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EDITORIAL CHANGE

Readers will have been delighted to hear of the appointment last year of
Henrik Ramlau-Hansen as editor of ASTIN Bulletin in succession to
Harry Reid. Henrik has subsequently been promoted to the position of chief
executive of his company in Denmark and has felt it necessary to step down
as editor. We all congratulate Henrik on his promotion and express our
regret that he was not able to have a longer term as editor.
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EQUITY AND EXACT CREDIBILITY

By

S. DAvID PROMISLOW AND VIRGINIA R. YOUNG

ABSTRACT

We consider an alternative to the usual credibility premium that arises from
squared-error loss, namely, a so-called equitable credibility premium
(Promislow and Young, 1999). We derive formulas for the credibility weight
in certain cases and give sufficient conditions for exact credibility.

I. INTRODUCTION

When setting premiums for insurance, inequities will necessarily arise when,
due to imperfect information, some policyholders are charged more than
they should be and others less. By building on the previous work of
Promislow (1987, 1991), we deal with the problem of choosing premiums to
minimize this inequity (Promislow and Young, 1999). Much of our work
parallels classical credibility theory, but in place of the traditional squared-
error loss functions, we use the family of entropy loss functions. This is a
familiar family that has frequently appeared in the economics literature for
the purpose of measuring income inequality. We obtain formulas for the
optimal premiums, and in certain cases, we obtain explicit formulas for the
best affine approximation to the optimal premiums. A natural question,
then, is to ask how good the affine approximations are. A basic result of the
classical squared-error approach is that they are often exact. This occurs
(given certain regularity conditions) when probability distributions are
chosen from the linear exponential family with conjugate priors (Jewell,
1974a,b). The purpose of this note is to investigate conditions of exactness
for a particular case of an entropy loss function.

In Section 2, we set our notation and assumptions and briefly review
previous work in credibility theory, including some of our work in
Promislow and Young (1999). We consider a specific case of our equitable
credibility estimator. In Section 3, we study the case for which the equitable
credibility premium is constrained to be an affine function of the claim data.

ASTIN BULLETIN, Vol. 30, No. 1, 2000, pp. 3-11



4 S. DAVID PROMISLOW AND VIRGINIA R. YOUNG

For the special case investigated in this paper, we have an explicit expression
for the credibility weight and determine a sufficient condition for exact
credibility.

2. BACKGROUND

Assume that the total claims of a policyholder, or risk, in the i policy
period, is a random variable X; whose distribution depends on
f,i=1, 2, ..., in which @ varies across policyholders and may be vector-
valued. Assume that the X; are independent (conditional on #) and
identically distributed. The value of 8 completely determines the claim
distribution of the policyholder. Assume that the value 8 is fixed for a given
risk, although it is generally unknown and unobservable. Denote the
probability (density) function of 8 by n(8), also called the structure function
(Biithlmann, 1970).

One goal of credibility theory is to calculate a premium for period # + |
of a policyholder, given that the policyholder’s claim experience in the first »#
periods is X, = x, = (x1, X2, ..., x,) € (R)", or more generally given any
information, such as a demographic data. Consider general credibility
estimators, denoted by Y, in which Y is a real-valued function on the
information given, such as (R*)", if the information is prior claim data. We
use a capital letter to denote the credibility premium Y to emphasize that it is
a random variable. If we constrain Y to be a linear function of the claim data
X, then we write L for Y.

If one knew the value of 8 that determines the claim distribution of a
policyholder, then E(X,4|) would be the most equitable premium for
period n + 1, or more simply E(X]0). Let u(6) denote E(X|6); also, let
denote EX. The inequity of any other premium is measured relative to this
most equitable premium. A general procedure is to select an appropriate loss
(or unfairness) function U and then to choose Y(x,) to minimize

EU[(Y(x,), 1(8))].

In Bihlmann’s classical theory (1967, 1970), the loss function U is taken to
be the traditional squared error. That is,

UL(Y(x,), w(0))] = (Y(x,) — p(6)*. (2.1)

The resulting credibility premium is the posterior expected value of the
conditional mean

Y(x,) = / E(X,11|0) (6] x,)d6. (2.2)
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By restricting the form of the credibility premium L to be a linear
combination of prior claims, and by assuming that the claims are
conditionally independent and identically distributed, one deduces the
credibility estimator

L(x,) = (1 —= Z)u+ Zx, (2.3)

in which p = EX = E[u(8)] is the overall, or grand, mean; ¥ is the sample
mean,

z= n+k’ (24)
in which
__E[Var(X]9)]
"~ Var[u(9)] (2:5)

is the ratio of the expected process variance to the variance of the
hypothetical means.

In certain cases, the predictive mean (2.2) is an affine function of the
sample mean and, thus, equals the linear credibility estimator (2.3). Jewell
(1974a,b) verifies conditions under which this exact credibility occurs: Under
certain regularity conditions, exact credibility occurs for probability
distributions from the linear exponential family when one uses the conjugate
prior.

Promislow (1987, 1991) and Promislow and Young (1999) argue that
squared error is inappropriate for measuring unfairness, and they justify
using the entropy family in its place. Squared error is a function of the
absolute difference between the charged premium and the true premium,
while unfairness should depend on the relarive difference between these two
quantities. For example, we consider an individual who should be charged
1 unit but is actually charged 10 units to be treated more unfairly than an
individual who should be charged 1001 units but is actually charged
1010 units.

