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Abstract: An investment strategy or portfolio is uniquely determined by an
exposure process specifying the number of shares held in risky assets at any
time and a cost process representing deposits into and withdrawals from the
portfolio account. The strategy is a hedge of a contractual payment stream
if the payments are currently deposited on/withdrawn from the portfolio
account and the terminal value of the portfolio is 0 (ultimate settlement of
the contractual liabilities). The performance of the hedge is stated through
an optimization criterion for the investment strategy. The purpose of the
present talk is three-fold:

Firstly, it reviews the core of quadratic hedging theory in a scenario
where insurance risk can partly be offset by trading in available insurance-
linked derivatives (e.g. catastrophe bonds or mortality bonds) and relates it
to actuarial principles of premium rating and provision of reserves. Working
under a martingale measure and some weak integrability conditions allows
simple proofs based on orthogonal projections: quadratic hedging theory
without agonizing pain.

Secondly, it is pointed out that certain optimization criteria lead to the
same optimal exposure process but different optimal cost processes, special
cases being mean-variance hedging and risk minimization. It is shown that
these results are preserved if the value of the portfolio is required to coincide
with a given adapted process, a case in point being the capital requirement
introduced through regulatory regimes like the Basel accords and Solvency
II. This answers the question how to hedge optimally in insurance derivatives
under solvency constraints.

Thirdly and finally, the following problem is formulated and solved: how
to design the very assets (e.g. insurance derivatives) in a multi-factor frame-
work, the purpose being to optimize the hedging performance on the average
across a population of hedgers pursuing optimal individual hedging strate-
gies with given assets.

Keywords: Mean-variance hedging, Risk minimization, Constrained port-
folio value, Solvency control.
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1 Introduction

1.1 Background

In statistical decision theory the performance of an estimator m̂ of a random
estimand m is measured by the expected loss, EL(m, m̂), where L is a func-
tion measuring the loss incurred by the estimation error for each outcome of
the random experiment. The quadratic loss function, L(m, m̂) = (m− m̂)2,
is widely used, and the criterion E (m− m̂)2 is referred to as mean squared
error (MSE). Being a squared distance in the space of square integrable ran-
dom variables, the MSE lends itself to the powerful technique of orthogonal
projection in Hilbert space. The unrestricted MSE-optimal estimator is the
expected value of the estimand, given the available information.

In actuarial science the MSE criterion conforms with the principle of
equivalence, which states that the pure risk premium for any individual risk
is its expected value. The pure risk premium is a benchmark value since
charging less/more will produce a loss/surplus almost surely as the portfolio
becomes infinitely large.

In financial mathematics the expected quadratic loss criterion has been
adopted and developed in various forms in the context of hedging in in-
complete markets. A new feature is that the hedge (the counterpart of
the estimator in statistics) is a stochastic process representing a dynami-
cal investment strategy. Key references are the pioneering work on risk-
minimization by Föllmer and Sondermann [2] and the overviews [11] and
[12]. Also the claim (the counterpart of the estimand) may be a process
representing a stream of contractual payments. Motivated by insurance
applications, this aspect was added to the theory of risk minimization by
Møller [4]. In hedging theory the optimization problem depends critically
on the stochastic properties of the discounted asset prices. If they are (lo-
cal) martingales, which means that expected quadratic loss is with respect
to an equivalent (local) martingale measure, then the problem is relatively
simple because increments of the processes at different points of time are
conditionally uncorrelated. This situation is referred to as the martingale
case. If the discounted asset prices fail to be martingales, as is typically the
case under the physical measure, then the situation is more complex. For
such cases Schweizer [10] invented the criterion of local risk minimization.
His survey paper [12] is a suitable reference for results based on this no-
tion. Later Schweizer [13], followed by many others, extended this branch
of risk-minimization theory to claims that are payment streams.

The very nature of the hedging problem places it in the area of optimal
stochastic control, see [3] and references therein. However, when the objec-
tive of the hedge is taken to be some variation of expected quadratic loss,
then solutions can be obtained in the martingale case by methods that do
not invoke the maximum principle or dynamic programming.
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1.2 Scope and outline of the present study

The purpose of this paper is to present a simple and, in some respects, uni-
fying theory of quadratic hedging of payment streams, and also to add some
new aspects to existing theory. It is presented to an actuarial journal for a
combination of reasons. Firstly, as pointed out already, quadratic hedging
theory dovetails with traditional actuarial principles for risk sharing, pre-
mium rating, and reserving based on minimization of the variance. Secondly,
a typical insurance policy generates a stream of payments over the term of
the contract, which may be long, while a typical financial option generates
a single payment at the term, which is usually short. Thirdly, the hedging
theories in finance respond timely to the ongoing endeavours to manage in-
surance risk through market operations, notably securitization (insurance
derivatives). Fourthly and finally, given the relevance of hedging theory to
practicing actuaries, and given the circumstance that the former may ap-
pear rather forbidding to the latter, this is also an attempt on an expository
hedging theory without agonizing pain. Thus, some generality and also some
mathematical ceremony have deliberately been sacrificed. Basic notions and
results in stochastic calculus are listed in an appendix, and readers in need
of a friendly introduction to mathematical finance are referred to [1].

The paper is organized as follows. Section 2 introduces a multi-factor
multi-asset financial market model and recapitulates basic concepts in the
theory of pricing and hedging, partly rephrased to suit the stated purposes of
the paper. In particular, a portfolio is defined by an exposure process specify-
ing the number of shares held in risky assets and a cost process representing
deposits into and withdrawals from the portfolio account. The standing
assumptions are as follows. Firstly, the scope is restricted to the martin-
gale case, which means working with a probability measure under which
all discounted asset prices are martingales. Secondly, these martingales are
assumed to be square integrable, and the same goes for the total discounted
payments that are to be hedged. Finally, the time horizon is taken to be
finite, which means that the integrability condition need only be imposed on
the states of the processes at term. Section 3 reviews two principal quadratic
criteria for optimal hedging, mean-variance hedging and risk minimization.
Under the standing assumptions, optimal strategies are obtained by simple
orthogonal projection techniques. It turns out that, while the optimal cost
process depends on the quadratic criterion, the optimal exposure process is
invariably the same. This observation suggests the result, formulated and
shown in Subsection 3.3, that the optimal exposure process will remain the
same also for risk minimization subject to constraints on the cost process
or the portfolio value. A case in point is the capital requirement introduced
through regulatory regimes like the Basel accords and Solvency II. Section
4 works out the particulars of the optimal strategies in a Poisson model
for catastrophe insurance. The final Section 5 discusses optimal design of
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the very assets (to be thought of as derivatives). Assuming that individual
hedgers perform optimal hedging portfolios for given assets, the assets are
designed in such a manner as to minimize the average optimal hedging error
across a finite population of hedgers. At this point it is assumed that there
is only a finite number of driving processes in the model. Appendix A on
stochastic calculus is taken as a prerequisite throughout without any further
mention.

The material in Sections 2 - 4 will appear in a forthcoming paper [6].
The material in Section 5 is work in progress.

2 Definitions and model assumptions

2.1 The financial market model

The financial market, observed over a finite time period [0, T ], lives in a
filtered probability space, (Ω,ℱ ,F = (ℱt)t∈[0,T ],ℙ), which satisfies the usual
conditions of right-continuity and completeness. It is furthermore assumed
that all sets in ℱ0 are ℙ-trivial (have ℙ-probability 0 or 1 hence carry no
information). The market features m + 1 tradeable assets labeled by i =

0, 1, . . . ,m, and S
(i)
t denotes the price of one unit of asset No. i at time t.

These prices are assembled in a column vector,

St = (S
(0)
t , . . . , S

(m)
t )′

(apostrophe signifies transposition). The process S = (St)t∈[0,T ] is F -
adapted and RCLL. Asset No. 0 is a cash account with interest rate process
(rt)t∈[0,T ], which means

S
(0)
t = e

∫ t
0 rudu ,

or
dS

(0)
t = S

(0)
t rt dt , S

(0)
0 = 1 . (1)

Since S(0) is predictable and of bounded variation, the cash account is said
to be (locally) risk-free. The remaining assets are risky, which means that
their price dynamics involve some non-trivial martingale increments.

