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Forewords

Joint work with Montserrat Guillén and Miguel Santolino from the research group
Riskcenter of the University of Barcelona.

The content of this presentation has been accepted for publication in the
Journal of Risk

Q J.Belles-Sampera, M. Guillén and M.Santolino. Compositional methods
applied to capital allocation problems. The Journal of Risk, accepted, 2016

| want to acknowledge Grupo Catalana Occidente for its support and for
promoting my attendance to this meeting.
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Compositions

ldea
Quantitative descriptions of the components of a whole, where relative

information is more relevant than absolute values.

For instance:

X = (25%, 30%, 15%, 10%, 20%)

Figure 2: Composition of the Toronto Food and Beverage Processing Industry
by Sub-s

ngredient % of food | Ingredient % of food g
Comn 51240 | Vieammin E 0,200
Fou Bv-Product Xeal TEZ1ID | Vitamin F'n:nﬂ 0126 preseving & speciaty
Sovhean Meal 15000 | Tausine 0,100 .
Chicken Far 8953 | Minzral Mix 0,040
Pal Enhancer 2.000 | Manganese Sulfate 02
Saybean il 1.000 | L-Trvnioohan 07
Fish Chl 1000 ELEMENT CRUST HYDROSPHERE | TROPOSPHERE
DI-Methigmne [.504 {symbad) Fercent by mass | Pameni by wiume | Pasconi by volume Fawoent by volume:
Mon-lodized Salt 0647 || Covgen (D 46510 B4 04 334 210
Choline Chlorida 0.28% | [ Siticon (5) 2820 a.ae
L-Carnitine 0270 Aluninum (Al a.23 048
Iron [Fa) HE3 0.4
Calzium {(Ca) +.15 1.1B
Eandium {Ma) 236 11
Magresum (Mg) 2.4% 033
Potassium (K) 205 1.42
P Hrogen (M) Tad
Hydragen (M) [HER]
CEner o .07 1.0 1.0
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Compositions to ease descriptions

Soil descriptions
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« Simplex
n
s = EE]R"|Zl-20,i=1,...,n,ZZi=1} @
=1
« Perturbation (addition)
f@f’=< X1 N X2 Y2 Xn " Yn >
T X Vi X Xi Vi Xieq Xi Vi

« Powering (scalar product)

) xi x3 X
AOX = n YRES) A7 on A

i=1Xi Ziji=1%j i=1%i

We follow the notation infroduced in Aitchison and Egozcue (2005).

« Neutral element
o <1 1 1)
0o=(—,—,...,—
nn n
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A vecfor space structure for the simplex

« For example, consider in §? .
S l E R 3 1 _1 0.9 \\\\
¥=(53) 9= (3 onda= N
0.7 \Q\
Then - \
- @ > 1 . 5 1 . 5 _ 3 2 ” 0‘411£i;;62; \\\\ x+y;0.6;0.4
YOY=\2'12"6'12) T \5'5 | N
AOx v1/3 V2/3 ; 075025 \‘\
X = , N
\/1/3 + \/2/3 \/1/3 + \/2/3 ’ 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

« Neutral element
= 1 1

O:(Z ) No’re’rho’rxGBO—(%'%»‘-‘):(l 2)

3 2 3’3

><¢
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A metric space structure for the simplex

* Inavector space it is possible to define distances in order to transform it in a
meftric space.

An example of distance defined in S" is the simplicial distance (Aitchison, 1983)

A7) = J ?zllln(m;éf))—ln _ ()] where GM(Z) = (TTL, z) Y/

The simplicial metric is linked to a norm and to an inner product in a usual way:

A P) = IX O lla = VZO Y,% O P

where ¥y =X @ [(— 1)®Y]0”d(ﬁ'7>A:_ i lln< ) ( )]
3
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Once distances are defined, we can explore —for instance- the geometrical
locus of all those elements in the simplex with the same distance to a given

element in the simplex.