Promislow (1987, 1991) and Promislow and Young (1999) show that
appropriate loss functions to meet this objective are of the form

UY, w(8) = u(@)g(r),

in which r denotes the ratio Y/u(8). That is, loss is expressed as a function of

the relative difference, weighted by the true premiums. It is shown,

moreover, that the function g should be convex and satisfy g(1) =0. In

this paper, we will deal with the case in which g(r) = r* — 1, which leads to
the loss function

YZ
Ur(Y, p(0)) = —= — n(6 2.6
(7, ) =~ = ul6) 26)
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In place of g, we could take the function & given by h(r) = (r — 1)2. Since 4
differs additively from g by a multiple of (» — 1}, it is not difficult to see that
there will be no effect on the result when we compute expectations. It is of
interest to note that the classical squared error loss can be expressed in a
similar form but at the cost of distorting the weights. We can write (2.1) in
the form

U(Y, u(6)) = u(8)’h(r),

in which h(r) = (r—1)%. The weights now are the squares of the true
premiums, which give much higher weight than before to the high cost
situations. Also, we can also compare this with squared percentage error,
where the loss function is

U(Y, u(6)) = h(r).

In this case, the weights are distorted by being independent of the true cost.

Note that the loss function in (2.6) equals U (Y, u(6)) from Promislow
and Young (1999) in the special case for which ¢ = 2. We will restrict our
attention to this case for the remainder of this paper. In place of formula
(2.2), one now gets an optimal premium of

Ya(x,) = b (Eg[ue]) 2.7)
E((Eoun[u(@)"']) )( | [# D

There is a convenient analogue of formulas (2.3) through (2.5). Indeed, (2.3)
holds with Z replaced by z; given as follows:

n

B=——, (2.8)
"W u(@))

2 .

in which J = E[l—] —p= E[Vd—r(X@], and W(A) =E(4) E(47") ~ 1,
1(6) p(6)

for any positive random variable A (Promisiow and Young, 1999). Note that

z approaches 1 as n goes to infinity.

The expression in (2.8) is similar to the formula for Z, given by (2.4) and
(2.5), with J replacing the expected process variance E[Var(X]0)] as a
measure of the variability in X given a value of 8, and with pW(u(6))
replacing the variance of the hypothetical means Var(y(0)) as a measure of
the heterogeneity of the risks. See Promislow and Young (1999) for further
discussion of the “variance” measures J and W and for the derivation of z.
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3. CONDITIONS FOR EXACTNESS

For the linear exponential family and conjugate priors, we derive a sufficient
condition for exact credibility. By exact credibility, we mean that the
equitable credibility estimator Y,(x,) given by (2.7) is an affine function of
the sample mean and, therefore, equals the credibility estimator
Ly(x,) = (1 — z2)pe + 2%, with z; given by (2.8).

Suppose X|¢ is distributed according to a distribution from a linear
exponential family. Specifically, the pf or pdf of X|# is of the form

p(x)e
Sx]0) ==,
(x16) 200
for x>0 and for # taking values in an interval (6, 6;), where
—00 <y < 0 < oo. Note that g is the Laplace transform of p because
q(8) = [3° p(x)e~*dx. The conditional mean of X|6 is given by
' q'(6)
L 0) = T TN
AT
(Klugman et al., 1998). We concentrate on linear exponential families
because if the sample mean is a sufficient statistic for 6 and if the support of
the pdf of the continuous random variable X6 is independent of 6, then the
distribution of X|# comes from a linear exponential family (Lehmann, 1991,
Theorem 5.4).
The natural conjugate prior of  has the form

{g(®)} Fer
(k)
for some p and k > 0. The value ¢(u, k) is a normalizing constant for given

values of 1 and k. Assume that m(6) = n(6,). It follows that EX = p, the
posterior density of 6 given x, is of the same form as the prior with

m(f) =

90<9<9|,

k + nx _
k*=n+kand u* = #k __:::)L, and the predictive mean equals
g n
ElXpr1|xy) = p' =—— — X,
[ +|!x1] "1' n+klu‘+n+kx

in which k& = E[Var(X|0)]/Var[p(8)]. Thus, we get exact credibility for the
predictive mean.

To obtain exact credibility for the equitable estimator Y, assume that
7'('(00) = 7T(9|) and that 7T(00) v(90) = 7r(0|) V(gl), in which

_ 409
v(e) - (]’(9)
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is the multiplicative inverse of the conditional mean. We next prove the
following result for exact credibility.

Theorem 3.1 Suppose that {f{X|0)} is a linear exponential family and that the
natural conjugate prior satisfies the regularity conditions on its boundary given
above. If v satisfies the differential equation

v =av'

for some constant a, then the equitable credibility estimator Y, is exact.
Specifically,
Ya(x) = (1 — z2)p + 22X
]
Moreover, z) = ————.
n+k—alp

Proof:
E[u(9)[x]"'= [i v(0)m(6

Note that [¢=%*ve=9]'= —k*¢=% =V ¢'ve=® 4 ¢~ v'e= _ qq~
] ‘ q q q

X‘)d@ = C(k*, /.L*)_l _/;)I l/(@)q(@)_k'e—('Ge—(ll'/\"——(l)Bdel

0

K ve=% By using

the definition of v and the fact that v/ — av is a constant, we deduce that
[(I—k‘ ve—aﬂ] ’: Kq—k' Ve—uo,

for some constant K.
We next integrate by parts and obtain

K
u*’*—a'

E[n(6)lx] "' =
Since p*k* = pk + nx, we have that

Yy(x) = a

= m(uk + nX — a),

and the result follows. O

Remarks:

(1) Note that z; will be equal to, greater than, or less than the corresponding
Bithlmann credibility weight Z, according as a is zero, positive, or
negative.