2.2 Investment strategies

A portfolio is an F -adapted vector-valued process � = (�t)t∈[0,T ], where the

i-th entry in �t = (�
(0)
t , . . . , �

(m)
t )′ represents the number of units of asset No.

i held at time t. The portfolio process needs to satisfy certain measurabil-
ity conditions to be explained in Subsection 2.5 below: while �(1), . . . , �(m)

must be predictable, �(0) need only be adapted (and will typically not be
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predictable). The value of the portfolio at time t is

Ut = �′t St =
m∑
i=0

�
(i)
t S

(i)
t . (2)

The dependence of the value process on the portfolio will be suppressed in
the notation throughout.

The portfolio is financed by an F -adapted RCLL cost process C =
(Ct)t∈[0,T ], where Ct is the total amount invested in the portfolio up to
and including time t. The process C need not be increasing: the investor
can make deposits into or withdrawals from the portfolio account. Right-
continuity means that a lump sum movement appears on the balance sheet
of the account at the time it is deposited or withdrawn. The dynamics of
the portfolio value is

dUt = �′t dSt + dCt , (3)

starting from
U0 = C0 . (4)

The relationship (3) is a postulated budget constraint, which will be moti-
vated by discrete time considerations in Subsection 2.5 below. Upon inte-
grating (3) from 0 to t and using (4), one obtains

Ut =

∫ t

0
�′� dS� + Ct ,

which says that the cost is the part of the portfolio value that has not been
generated by trading gains (or losses). Since S is right-continuous, right-
continuity of C implies right-continuity of U .

It is convenient to measure monetary amounts in units of the current
value of the cash account. Such discounted values are equipped with a tilde:

S̃
(i)
t =

S
(i)
t

S
(0)
t

, i = 0, . . . ,m, Ũt =
Ut

S
(0)
t

, dC̃t =
dCt

S
(0)
t

. (5)

Since the discounted price of the cash account is S̃
(0)
t ≡ 1 and thus trivial,

it is practical to equip the discounted prices of the risky assets and the
corresponding portfolio elements with special symbols:

S̃t = (S̃
(1)
t , . . . , S̃

(m)
t )′ , #t = (�

(1)
t , . . . , �

(m)
t )′ .

The process # = (#t)t∈[0,T ] will here be called the exposure process since it
represents the investor’s exposure to asset risk.

Rewriting the first relationship in (5) as S
(i)
t = S

(0)
t S̃

(i)
t and using (1),

gives

dS
(i)
t = S

(0)
t rt dt S̃

(i)
t + S

(0)
t dS̃

(i)
t , (6)
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which for the cash account reduces to (1). Similarly,

dUt = S
(0)
t rt dt Ũt + S

(0)
t dŨt , (7)

and, finally,

dCt = S
(0)
t dC̃t . (8)

Inserting (6) - (8) into (3) gives

S
(0)
t rt dt Ũt +S

(0)
t dŨt = �

(0)
t S

(0)
t rt dt+#

′
t S

(0)
t rt dt S̃t +#′t S

(0)
t dS̃t +S

(0)
t dC̃t .

Due to (2) and (5), the first term on the left cancels against the first two

terms on the right. In what remains we divide through with S
(0)
t to ar-

rive at the following dynamics of the portfolio value in terms of discounted
quantities:

dŨt = #′t dS̃t + dC̃t . (9)

The initial condition is the same as (4):

Ũ0 = C̃0 , (10)

The integral form of (9) - (10) is

Ũt =

∫ t

0
#′� dS̃� + C̃t . (11)

From (2) and (11) we gather the identity

�
(0)
t + #′t S̃t =

∫ t

0
#′� dS̃� + C̃t ,

valid for all t. It is seen that, for any realization of S̃ and any choice of #, the
processes �(0) and C correspond one-to-one. This means that the portfolio
� corresponds one-to-one with the pair (C,#) (in a way that depends on S̃)
so that either can be taken to define the investment strategy. The former is
common usage, but we prefer the latter since C and # may be more easily
perceived as actions taken by the investor.

An investment strategy is costless if Ct = 0 for all t. For such a strategy
the portfolio value is generated by trading gains and losses only: every
purchase of assets is financed by sales of some other assets and, in particular,
the strategy is initiated by taking up a loan in the bank or by short-selling
some risky assets to finance the first purchases. A costless strategy is an
arbitrage if, for some t, ℙ[Ut ≥ 0] = 1 and ℙ[Ut > 0] > 0: at no cost there
are prospects of pocketing gains without any risk of suffering losses. Any
mathematical model meant to describe a well-functioning market should
exclude arbitrage opportunities.
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A fundamental result in asset pricing theory states that absence of arbi-
trage is (essentially) equivalent to the existence of an equivalent martingale
measure (EMM) ℙ̃ such that ℙ̃ and ℙ are equivalent and S̃ is an (F , ℙ̃)-
martingale. We shall be working throughout with a fixed EMM ℙ̃, assuming
that it exists and assuming that the discounted asset prices are square in-
tegrable. As explained in Appendix A.4, it suffices to assume that S̃T is
square integrable. Which EMM to choose will not be discussed here, and in
this respect the present paper is in line with many of the cited references.

2.3 Contingent claims, pricing and hedging

In order to fix terminology and notation, consider an insurance policy issued
at time 0 and terminating at time T . The policy generates a stream of
contractual contributions (premiums) paid by the insured to the insurer and
a stream of contractual benefits (claims) paid by the insurer to the insured.
Let Bt denote the total of benefits less contributions paid up to and including
time t. The process B = (Bt)t∈[0,T ] is F -adapted and RCLL. The discounted

benefits process, denoted by B̃, is defined in the same manner as C̃ in (5).
It is assumed that the total discounted amount, B̃T , is square integrable
under ℙ̃.

An investment strategy (C,#) is an admissible hedge of B if the insurer
deposits contributions into and withdraws benefits from the portfolio ac-
count currently as they are due and the terminal value of the portfolio is 0
(at the end of the day, the contractual payments have to be matched by the
investment strategy, with a gain or a loss on the part of the company). For-
mally, this means that the “strategy” (C−B,#) has terminal value 0. With
a view to (9), the discounted portfolio value is determined by the dynamics

dŨt = #′t dS̃t + dC̃t − dB̃t , (12)

commencing from
Ũ0 = C̃0 − B̃0 , (13)

and (C,#) is constrained by the admissibility condition

ŨT = 0 . (14)

The integral form of (12) - (13) is

Ũt =

∫ t

0
#′� dS̃� + C̃t − B̃t , (15)

hence (14) means

0 =

∫ T

0
#′� dS̃� + C̃T − B̃T . (16)
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Since the admissibility condition (14) is inevitable in the context of contrac-
tual liabilities, it shall henceforth be understood that any hedge considered
is admissible.

An investment strategy is one-off if its cost function is constant: Ct =
C0, for all t ∈ [0, T ]. This means the strategy is a combination of a single
deposit on the portfolio account up front and a costless strategy. One-off
strategies are essential in the context option pricing for the following reason.
Suppose a contract pays only a lump sum BT at time T (usually called a
simple T -claim) and suppose there exists a one-off hedge. Then, if the
contract can be freely traded at no transaction costs, the market price of
the contract must at any time be the current value of the hedge and, in
particular, the price at time 0 must be the one-off cost C0. If not, there
would be arbitrage.

The term one-off, coined here, is synonymous with self-financing, which
is common usage. Arguably, the term self-financing should be reserved for
what are here called costless strategies, but at this point nomenclature was
set in stone at the time of the great breakthroughs in option pricing the-
ory. Now, investments are made for other purposes than just hedging, the
perhaps most common being to maximize profits. In such a context the
notion of arbitrage remains essential hence so does the notion of costless
investment, but the initial cost is no longer of any particular significance.

