling the retirement as stochastic. However, for market
values the risk terms of retirement are no longer zero and thus market values
are affected by applying stochastic retirement.

We assume a market basis with a deterministic, time-dependent interest
rate, r, and a distribution of Z that resembles the one under the technical
measure. The only difference is that the transition intensities are replaced
with µap, µad, µpd, and p̂1, . . . , p̂n are replaced with p1, . . . , pn, where pn = 1.
the two bases agree on when the transition intensities are zero and on the time
of the discontinuities in the transition probabilities. From this, transition
probabilities pap, pad, ppd are obtained through (4) and (5).

Let Ea,t denote expectation on the market basis given the policyholder is
active at time t. Then, the prospective market reserve, Va(t), at time t given
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that the policyholder is active at this time is

Va(t) = Ea,t
[∫ ∞

t

e−
∫ s
t r(x)dxdB(s)

]
.

Let V T
p denote the prospective market reserve from the retirement state with

reference benefits. Then, in continuity points, Thiele’s differential equation
for the market reserve in the active state becomes

d
dt
Va(t) = π + (r(t) + µad(t))Va(t)− µap(t)

(
ρ3(t)bTap + ρ1(t)V T

p (t)− Va(t)
)
,

with the terminal condition

Va(Tmax−) = ρ3(Tmax)b
T
ap + ρ1(Tmax)V

T
p (Tmax).

The market reserve is discontinuous in the time points where there is a pos-
itive probability of retiring and the jumps are given by the risk term

Va(th)− Va(th−) = −ph(ρ3(th)b
T
ap + ρ1(th)V

T
p (th)− Va(th)).

As stochastic retirement makes the timing of the benefits stochastic, it is
interesting to look at how the expected cash flow is affected. Accumulated
expected cash flow given the policyholder is active at time t is given by

Aa(t, s) = Ea,t[B(s)−B(t)]. (10)

From Buchardt et al. (2014) it follows that the market reserve is given by

Va(t) =

∫ ∞
t

e−
∫ s
t r(x)dxdAa(t, s).

In Appendix A we derive the market reserve. We determine an expression
that allows us to immediately deduce the expected cash flow, which is given
by

dAa(t, s) = −paa(t, s)

(
πds+

(
µap(s)ds+

n∑
h=1

phdεth(s)

)
ρ3(s)bTap

)
+ pρ1ap(t, s)b

T
p ds, (11)

where εth(s) = 1{s≥th} and

pρ1ap(t, s) = Ea,t[Ip(s)ρ1(s− Us)] (12)

=

∫ s

t

paa(t, τ)ρ1(τ)ppp(τ, s)

(
µap(τ)dτ +

n∑
h=1

phdεth(τ)

)
.
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The expectation in (12) is a kind of modified transition probability with a
weight for the benefit scaling. It resembles the modified transition probabili-
ties used in Buchardt et al. (2014) for calculating cash flows in a model with
a free policy option. At first it seems that this modified probability might be
very time consuming to calculate, because it depends on ppp(τ, v) for every
value of both τ and v in [t,∞) × [t,∞). However, as we have closed form
expressions for these probabilities, the calculation is tractable.

3 Stochastic Retirement in a Complex Model

We now consider a more complex model in which we add the possibility
of the policyholder becomingg disabled, re-activating, or converting to free
policy. We denote the states of our model a (active), p (retired), i (disabled),
d (dead), and ā , p̄, ī, d̄, for the corresponding states after conversion to
free policy. Our model is displayed in Figure 2. This model is interesting
because we want to show the interplay between the retirement scaling, the
free policy factor and disability products. Investigating the complex model
we find that it is very easy to accidentally construct contracts which are not
meaningful or assume policyholder behaviour which is unlikely. This is partly
because of the assumption that the policyholder behaviour is stochastic and
independent of everything else whereas it is actually a choice.

a: Active i: Disabled

p: Retired d: Dead

-µai(t)
�

µia(t)

-
µpd(t)

@
@
@
@R

µap(t)
@
@
@
@R

µid(t)

XXXXXXXXXXXXXXXXz

µad(t)

?

µaā(t)

ā: F.P. Active ī: F.P. Disabled

p̄: F.P. Retired d̄: F.P. Dead

-µā̄i(t)
�

µīā(t)

-
µp̄d̄(t)

@
@
@
@R

µāp̄(t)
@
@
@
@R

µīd̄(t)

XXXXXXXXXXXXXXXXz

µād̄(t)

Figure 2: Model with disability, free policy and stochastic retirement.

As in Section 2 we let Z be a stochastic process that describes the state of
the policyholder, such that Z takes values in E = {a, p, i, d, ā, ī, p̄, d̄} and we
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assume Z is cádlàg and Markov. We let P̂ denote the probability measure
of the technical basis, define transition probabilities from (1), and assume
that the intensities of (2) are well defined for j, k ∈ E. In accordance with
Figure 2 we assume that only transitions given in Figure 2 are non-zero. As
in Section 2 we assume that transition probabilities are continuous in the
second argument on each of the intervals [th, th+1) with limits towards the
left endpoint. In the points t1, . . . , tn, for every h = 1, . . . , n, we replace (3)
with

p̂jk(th−, th) = P̂ (Zth = k|Zth− = j) =


p̂h if (j, k) = (a, p),

p̂φh if (j, k) = (ā, p̄),

0 otherwise,

(13)

for j, k ∈ E and thereby

p̂jk(t, th)− p̂jk(t, th−) =



p̂ja(t, th−)p̂h if k = p,

p̂jā(t, th−)p̂φh if k = p̄,

−p̂ja(t, th−)p̂h if k = a,

−p̂jā(t, th−)p̂φh if k = ā,

0 otherwise,

(14)

for j, k ∈ E. Kolmogorovs differential equation (5) still holds on each interval
(th, th+1).

3.1 A Realistic Contract

We consider a simple, but more realistic contract. However, we find that with
stochastic retirement in the model even a simple contract requires careful
investigation. The contract we consider consists of a premium, π, a death
sum, bad(t), from active to death, a disability annuity bi(t), when disabled, a
pension sum of bap(u) if retiring at time u, a life annuity of bp(u) if retiring
at time u, and bad(t, v), bi(t, v), bap(u, v), bp(u, v) corresponding payments
after conversion to free policy at time v. We have to be very careful to not
construct a contract that does not make sense. Our motivation for scaling
of benefits is to reward policyholders who retire late. However, it is not
desirable to give a similar reward to a disabled policyholder who reactivates
at a correspondingly high age and immediately retires. There are several
ways to handle this problem. These have different levels of complexity.

One approach, the simplest, is to set µia(t) = µīā(t) = 0 for t > T .
This implies that policyholders are not able to re-activate after time T . The
biggest drawback from this model is that we lose the information of whether
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the policyholder recovered after time T . It is likely that reactivated policy-
holders have lower death intensity than the disabled. However, the death
intensity from the disabled state is commonly estimated from everybody in
this state. If the policyholders who actually have recovered have comparable
benefits to those who are still disabled, then the diversification principle en-
sures that the lost information is not a problem for the insurance company’s
calculation of the collected reserves for all policyholders.