(2) The possibilities for v are limited. If a = 0, then v(6) = ¢,0 + ¢2, for some
constants ¢; and ¢y. If @ # 0, then v(8) = ¢(e®® + c,, for some constants
¢ and ca. After the following examples, we determine the functions ¢
and p that correspond to these forms of v.
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Example 3.2 (Gamma-Gamma) Let X|6 ~ Gamma(v, §) with conditional mean

% and conditional variance %,
and let # ~ Gamma(q, 3). The differential equation of Theorem 3.1 holds with
n B -
— 1 =Z ) =(1-2) 2t = EXuln). O
a—1
n+—-
~

in which the shape parameter v > 0 is known,
a=0,z; =

Example 3.3 (Poisson-Gamma) Let X|A ~ Poisson(A) with conditional mean
A, and let A ~ Gamma(c, ). To put this in standard form, let § = —In(\).
Then, v(f) = ¢’ and the differential equation for v holds with a =1,

n
versus Z =———, and

n
n+03-08/a n+ g

Ya(x) = (1 — z) ~%+ z;-X. Note that Z < z;, so that the equitable

premium Y3 gives more weight to the policyholder’s experience than in the
Bihlmann credibility estimator. O

The credibility weight z; equals

Example 3.4 (Binomial-Beta) Let X|p ~ Binomial(r,p) with conditional
mean rp, and let p ~ Beta(a,3). To put this in standard form, let
6 = —In(p/(1 — p)). Then, v(8) = (1 +¢€°)/r, and the differential equation

n

for v holds with a = 1. The credibility weight z, equals
rv with a credibility weight z; eq CEYICE)
R

roe
versus Z=-—— and Yo(x) = (1 —z3) - ™ +2z,-% Note that
o+ ﬁ’ 2\ 2 o+ ,6 20
n4—
p

Z < z7 because ¢ > 0, as in Example 3.3. O

Example 3.5 (Negative Binomial-Beta) Let X|p ~ Negative Binomial(r, p)
with probability function

r+x—-1Y%\, ¥
/(x|p)=< + >p(l—p), x=0,12, ..,
in which r > 0 is known, and let p ~ Beta(e, 3). To put this in standard
form, let 8= —In(1 —p). Then, v(8) = (e’ — 1)/r, and the differential
equation for v holds with a=1. The credibility weight z; equals
n n rB
R versus Z=—a:—l, andYy(x) = (1 — z,) D

n4y-——— ° n+
rg r

+ 2z X,
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Note that Z < z; because a > 0, as in Examples 3.3 and 3.4. O

It is not always the case for the linear exponential family with conjugate
prior, that the equitable premium Y5 is an affine function of the sample mean
X, as we see in the next example.

x + 1)fPe™?
(\—+0)%, for x > 0, a member of
+ 2,0

. : . . 0
the linear exponential family, and let 8 have pdf proportional to L for
# > 0, the natural conjugate prior for §. After some tedious calculation, one
finds that for n = 1,

3 3 7 15 2 0 €_2b“ % oo e—Zbu -1
Yz(x)O(C[W_TI):"+4_/)2_‘2—b—e /I Tdu+32e A T(/H y

1 1 3 00 e—Zbu 00 e—2hu
in which ¢ = {Zb—B ~ 2 + 2% 4e2b/] y du + ez”/l " du] 6, and
x+1

b= . Via numerical calculation, one can verify that Y; is not linear
in x. 2 0
Now, we return to the problem of determining which distributions of X|¢
lead to v' = @', for some constant «. We consider the following cases:
(1) a=0= v(#) = 0+ ¢;, for some constants ¢, and ¢;, not both 0.
(@) ¢; =0 = ¢(8) = c3e~%<, for some constant c3. Because p is the
inverse Laplace transform of ¢, we have that p(x) is a point mass at
x = 1/¢;. It follows thatﬂx|9? =1if x = 1/¢; and 0 otherwise.
(b) c; #0=¢(0) = c3(c18+c2)” /e for some constant cs. It follows
that p(x) is proportional to x*'e™, in which v=1/c, and
A = ¢2/¢). Thus, f{x|6) is proportional to x7~'e=**+9 from which it
follows that X|6 is distributed according to Gamma(y, A +6). In
Example 3.2, we saw a special instance of this case in which A = 0.
) a#£0=v(8) = c1e® + ¢5, for some constants ¢; and ¢, not both 0.

Example 3.6 Let X|6 have pdf f/(x|0) =

l
(@) ¢3 =0= ¢(0) = czexp (———e‘“o>, for some constant c3. It follows
ac

that p(x) is proportional to

1 l
S(x)+—86(x—a)+——=6(x—2d4) + ... + ——56(x —na) + ...,
(5) gy 06 = ) 53 8= 20) o B — )
-x0
in which § is the Dirac delta function. Thus, f{x}8) x —e_—,
(ac)"*(x/a)!
for x=0,a, 2a, .... If a=¢, =1, then we have that X0 is

distributed according to the Poisson distribution with conditional
mean e’ as in Example 3.3.
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D) 2 #0=¢q(8) =c3(c) + cze‘“o)'/", for some constant ¢3. It follows

that p(x) is proportional to 3 o, <l’/ncz>(c1/cz)('/cz_"')6(x —am),
under appropriate regularity conditions. For example, if 1/¢c;=r, a
positive integer, if ¢; =c¢;, and if ¢ =1, then we have the binomial
distribution, as in Example 3.4. If 1/¢; = r, a negative integer, if ¢; = c3,
and if a =1, then we have the negative binomial distribution, as in
Example 3.5.