2.4 The prospective reserve

Insurance regulation requires the company to provide a reserve that, at any
time, adequately covers the outstanding net liabilities in respect of the con-
tract. The simplest notion of reserve is the prospective reserve, which is just
the expected present value of future benefits less contributions. Taking the
expectation under an EMM that represents market attitudes would conform
with today’s regulatory standards, which prescribe that assets and liabili-
ties be booked at “market consistent embedded value”. Then the discounted
reserve is

Ṽt = Ẽ[B̃T − B̃t∣ℱt] =
1

S
(0)
t

Ẽ
[∫ T

t
e−

∫ �
t ru dudB� ∣ℱt

]
.

The (F , ℙ̃)-martingale associated with the total contractual payments is
M̃B = (M̃

B

t )t∈[0,T ] given by

M̃
B

t = Ẽ[B̃T ∣ℱt] . (17)

At any time it decomposes into the discounted past payments, which are
known and settled, and the discounted reserve, which represents the un-
known future net liabilities:

M̃
B

t = B̃t + Ṽt . (18)
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In particular, M̃
B

0 = Ẽ[B̃T ] and

M̃
B

T = B̃T . (19)

The prospective reserve takes a key role in actuarial science. In the finance
literature it is usually called the intrinsic value.

2.5 Discrete time motivation of the dynamics of the portfolio
value

Since (3) - (4) are equivalent to (9) - (10), we can as well motivate the
latter. Essentially, this means we can assume that the cash account bears
no interest. For any series (Xt)t=0,1,..., let the backward difference Xt−Xt−1
be denoted by ΔXt.

Assume that transactions are made only once a year, on the dates

0, 1, . . . , T , say. By noon at date t the portfolio is �t = (�
(0)
t ,#′t)

′. Its
(discounted) value,

Ũt = �
(0)
t + #′tS̃t , (20)

results from investments and price movements as follows. By noon at date
t − 1, the value of the portfolio is Ũt−1. In the afternoon this value is

reinvested in a new portfolio �̄t = (�̄
(0)
t ,#′t)

′, which must satisfy the budget
constraint

Ũt−1 = �̄
(0)
t + #′t S̃t−1 . (21)

This portfolio is held until noon at date t when the prices S̃t of the risky
assets are revealed and the amount ΔC̃t is invested. Thus, the value of the
portfolio at noon of date t is

Ũt = �̄
(0)
t + #′t S̃t + ΔC̃t . (22)

Subtracting (21) from (22), gives

ΔŨt = #′t ΔS̃t + ΔC̃t ,

which is the motivating discrete time counterpart of (9). Since, by definition,

the portfolio value in (22) is the same as (20), it follows that �
(0)
t = �̄

(0)
t +ΔC̃t,

which depends on the investment at date t (adapted), and that #t is chosen
at date t− 1 (predictable).

3 Quadratic hedging: a review and an added per-
spective

3.1 Minimizing the mean squared hedging error: a mean-
variance criterion

When B does not admit a one-off hedge, one needs to formulate an objective
in order to select an optimal strategy. We commence with the so-called
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mean-variance criterion, which in the present set-up can be formulated as
follows. The cost function is restricted to consist only of two lump sums,
one paid up-front and one paid at the term of the contract:

C̃t = C̃0 1[0,∞)(t) + ΔC̃T 1[T,∞)(t) , (23)

where C̃0 = ΔC̃0 ∈ ℱ0 and ΔC̃T ∈ ℱT . By (16) this means that

ΔC̃T = B̃T − C̃0 −
∫ T

0
#′� dS̃� . (24)

An interpretation is that the strategy is one-off before the term, and that the
hedging error (24), shortfall or surplus, is settled at term. Let the objective
be to choose C̃0 and # so as to minimize the MSE,

Q(C̃0,#) = Ẽ
(

ΔC̃T

)2
= Ẽ

(
B̃T − C̃0 −

∫ T

0
#′t dS̃t

)2

. (25)

Now the martingale representation of B̃ is useful. Inserting (19) and writing
M̃

B

T as the sum of its initial value and its subsequent increments, gives

Q(C̃0,#) = Ẽ
(
M̃

B

0 − C̃0 +

∫ T

0
(dM̃

B

t − #′t dS̃t)
)2

= (M̃
B

0 − C̃0)
2 + Ẽ

(∫ T

0
(dM̃

B

t − #′t dS̃t)
)2

= (M̃
B

0 − C̃0)
2 + Ẽ

(∫ T

0
Ẽ
[
(dM̃

B

t − #′t dS̃t)2 ∣ ℱt−
])

.(26)

Here the second equality is due to the fact that the martingale M̃B − #′ ⋅ S̃
is uncorrelated with the constant M̃

B

0 − C̃0, and the last equality is due to
(62) in Appendix A.5. The first term in (26) is minimized to 0 by setting
C̃0 equal to

C̃∗0 = M̃
B

0 = B̃0 + Ṽ0 . (27)

To deal with the second term in (26), rewrite the integrand using the alge-
braic properties of scalars a and vectors x and y (ax = x a and x′ y = y′ x)
and letting ⟨⋅, ⋅⟩ denote predictable covariance under ℙ̃:

Ẽ
[
(dM̃

B

t − #′t dS̃t)2 ∣ ℱt−
]

= Ẽ
[
(dM̃

B

t )2 − 2#′t dS̃t dM̃
B

t + #′t dS̃t dS̃
′
t #t ∣ ℱt−

]
= d⟨M̃B , M̃B ⟩t − 2#′t d⟨S̃, M̃B ⟩t + #′t d⟨S̃, S̃

′⟩t #t .

It is convenient (in terms of notation) to assume that the predictable covari-
ance processes are absolutely continuous with respect to Lebesgue measure,
as is the case for processes that are intensity driven, Brownian motion driven,
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Lévy driven, and for linear combinations of such processes. Thus, assume
they are of the form

d⟨M̃B , M̃B ⟩t = �̃
BB

t dt (1× 1),

d⟨S̃, S̃′⟩t = Σ̃
SS

t dt (m×m), (28)

d⟨S̃, M̃B ⟩t = �̃
SB

t dt (m× 1).

We gather from the above that the second term in (26) becomes (allowing
a slight abuse of notation)

Q(#) = Ẽ
[∫ T

0
Qt(#t) dt

]
, (29)

where the integrand is

Qt(#t) = �̃
BB

t − 2#′t �̃
SB

t + #′t Σ̃
SS

t #t . (30)

Minimum of Q(#) is obtained by minimizing Qt(#t) with respect to #t
point-wise at each time t. This amounts to minimizing a positive definite
quadratic form, which is an exercise in basic algebra, and we arrive at the
following solution. The optimal exposure process #∗ is given by

#∗t = Σ̃
SS
−1

t �̃
SB

t , (31)

and the minimal value of Qt(#t) is

Q∗t = �̃
BB

t − �̃SB
′

t Σ̃
SS
−1

t �̃
SB

t . (32)

By (24), the final cost is

ΔC̃∗T = B̃T − C̃∗0 −
∫ T

0
#∗
′
t dS̃t . (33)

We summarize:

The mean-variance optimal hedge (C̃∗,#∗) (with cost function of the form
(23)) is given by the initial cost in (27), the exposure process in (31), and
the terminal cost in (33). The minimal value of the MSE in (25) is

Q(C̃∗0 ,#
∗) = Ẽ

[∫ T

0
Q∗t dt

]
, (34)

with Q∗t given by (32).

11



3.2 Risk minimization

The theory of risk minimization, instigated by Föllmer and Sondermann
[2] for simple T -claims, was extended to payment streams by Møller [4].
They worked with two assets, but the extension to the multi-asset case is
straightforward. We shall rephrase the theory in the present framework.

Upon subtracting (15) from (16), we can express the remaining cost after
time t as

C̃T − C̃t = B̃T − B̃t − Ũt −
∫ T

t
#′� d S̃� .