Another approach is to force recovered policyholders after time T di-
rectly to the retirement state or to a new state specifically for late recovered
disabled. In this state it would be natural to have the benefits set as if pol-
icyholder had stayed disabled. This is to have the policyholder neither gain
nor loose from recovering once time T is reached. In this model we gain
the possibility of managing the information on whether the policyholder has
recovered and thereby calculate more precise death intensities for the single
policyholder.

The last and most complicated approach we mention is to allow the pol-
icyholder to reactivate to the active state or to the free policy state. This
way the policyholder can continue saving or at least have a break in receiving
payments. If this model is chosen it is worth noting that we may equally well
allow retired people to return to work. This modelling option has not been
present in earlier models with fixed retirement date. If this model is used it is
natural to let the reserve of the policyholder be unchanged upon reactivation
after time T . This way the policyholders cannot speculate about whether to
be declared recovered. However, there is a disadvantage that if the reserve
is kept unchanged upon recovery after time T the policyholder is not able to
get the same level of retirement benefits as if she had stayed disabled.

Similar problems arise if it is possible to become disabled after time T .
For fixed premiums it is common in Denmark that disability benefits do not
depend on when the policyholder becomes disabled. It is likely that at some
point after time T the policyholders receive higher benefits from retiring than
from being declared disabled. Again we are faced with options similar to the
ones described above. In the following we let µia(t) = µai(t) = µīā(t) =
µā̄i(t) = 0 for t > T , and assume that people who becomes disabled after
time T choose to retire.

3.2 Scaling the Benefits

We define reference benefits from the equivalence principle when the time
of retirement is deterministic, T , and when there is no conversion to free
policy. The reference benefits we denote with a superscript T . We then
define scaling functions that scales the benefits according to the time of
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retirement and conversion to free policy. Every time the policyholder takes
one of the two actions, the benefits are scaled by a factor, which depends on
the time of the action. Again, assume x ∈ {1, 3} represents respectively the
life annuity and the pension sum. For her saving for benefits of type x we
use the notation that upon retirement from the active state at time u, the
payments are scaled with a factor ρx(u), upon conversion to free policy at
time v the payments are scaled with a factor φx(v), and upon retirement at
time u from the free policy state the payments are scaled with a factor ρφx(u).
We choose scaling such that risk sums for policyholder behaviour are zero.
Now, it follows from (16) that we do not need for the factor ρφx to depend
on the time of conversion to free policy. If the policyholder converges to free
policy at time v and retires at time u ≥ v, then the reference retirement
payments in total are scaled by φx(v)ρφx(u). Thus, the effect from the time
of conversion to free policy and the effect from the time of retirement after
conversion to free policy are multiplicative. This is natural since the time
of conversion to free policy controls how long premiums are paid, and the
time of retirement after conversion to free policy controls when retirement
benefits are paid.

For y, z ∈ E let Iy(t) = 1(Zt=y) and dNyz(t) = 1(Zt−=y,Zt=z), and let U be
a process of the duration the policyholder has been retired, and let V be a
process of the duration the policyholder has been converted to free policy.
Assume the disability annuity and the death sum are paid by the partial
reserve for the life annuity. Now, the contract has payment streams given
by:

dB1(t) = −π1Ia(t)dt+ bi(t)Ii(t)dt+ bad(t)dNad(t) + bTp ρ1(t− Ut)Ip(t)dt
+ bi(t)φ

1(t− Vt)Iī(t)dt+ bad(t)φ
1(t− Vt)dNād̄(t)

+ bTp ρφ1(t− Ut)φ1(t− Vt)Ip̄(t)dt,
dB3(t) = −π3Ia(t)dt+ bTapρ3(t)dNap(t) + bTapρφ3(t)φ3(t− Vt)dNāp̄(t).

As for the simple model we define scalings such that for each of the partial
reserves, risk sums for policyholder behaviour are zero. We use the following
notation for the technical reserves: Let V̂ x

a denote the retrospective technical
reserve of type x saving in the active state. Let V̂ x

i denote the prospective
technical reserve of type x saving in the disabled state. Let V̂ T

p denote the
prospective technical reserve of a life annuity with the reference benefits. Let
V̂ x∗
ā denote the prospective reserve in the free policy active state if the free

policy scaling is omitted. Once converted to free policy, the policyholder
cannot return to the active state. Thus, V̂ x∗

ā is the prospective reserve of the

13



payment stream Bx∗ with

dB1∗(t) = bi(t)Iī(t)dt+ bad(t)dNād̄(t) + bTp ρφ1(t− Ut)Ip̄(t)dt,
dB3∗(t) = bTapρφ3(t)dNāp(t).

Let V̂ x∗
ī denote the prospective technical reserve for the type x saving for the

free policy disabled with the payment stream Bx∗. Since we have assumed
that the disability annuity and the death sum are paid by the partial reserve
for the life annuity, we let b1

i = bi, b
1
ad = bad and b3

i = b3
ad = 0. Now, the

Thiele differential equation for the active state and for the free policy active
state for each of the partial reserves becomes

d
dt
V̂ x
a (t) = πx + r̂V̂ x

a (t)− µ̂ad(t)
(
bxad(t)− V̂ x

a (t)
)
− µ̂ai(t)

(
V̂ x
i (t)− V̂ x

a (t)
)

− µ̂ap(t)
(

1(x=1)ρ1(t)V̂ T
p (t) + 1(x=3)ρ3(t)bTap − V̂ x

a (t)
)

− µ̂aā(t)
(
φx(t)V̂ x∗

ā (t)− V̂ x
a (t)

)
, (15)

and

d
dt
V̂ x∗
ā (t) = r̂V̂ x∗

ā (t)− µ̂ād̄(t)
(
bxad(t)− V̂ x∗

ā (t)
)
− µ̂ā̄i(t)

(
V̂ x∗
ī (t)− V̂ x∗

ā (t)
)

− µ̂āp̄(t)
(

1(x=1)ρφ1(t)V̂ T
p̄ (t) + 1(x=3)ρφ3(t)bTap − V̂ x∗

ā (t)
)
, (16)

with terminal conditions

V̂ 1∗
ā (Tmax−) = ρφ1(Tmax)V̂

T
p̄ (Tmax),

V̂ 3∗
ā (Tmax−) = ρφ3(Tmax)b

T
ap.

We choose the scalings such that the risk sums for policyholder behaviours are
zero. Thereby there are no discontinuities, and the reserves V̂ x

a correspond to
the technical reserves from the classical model with deterministic retirement
at time T . We see that in order to have zero risk term we must have scalings
for retirement

ρ1(t) =
V̂ 1
a (t)

V̂ T
p (t)

and ρ3(t) =
V̂ 3
a (t)

bTap
=

V̂ 3
a (t)

V̂ 3
a (T )

.

Specifically we notice that ρ1(T ) = ρ3(T ) = 1, and that the retirement factors
can be calculated exclusively from the reference benefits. The prospective
technical reserves in the active state have terminal conditions

V̂ 1,prosp
a (Tmax−) = ρ1(Tmax)V̂

T
p (Tmax) = V̂ 1

a (Tmax)

V̂ 3,prosp
a (Tmax−) = ρ3(Tmax)b

T
ap = V̂ 3

a (Tmax).
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Thus, the retrospective and the prospective reserves for the active state are
the same, and thus our choice of scaling implies that the equivalence principle
is kept.