We see that in some sense, Examples 3.2 through 3.5 cover the simplest of
the interesting cases for the distribution of X8 for which the conditions of
Theorem 3.1 hold. Also, note from the above discussion that if 1(6) > 0,
then « > 0 from which it follows that z; > Z.
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A NOTE ON CHRISTOFIDES’ CONJECTURE REGARDING
WANG’'S PREMIUM PRINCIPLE '

By
WANG JING-LONG

East China Normal University, Shanghai, China

1. INTRODUCTION

Young (1999) discussed the conjecture proposed by Christofides (1998)
regarding the premium principle of Wang (1995, 1996). She shows that this
conjecture is true for location-scale families and for certain other families,
but false in general. In addition Young (1999) states that it remains an open
problem to determine under what circumstances Wang’s premium principle
reduces to the standard deviation (SD) premium principle.

In this paper we will provide further discussion of this problem. We wiil
show that, for a fixed distortion, the natural set on which Wang’s premium
principle can reduce to the SD premium principle is and only is the union of
location-scale families which satisfies some condition. Furthermore, it will be
shown that the natural set is and only is a location-scale family if Wang’s
premium principle can be reduced to the SD premium principle for any
distortion.

2. RESULTS

As we all know, the standard deviation premium principle applied to a
random variable X gives the premium

E(X) + A/ Var(X)
for some A > 0, and Wang’s (1995, 1996) premium principle gives the premium

[o 9}

0
Hy(x) = [ {elset0) = e+ [ elsvlolar

0

' Project 19831020 Supported by National Natural Science Foundation of China.

ASTIN BULLETIN, Voi. 30, No 1, 2000, pp. 13-17



14 WANG JING-LONG

where Sy(1) = P(X > 1) is the decumulative distribution function (ddf) of X,
and the distortion g is a non-decreasing function from [0, 1] onto itself.
Suppose that Wang’s premium principle reduces to the SD premium
principle for a set F of distributions, i.e. for any X € F, we have

E(X) + A/Var(X) = Hy(x)
Hence for any X, Y € F, we have

Hy(X) = E(X) _ Hg(Y) — E(Y)

VVar(X)  /Var(Y)

Further, such a set is called the natural set for the given g, if for any X € F
and Y ¢ F, the following condition is satisfied:

Hy(X) — E(X) , Hy(Y) — E(Y)

V Var(X) V Var(Y)

As Young (1999) shows, Wang’s premium principle reduces to the SD premium
principle on the location-scale family I={X=p+0-Z: peR, o>0},
where Z is a random variable. We call Z the underlying distribution of this
location-scale family II. In fact, any a distribution of II can be regarded as
the underlying distribution of II. Obviously, if Fis a natural set, II C F for
Z € F. That means the location-scale family with the underlying distribution
being a element of the natural set F for which Christofides conjecture is true
is a subset of F.

Christofides (1998) conjectures that for a parametric family of distribu-
tions with constant skewness Wang’s premium principle reduces to the SD
premium principle. Young (1999) shows that this conjecture is false in
general. Otherwise, if Wang’s premium principle reduces to the SD premium
principle for a parametric family of distribution, is this family with constant
skewness? It is also not true in general. See the following examples.

Following and example in Young (1999), let X be a random variable have
a two-sided exponential distribution with parameters o =1, 8 = 2.27466
and w = 0.1. Its ddf and skewness are, respectively:

w —w)(l — ¥ ;
SX(,):{ + (1 =w)(l—e¥), 1<0;

we ! t > 0.
E{[X— EQOP
SkewX = 3 = 1.84166
[Var(X))2

Let the distortion g(p) = p®>. Then
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Let Y have a Pareto distribution with parameters o = 43.41704 and 3. Its
ddf, expectation, variance and skewness are the follows respectively:

Sy(t) =P(Y>1)= (T—f—ﬁ)
g _ of?
e ey
e+ HVa -2

Skew(Y) = = 2.146777 # Skew(X)

Vala — 3)
Let the distortion be the same as above, then
l —
H(D = B (0 g g Hl) = EO)
Var(Y) a—2 Var(X)

Hence, for the distortion g(p) = p®>, Wang’s premium principle can reduce
to the SD premium principle for the union I, U Il>, where

I ={u+o-X: peR, c>0}
Ih={v+7 Y :veR, >0}

are the location-scale families with underlying distributions X and VY
respectively. Thus, Wang’s premium principle reduces to the SD premium
principle for a parametric family of distribution II; U II; whose members do
not all have the same skewness.

From the preceeding discussion we get the following proposition.

Proposition 1.

For a fixed distortion g, the natural set on which Wang's premium principle
reduces to the standard deviation premium principle is and only is the union of
location-scale families:

UieT;

where | is an index set, for any i€l 1l; is a location-scale family:
IL={pi+o-Xi: pi€R, 0, >0}, and their underlying distributions
X, (i € D) satisfy the following condition: for any i,j € I we have

H,(Xi) — E(Xi) _ Hg(X)) — E(X))

Var(X,) VVar(X;)

Furthermore, the natural set is and only is a location-scale family if Wang’s
premium principle can reduce to the SD premium principle for any
distortion.
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Proposition 2.

The natural set on which Wang's premium principle can reduce to the standard
deviation premium principle for any distortion is and only is a location-scale
Sfamily.