Recalling (18) and (19), this can be recast as

C̃T − C̃t = Ṽt − Ũt +

∫ T

t
(dM̃

B
� − #′� dS̃� ) . (35)

The remaining risk at time t is defined as the conditional expected value of
the squared remaining cost, given what is known at the time:

Rt = Ẽ
[

(C̃T − C̃t)2
∣∣∣ℱt] (36)

= (Ṽt − Ũt)2 + Ẽ

[(∫ T

t
(dM̃

B
� − #′� dS̃� )

)2

∣ ℱt

]
(37)

= (Ṽt − Ũt)2 + Ẽ
[∫ T

t
Q� (#� ) d� ∣ ℱt

]
, (38)

where Qt(#t) is given by (30). The steps from (36) to (38) are just a repe-
tition of those in Subsection 3.1.

Let us first consider the problem of minimizing Rt for a fixed time t.
The first term in (38) depends only on the investment strategy up to and
including time t, and the second term depends only on the exposure after
time t. Since the costs up to and including time t can be chosen freely,
the two terms can be minimized separately. The second term is minimized
by taking (#� )�∈(t,T ] = (#∗� )�∈(t,T ], where #∗ is the mean-variance optimal
exposure (31). The first term is minimized to 0 for any (#� )�∈[0,t] by choosing

C̃t such that
Ũt = Ṽt , (39)

which by (15) amounts to taking the cost C̃t to satisfy

Ṽt =

∫ t

0
#′� dS̃� + C̃t − B̃t .

By (18), this means that

C̃t = M̃
B

t −
∫ t

0
#′� dS̃� = M̃

B

0 +

∫ t

0
(dM̃

B
� − #′� dS̃� ) . (40)
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The solutions to optimization problems at different points of time are com-
patible, leaving us with a global solution to the problem of minimizing the
risk Rt for all times t ∈ [0, T ]. We summarize:

The risk-minimizing hedge (C̃∗,#∗) has exposure process given by (31) and
cost function

C̃∗t = B̃t + Ṽt −
∫ t

0
#∗
′
� dS̃� ,

which is an (F , ℙ̃)-martingale. The minimized remaining risk process is

R∗t = Ẽ
[∫ T

t
Q∗� d� ∣ℱt

]
(41)

= Ẽ
[∫ T

t
d⟨C̃∗, C̃∗⟩� ∣ ℱt

]
, (42)

where Q∗t is given by (32).

The optimized MSE under the mean-variance criterion, given by (34), is
the same as the minimized remaining risk at time 0, R∗0, given by (41). The
expression (42) follows from the very definition (36) and the observation
that any cost function of the form (40) is an (F , ℙ̃)-martingale. Thus, risk
minimization is tantamount to minimizing the expected quadratic variation
of the cost process, Ẽ[

∫ T
0 d⟨C̃, C̃⟩� ], under the constraints that the strategy

be a hedge and the cost function be a martingale.

3.3 Optimal quadratic hedging with constrained portfolio
value

In the context of insurance supervision the relationship (39) is a well-known
principle, often imposed as a regulatory capital requirement: at any time,
the retrospective reserve (the assets Ũt) should be equal to the prospective
reserve (the expected liabilities Ṽt). Since the solution to the unconstrained
optimization problem satisfies (39), the requirement could of course have
been imposed in the first place without any consequence to the solution.
This observation invites the idea of constraining the value function Ũ to be
equal to some specified adapted process Ũ∗, not necessarily the prospective
reserve. This means that, instead of (39), we require

Ũ∗t =

∫ t

0
#′� dS̃� + C̃t − B̃t . (43)

The process Ũ∗ must be RCLL and must terminate at Ũ∗T = 0. It follows
that

0 =

∫ T

0
#′� dS̃� + C̃T − B̃T ,
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and instead of (35) one gets

C̃T − C̃t = Ṽt − Ũ∗t +

∫ T

t
(dM̃

B
� − #′� dS̃� ) .

Thus, instead of (37), the remaining risk at time t is

Rt = (Ṽt − Ũ∗t )2 + Ẽ

[(∫ T

t
(dM̃

B
� − #′� dS̃� )

)2

∣ ℱt

]
. (44)

With Ũ∗t (and Ṽt) now given, minimization of the remaining risk amounts to
minimizing the second term on the right of (44) with respect to (#� )�∈(t,T ]
and to insert the minimizer into (43) to obtain the optimal cost function.
What comes out of this simple observation, is a useful result that deserves
to be highlighted:

Theorem Let Ũ∗ be a process, adapted, RCLL, square integrable, and not
depending on the investment strategy. The problem of minimizing the re-
maining risk Rt in (36) subject to the constraint Ũ = Ũ∗ is solved for all
t by one and the same strategy: the optimal exposure is the mean-variance
optimal #∗ regardless of the choice of Ũ∗, and the optimal cost function C̃∗

is

C̃∗t = Ũ∗t + B̃t −
∫ t

0
#∗�
′ dS̃�

= M̃
B

0 +

∫ t

0
(dM̃

B
� − #∗�

′ dS̃� ) + Ũ∗t − Ṽt .

The cost function C̃∗ is a martingale if and only if Ũ∗ = Ṽ .

This constrained risk minimization offers an approach to optimal hedg-
ing under capital requirements introduced through regulatory regimes like
the Basel accords and Solvency II. The latter would specify that, at the
level of the portfolio or the company, Ũ∗t should be an upper percentile in
the conditional distribution of the outstanding liability B̃T − B̃t, given ℱt.
The so-called normal power approximation to the upper "-percentile of this
distribution is

Ũ∗t ≈ Ṽt + c1−"

√
Ṽ

(2)
t +

c21−" − 1

6

Ṽ
(3)
t

Ṽ
(2)
t

, (45)

where Ṽt still denotes the conditional expected value of B̃T − B̃t, Ṽ (2)
t and

Ṽ
(3)
t denote the corresponding second and third central moments, and c1−" is

the upper "-percentile of the standard normal distribution. The conditional
moments can usually be computed numerically as solutions to differential
equations. It may be argued that they should be computed under the phys-
ical measure.
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3.4 The case with a finite number of driving martingales

Assume that the filtration F is generated by a ℙ̃ square integrable finite-
dimensional martingale M̃ = (M̃ (1), . . . , M̃ (n))′ and that all (F , ℙ̃) martin-
gales are stochastic integrals with respect to M̃ . Then

dM̃
B

t = �̃′t dM̃ t , dS̃t = Ξ̃
′
t dM̃ t , (46)

where the coefficient processes

�̃t =

⎛⎜⎝ �̃
(1)
t
...

�̃
(n)
t

⎞⎟⎠ and Ξ̃t =

⎛⎜⎜⎜⎜⎜⎝
�̃
(11)
t ⋅ ⋅ ⋅ �̃

(m1)
t

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ �̃

(ij)
t ⋅ ⋅ ⋅

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
�̃
(1n)
t ⋅ ⋅ ⋅ �̃

(mn)
t

⎞⎟⎟⎟⎟⎟⎠
are F predictable. Assume that M̃ is square integrable with predictable
covariance process of the form

d⟨M̃ ,M̃
′⟩t = Σ̃t dt . (47)

With the additional structure (46) and (47), the second term in (26)
becomes

Ẽ
(∫ T

0
(�̃′t − #′t Ξ̃

′
t) dM̃ t

)2

= Ẽ
[∫ T

0
(�̃t − Ξ̃t #t)

′Σ̃t(�̃t − Ξ̃t #t) dt

]
= Ẽ

[∫ T

0
∥�̂t − Ξ̂t #t∥2 dt

]
, (48)

where we have introduced

�̂t = Σ̃
1/2
t �̃t , Ξ̂t = Σ̃

1/2
t Ξ̃t , (49)

and ∥ ⋅ ∥ is the usual Euclidean norm; ∥x∥2 = x′ x. Minimum is obtained
by minimizing the integrand in (48) with respect to #t point-wise at each
time t. This amounts to projecting �̂t onto the linear space spanned by the
columns of Ξ̂t under the Euclidean inner product. The minimizer is the
projection,

�∗t = P t �̂t ,

where P t is the n × n projector onto the column space of Ξ̂t. There is no
harm in assuming that Ξ̂t has full rank since, if not, we can discard from the
portfolio any asset that is redundant at time t in the sense that its dynamics
coefficients are spanned by those of other assets. Thus, we can write

P t = Ξ̂t

(
Ξ̂
′
t Ξ̂t

)−1
Ξ̂
′
t , (50)
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and the optimal exposure #∗t is given by �∗t = Ξ̂t #
∗
t , that is,

#∗t =
(
Ξ̂
′
t Ξ̂t

)−1
Ξ̂
′
t �̂t .