Scalings for conversion to free policy should fulfil

φ1(t) =
V̂ 1
a (t)

V̂ 1∗
ā (t)

and φ3(t) =
V̂ 3
a (t)

V̂ 3∗
ā (t)

. (17)

And scaling for retiring after conversion to free policy should fulfil

ρφ1(t) =
V̂ 1∗
ā (t)

V̂ T
p (t)

and ρφ3(t) =
V̂ 3∗
ā (t)

bTap
=
V̂ 3∗
ā (t)

V̂ 3
a (T )

. (18)

We notice that φx(t)ρφx(t) = ρx(t) for all x, so that one gets the same benefits
for retiring directly as for converting to free policy and immediately retiring.
However, the free policy scaling and the retirement scaling after conversion
to free policy are not uniquely given from the formulas above, since we have
that V̂ x∗

a reserves were given from ρφx. The flexibility we have reflects how
much disability benefits are scaled upon conversion to free policy compared
to how much retirement benefits are scaled. We choose to fix φx(T ) = 1,
in order for the scaling of the disability benefits to vanish when the time of
conversion to free policy tends to T . With φx(T ) = 1 it follows from (17)
that V̂ x∗

ā (T ) = V̂ x
a (T ), and this gives a computable boundary condition for

(16). With (18) we reduce (16) to

d
dt
V̂ x∗
ā (t) = r̂V̂ x∗

ā (t)− µ̂ād̄(t)(bxad(t)− V̂ x∗
ā (t))− µ̂ā̄i(t)(V̂ x∗

ī (t)− V̂ x∗
ā (t)), (19)

and thus V̂ x∗
ā is uniquely determined. With V̂ x∗

ā given it follows from (17)
and (18) that also φ3 and ρφ3 are given in every timepoint.

In the present example the partial reserve for the pension sum only con-
tains retirement benefits, and thereby it is actually not important how we
fix φ3(T ). From (19) it follows that if φ3(T ) = k, V̂ 3∗

ā is decreased with a
factor k. Thus from (17) and (18) φ3 is increased with a factor k and ρφ3

is decreased with a factor k. Every benefit for the partial reserve for the
pension sum is either scaled with both φ3 and ρφ3 or with none of them, and
thus φ3(T ) has no influence.

Combined we have that φx, ρx and ρφx are calculated from V̂ T
p , V̂ x

a and

V̂ x∗
ā . V̂ T

p is as in Section 2. V̂ x
a before time T corresponds to the reserve in a

model with deterministic retirement, and after time T , V̂ x
a is given from (15).

V̂ x∗
ā is calculated from (19) with the boundary condition V̂ x∗

ā (T ) = V̂ x
a (T ).

Notice that since it is assumed that the policyholder cannot become disabled
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after time T , we can determine the values of V̂ x
a and V̂ x∗

ā independently of V̂ x
i

and V̂ x∗
ī on [T, Tmax]. This is an advantage numerically, since our boundary

conditions for the Thiele differential equations for V̂ x
a and V̂ x∗

ā are given in
T , whereas the boundary conditions for the Thiele differential equations for
V̂ x
i and V̂ x∗

ī are given in Tmax. Thus, for t < T , V̂ x
a and V̂ x∗

ā are calculated

from (15) and (19) simultaneous with V̂ x
i and V̂ x∗

ī being calculated from a
similar differential equation.

3.3 Market Valuation

We have once again seen how the technical reserve in the active state is
unaffected by modelling retirement as stochastic. However, under the market
basis the risk terms are no longer zero, and the market values are thus affected
by modelling retirement as stochastic.

As in Section 2.2 we assume a deterministic market interest rate, r, and
we assume the distribution of Z resembles the one under the technical ba-
sis, with the only difference that the transition intensities µ̂xy are replaced

by intensities µxy for x, y ∈ {a, i, p, d, ā, ī, d̄, p̄} and p̂1, . . . , p̂n, p̂
φ
1 , . . . , p̂

φ
n are

replaced by p1, . . . , pn, p
φ
1 , . . . , p

φ
n, with pn = pφn = 1. The transition probabil-

ities are denoted pxy instead of p̂xy and they may be deduced from (5) and
(14) by replacing µ̂xy with µxy. The two bases agree on when the transition
intensities are zero, and they agree on the time of the discontinuities of the
transition probabilities.

Let V x
a and V x

i denote the market reserves for respectively the active state
and the disability state for the type x saving. Let V T

p denote the market value
of a life annuity with the reference benefits, and let V x∗

ā and V x∗
ī denote the

market values from respectively the free policy active state and the free policy
disability state of the payment steam Bx∗. Let B(s) = B1(s) + B3(s) and
B∗(s) = B1∗(s) +B3∗(s) then

Va(t) = Ea,t[
∫ ∞
t

e−
∫ s
t r(x)dxdB(s)],

V ∗ā (t) = Ea,t[
∫ ∞
t

e−
∫ s
t r(x)dxdB∗(s)].

These are continuous and differentiable except in t1, . . . , tn. By differentiating
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the following Thiele differential equation follows

d
dt
Va(t) = π + r(t)Va(t)− µad(t) (bad(t)− Va(t))− µai(t) (Vi(t)− Va(t))

− µap(t)
(
ρ1(t)V T

p (t) + ρ3(t)bTap − Va(t)
)

− µaā(t)
(
φ1(t)V 1∗

ā (t) + φ3(t)V 3∗
ā (t)− Va(t)

)
,

d
dt
V x∗
ā (t) = r(t)V x∗

ā (t)− µād̄(t) (bxad(t)− V x∗
ā (t))− µā̄i(t) (V x∗

ī (t)− V x∗
ā (t))

− µāp̄(t)
(
1(x=1)ρφ1(t)V T

p̄ (t) + 1(x=3)ρφ3(t)bTap − V x∗
ā (t)

)
,

with terminal conditions

Va(Tmax−) = ρ1(Tmax)V
T
p (Tmax) + ρ3(Tmax)b

T
ap,

V 1∗
ā (Tmax−) = ρφ1(Tmax)V

T
p̄ (Tmax),

V 3∗
ā (Tmax−) = ρφ3(Tmax)b

T
ap,

and in discontinuity points we get

Va(th)− Va(th−) = −ph(ρ1(th)V
T
p (th) + ρ3(th)b

T
ap − Va(th)),

V 1∗
ā (th)− V 1∗

ā (th−) = −pφh(ρφ1(th)V
T
p (th)− V 1∗

ā (th)),

V 3∗
ā (th)− V 3∗

ā (th−) = −pφh(ρφ3(th)b
T
ap − V 3∗

ā (th)).