Proof:

Suppose that for any distortion Wang’s premium principle can reduce to the
SD premium principle on the set F of distributions. Then for any X, Y € F
and for any distortion g, we have

Hy(X) — E(X) _ Hy(Y) - E(Y) "
V Var(X)  Var(Y)

Let
:X__E(_X) V:Y——E(Y)
VVar(X)’ V Var(Y)

From equation (1), we have
Hy(U) = H,y(V) )

because H, is location and scale equivariant. Denote the decumulative
distribution functions of U and V by Sy(r) and Sy(r) respectively. Firstly,
using proof by contradiction, we will show that Sy(r)=S,(r) when 1>0.
Assume that there is a 1o > 0 so that Sy(t0) > Sy (%). Let a=Sy(1),0<a< 1.

o Case 1.
Suppose that {r : Sy(t) =} #0
Let

uy =inf{r : Sy(t) =}, v =inf{r : Sy(r) =a}

Because the non-increasing ddf is a right continuous function,
Su(u)) = Sy(vy) = o, which implies that v; < rg < u,. Let the distortion

N — I, a<w<l;
glw) = 0, 0<w<a.

Then H,(U) = uy, and for v; € (—o00,00), it can be proved that H,(V) = v;.
Hence Hg(U) # Hy(V), contradicting equation (2).

o Case 2.

Suppose that {¢ : Sy(1) =a} =0.

Then there is a up so that Sy(wg — 0) > o > Sy(up) and Sy(r) > @ when
! < ug. Obviously, fy < uy. Let the distortion be the same as above, then
Hy(U) = up, Hg(V) =, which implies H,(U) # Hg(V), again contra-
dicting equation (2).
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Because a ddf is a non-increasing function, the set consisting of points at
which the ddf is discontinuous (that is, {r: ddf isn’t continuous at point ¢}) is
either a finite set or a countable set. Therefore, it is proved that
Su(t) = Sy(r) when 1 > 0. ) _

Now, we will show Sy(7) = Sy(r) whent < 0. Let U= —-Uand V = ~V.
Then the decumulative distribution functions of U and V are
Sg(t) =1—=Sy(=r—0) and_Sp(s) =1- Sy(—t—0) respectively. From
equation (2), we have H,(U) = Hg(V). According to the above result,
Sg(t) = Sp(r) when ¢ > 0, which implies Sy(r — 0) = Sy(t — 0) when ¢ < 0.
Hence Sy(t) = Sy(r) when 1 < 0.

To sum up, Sy(r) = Sy(r). Hence, U = V almost surely. The proposition
is proved.

In fact, the assumption of this Proposition can be weakened: that is, the
natural set on which Wang’s premium principle can reduce to the standard
deviation premium principle for any two-step-up distortion is and only is a
location-scale family. Is and only is the natural set a location-scale family for
any power distortion? This is a subject of future study.
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ABSTRACT

This paper discusses the modelling and control of pension funds.

A continuous-time stochastic pension fund model is proposed in which
there are #n risky assets plus the risk-frec asset as well as randomness in the level
of benefit outgo. We consider Markov control strategies which optimise over
the contribution rate and over the range of possible asset-allocation strategies.

For a general (not necessarily quadratic) loss function it is shown that the
optimal proportions of the fund invested in each of the risky assets remain
constant relative to one another. Furthermore, the asset allocation strategy
always lies on the capital market line familiar from modern portfolio theory.

A general quadratic loss function is proposed which provides an explicit
solution for the optimal contribution and asset-allocation strategies. It is
noted that these solutions are not dependent on the level of uncertainty in
the level of benefit outgo, suggesting that small schemes should operate in
the same way as large ones. The optimal asset-allocation strategy, however,
is found to be counterintuitive leading to some discussion of the form of the
loss function. Power and exponential loss functions are then investigated and
related problems discussed.

The stationary distribution of the process is considered and optimal
strategies compared with dynamic control strategies.

Finally there is some discussion of the effects of constraints on
contribution and asset-allocation strategies.
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1. INTRODUCTION

The analysis and control of pension fund dynamics is becoming increasingly
important as members start to pay more attention to the security of
promised benefits and as sponsoring employers become more concerned
about the timing and stability of cashflows.

This paper discusses some current problems in the analysis and control of
defined benefit pension funds. Under a pure defined benefit pension fund the
benefits payable to an individual member depend only upon his or her salary
and length of past service.

The principal alternative to a defined benefit scheme is a defined
contribution occupational pension scheme. Here the benefits are defined
by the level of contributions which are paid into an individual member’s
fund or ‘pot’ and by the investment returns which are achieved over the
period up to retirement. Since the pot is used to purchase an annuity at
the time of retirement the level of pension is also determined by the
annuity rate which prevails at the date of retirement and, in particular,
the term structure of interest rates on that date. Generally the rates of
contribution by the sponsor and by the member are fixed. All of the
investment risk is borne by the member and there is no opportunity for
the member to smooth out the effects of adverse investment returns.
Existing literature on defined contribution problems typically deals with
the case where the terminal utility is a function of the fund size at
retirement (for example, see Merton, 1990, Gerber & Shiu, 2000,
and Deelstra et al., 1999). The case where the terminal utility is a function
of pension purchased at retirement (that is, fund divided by annuity
rate) in a stochastic interest-rate environment has been considered by
Cairns et al. (2000).

Under a defined benefit scheme the sponsoring employer has no ability to
vary the timing or amount of the benefits payable. In contrast to this and to
a defined contribution scheme the rate at which contributions are paid into
the fund are (within limits) very flexible. Typically this flexibility rests fully
with the fund sponsor while individual members contribute a fixed
percentage of their salaries.