The minimal value of Q(C̃0,#) in (26) is

Q(C̃∗0 ,#
∗) = Ẽ

[∫ T

0
�̂′t �̂t dt

]
− Ẽ

[∫ T

0
�̂′tP t �̂t dt

]
. (51)

Here we have used the facts that the projector is idempotent and symmetric,
P 2
t = P t and P ′t = P t, hence the minimal value of the integrand in (48) is

∥�̂t − P t �̂t∥ = �̂′t (I − P t)
′ (I − P t) �̂t

= �̂′t (I − P ′t − P t + P ′tP t) �̂t

= �̂′t (I − P t) �̂t .

3.5 Discussion

The simplicity of the solutions to the problems stated in Subsections 3.1 -
3.3 rests on the martingale property of the asset prices, due to which the
expected squared hedging error essentially reduces to the simple expression
(29), which is easily minimized by minimizing under the integral sign. This is
the reason why working under a martingale measure is so convenient. Which
martingale measure to choose may be considered secondary since the purpose
of hedging is not to price claims correctly: it is rather to approximate them
through trading at minimal cost (in some sense), and for that one needs only
an operational distance measure. It can also be argued that the physical
measure may actually itself be a martingale measure or that it typically is
close to (being) a martingale measure.

The optimal hedging strategies under the three criteria considered have
the same exposure process and differ only by the cost process. The optimal
exposure process mimics, to the extent possible, the movements of the mar-
tingale associated with the contractual payments. The optimal cost process
meets additional objectives expressed as constraints on the cost process itself
or on the portfolio value process.

Following [2], existing theory on risk minimization invariably uses the
so-called Galtchouk-Kunita-Watanabe theorem, which states that any local
martingale is the sum of a stochastic integral #∗ ⋅ S̃ and a local martin-
gale L which is orthogonal to S̃. This is just an existence result, and the
exposure #∗ and the martingale L need to be determined by auxiliary meth-
ods. In the martingale case this is straightforward as we have seen. Since
quadratic criteria require all martingales involved to be true martingales
and even square integrable, the issue of local martingales is void. In fact,
the predictable covariance processes must exist and be finite-valued, and
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optimization therefore boils down to the constructive projection techniques
used here. The Galtchouk-Kunita-Watanabe decomposition is pertinent in
hedging theory based on other criteria, and also in local risk minimization
in the non-martingale case.

Finally, a note on the argument given in Subsection 3.2 that the risk
minimizing strategy is obtained by minimizing the remaining risk point-
wise at each given time t. This simple argument, which is based on the
orthogonal decomposition (38), replaces a rather involved argument in [2]
based on admissible continuation of a strategy from time t on.

4 An example: catastrophe insurance, securitiza-
tion, and solvency control

4.1 The catastrophe process and its impact on insurers

Consider an insurance company, henceforth called “the Company”, with
a portfolio of k policies covering losses due to certain catastrophic events.
Suppose there are another k′ similar policies written by other companies,
henceforth referred to as “collateral companies”. Catastrophes occurring
after time 0 are labeled in chronological order and described as a marked
point process, (Ti, Zi), i = 1, 2, . . ., where Ti ∈ ℝ+ = [0,∞) is the time of
occurrence of the i-th catastrophe, and Zi ∈ ℤ is a mark that describes
the catastrophic event. Let the mark consist of Zi = (Mi, Li, L

′
i), where

Mi ∈ ℝ+ is some scalar measure of the magnitude of the catastrophe, and
Li ∈ ℝ+ and L′i ∈ ℝ+ are the total losses that the catastrophe inflicts on the
Company and the collateral companies, respectively, hence ℤ = ℝ3

+. The
random measure N associated with the point process is defined by

N(ℬ) =
∑
i

"(Ti,Zi)(ℬ)

for Borel sets ℬ in ℝ+ × ℤ. Here "(Ti,Zi) denotes the singleton measure
with mass 1 concentrated in the point (Ti, Zi). Assume that all available
(and relevant) information is carried by the point process so that F is the
filtration generated by N ; ℱt = �{N([0, s], C); s ∈ [0, t], C Borel set inℤ}.
Assume moreover that the process is intensity-driven and of Poisson nature
described verbally as follows. Independently of the past course of N , the
probability that a catastrophe occurs in [t, t + dt) is �t dt (dependence on
t allows e.g. seasonal variation), its magnitude is distributed according to
Gt, and for a given magnitude m the losses it inflicts on individual risks are
i.i.d. selections from the distribution Ht( ⋅ ∣m). More precisely, the so-called
compensator of N is the measure � given by

�(dt, dz) = E[N(dt, dz) ∣ ℱt−] = �t dtGt(dm)Hk∗
t (dℓ ∣m)Hk′∗

t (dℓ′ ∣m) ,
(52)
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where (dt, dz) = (dt, dm, dℓ, dℓ′) is short-hand for the (infinitesimal) interval
[t, t+dt)× [m,m+dm)× [z, z+dz)× [z′, z′+dz′)), and top-script k∗ denotes
the k-th convolution. (In the presence of the factor dt in (52) one could
work with the adapted version of the intensity obtained by conditioning on
ℱt instead of ℱt− and taking the interval dt open to the left.) Finally, just
to simplify expressions, it is assumed that all individual risks are covered
for the time period [0, T ] and that single premiums are collected up front at
time 0.

4.2 Catastrophic insurance risk on the market

The traditional way for an insurance company to off-load its catastrophe
risk is reinsurance. The past couple of decades have seen the emergence of
so-called CAT-derivatives, which are tradeable securities with payoffs linked
to catastrophe indices. These serve the complementary needs of general
investors seeking to diversify their portfolios and of insurers seeking to hedge
their exposure to catastrophic risk. CAT-derivatives are widely held to be
one of the success stories of financial innovation, their principal merit being
to enable the participation of general investors in certain classes of insurance
risk that could not be sufficiently diversified when shared within the confines
of the insurance world. An obvious reason why CAT-derivatives are viable is
that catastrophes are of a genuine random nature and driven by stationary
mechanisms that lend themselves to statistical analysis, which means there is
little asymmetry of information hence little room for market manipulation.
We proceed, with confidence, under the hypothesis that the catastrophe
market works in accordance with the principles of core mathematical finance.

4.3 Quadratic hedging with a derivative based on industry-
wide insurance losses

Assume that the martingale measure ℙ̃ specifies the same form of dynamics
as the physical measure ℙ, only with shifted parameters. Thus, the com-
pensator �̃ of N under ℙ̃ is equivalent to � and is of the form

�̃(dt, dz) = Ẽ[N(dt, dz)∣ℱt−] = �̃t dt G̃t(dm) H̃k∗
t (dℓ∣m) H̃k′∗

t (dℓ′∣m) .

The following device will help simplifying some expressions below. Let
M be the magnitude of a generic catastrophe, and let Y be the loss it inflicts
on a generic individual risk. Given that the catastrophe occurs at time t,
the pair (M,Y ) has distribution G̃t(dm) H̃t(dy∣m). Equipping expectation
and related operators under this distribution with a foot-script t, introduce

�̃t = ẼtY , �̃2t = Ẽt Ẽ2
t [Y ∣M ] , �̃2t = Ẽt Ṽart[Y ∣M ] . (53)
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This allows us to write e.g.∫
(m,ℓ,ℓ′)∈ℤ

ℓ2 �̃(dt, dm, dℓ, dℓ′) = �̃t dt

∫
m∈ℝ+

∫
ℓ∈ℝ+

ℓ2 H̃k∗
t (dℓ∣m) G̃t(dm)

= �̃t dt (k2 �̃2t + k �̃2t ) .