As the stochastic retirement makes the time of the benefits stochastic, nu-
merically we find the highest impact on the expected cash flows. In Appendix
B we derive the market reserve. We determine an expression that allows us
to immediately deduce the expected cash flow, which is given by

dAa(t, s) = paa(t, s−) (−π + µad(s)bad(s)) ds+ pai(t, s)bi(s)ds

+ paa(t, s−)ρ3(s)bTap

(
µap(s)ds+

n∑
h=1

phdεth(s)

)
+ pρ1ap(t, s)b

T
p ds+ pφ

1

aā(t, s)bad(s)µād̄(s)ds

+ pφ
1

āi
(t, s)bi(s)ds+ p

φ1ρφ1
ap̄ (t, s)bTp ds

+ pφ
3

aā(t, s−)ρφ3(s)bTap

(
µāp̄(s)ds+

n∑
h=1

phdεth(s)

)
, (20)
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with

pρ1ap(t, s) = Ea,t[Ip(s)ρ1(s− Us)]

=

∫ s

t

paa(t, τ−)ρ1(τ)ppp(τ, s)

(
µap(τ)dτ +

n∑
h=1

phdεth(τ)

)
,

pφ
1

āi
(t, s) = Ea,t[Iī(s)φ1(s− Vs)] =

∫ s

t

paa(t, σ)µaā(σ)φ1(σ)pā̄i(σ, s)dσ,

p
φ1ρφ1
ap̄ (t, s) = Ea,t[Ip̄(s)φ1(s− Vs)ρφ1(s− Us)]

=

∫ s

t

∫ s

σ

paa(t, σ)φ1(σ)µaā(σ)pāā(σ, τ−)ρφ1(τ)pp̄p̄(τ, s)(
µāp̄(τ)dτ +

n∑
h=1

pφhdεth(τ)

)
dσ,

pφ
x

aā(t, s) = Eat[Iā(s)φx(s− Vs)] =

∫ s

t

paa(t, σ)µaā(σ)φx(σ)pāā(σ, s)dσ.

The expected cash flow seems time consuming to calculate as we need transi-
tion intensities for all combinations of s, u ∈ [t,∞) with s < u. The modified
probabilities above ease the calculations as they may be calculated from dif-
ferential equations. This is done in a similar way for a similar model with
deterministic retirement in Buchardt et al. (2014). For s /∈ {t1, . . . , tn} the
modified probabilities are smooth with:

∂
∂s
pρ1ap(t, s) = paa(t, s)µap(s)ρ1(s)− µpd(s)pρ1ap(t, s),

∂
∂s
pφ

x

āi
(t, s) = −pφ

x

āi
(t, s)(µīā(s) + µīd̄(s)) + pφ

x

aā(t, s)µā̄i(s),

∂
∂s
p
φ1ρφ1
ap̄ (t, s) = pφ

1

aā(t, s)µāp̄(s)ρφ1(s)− µp̄d̄(s)p
φ1ρφ1
ap̄ (t, s),

∂
∂s
pφ

x

aā(t, s) = paa(t, s)µaā(s)φ
x(s)− µā.(s)pφ

x

aā(t, s) + µīā(s)p
φx

āi
(t, s).

In the discontinuity points we have

pρ1ap(t, th)− pρ1ap(t, th−) = paa(t, th−)ρ1(th)ph,

pφ
x

āi
(t, th)− pφ

x

āi
(t, th−) = 0,

p
φ1ρφ1
ap̄ (t, th)− p

φ1ρφ1
ap̄ (t, th−) = pφ

x

aā(t, th−)ρφ1(th)p
φ
h,

pφ
x

aā(t, th)− pφ
x

aā(t, th−) = pφ
x

aā(t, th−)pφh.

The modified probabilities are no more complicated to calculate than the
traditional transition probabilities. Thus, with these the expected cash flows
are easily calculated.
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4 Benefit Conversion

In Section 2 and Section 3 we have modelled the time of retirement as stochas-
tic. In reality it is also very common that upon retirement the benefits or
parts of these are converted to another structure than originally stated in the
contract. This could mean that a saving originally intended for a pension
sum is used for buying a life annuity. We assume that the policyholder’s
choice regarding this is independent of everything else in the model, except
the time of retirement. E.g. the policyholder may be more inclined to con-
vert her savings to a life annuity if she retires early rather than if she retires
very late.

Recall that x ∈ {1, 3} represents respectively the annuity and the pension
sum. Let Y x

t denote the proportion of the partial reserve originally intended
for benefit structure x which is used for a life annuity upon retirement if
this happens at time t before conversion to free policy. We let Y φx

t denote
the corresponding proportion if the policyholder has converted to free pol-
icy first. Assume the remaining partial reserve is used for a pension sum.
Y x = (Y x

t )t≥0 and Y φx = (Y φx
t )t≥0 are stochastic processes taking values in

[0, 1], and (Y x, Y φx) is independent of everything else in our model. Conver-
sion of benefits is often regulated. Many regulation types governing which
conversions are allowed, can be easily implemented in our model through
choice of the distributions of (Y x, Y φx).

4.1 Scaling the Benefits

We consider the complex model of Section 3. The size of the benefits after
conversion is not obvious. Just like for the retirement factor, setting the
benefits after a conversion depends on the guarantees the policyholder has.
At one extreme is the case where the policyholder is not guaranteed that she
is allowed to convert. Even if the policyholder is allowed to convert, then
she might not have any guarantees regarding the basis used for pricing. In
this case conversion may be modelled as surrender or as full conversion to
a pension sum. We study a case where the policyholder is guaranteed that
upon retirement she may use her retrospective saving to buy a combination
of a pension sum and a life annuity valued under the technical basis. In this
case the guarantee from the technical basis stretches very far and one could
argue that it may not be realistic. If for example a policyholder has a pension
sum saving with a very high technical interest rate, she might not be allowed
to convert the saving to a life annuity with the same high guaranteed interest
rate.

Now, for the partial reserves for each of the benefit structure types x ∈
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{1, 3}, we define reference retirement benefits bTxp and bTxap . These corresponds
to the benefits if the policyholder retires at time T and chooses to have every-
thing paid out as respectively a life annuity or a pension sum. The reference
benefits are scaled depending on the time of retirement and conversion to
free policy. When all the saving meant for benefit type x is used for benefit
type w, then the reference benefits are scaled in the following way: If the
policyholder retires from the active state at time t, the scaling ρxw(t) is used.
And if the policyholder retires at time t after conversion to free policy at
time u the scaling φx(u)ρxw(t) is used. Here φx is the free policy scaling from
the model of section 3. For every other benefits the scaling of Section 3 is
used. Thereby we get the payment stream for the partial reserve intended
for benefit type x to be:

dBx(t) = −πxIa(t)dt+ bxi (t)Ii(t)dt+ bxad(t)dNad(t)

+ (1− Y x
t )bTxap ρ

x
3(t)dNap(t) + Y x

t−Utb
Tx
p ρx1(t− Ut)Ip(t)dt

+ bxi (t)φ
x(t− Vt)Iī(t)dt+ (1− Y φx

t )bTxap ρ
x
φ3(t)φx(t− Vt)dNāp̄(t)

+ bxad(t)φ
x(t− Vt)dNād̄(t) + Y φx

t−Utb
Tx
p ρxφ1(t− Ut)φx(t− Vt)Ip̄(t)dt.