Increasingly, we also see schemes which provide elements of
both defined benefit and defined contribution. Most common are
schemes which allow for discretionary increases to pensions in
payment with the size of the increase depending upon recent investment
returns. Other ‘hybrid’ schemes provide a pension which is equal to
the maximum of a defined benefit pension and a defined contribution
pension. -

Within the pure defined benefit framework there is considerable scope for
freedom:

o in how the variable contribution rate should be varied;
o in the choice of asset allocation strategy.
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1.1. Contributions

By-and-large, the fund sponsor has considerable freedom in how the
contribution rate can be varied. The basic principle underlying how the
contribution rate is set is that it should take account of the amount of
surplus or deficit (that is, the excess of assets over liabilities). Thus, in some
sense, the contribution rate can be reduced during periods of surplus and
increased above the normal rate when the scheme is in deficit. The role of the
actuary is to take account of the needs of the sponsor and of the members
before recommending to what extent surplus or deficit should affect the
contribution rate.

The overall level of flexibility may be restricted by the presence of certain
constraints:

o There may be a legal requirement to keep the funding level (the asset/
liability ratio) above a certain minimum level (the method of calculation
of which can take a number of forms). If the funding level drops below
this minimum the sponsor may be compelied to make up the deficit
immediately.

o Similarly there may be a restriction on the maximum size of the fund.
This may require refunds to the sponsor or improvements to the benefits
(although, in the latter case, the fund would cease then to be a ‘pure’
defined benefit scheme).

o The fund sponsor may wish to keep the contribution rate below a certain
level (for example, twice the normal rate).

o Regulations or plan rules may prevent refunds to the employer, or
perhaps refunds are only permitted when the funding level is sufficiently high.

1.2. Assets

A pension fund will normally fall under the responsibility of a group of
trustees or managers who must act in the best interests of the fund members.
Within this remit they can choose how to invest the assets of the fund.
Appropriate investment strategies will take account of:
o prudence;
o requirements to

— maximise returns;

— minimise risk;

— diversify;

— avoid self-investment;

immediate cashflow requirements;

security;

the tax status of the fund and of the various potential assets.

Besides taking the advice of their fund managers, trustees may also seek the
advice of the fund actuary before deciding upon an appropriate strategy.
How the funds available should be allocated presents an interesting problem
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for the actuary. The solution to such a problem must take account of many

things:

o the balance between the conflicting interests of the members and the
Sponsor;

o the expected returns on the various assets and the associated risks and
dependencies (both between individual assets and through time);

o the current level of funding;

o constraints on short selling of assets.

1.3. Objectives

For an actuary to set an optimal contribution rate and asset allocation
strategy it is necessary to use a well defined objective function with
appropriate constraints. Objective functions must be sufficiently precise to
avoid ambiguous or non-sensical solutions. For example, the imprecise
objective minimise variance leads to various outcomes which minimise the
variance of the funding level and/or the contribution rate.

Other apparently precise objectives lead to optimal solutions which do
not entirely make sense. In such circumstances it may be necessary to revise
the objective function.

1.4. Types of model

A basic question which must be answered first is should we use a
deterministic or a stochastic model. Deterministic models are adequate for
cashflow projections and valuations but little else. Stochastic models, on-the-
other-hand, allow us to investigate fully the dynamics of the fund through
time and, for example, devise suitable control strategies. Here we consider
stochastic models only.

A separate question is whether models should be kept simple or be
made very realistic. The answer here depends on the reasons for
modelling. In a more academic study we are looking for the major drivers
of pension fund dynamics. Simple models allow detailed study of these
factors. Often it is possible to derive analytical results which can then be
used to provide specific links between causes and effects. A more complex
model, on the other hand, may be required if the modeller has in mind a
specific pension fund with a very specific benefit structure. As models
become more complex we input more and more factors and find that more
detail comes in the output from each simulation. It then becomes very
difficult to identify why certain effects are evident. However, simple
models provide the backup in the analysis of complex models. Such
models give pointers to what we should be investigating. Thus we may be
able empirically to observe the same links between causes and effects as
were found analytically in the simple model. More-often-than-not such
comparisons can explain, with ease, the majority of the variation in the
dynamics of a complex model.
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In some problems the aim may be to devise an optimal control strategy.
As we show here it is possible using simple models to derive precisely an
optimal control. This then gives us the starting point for further study and
optimisation within a more complex model.

This paper has a number of aims. First, it will pull together some recent
results in continuous-time pension fund modelling (O’Brien, 1986, 1987,
Dufresne, 1990, Boulier et al., 1995, 1996, and Cairns, 1996, 1997). Fresh
proofs of these results will be presented as appropriate along with further
discussion of their implications. Second, some new avenues will be developed
to show how this earlier work can be modified to consider some
generalisations and to pull the results closer to current practice. Third, the
paper will discuss some open problems.

Within this framework the paper will proceed as follows. Section 2
introduces the continuous-time stochastic model for the dynamics of a
pension fund in its most general form which will be used in the majority of
the paper.

Section 3 considers dynamic stochastic control of the model by
making reference to a value function which discounts exponentially future
random values of a quadratic loss function. The section proceeds by
looking at various cases both constrained and unconstrained. The
advantages and disadvantages of the quadratic loss function are discussed
in detail here. Finally, power and exponential loss functions are considered
with problems similar to those under the quadratic loss function
identified.