Suppose the market features a bank account with deterministic and fixed
interest rate r. Suppose there exists a catastrophe index A whose value at
time t is

At =
∑
i;Ti≤t

(Li + L′i) =

∫
�∈(0,t]

∫
(m,ℓ,ℓ′)∈ℤ

(ℓ+ ℓ′)N(d�, dm, dℓ, dℓ′) ,

and that the market also features a derivative security with a single payoff
cAT at time T for some constant c (typically a small fraction of 1). The
discounted value of the payoff is e−r T cAT . Since it is assumed that the
derivative can be traded in any amount, the constant factor e−r T c is hence-
forth set equal to 1 to simplify expressions. Then the (discounted) price
process S̃(1) of this security is given by

S̃
(1)
t = Ẽ [AT ∣ ℱt]

= At +

∫
�∈(t,T ]

�̃� d�

∫
(m,ℓ,ℓ′)∈ℤ

(ℓ+ ℓ′) G̃� (dm) H̃k∗
� (dℓ∣m) H̃k′∗

� (dℓ′∣m)

= At + (k + k′)

∫
�∈(t,T ]

�̃� �̃� d� .

The dynamics of S̃(1) are easily calculated:

dS̃
(1)
t =

∫
(m,ℓ,ℓ′)∈ℤ

(ℓ+ ℓ′) [N(dt, dm, dℓ, dℓ′)− �̃(dt, dm, dℓ, dℓ′)] .

The (discounted) claims process B̃ of the Company is given by

B̃t =
∑
i;Ti≤t

e−rTi Li =

∫
�∈(0,t]

∫
(m,ℓ,ℓ′)∈ℤ

e−r� ℓN(d�, dm, dℓ, dℓ′) .

The discounted reserve at time t is

Ṽt =

∫
�∈(t,T ]

e−r� �̃� d�

∫
(m,ℓ,ℓ′)∈ℤ

ℓ H̃k∗
� (dℓ∣m) H̃k′∗

� (dℓ′∣m) G̃� (dm)

= k

∫
�∈(t,T ]

e−r� �̃� �̃� d� .

The dynamics of the martingale M̃B associated with B̃ are

dM̃
B

t = e−rt
∫
(m,ℓ,ℓ′)∈ℤ

ℓ [N(dt, dm, dℓ, dℓ′)− �̃(dt, dm, dℓ, dℓ′)] .
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We pause for a while to provide a formula for the covariance processes
needed in the optimal hedging strategy. If f : ℝ+ × ℤ 7→ ℝ is measurable
and such that ∫

�∈ℝ+

∫
z∈ℤ

f2(�, z) �̃(d�, dz) <∞ ,

then the stochastic process M̃ (f) defined by

M̃
(f)
t =

∫
�∈(0,t]

∫
z∈ℤ

f(�, z) [N(d�, dz)− �̃(d�, dz)]

is a square integrable (F , ℙ̃)-martingale. If f ′ is another such function, then
the predictable covariance process of M̃ (f) and M̃ (f ′) has the simple form

d⟨M̃ (f), M̃ (f ′)⟩t =

∫
z∈ℤ

f(t, z) f ′(t, z) �̃(dt, dz) . (54)

An informal proof is given in Appendix B.1.
The coefficients in the predictable covariance processes, appearing on the

right in (28), are now deterministic scalars:

�̃
BB

t = e−2rt�̃t

∫
m∈ℝ+

∫
ℓ∈ℝ+

ℓ2H̃k∗
t (dℓ∣m) G̃(dm) = e−2rt�̃t k

(
k �̃2t + �̃2t

)
,

�̃
SB

t = e−r t�̃t

∫
m∈ℝ+

∫
ℓ∈ℝ+

∫
ℓ′∈ℝ+

ℓ(ℓ+ ℓ′)H̃k∗
t (dℓ∣m) H̃k′∗

t (dℓ′∣m) G̃t(dm)

= e−rt�̃t k
(
(k + k′) �̃2t + �̃2t

)
,

�̃
SS

t = �̃t

∫
m∈ℝ+

∫
ℓ∈ℝ+

∫
ℓ′∈ℝ+

(ℓ+ ℓ′)2H̃k∗
t (dℓ∣m) H̃k′∗

t (dℓ′∣m) G̃t(dm)

= �̃t (k + k′)
(
(k + k′) �̃2t + �̃2t

)
.

The essential constituents of the optimal investment strategy, (31) and (32),
are

#∗t = e−rt
k

k + k′
, Q∗t = e−2rt �̃t �̃

2
t

k k′

k + k′
.

The optimal remaining risk in (41) is now deterministic and is computed
as the solution to the ordinary differential equation dR∗t = −Q∗t dt with
terminal condition R∗T = 0. The minimal MSE in (34) is just R∗0. Notice
that, apart from the interest rate r, the optimal exposure is independent of
the parameters of the model, and that the remaining risk depends only on
the “volatility” function �̃t �̃

2
t .

The moments appearing in the solvency requirement (45) are

Ṽt = k

∫ T

t
e−r� �̃� �� d� , (55)

Ṽ
(2)
t = k

∫ T

t
e−2r� �̃� (k �̃2t + �̃2t ) d� , (56)
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and, using the same notation as in (53),

Ṽ
(3)
t = k

∫ T

t
e−3r� �̃� Ẽ�

(
Ẽ� (Y 3∣M) + 3 (k − 1) Ẽ� (Y 2∣M) Ẽ� (Y ∣M)

+(k − 1)(k − 2) Ẽ3
� (Y ∣M)

)
d� . (57)

These formulas are derived in Appendix B.2.
The present example is relatively simple since the compensator is deter-

ministic, the only non-standard feature being the dependence between the
losses of individual companies. The mean-variance theory has been applied
to more complex models in two recent papers, [5] and [7]. The former dis-
cusses optimal hedging of systematic mortality risk and optimal design of
mortality derivatives in a doubly-stochastic Markov chain model, and the
latter discusses optimal design of CAT-derivatives in a Cox process model
with shot-noise intensity.

5 Optimal design of derivatives

5.1 The objective function

The present section pursues and adds to an idea proposed in [5] in a context
of hedging of mortality risk. Consider a market driven by a finite number of
martingales as in Subsection 3.4, and suppose there are A agents who take
optimal hedging positions in accordance with a quadratic criterion under
which the optimal exposure minimizes the expression (48). The problem
we now want to formulate precisely and to solve is: how to design the very
securities, m of them, so as to optimally serve the objectives of the agents? A
reasonable overall objective is to minimize a weighted average of the agents’
minimized systematic risks. In view of the expression (51), we seek the
predictable projector process P t of rank m that maximizes

Q =
A∑
a=1

wa Ẽ
∫ T

0
�̂′a,tP t �̂a,t dt

for some chosen constant weights wa, where the subscript a labels the agent.
A more modest objective would be just to compare any two given deriva-

tives market specified by their coefficient processes Ξ̃
(1)

and Ξ̃
(2)

(say) or,
equivalently, by their projector processes P (1) and P (2). The one that yields
the smaller value of Q is better. This is the program in a recent article [7]
on design of catastrophe derivatives in a model scenario with shot-noise
intensity of occurrence of catastrophes and random loss amounts.
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5.2 Optimal design of a given number of derivatives

Using the trace operator, denoted tr, and the facts that the trace is linear
and invariant under cyclical permutations, we reshape Q as

Q = Ẽ
[∫ T

0
tr(W tP t) dt

]
, (58)

where W is the predictable n× n matrix process defined by

W t =

A∑
a=1

wa �̂a,t�̂
′
a,t .

