AF

At

LIFE 2007

DAV




JAF RL E%L

LIFE 200

werner.huerlimann@frsglobal.com




JAF RL E%t

LIFE 200

[ Wikipedia / New York Times
[ nature & magnitude of credit risk transfer

/ fair spread / one-factor copula
model / one-factor Gaussian copula model

/ pseudo compound Poisson
approximation / Panjer recursive algorithm / Example S




JAF RL E%t

LIFE 200

un-hedged portfolio of CDO'’s

other derivatives should be
backed by capital reserves

swaps and




JAF RL E%t

LIFE 200

e RiIsk characteristics of CDO's

 Loss distributions of synthetic CDO's

pseudo compound Poisson
approximation
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collateralized debt obligation
credit default swaps
names notional
values recovery rate loSss-
given-default
premium dates maturity date
discount factors
size attachment point

pool’'s cumulative losses
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Pricing model / fair spread

 Let s be the fair spread of CDO tranche per annum
(=losses to maturity): DL =) D(i)-{L(i) — L(i-1)}
(=PV of default leg): PV(DL) = E[DL]
(=premiums to maturity)
PL=s-> D(@)A®{){S - L®1)}, A®G) =t() - t(i-1)
(=PV of premium leg): PV(PL) = E[PL]
CDO tranche: MV = fee - contingent
* Pricing equation fair spreadis MV =0 or E[PL-DL]=0
* Valuation problem reduced to computation
of E[L(1)] & specification of for each name
&
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Pricing model / one-factor model
o T(k) ; of name kK
o q(k,D)=P(T(k)<t(i)):
» dependence structure of default times determined by
Y(K) = Vp(k)-X + V1-p(k)-Z(K),
with X, mutually independent

Z(k), all independent of X, and
p(k), through one-factor copula model:

g(k,i) = P( Y(k) < H(k,t()) ) with
H(k,t(1) of name k attime t(i)

» references: Vasicek(1987) (loss distribution of pool of loans)
Li(2000), Gordy & Jones(2003), Hull & White(2004), etc.
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Pricing model / one-factor Gaussian

« Assume distributions for X and Z(k):

() Hkt() = ®*-1(q(k,1))

(i) Cov[Y(k),Y(i)] = Vp(k)p()

() q(k,1) = PCY(k)<H(k,t(1)) [ X=x) (

= O{[®"-1(q(k,i)) — xVp(k)]N1-p(K)} )

 Model extensions:
o X random vector => multi-factor copula model
o« X, Z(k) Student-t => double-t copula model of Hull & White
« X, Z(k) NIG => Kalemanova et al.(2005) & Ltscher(2005)

o Further generalizations: Burtschell et al.(2005), Bee(2007)
and Albrecher et al.(2007).
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Evaluation / conditional tranche loss

* In one-factor Gaussian model one has
E[LG)]= | E[L(®) | X=x]-d®(x) with
E[ L(i) | X=x ] = E[ L(i)=min{max(Lp(i)-£,0),S} | X=x] and
, Where the random
iIndicators I{ - } are mutually independent conditional on X

=> conditional expected
cumulative tranche losses E[ L(i) | X=x ], 1=1,...,n

similar to “
" In actuarial science studied by Kornya(1983),
Hipp(1986), De Pril(1986/89), Dhaene and De Pril(1994),
Hurlimann(1989/90/2004), Sundt and Vernic(2009), etc.
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Evaluation / pseudo comp. Poisson appr.

e conditional on X=x the characteristic function of Lp(i) Is

o) =1 okt), o(k,t) = exp{ In[1+c(k)-(e™(it-.LGD(k))-1)] }
« J-th order appr. @(J,t): truncate logarithmic expansion

In(1+x) = > (-1)A(j+1)-x"/] at J-th term to get finite sums

In@(J,y) =3 3 (-1)"(+1)-[c(k)-(e*(it-LGD(K))-1)]")/)

In @(1,t) = A1) [w(1,1)-1], w(1,t) = 1/A(1)-3 c(k)-e”(it.LGD(k))
e J>1: pseudo compound Poisson approximation

In @(J,t) = A(J) [w(J,1)-1], Poisson parameter A(J) and
pseudo severity distribution h(J,y) determined as follows:
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Evaluation / pseudo comp. Poisson appr.

pseudo compound Poisson approximations of low order
A2) = > c(k)-(1+%-c(k))
h(2,y) = 1/M2)- [ 2. c(k)(1+c(k))-KLGD(k)=y}
- % > c(k)*{2-LGD(K)=y} ], y=1,2,...
A(3) = > c(K):(1+%-c(kK)+%-c(k)?)
h(3,y) = 1/A(3)- [ Y c(k)(1+c(k)+c(K)?)-{LGD(K)=y}
= 2 C(k)*(%+c(k))- {2-LGD(k)=y} + % > c(k)*{3-LGD(k)=y} ],
A4) = > c(k)-(1+%5-c(K)+¥5-c(K)*+a-c(k)?)
h(4,y) = 1/A(4)- [ > c(K)(1+c(k)+c(k)*+c(k)?)-{LGD(k)=y}
— > c(k)*(%a+c(k)+%5-3-c(k)?)-H2-LGD(k)=y}
+ > c(k)*(%+c(k))-{3-LGD(K)=y} - % > c(k)*-l{4-LGD(k)=y} |,
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Evaluation / pseudo comp. Poisson appr.

e some mathematical properties:

« h(J,y) for J>1 Is not a true probability measure but only a
sighed measure

a pseudo compound Poisson distribution

(A, h(y)) to be identified by
Lévy(1937) (see Lukacs(1970), Johnson et al.(1992)):

CDO examples: criterion is fulfilled for J=3 but not for J=2,4

e solution to moment problem:  J-th order approximation
preserves first J moments (Dhaene et al.(1996))
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Evaluation / Panjer recursive algorithm

« probability function f(z), z=0,1,2,... of a pseudo compound
Poisson distribution (A, h(y)) satisfies Panjer recursion
formula (Hurlimann(1990)):

f(0) = exp(—=A), z-f(z) = > y-h(y)-f(z-y), z=1,2,...

 numerical (Panjer & Wang(1993))
of J-th order approximation in distribution
obtained from the (Hipp & Michel(1990)):

IF(z) - F*J)(2)| S exp(e) =1, €= g(k), with

e(k) = [1/(I-1)][2c(K)]MI-1)[1-2¢c(K)], c(K)<1/2
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completely homogenous pool
m=100 names

cumulative losses binomially distributed
converge to the Vasicek limiting distribution as m — oo

par spreads

par spread for different distributions
CDO tranches J=1 NEX] J=4
equity 21.794% 21.876% 21.876%
mezzanine 6.004% 6.024% 6.024%

senior 0.271% 0.269% 0.269%
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Evaluation / Numerical examples

« Example 2.
5 sub-pools with 20 names each with LGD(k)=k=1,2,3,4,5,

t()=1=1,2,3,4,5 dates, g(k,i)=1-exp{—(0.005+0.005-k)-1},
correlation factors p(k)=0.25+0.05-k, flat interest rates of 5%

e Table 2: for inhomogeneous pool

J=2 J=4
26.087% 26.091%
11.078% 11.080%

3.060% 3.082%

e Conclusions :
J=3,4 => quasi-exact spreads for synthetic CDO tranches
J=2 => almost accurate spreads
=> compound Poisson approximation