In Section 4 we take the longer-term view and consider the stationary
distribution of the process (although the distribution of the model
nears its stationary form within 10 to 15 years usually). This includes a
look at the continuous proportion portfolio insurance approach to
asset allocation introduced by Black and Jones (1988) and compares
this with a static investment strategy. Section 5 compares the results
of dynamic versus stationary optimisation derived in Sections 3 and 4
and shows how sensitive these results are to changes in the control
parameters.

Finally Section 6 discusses how the model and value function might be
developed in the future to come closer to reality.
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2. A GENERAL MODEL

In this paper we consider continuous-time stochastic models for pension
fund dynamics which allow for » risky assets and for noise in the level of
benefit outgo. The general form of this simple model is:

dX(t) = X(1) - dby(t, X(1)) + ¢(1) - dt — B-dt — oy - dZ(1) (1
where X(¢) = fund size at ¢
dbx(t, X(1)) = instantaneous return on assets between ¢ and ¢ + dr

c(r)y = c(1, X(1))
= contribution rate
B = expected rate of benefit outgo
and o, = volatility in benefit outgo

Discrete-time models have been considered by Cairns (1995), Cairns &
Parker (1997), Dufresne (1988, 1989, 1990) and Haberman & Sung (1994).
Such models have yielded a number of useful analytical results with wider
applications. Continuous-time models, which are, in some ways, more
idealised, yield further analytical results (for example, see Dufresne, 1990,
Boulier et al., 1995, and Cairns, 1996). Similar results can then be sought
empirically in discrete-time models.

The contribution rate, ¢(r), is a predictable process and provides us with
one of the means of controlling the dynamics of the pension fund. Dufresne
(1990) and Cairns (1996) considered continuous-time models in which the
contribution rate was a linear function of the current fund size, X(¢). Boulier
et al. (1995) considered more general forms for ¢(r) but found that the
optimal solution to a simple control problem was that the contribution rate
should indeed be linear in X(r). These results are discussed in detail in
Sections 3 and 4 of this paper. O’Brien (1987) considered a similar objective
function where the contribution rate only was controllable and where there
was a stochastic reserve (in contrast to the constant target x, relative to
salary roll used in Section 3 of this paper). He found that the optimal
contribution rate was linear in the amount of surplus. However, other
aspects of the model used by O’Brien (1987) were unrealistic even for a
simple pension scheme, making a fresh start here appropriate.
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The other means of control is through the asset-allocation strategy. First
we may allow for the possibility of a risk-free asset (or cash) which has a
value at time ¢ of Ry(r) = Ro(0)exp(dor). There are, in addition, n risky
assets, the prices of which (including reinvestment of dividend income) we
assume follow correlated geometric brownian motion: that is,

ﬁ’% = db;(1) = & - di + j;a,-, -dz;(1) (2)
ordb(t)=6- dt‘+ S-dZ (3)
where d5(1) = (dé, (1), ..., d6,(1))"
§= (61, ..., &)
S= (UU):"FI

dZ = (dZ,, ..., dZ,)"

and Z(r) is standard n-dimensional Brownian motion. We assume that Z(z)
and Z,(¢) are independent.

For convenience later on, we define D =SST (the instantaneous
covariance matrix) and A = (A, ..., /\,,)T where ;= §; — & is the risk
premium attached to asset i.

Let us assume that §; > &y for all /i > | (that is, investors are rewarded
with higher expected returns for taking on some risk). No assumption is
made about the level of correlation between the returns on the various stocks
including, for example, the benefits (or otherwise) of diversification. The
proportion of the assets invested in asset / (i = 0, 1, ..., n) is denoted by
pi(t, X(2)). It follows that Y7o pi(¢, X(1)) = 1. In the development below we
write p = p(1, X(1)) = (pi (1, X(1)), .., pa(t, X(1)))". The instantaneous rate
of return on the fund is then:

n n
(l — Zp,) bo - dt + Z[)idéi(’) = &g - dt +[)T/\ - dt + pTSdZ (4)
i=1 i=1

In this paper we will consider a range of constraints on the proportions
invested in each asset. These include the possibility that we hold no cash (or
a fixed percentage of the fund in cash) and that there shall be no short-selling
of assets.

We allow for more than one risky asset for two reasons. First, it allows
for a degree of realism without complicating substantially the analysis.
Second, the experience of the UK pension funding scene is that pension
funds only use cash for short-term liquidity rather than as a serious asset.
Instead funds use government bonds (fixed interest and index linked) as low-
risk (but non-zero-risk) assets. This situation is modelled in Section 3.3.
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3. OPTIMAL DYNAMIC STOCHASTIC CONTROL

3.1. The general quadratic case

We consider first the case where there is no constraint on the amount
invested in cash. Following Boulier et al. (1995) we define the value function
for a general controlled pension fund process

W(t,x)(c,p) = E[/’oo exp(—pBs)L(s, c(s, X(s)), X(s))ds| X(1) = x (5)

Here exp(—0s) is a discount function and L(s,c,x) is a loss function given
that at time s, X(s) = x. This value function is also a function of the chosen,
Markov contribution strategy c(s, X(s)) and investment strategy p(s, X(s))
which we abbreviate, where appropriate to ¢ and p respectively.

Let V(¢,x) = inf.,yW(t,x)(c,p) = W(t,x)(c*,p*) assuming that such
optimal control strategies ¢® and p* exist. Then V(,x) satisfies the
Hamilton-Jacobi-Bellman equation (for example, see Merton, 1990,
Jksendal, 1998, or Fleming & Rishel, 1975):

1 .