Maximum of Q in (58) is obtained by maximizing the integrand for each t.
This problem is solved in Appendix C: the maximum as P t ranges through
projectors of rank m is the sum of the m largest eigenvalues of W t, and the
maximizing projector is

P̂ t = CtC
′
t , (59)

where the columns of Ct are the right eigenvectors corresponding to the
m largest eigenvalues. Since W t is positive semi-definite, its eigenvalues
are non-negative. If W t should have rank less than m, then Ct effectively
consists only of the eigenvectors corresponding to the strictly positive eigen-
values. Since the eigenvectors are orthonormal, we have C ′tCt = I, hence
the maximizer in (59) is P̂ t = Ct (C ′tCt)

−1C ′t. Comparison with (50) shows
that the optimal choice of Ξ̂t is

Ξ̂t = Ct

(or any matrix with the same column space). Finally, by (49), the optimal
coefficient matrix Ξ̃t is

Ξ̃t = Σ̃
−1/2
t Ct .

The result prescribes a rule for building a market in steps by supplying
derivatives in their order of hedging efficiency. Derivatives constructed this
way may appear non-transparent to investors and, therefore, be deemed
unpractical. However, what matters in terms of hedging efficiency, is the
capability of the derivatives to span important random factors.

If there would be as many derivatives as there are agents (m = A),
then the optimally designed derivatives would have discounted price pro-
cesses that are just (independent linear combinations of) the martingales
(17) associated with the individual liabilities, and each agent would be able
to hedge perfectly with a one-off strategy. In other words, one just links the
derivatives perfectly to the claims processes of the agents. In practice this
may not be deemed feasible: the derivatives ought to be based on broad
indices in order to be transparent and also not susceptible to manipulation.
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Appendices

A Excerpts from stochastic calculus

A.1 Filtered probability spaces

Basic measure theoretic probability is taken as a prerequisite. We list here
some notions and results in stochastic processes theory and sketch their
motivating heuristics. Let (Ω,ℱ ,ℙ) be a probability space. The sigma-
algebra ℱ represents the collection of all subsets of Ω that represent “events”.
An event A occurs ℙ almost surely (a.s.) if ℙ[A] = 1, and it is a ℙ null set
if ℙ[A] = 0. The qualifier ℙ may be omitted when it is clear from the
context. The probability space is assumed to be complete, meaning that
all subsets of null sets are measurable (hence null sets). Completeness can
always be arranged and is needed for purely technical reasons in a context
of continuous-time stochastic processes. Two probability measures defined
on the same sigma-algebra are equivalent if they have the same null sets.

Suppose the probability space is meant to model certain phenomena
that evolve in a random manner over time, commencing at time 0 (say).
For each t ≥ 0 let ℱt be a sub-sigma-algebra of ℱ representing all events
whose occurrence or non-occurrence can be established at time t. It is
assumed that the collection of sigma-algebras F = (ℱt)t≥0 is increasing,
which means ℱs ⊂ ℱt if s < t (no information is sacrificed at any time), and
that it is right-continuous, which means ℱt =

∩
u;u>tℱu for all t (another

purely technical necessity). Then F is called a filtration, and (Ω,ℱ ,F ,ℙ) is
called a filtered probability space. The smallest sigma-algebra containing all
the sigma-algebras ℱs, s < t, is denoted ℱt−. It represents the information
provided by F before time t.

A.2 Stochastic processes

A stochastic process is a collection of random variables, X = (Xt)t≥0, repre-
senting some real- or vector-valued index that develops in a random manner
over time. The process X is adapted to F if Xt is measurable with respect
to ℱt for each t. The interpretation is that the history of X is written by
the history F . It is henceforth understood, without further mention, that
all processes considered are adapted to F . A real-valued process X is inte-
grable if E ∣Xt∣ < ∞ for all t, and it is square integrable if EX2

t < ∞ for
all t. These definitions extend to vector-valued processes by applying them
to each component.

Seen as a function of t for a given outcome ! ∈ Ω, X(!) = (Xt(!))t≥0 is
called the path of X (at !). The analytic properties of the paths are essential
when it comes to extending the calculus of integration and differentiation
to random functions. If Xt− = lims↗tXs exists and Xt = limu↘tXu for
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all t, then X is said to be right-continuous with left limits (RCLL). If X is
RCLL, then ΔXt = Xt − Xt− is the jump made by X at time t. Let ℱXt
be the sigma-algebra generated by (Xs)s∈[0,t], that is, the smallest sigma-
algebra with respect to which Xs is measurable for each s ≤ t. A stochastic
process X is F -predictable if it is left-continuous (Xt = Xt− for all t) or
is the point-wise limit of left-continuous processes, the interpretation being
that the state of X is at any time determined its course in the strict past.

A.3 Stochastic integration

Let X be an RCLL square integrable process and Y a process with measur-
able paths. If X has bounded variation paths, then the integral

∫ t
0 Y� dX�

can be defined path-by-path as the Stieltjes integral when it exists: it is the
limit of integrand-weighted sums of forward increments of the integrator,∑n

i=1 Yti(Xti+1−Xti), as the partition 0 = t0 < t1 < ⋅ ⋅ ⋅ < tn−1 < tn = t be-
comes increasingly fine. If X does not have bounded variation paths, then
the limit is defined in an L2 sense, and works for predictable integrands
Y . The definitions coincide for bounded variation integrators. The result-
ing stochastic process, denoted Y ⋅X, is called the stochastic integral of Y
with respect to X. Its state at time t is denoted in the suggestive manner
(Y ⋅X)t =

∫ t
0 Y� dX� or, in differential form,

d(Y ⋅X)t = Yt dXt , (60)

where the differentials can be thought of as forward increments in the small
time interval [t, t+ dt).

A.4 Martingales

An RCLL integrable real-valued processM is an (F ,ℙ)-martingale if E[Mt∣ℱs] =
Ms for 0 ≤ s ≤ t. The martingale property can be expressed in differential
form as

E [dMt∣ℱt−] = 0 . (61)

If M∞ is an integrable random variable, then the process M defined
by Mt = E[M∞∣ℱt] is called the (F ,ℙ)-martingale associated with M∞.
Integrability of M and its martingale property are simple consequences of
the tower property of conditional expectation: for s < t,

E[Mt∣ℱs] = E[E[M∞∣ℱt]∣ℱs] = E[M∞∣ℱs] = Ms .

The martingale M is said to be closed by the random variable M∞. If M∞ is
square integrable, then the martingale associated with it is square integrable,
a consequence of Jensen’s inequality and the tower property:

EM2
t = EE2[M∞∣ℱt] ≤ EE[M2

∞∣ℱt] = EM2
∞ .
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If Y is left-continuous and possesses right-limits, and if M is a square
integrable martingale, then the stochastic integral Y ⋅ M is a martingale
(Section II.5 in [8]). The intuitive motivation of this result rests on (60) and
(61):

E [d(Y ⋅M)t∣ℱt−] = E [Yt dMt∣ℱt−] = Yt E [dMt∣ℱt−] = 0 .

If the time horizon is a finite fixed interval [0, T ], then integrability con-
ditions are usually easy to check. In particular, a martingale (Mt)t∈[0,T ] is
closed by MT , which is a random variable whose integrability properties can
typically be established through what is known about its distribution.

A.5 Predictable covariance processes

Let M and N be square integrable martingales. Their predictable covariance
process, denoted ⟨M,N⟩, is given by

d⟨M,N⟩t = ℂov[dMt, dNt ∣ ℱt−] = E [dMt dNt ∣ ℱt−] .

For vector-valued processes M and N it is defined as the matrix process
⟨M ,N ′⟩ with ⟨Mi, Nj⟩ in row i and column j.

If M is a square integrable martingale, then

E[(MT −Mt)
2 ∣ ℱt] = E

[∫ T

t
E[(dM� )2 ∣ ℱ�−] ∣ ℱt

]
= E

[∫ T

t
d⟨M,M⟩� ∣ ℱt

]
(62)

for fixed times t < T . A heuristic explanation goes by writing

E[(MT −Mt)
2 ∣ ℱt] = E

[(∫ T

t
dM�

)2

∣ ℱt

]
= E

[∫ T

t
dM�

∫ T

t
dM� ∣ ℱt

]
=

∫ T

t

∫ T

t
E[dM� dM� ∣ ℱt] .