Using the notation from the previous section, but with V̂ Tx
p being the prospec-

tive technical value of a life annuity with payments bTxp the scalings become

ρx1(t) =
V̂ x
a (t)

V̂ Tx
p (t)

and ρx3(t) =
V̂ x
a (t)

V̂ x
a (T )

,

ρxφ1(t) =
V̂ x∗
ā (t)

V̂ Tx
p (t)

and ρxφ3(t) =
V̂ x∗
ā (t)

V̂ x
a (T )

,

Let yxt = E[Y x
t ] and yφxt = E[Y φx

t ]. In Appendix C we derive the market
reserve. We determine an expression that allows us to immediately deduce
the expected cash flow, which is given by

dAxa(t, s) = paa(t, s−) (−πx + µad(s)b
x
ad(s)) ds+ pai(t, s)b

x
i (s)ds

+ paa(t, s−)(1− yxs )bTxap ρ
x
3(s)

(
µap(s)ds+

n∑
h=1

phdεth(s)

)
+ pyρ

x
1

ap (t, s)bTxp ds+ pφ
x

aā(t, s−)bxad(s)µād̄(s)ds

+ pφ
x

āi
(t, s)bxi (s)ds+ p

yφxρx1
ap̄ (t, s)bTxp ds

+ pφ
x

aā(t, s−)(1− yφxs )bTxap ρ
x
φ3(s)

(
µāp̄(s)ds+

n∑
h=1

pφhdεth(s)

)
,

(21)
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where

pyρ
x
1

ap (t, s) =

∫ s

t

ρx1(τ)yxτ ppp(τ, s)paa(t, τ−)(µap(τ)dτ +
n∑
h=1

phdεth(τ)),

p
yφxρx1
ap̄ (t, s) =

∫ s

t

∫ s

σ

paa(t, σ)µaā(σ)φx(σ)pāā(σ, τ−)yφxτ ρ
x
φ1(τ)pp̄p̄(τ, s)(

µāp̄(τ)dτ +
n∑
h=1

pφhdεth(τ)

)
dσ.

This is the same we would get if we had considered the model of Figure
3. This is a Markov model with four states a (active), i (disabled), l (life
annuity), s (pension sum), d (dead) and corresponding free policy states ā,
ī, l̄, s̄ and d̄. Transitions between any of the states {a, i, d, ā, ī, d̄} has the
intensities and probabilities as in the previous model. Transitions to and
from the retirement states has intensities

µal(t) = yxt µap(t), µas(t) = (1− yxt )µap(t), µld(t) = µsd(t) = µpd(t),

µāl̄(t) = yφxt µāp̄(t), µās̄(t) = (1− yφxt )µāp̄(t), µl̄d̄(t) = µs̄d̄(t) = µp̄d̄(t),

and all other intensities to and from the retirement states are zero. Transition
probabilities to the retirement states are continuous, except for the time
points t1, . . . , tn. In those discontinuities we have

pal(th−, th) = phy
x
th
, pāl̄(th−, th, ) = pφhy

φx
th
,

pas(th−, th) = ph(1− yxth), pās̄(th−, th) = pφh(1− yφxth ).

From this new model we easily deduce the following Thiele differential equa-
tion for differentiability points

d
dt
V x
a (t) = πx + (r(t) + µad(t))V

x
a (t)− µai(t) (V x

i (t)− V x
a (t))

− µap(t)
(
yxt ρ

x
1(t)V Tx

p (t) + (1− yxt )ρx3(t)bxap − V x
a (t)

)
− µaā(t) (φx(t)V x∗

ā (t)− V x
a (t)) ,

d
dt
V x∗
ā (t) = (r(t) + µād̄(t))V

x∗
ā (t)− µā̄i(t) (V x∗

ī (t)− V x∗
ā (t))

− µāp̄(t)
(
yφxt ρ

x
φ1(t)V Tx

p (t) + (1− yφxt )ρxφ3(t)bxap − V x∗
ā (t)

)
,

with terminal conditions

V x
a (Tmax−) = yxTmaxρ

x
1(Tmax)V

Tx
p (Tmax) + (1− yxTmax)ρ

x
3(Tmax)b

3
ap,

V x∗
ā (Tmax−) = yφxTmaxρ

x
φ1(Tmax)V

Tx
p (Tmax) + (1− yφxTmax)ρ

x
φ3(Tmax)b

x
ap.

21



Active

Disabled

Life Annuity

Pension Sum

Dead
��

�
��

��
�*

µai(t) ���
����
µia(t)

��
��

��1µpd(t)
PPPPPPPq

yxt µap(t)

�
�
�
�
�
�
�
�3

µpd(t)

Q
Q
Q
Q
Q
Q
Q
Qs

(1− yxt )µap(t)

HHH
HHHj

µid(t)

-µad(t)

?

µaā(t)
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Figure 3: Model with disability, free policy and stochastic retirement including
states for benefit conversion.

In discontinuity points we get

V x
a (th)− V x

a (th−) = −ph
(
yxthρ

x
1(th)V

Tx
p (th) + (1− yxth)ρx3(th)b

x
ap − V x

a (th)
)
,

V x∗
ā (th)− V x∗

ā (th−) = −pφh
(
yφxth ρ

x
φ1(th)V

Tx
p̄ (th) + (1− yφxth )ρxφ1(th)b

x
ap − V x∗

ā (th)
)
.

We may also deduce the differential equation by differentiating the integrated
discounted expected cash flow. This approach may be used to verify the
connection to the model of Figure 3

We may obtain a similar Thiele equation under the technical basis and we
see from this that the scaling functions are such that the risk sums for retiring
are zero under the technical basis, and so are the risk sums for conversion to
free policy. Specifically the technical reserves in any other state than retired
equals the technical reserves when the structure of the benefits is fixed. Thus
the equivalence principle still holds.

It is tractable that for this more advanced model with benefit conversion
reserves can be calculated from a model of the kind we are used to. However,
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we should be aware that the model of Figure 3 is constructed to give us
the correct expected cash flow and thereby also the correct market reserve.
This does not guarantee that the model is appropriate for risk management
calculations based on other distributional properties. Even if policyholders in
the true model are likely to convert a proportion of their savings, the model
of Figure 3 assumes extreme choice. In the model of Figure 3 policyholders
always decide to have all retirement benefits paid out with the same benefit
structure.

5 Numerical Results and Discussion

We consider here the numerical consequences of taking stochastic retirement
into account. We begin in Section 5.1 by looking at a simple contract in the
simple model, and examine the numerical consequences of expanding this to
include a stochastic retirement time. This corresponds to what is done in
Section 2.

In Section 5.2 we look at a more realistic contract in the complex model.
In this model we look at the numerical consequences of adding first the pos-
sibility to convert to free policy, then a stochastic retirement time, and lastly
stochastic benefit conversion at the time of retirement. This corresponds to
what is done in Section 3 and Section 4.