05T

0,251

Level curves: projections of the geometrical locus in S® of elements which distances to point P are equal to d, being

d=0.2, d=0.45, d=0.8 and d=1.0.
Left figure: P =(1/3, 1/3, 1/3) (neutral element)

Right figure: P=(1/8, 1/2, 3/8)

¥
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Why using the simplicial metric

As it is shown in De Baets (2013), if the simplicial arithmetic mean of a set of m
compositions is defined by

— — — 1 — — —
AMA(Xl,Xz, "'lxm) = E O [xl S X2 DD xm]

then

m
1 — — —_— . - —_—
—OHmOT D ® %y = argming ) 17O R
k=1

This latter expression clearly reminds the one of the arithmetic mean of m real
numbers

1 n m
— ) w = argmin, ) ||z — w3
k=1 k=1

¥®



31 May —03 June 2016
at ISEG — Lisbon School of Economics
and Management

Capital allocation principles

Capital allocation principles = solutions to capital allocation problems, which
may be defined in the following way:

‘A positive amount K has to be distributed across n agents in such a way that the full
allocation condition is satisfied, that is, all K units are distributed among the agents.’

It is possible to find out different solutions to a given capital allocation

problem. We like to enumerate the elements related to the problem in such
this way:

*The capital K > 0 to be distributed;

*The agents, indexed byi=1,...,n;

*A random variable linked to each agent, X; ;

* A distribution criterion (proportional OR non-proportional);

* A function f;that concentrates the information of X (in a stand-alone
OR in a marginal way);

*The capital K; assigned to each agent as a solution to the problem;
*The goal pursued by decision-makers with the allocation principle.

1P\
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Capital allocation principles

« Given the previous notation:

A proportional principle may be represented by

(X
K- fiXi) Vi=1,..,n

ki A

Or, a non-proportional principle obtained using the quadratic opfimization
criterion explained in Dhaene et al. 2012 may be represented by

n
Ki = pl(Xl) + Vi - K — ZPJ(X]) Vi = 1, e,
j=1

where f; = p; are risk measures for all i=1,...,n and v; are weights that add up to 1
and that satisfy certain conditions. :
1P\
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lllustration of allocation principles

«  Key elements of the problem
We follow the example of van Gulick et al. (2012) of an insurance company
offering three types of life insurance portfolios:

= q (deferred) single life annuity that yields a yearly payment in every
year that the insured is alive and older than 65;

= qsurvivor annuity that yields a yearly payment in every year that the
spouse outlives the insured, if the insured dies before age 65;

= a death benefit insurance that yields a single payment in the year the
insured dies, if the insured dies before age 65;

with 45,000 insured males, 15,000 insured males and 15,000 insured males,
respectively.

An amount K=TVaARye (S), S=X+X,,nXqp. Must be allocated to X, X, and X4

"
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lllustration of allocation principles

« Some of the solutions proposed

We show a table with some of the solutions proposed in the previous reference.
The amount K=TVaRge4 (S)=376,356.

Xsl Xsurv de
Proportional 335,734 24,725 15,907
principle based on
st.dev (o)
Gradient allocation 364,477 /.979 3,900
principle (V)
Excess based 360,324 10,495 5,637
allocation principle
(EBA)

I\
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Steps

1\ Transform each allocation principle {K, K,....,K.} of
e an amount K into a relative allocation principle
dividing each K; by K.

' We have moved to the realm of compositions:
(X7 Xo.... %)= (K, /K, Ky /K,... K /K) is a composition
and can be understood as belonging to S,

& GCiven that we are aware that S"is a metric
)_ space, once we have more than one relative
allocation principle we may ask ourselves, for
instance:
= Could aranking between them be
established based on distances between
them®e
= Could we average them?
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lllustration

« Recall the previous example.

We now show in the table the relative allocation principles associated to the
absolute ones shown before.

Xsl Xsurv de
Proportional 89.20% 6.57% 4.23%
principle based on
st.dev (o)
Gradient allocation 96.84% 2.12% 1.04%
principle (V)
Excess based 95.74% 2.79% 1.47%

allocation principle
(EBA)
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lllustration

The previous relative allocation principles may be ranked using the simplicial
distance in the following way:

Vi
02698 v = (96.84%, 2.12%, 1.04%)
EBA 111197
EBA = (95.74%, 2.79%, 1.47%)
3.4499
— 0 0 0
R o = (89.20%, 6.57%, 4.23%)
2.3308
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lllustration

The previous relative allocation principles may be properly averaged (using the
simplicial arithmetic mean instead of averaging the components):

Xsl Xsurv de
Simplicial average of 94.71% 3.42% 1.88%
principles
(V,o0 and EBA)
Absolute principle 356,431 12,859 7,066
linked to the

simplicial average
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