In this double integral the off-diagonal terms (e.g. � < �) vanish because

E[dM� dM� ∣ ℱt] = E [E[dM� dM� ∣ ℱ�−] ∣ ℱt] = E [dM� E[dM� ∣ ℱ�−] ∣ ℱt] = 0 ,

and what remains are the diagonal terms (� = �), which are

E[(dM� )2 ∣ ℱt] = E[E[(dM� )2 ∣ ℱ�−] ∣ ℱt] = E[d⟨M,M⟩� ∣ ℱt] .

For a rigorous introduction to the stochastic calculus underlying this
paper, a suitable reference are Chapters 1-4 in [8].
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B Supplement to Section 4

B.1 Proof of (54)

The heuristic argument goes as follows:

d⟨M̃ (f), M̃ (f ′)⟩t = Ẽ
[
dM̃

(f)
t dM̃

(f ′)
t ∣ ℱt−

]
= Ẽ

[∫
z∈ℤ

f(t, z) [N(dt, dz)− �̃(dt, dz)]

∫
z′∈ℤ

f ′(t, z′) [N(dt, dz′)− �̃(dt, dz′)] ∣ ℱt−
]

=

∫
z∈ℤ

∫
z′∈ℤ

f(t, z) f ′(t, z′) Ẽ[N(dt, dz)N(dt, dz′) ∣ ℱt−] + o(dt) , (63)

where we have used

Ẽ[N(dt, dz) �̃(dt, dz′) ∣ ℱt−] = �̃(dt, dz) �̃(dt, dz′) = o(dt) .

Now, for z ∕= z′,

Ẽ[N(dt, dz)N(dt, dz′) ∣ ℱt−] = o(dt)

(two different catastrophes cannot occur at a time) and, for z = z′,

Ẽ[N2(dt, dz) ∣ ℱt−] = Ẽ[N(dt, dz) ∣ ℱt−] + o(dt) = �̃(dt, dz) + o(dt)

(N(dt, dz) is essentially zero or one hence equal to its square). Thus, off-
diagonal terms in the “double sum” (63) vanish, and what remains on the
diagonal is precisely the integrand in (54).

B.2 Derivation of the formulas (55) - (57)

Consider the stochastic process X defined by

Xt =
∑
i;Ti≤t

f(Ti, Zi) =

∫ t

0

∫
ℤ
f(�, z)N(d�, dz) ,

where f : ℝ+ × ℤ 7→ ℝ is measurable. Assume the first three moments of
Xt exist, and denote them by

m
(j)
t = ẼXj

t , j = 1, 2, 3.

Obviously, these are continuous functions of t. We are going to show that
the functions

v
(j)
t =

∫ t

0

∫
ℤ
f(�, z)j �̃(d�, dz) , j = 1, 2, 3,

are the mean, variance, and central third moment of Xt. Straightforwardly,
the mean is

m
(1)
t = v

(1)
t . (64)
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To deal with higher order moments, write Xj
t as the sum of its increments:

Xj
t =

∫ t

0

∫
ℤ

(
(X�− + f(�, z))j −Xj

�−

)
N(d�, dz)

=

j−1∑
i=0

(
j

i

)∫ t

0

∫
ℤ
Xi
�− f(�, z)j−iN(d�, dz) .

Taking expectation, shifting the order of integration and expectation in the
last expression, and using the tower property E[ ⋅ ] = E[E[ ⋅ ∣ ℱ�−]] and the
fact that N has independent increments, we obtain

m
(j)
t =

j−1∑
i=0

(
j

i

)∫ t

0
m(i)
�

∫
ℤ
f(�, z)j−i �̃(d�, dz) =

j−1∑
i=0

(
j

i

)∫ t

0
m(i)
� dv

(j−i)
� .

In particular,

m
(2)
t =

∫ t

0
dv(2)� + 2

∫ t

0
m(1)
� dv(1)� = v

(2)
t + 2

∫ t

0
v(1)� dv(1)�

= v
(2)
t +

(
v
(1)
t

)2
, (65)

m
(3)
t =

∫ t

0
dv(3)� + 3

∫ t

0
m(1)
� dv(2)� + 3

∫ t

0
m(2)
� dv(1)�

= v
(3)
t + 3

∫ t

0
v(1)� dv(2)� + 3

∫ t

0

(
v(2)� +

(
v(1)�

)2)
dv(1)�

= v
(3)
t + 3

∫ t

0
d
(
v(1)� v(2)�

)
+ 3

∫ t

0

(
v(1)�

)2
dv(1)�

= v
(3)
t + 3 v

(1)
t v

(2)
t +

(
v
(1)
t

)3
. (66)

The expressions (64) - (66) show that v
(2)
t and v

(3)
t are precisely the central

moments corresponding to m
(2)
t and m

(3)
t .

For each t the moments in (55) - (57) are given by Ṽt = v
(1)
T and Ṽ

(j)
t =

v
(j)
T , j = 2, 3, with f(�, z) = ℓ 1[t,T ](�). The first two are straightforward

to calculate, and for the third one uses the following elementary result: if
Y1, . . . , Yk are i.i.d. replicates of a random variable Y , then

E(Y1 + ⋅ ⋅ ⋅+ Yk)
3 = kEY 3 + 3 k(k − 1)EY 2 EY + k(k − 1)(k − 2) (EY )3 .

C A matrix result

Let W be a symmetric n × n matrix with eigenvalues d1 ≥ ⋅ ⋅ ⋅ ≥ dn and
corresponding right eigenvectors c1, . . . , cn. The spectral representation of
W is

W =

n∑
i=1

di ci c
′
i = CDC ′ , (67)
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where D = Diag(d1, . . . , dn) and C = (c1, ⋅ ⋅ ⋅ , cn). The number of non-null
eigenvalues is the rank of W . The eigenvectors form an orthonormal basis
in ℝn:

C ′C = I .

Since this means that C ′ = C−1, we also have

CC ′ = I .

The trace of W is the sum of its eigenvalues:

trW = tr
(
CDC ′

)
= tr

(
DC ′C

)
= trD =

n∑
i=1

di . (68)

The matrix W in (67) is an orthogonal projection matrix (projector) if
and only if its eigenvalues are 0 or 1. Thus, a generic projector is of the
form

P =
m∑
j=1

pj p
′
j , (69)

where p1, . . . ,pm is an orthonormal basis in the m-dimensional subspace of
ℝ onto which P projects. By (68),

tr (P ) = m.

Denote by Pm the set of n × n projectors P of the form (69) (i.e of
rank m), defining P0 = {0 0′} and Pn = {I}. The set of all projectors is
P = ∪nm=0Pm.

The following result can be deduced from Item 1f.2(iv) in [9]. We give a
short geometric proof that may be helpful in forthcoming work with infinitely
many driving processes.

Lemma Let W be a fixed symmetric n× n matrix with spectral representa-
tion (67), and define the function Q : P 7→ ℝ by

Q(P ) = tr (W P ) .

The maximum of Q in Pm is
∑m

i=1 di, and it is attained by taking pi = ci,
i = 1, . . . ,m, in (69).

Proof : Write

Q(P ) = tr(W P ) = tr

(
n∑
i=1

di ci c
′
iP

)
=

n∑
i=1

di ai , (70)

where
ai = c′iP ci , i = 1, . . . , n.
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We have
ai = ∣∣P ci∣∣2 ≤ ∣∣ci∣∣2 = 1

and

n∑
i=1

ai =
n∑
i=1

c′iP ci = tr

(
P

n∑
i=1

ci c
′
i

)
= tr

(
P CC ′

)
= trP = m.

Thus, by (70), Q(P ) is a weighted sum of the eigenvalues di, the weights ai
being between 0 and 1 and summing to m. Plainly, the maximizing choice
of such weights is ai = 1 for i = 1, . . . ,m and ai = 0 for i = m + 1, . . . , n,
which produces the value

∑m
i=1 di. This is obtained for P =

∑m
i=1 ci c

′
i. □

Acknowledgements

The author thanks the BNP Paribas Cardif Chair “Management de la modéli-
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