5.1 Stochastic Retirement in the Simple Model

We consider the model and the contract from Section 2. We assume that
the mortality from the active state is the same as from the retired state, and
furthermore we assume that the mortality is the same for the technical and
the market basis. For this mortality we choose the standard intensities for
a female occurring in the Danish G82 risk table. This corresponds to the
following intensity expression

µ̂ad(age) = µad(age) = 0.0005 + 105.728−10+0.038∗age

As mentioned in Section 3, modelling the time of retirement as stochastic
does not have any effect on the technical reserves. On the market basis
we consider three different models for the retirement transition. We name
these low retirement intensity, deterministic retirement, and high retirement
intensity, and they are given by
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Retirement (t1, . . . , tn) (p1, . . . , pn)=(pφ1 , . . . , p
φ
n) µap(age)

Low intensity (62,67,72) (0.1, 0.2, 1) e0.05∗age−8

Deterministic 67 1 0
High intensity (62,67,72) (0.1, 0.2, 1) e0.1∗age−8

This is in some regards an overly simplistic example since one would also
expect the positive probability mass to be smaller in the example with smaller
retirement intensity.

Figure 4 contains the transition probabilities based on the low and high
retirement intensity. For the deterministic retirement, probability mass in
the active state simply moves to the pension state at the agreed time of
retirement. For the low retirement intensity, the three time points with
positive probability mass of retirement are clearly seen, whereas these are
not as clear in the example where policyholders have a high intensity of
retirement between these time points.

0
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0,6

0,8

1

30 35 40 45 50 55 60 65 70 75 80 85 90 95 100

Low retirement intensity 

Active
Retired
Dead

0

0,2

0,4

0,6

0,8

1

30 35 40 45 50 55 60 65 70 75 80 85 90 95 100

High retirement intensity 

Active
Retired
Dead

Figure 4: Transition probabilities based on the low and high retirement tran-
sition intensity.

We now consider two contracts; one with a high interest rate guarantee
of 5%, and another with a low interest rate guarantee of 1%. For both
contracts the future market yield is assumed to be constant at 3.5%. All
interest rates are continuously compounded. The contracts are assumed to
have a fixed premium and the same two benefits with amounts found by the
equivalence principle; a life annuity, and a pension sum. 10% of the premium
is used to fund the pension sum. Furthermore the contracts are calculated
at the initiation date, and the policyholder is assumed to be 30 years old at
this time. The premium and benefits for retirement at age 67 for the two
contracts are found to be
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High interest (r̂ = 5%) Low interest (r̂ = 1%)
Premium e 10,000 e 10,000
ref. life annuity (b67

a ) e 108,177 e 32,121
ref. pension sum (b67

ap) e 125,590 e 52,904

The dependence of the time of retirement on the benefits is described by the
retirement factor. Figure 5 displays the scaling factors as a function of the
time of retirement in each of the two cases low / high interest rate. These
graphs are easily accessible tools for guiding policyholders about the impact
of their choice regarding when to retire. We have calculated the market
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High technical interest rate (5%) 

Annuity
Retirement sum

Figure 5: The retirement scaling factors in the simple model for respectively
a low (1%), and a high (5%) guaranteed interest rate.

reserve at time zero for the two contracts using the three different models for
the transition to retirement. The results were found to be

Retirement High interest (r̂ = 5%) Low interest (r̂ = 1%)
Low intensity e 124,178 e -109,425
Deterministic e 113,205 e -103,681
High intensity e 107,789 e -100,288

This shows that for a contract with a high interest rate guarantee compared to
the market expectations the reserve is higher for the low retirement intensity
than for deterministic, which is then again higher than the reserve for the
high retirement intensity. This is what we would expect since a late time
of retirement means that more premium is paid. The insurance company
has to bear interest for this premium with an interest rate that is higher
than market interest rate. The opposite is the case for the contract with an
interest rate guarantee lower than market expectations.

In Figure 6 the cash flows for each of the three models of the retirement
transition is shown for the contract with the low interest rate guarantee.
These cash flows contain no discounting from the market interest rate. The
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cash flows for the contract with the high interest rate guarantee looks similar
to these. In these figures the pension sum can easily be seen in the cash flow
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Figure 6: Cash flows for the contract low interest rate (1%) using the different
retirement intensity.

for the low retirement intensity in each of the three time points with positive
probability for retirement. The pension sum is also seen at the agreed upon
time of retirement for the deterministic retirement. It is also seen that as
expected a higher retirement intensity push payments forward in time, and
leaves smaller expected payments after the latest retirement time.

5.2 Stochastic Retirement in the Complex Model

We now consider the models and the contract from Section 3 and 4. The
same death intensity as in Section 5.1 is used for transitions to the dead
states. Furthermore the transitions to retirement states are also as described
in 5.1 both before and after conversion to free policy. The transition from
the active state to the disabled state has the same intensity for the technical
and market basis. We choose the standard intensity for a female occurring
in the Danish G82 risk table. This corresponds to the following expression

µ̂ai(age) = µai(age) = 0.0006 + 104.71609−10+0.06∗age.
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The transition from the disabled state to the active state is assumed to have
a zero intensity for the technical basis, that is µ̂ia(age) = 0, and the following
intensity for the market basis µia(age) = exp{−0.06 ∗ age}. For the market
basis we assume µaā(age) = exp{−0.11 ∗ age}.

As in Section 4, we define y3
t = yφ3

t as the expected proportion of the
partial reserve for the retirement sum used for a life annuity upon retirement.
We set this proportion to zero for the technical basis, and we choose the
following expression for the market basis y3

t = yφ3
t = 0.25+0.5 ·(t−62)/(72−

62). Furthermore we assume that there is no other benefit conversions than
the one from the pension sum to a life annuity, and thus y1

t = yφ1
t = 1.

As in Section 5.1, we consider two contracts. These are defined from the
same guaranteed interest rates, and the market interest rate is also assumed
to be the same as in Section 5.1. The contracts are assumed to have a
fixed premium with a disability premium waiver, a fixed death sum, a fixed
disability annuity and the same two benefits with amounts found by the
equivalence principle; a life annuity, and a retirement sum. Again 10% of the
premium is used to fund the pension sum. Furthermore the contracts are
calculated at the initiation date, and the policyholder is assumed to be 30
years old at that time. The premium and benefits for the two contracts are
found to be

High interest (r̂ = 5%) Low interest (r̂ = 1%)
Premium e 10,000 e 10,000
ref. life annuity (b67

p ) e 84,827 e 21,224

ref. disab. annuity (b67
i ) e 30,000 e 30,000

ref. death sum (b67
ad) e 100,000 e 100,000

ref. pension sum (b67
ap) e 120,584 e 49,488

We have calculated the market reserve at time zero for the two contracts
with various options included. First, we have calculated the reserves using
the deterministic retirement. Next, we have added the free policy option.
Then, we have included a stochastic retirement time using the low retirement
intensity from Section 5.1. Lastly, we have added the possibility of benefit
conversion at the time of retirement for the retirement sum. The resulting
market reserves are found to be

High interest (r̂ = 5%) Low interest (r̂ = 1%)
Deterministic Retirement e 88,121 e -95,559
+ Free Policy Option e 73,523 e -78,814
+ Stochastic Retirement e 78,462 e -81,027
+ Benefit Conversion e 79,720 e -81,752
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As expected, we see that all market reserves for the contract with the high
interest rate guarantee is positive whereas all reserves for the contract with
low interest rate guarantee are negative.

Including the free policy option in the calculation adds a possibility to
stop premium payments and thus decrease the size of the future payments.
This decreases the reserve for the contract with high interest rate guarantee,
and increases the reserve for the contract with low interest rate guarantee.

As in Section 5.1 we see that a low stochastic retirement intensity delays
the benefit payments and increase the size of the retirement benefits. This
increases the reserve for the contract with high interest rate guarantee, and
decreases the reserve for the contract with low interest rate guarantee.

Including benefit conversion from retirement sum to life annuity again
delays the benefits and has the same effect as adding low stochastic retirement
intensity. The opposite would be the case if the conversion where from life
annuity to retirement sum.

We see that the market value of the contract with the high interest rate
guarantee in our current economic environment is too small if one only takes
into account the free policy option and not the stochastic retirement and
the benefit conversion. In our setup, stochastic retirement time with a low
retirement intensity increases the market value by approximately 7% while
benefit conversion on just 10% of the premium increases the market value
by approximately 1.5%. This means that insurance companies and pension
funds not reserving for these types of options might not be setting aside
enough to cover future payments. Furthermore, as illustrated in Figure 6,
stochastic retirement has a high influence on the expected cash flow.
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A Market Reserve in the Simple Model

We derive the market reserve for the simple contract in Section 2 in a form
that allows us to immediately deduce the expected cash flow of (11) and (12).

Va(t) = Ea,t
[ ∫ ∞

t

e−
∫ s
t r(x)dx

(
−Ia(s)π + Ip(s)ρ1(s− Us)bTp

)
ds

+

∫ ∞
t

e−
∫ s
t r(x)dxρ3(s)bTapdNap(s)

]
=

∫ ∞
t

e−
∫ s
t r(x)dx

(
paa(t, s−)

(
−π + ρ3(s)bTapµap(s)

)
+ Ea,t[Ip(s)ρ1(s− Us)]bTp

)
ds.
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We define

pρ1ap(t, s) ≡ Ea,t [Ip(s)ρ1(s− Us)]

=

∫ s

t

Ea,t [Ip(s)ρ1(s− Us)|s− Us = τ ] dPa,t(s− Us ≤ τ)

=

∫ s

t

Ea,t [Ip(s)|s− Us = τ ] ρ1(τ)paa(t, τ−)(
µap(τ)dτ +

n∑
h=1

phdεth(τ)

)

=

∫ s

t

paa(t, τ−)ρ1(τ)ppp(τ, s)

(
µap(τ)dτ +

n∑
h=1

phdεth(τ)

)
.

Now (11) and (12) immediately follow.
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B Market Reserve in the Complex Model

We derive the market reserve for the complex model of Section 3 in a form
that allows us to immediately deduce the expected cash flow of (20).

Va(t) = Ea,t
[ ∫ ∞

t

e−
∫ s
t r(x)dx

(
− Ia(s)π + Ii(s)bi(s) + Ip(s)b

T
p ρ1(s− Us)

+ Iī(s)bi(s)φ
1(s− Vs) + Ip̄(s)b

T
p φ

1(s− Vs)ρφ1(s− Us)
)

ds

+

∫ ∞
t

e−
∫ s
t r(x)dxbad(s)dNad(s) +

∫ ∞
t

e−
∫ s
t r(x)dxbTapρ3(s)dNap(s)

+

∫ ∞
t

e−
∫ s
t r(x)dxbad(s)φ

1(s− Vs)dNād̄(s)

+

∫ ∞
t

e−
∫ s
t r(x)dxbTapρφ3(s)φ3(s− Vs)dNāp̄(s)

]
=

∫ ∞
t

e−
∫ s
t r(x)dx

(
− paa(t, s−)π + pai(t, s)bi(s)

+ Ea,t [Ip(s)ρ1(s− Us)] bTp + Ea,t
[
Iī(s)φ

1(s− Vs)
]
bi(s)

+ Ea,t
[
Ip̄(s)φ

1(s− V (s))ρφ1(s− Us)
]
bTp + paa(t, s−)µad(s)bad(s)

)
ds

+

∫ ∞
t

e−
∫ s
t r(x)dxρ3(s)bTappaa(t, s−)

(
µap(s)ds+

n∑
h=1

phdεth(s)

)

+ Ea,t
[∫ ∞

t

e−
∫ s
t r(x)dxbad(s)φ

1(s− Vs)dNād̄(s)

]
+ bTapEa,t

[∫ ∞
t

e−
∫ s
t r(x)dxρφ3(s)φ3(s− Vs)dNāp̄(s)

]
.

We evaluate the unresolved expectations one at a time

pρ1ap(t, s) = Ea,t [Ip(s)ρ1(s− Us)]

=

∫ s

t

Ea,t [Ip(s)ρ1(s− Us)|s− Us = τ ] dPa,t(s− Us ≤ τ)

=

∫ s

t

ρ1(τ)Ep,τ [Ip(s)] paa(t, τ−)

(
µap(τ)dτ +

n∑
h=1

phdεth(τ)

)

=

∫ s

t

paa(t, τ−)ρ1(τ)ppp(τ, s)

(
µap(τ)dτ +

n∑
h=1

phdεth(τ)

)
.
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pφ
1

āi
(t, s) = Ea,t

[
Iī(s)φ

1(s− Vs)
]

=

∫ s

t

Ea,t
[
Iī(s)φ

1(s− Vs)|s− Vs = σ
]

dPa,t(s− Vs ≤ σ)

=

∫ s

t

φ1(σ)Eā,σ [Iī(s)] paa(t, σ−)µaā(σ)dσ

=

∫ s

t

paa(t, σ−)µaā(σ)φ1(σ)pā̄i(σ, s)dσ.

p
φ1ρφ1
ap̄ (t, s) = Ea,t

[
Ip̄(s)φ

1(s− Vs)ρφ1(s− Us)
]

=

∫ s

t

Ea,t[Ip̄(s)φ1(s− Vs)ρφ1(s− Us)|s− Vs = σ]dPa,t(s− Vs ≤ σ)

=

∫ s

t

φ1(σ)Eā,σ [Ip̄(s)ρφ1(s− Us)] paa(t, σ−)µaā(σ)dσ

=

∫ s

t

∫ s

σ

Eā,σ [Ip̄(s)ρφ1(s− Us)|s− Us = τ ] dPā,σ(s− Us ≤ τ)

paa(t, σ−)φ1(σ)µaā(σ)dσ

=

∫ s

t

∫ s

σ

ρφ1(τ)Ep̄,τ [Ip̄(s)] pāā(σ, τ−)

(
µāp̄(τ)dτ +

n∑
h=1

pφhdεth(τ)

)
paa(t, σ−)φ1(σ)µaā(σ)dσ

=

∫ s

t

∫ s

σ

paa(t, σ−)φ1(σ)µaā(σ)pāā(σ, τ)ρφ1(τ)pp̄p̄(τ, s)(
µāp̄(τ)dτ +

n∑
h=1

pφhdεth(τ)

)
dσ.

Ea,t
[∫ ∞

t

e−
∫ s
t r(x)dxbad(s)φ

1(s− Vs)dNād̄(s)

]
= Ea,t

[∫ ∞
t

e−
∫ s
t r(x)dxbad(s)φ

1(s− Vs)Iā(s−)µād̄(s)ds

]
=

∫ ∞
t

e−
∫ s
t r(x)dxbad(s)Ea,t

[
φ1(s− Vs)Iā(s−)

]
µād̄(s)ds.
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with

pφ
x

aā(t, s−) = Ea,t [φx(s− Vs)Iā(s−)]

=

∫ s

t

Ea,t [φx(s− Vs)Iā(s−)|s− Vs = σ] dPa,t(s− Vs ≤ σ)

=

∫ s

t

φx(σ)Eā,σ [Iā(s−)] paa(t, σ−)µaā(σ)dσ

=

∫ s

t

paa(t, σ−)µaā(σ)φx(σ)pāā(σ, s−)dσ.

Ea,t
[∫ ∞

t

e−
∫ s
t r(x)dxρφ3(s)φ3(s− Vs)dNāp̄(s)

]
= Ea,t

[∫ ∞
t

e−
∫ s
t r(x)dxρφ3(s)φ3(s− Vs)Iā(s−)

(
µāp̄(s)ds+

n∑
h=1

pφhdεth(s)

)]

=

∫ ∞
t

e−
∫ s
t r(x)dxρφ3(s)Ea,t

[
φ3(s− Vs)Iā(s−)

](
µāp̄(s)ds+

n∑
h=1

pφhdεth(s)

)

=

∫ ∞
t

e−
∫ s
t r(x)dxρφ3(s)pφ

3

aā(t, s−)

(
µāp̄(s)ds+

n∑
h=1

pφhdεth(s)

)
,

Now (20) immediately follows.

C Market Reserve with Benefit Conversion

We derive the market reserve for the model with benefit conversion studied
in Section 4. We derive it in a form that allows us to immediately deduce
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the expected cash flow of (21).

V x
a (t) = Ea,t

[ ∫ ∞
t

e−
∫ s
t r(x)dx

(
− Ia(s)πx + bxi (s)Ii(s)

+ Y x
s−Usb

Tx
p Ip(s)ρ

x
1(s− Us) + bxi (s)φ

x(s− Vs)Iī(s)

+ Y φx
s−Usb

Tx
p φx(s− Vs)ρxφ1(s− Us)Ip̄(s)

)
ds

+

∫ ∞
t

e−
∫ s
t r(x)dxbxad(s)dNad(s)

+

∫ ∞
t

e−
∫ s
t r(x)dx(1− Y x

s )bTxap ρ
x
3(s)dNap(s)

+

∫ ∞
t

e−
∫ s
t r(x)dxbxad(s)φ

x(s− Vs)dNād̄(s)

+

∫ ∞
t

e−
∫ s
t r(x)dx(1− Y φx

s )bTxap ρ
x
φ3(s)φx(s− Vs)dNāp̄(s)

]
=

∫ ∞
t

e−
∫ s
t r(x)dx

(
− paa(t, s−)πx + pai(t, s)b

x
i (s)

+ bTxp Ea,t[Y x
s−UsIp(s)ρ

x
1(s− Us)] + pφ

x

āi
(t, s)bxi (s)

+ bTxp Ea,t[Y x
s−Usφ

x(s− Vs)ρxφ1(s− Us)Ip̄(s)]

+ paa(t, s−)µad(s)b
x
ad(s) + pφ

x

aā(t, s−)µād̄(s)b
x
ad(s)

)
ds

+ bTxap Ea,t
[∫ ∞

t

e−
∫ s
t r(x)dx(1− Y x

s )ρx3(s)dNap(s)

]
+ bTxap Ea,t

[∫ ∞
t

e−
∫ s
t r(x)dx(1− Y x

s )ρxφ3(s)φx(s− Vs)dNāp̄(s)

]
.

We evaluate each of the four unresolved expectations one at a time.

pyρ
x
1

ap (t, s) = Ea,t[Y x
s−UsIp(s)ρ

x
1(s− Us)]

=

∫ s

t

Ea,t[Y x
s−UsIp(s)ρ

x
1(s− Us)|s− Us = τ ]dPa,t(s− Us ≤ τ)

=

∫ s

t

ρx1(τ)E[Y x
τ ]Ep,τ [Ip(s)]paa(t, τ−)

(
µap(τ)dτ +

n∑
h=1

phdεth(τ)

)

=

∫ s

t

ρx1(τ)yτppp(τ, s)paa(t, τ−)

(
µap(τ)dτ +

n∑
h=1

phdεth(τ)

)
.
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p
yφxρxφ1
ap (t, s) = Ea,t[Y φx

s−Usφ
x(s− Vs)ρxφ1(s− Us)Ip̄(s)]

=

∫ s

t

Ea,t[Y φx
s−Usφ

x(s− Vs)ρxφ1(s− Us)Ip̄(s)|s− Vs = σ]

dPa,t(s− Vs ≤ σ)

=

∫ s

t

φx(σ)Eā,σ[Y φx
s−Usρ

x
φ1(s− Us)Ip̄(s)]paa(t, σ−)µaā(σ)dσ

=

∫ s

t

φx(σ)

∫ s

σ

Eā,σ[Y φx
s−Usρ

x
φ1(Us)Ip̄(s)|s− Us = τ ]

dPā,σ(s− Us ≤ τ)paa(t, σ−)µaā(σ)dσ

=

∫ s

t

∫ s

σ

E[Y φx
τ ]ρxφ1(τ)Ep̄,τ [Ip̄(s)]pāā(σ, τ−)(

µāp̄(τ)dτ +
n∑
h=1

pφhdεth(τ)

)
φx(σ)paa(t, σ−)µaā(σ)dσ

=

∫ s

t

∫ s

σ

paa(t, σ−)µaā(σ)φx(σ)pāā(σ, τ−)yφxτ ρ
x
φ1(τ)pp̄p̄(τ, s)(

µāp̄(τ)dτ +
n∑
h=1

pφhdεth(τ)

)
dσ.

Ea,t
[∫ ∞

t

e−
∫ s
t r(x)dx(1− Y x

s )ρx3(s)dNap(s)

]
= Ea,t

[∫ ∞
t

e−
∫ s
t r(x)dx(1− Y x

s )ρx3(s)Ia(s−)

(
µap(s)ds+

n∑
h=1

phdεth(s)

)]

=

∫ ∞
t

e−
∫ s
t r(x)dx(1− yxs )ρx3(s)paa(t, s−)

(
µap(s)ds+

n∑
h=1

phdεth(s)

)
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Ea,t
[∫ ∞

t

e−
∫ s
t r(x)dx(1− Y φx

s )ρxφ3(s)φx(s− Vs)dNāp̄(s)

]
= Ea,t

[ ∫ ∞
t

e−
∫ s
t r(x)dx(1− Y φx

s )ρxφ3(s)φx(s− Vs)Iā(s−)(
µāp̄(s)ds+

n∑
h=1

pφhdεth(s)

)]
=

∫ ∞
t

e−
∫ s
t r(x)dx(1− yφxt )ρxφ3(s)Ea,t[φx(s− Vs)Iā(s−)](

µāp̄(s)ds+
n∑
h=1

pφhdεth(s)

)

=

∫ ∞
t

e−
∫ s
t r(x)dx(1− yφxt )ρxφ3(s)pφ

x

aā(t, s−)

(
µāp̄(s)ds+

n∑
h=1

pφhdεth(s)

)
.

Now (21) immediately follows.
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