Ozicl},;f (e‘ﬁ’L(z,c,x)+ Vi+[(60+p"A)x+c—B] VitsVi (x2p7Dp+o§)>
where V,=0V /ot
V=0V /dx

V=02 V/0x* (6)

We differentiate the expression in brackets with respect to ¢ and p to find
that:

%(-) =e¢PL.+V,=0,  where L, =08L/0c (7
= c*(t,x) = L' (='V,) (8)
and %() = AV, + Dpx*Ve =0 (9)

“(6,x) = —(—=\ D1 ' (10)
i ( ,)‘) T xXVyx

We see from the form of p* that the amounts invested in each of the risky
assets always stay in the same proportion. Thus we may define a special
portfolio, 4, which is a mixture of assets | to » in the same proportions
(in market value terms) as D~'A. Then for any x we hold a proportion
p(x) (which depends upon F(t,x)) in portfolio A and 1 — p(x) in cash.
This result has obvious parallels in modern portfolio theory where the
combination here of cash and portfolio A mimics movement along the
capital market line. However, here we have not yet specified any form for
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the loss function L(z, ¢, x) whereas modern portfolio theory (which works
in discrete time) relies upon the use of a quadratic loss function. Further
consideration of the model shows that portfolio A (which is efficient in the
sense of minimising the value function) is also efficient in the sense of
modern portfolio theory: that is, it has the lowest instantaneous volatility
for a given rate of return.

Classical portfolio theory has been extended to include liabilities by Wise
(1984), Wilkie (1985), Sharpe and Tint (1990) and Keel and Miiller (1995).
Working in discrete time and using a quadratic loss function Keel and
Muiller (1995) find that the composition of efficient portfolios can be altered
by the inclusion of liabilities: in particular, where liabilities are random and
not independent of the asset returns.

The precise form for V{(1,x) is, of course, still not yet known: we only have
expressions for ¢* and p* involving V{(1,x).

It is necessary that the loss function is a strictly convex function of ¢. This
ensures that the inverse of L, exists. This requirement excludes, for example,
downside loss functions which are convex but not strictly convex.

Here we restrict ourselves to the following quadratic loss function:

L{t,¢,x)=(c— Cm)z +2p(c—cm)(x —xp) + (k+ PP (x— “\'P)z (1)
where k> 0.

|
Thus LC'l (—eﬂ' V_\.) = Cpy — p(X = Xp) —i—eﬁ’ V. (12)

(that is, if c=c,—p(x—x,)—exp(Br)V,/2 we have L (t,c,x)=—exp(B)V).
A special case of this loss function is the one suggested by Haberman and
Sung (1994) (in a discrete-time framework).

We apply this to the Hamilton-Jacobi-Bellman equation to give:

1 2 Ve
O:e“ﬁ’l(——zeﬁ'V,\) th(x=x,)? |+ Vi +(6ox—B) V=AD" —Ax ¥,

XV xx

l

|
+<c,,,—p(\f ,\,,)—Ee V>+2V\\ (13)

V.
\< )ATD DD~ '\
/\V.\'.\'

Given the form of the objective function (Markov and time-homogeneous) it
is clear that the optimal strategies ¢* andé; depend only upon x and not
upon t. Thus V(1,x) will be of the form ¢#'F(x) and therefore:

1 2
0=L—1F_\2.+k(x—x,,)2—_6F+(60_\‘— B)F, — \'D~ /\]f

1 1 F?
+ <C'm - p(x - xp) - EF\> F\' =+ EF.\'.\- |:F2‘ ’\TD_I)‘ + 012;} (14)
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Try F(x) = Px* + Qx + R, and write ¢ = ATD~'\. Then:

0=- %(21’,\‘ + Q)2 +k(x - x,,)2 — B(Px*+ Qx4 R) + (6px — B)Y2Px+ Q)

3 2
L BPON | (e pls— ) 2Py +0) 4 P (1)

=&
2
= 0=x2[-P?+k— BP+2P8 — Pe — 2pP)]
+x[—PQ —2kx, — BQ — 2PB + Qb — Qe — pQ + 2P(cyu + px;)]

Q%
4P

1
+ —ZQ2+kx,2,—ﬁR—BQ— + (Cm + pX,)Q + Po? (16)

Define P =26y -~ 8 —¢ — 2p. Then we find that:

P(k) =P+— "§2+4[‘ (17)
_2[P(k)(B— ¢ — pxp) +kxp)
== R ¥ 6B e
il k)? )
R = {—ZQ(k)'*rkXﬁ— 506 -2 E (64 o)) + PR | (19)
This is an admissible solution provided P > 0.
We find then that;
L*(\) =Cm p(\ - \-p) - 5(2P(k)x + Q(k)) (20)
or ¢*(x) =cj — ¢jx (21)
ooy PR+ QR)
pr(x) = 2Pl D'\ (22)
o p () = BT (23)

where p§ and p} are both n x | vectors which are proportional to D'\,

Note that when x = —Q(k)/2P(k), p*(x) = 0: that is, we are invested
entirely in the risk-lree asset. Furthermore if a portfolio, A4, is synthesised
from the n risky assets in the proportions D'\ as described earlier, then,
given a funding level of x, we should hold a proportion of the fund:

2P(k)x + Q(k)

P e"D7'A (24)

px)=e"p*(x) =

in portfolio 4 and 1 — j(x) in cash. (e” = (1, ..., 1) is the unit vector.)
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We can also note that F(x) is minimised at x = —Q(k)/2P(k), which we
will denote by x,,, say. As discussed in Section 3.6 this presents, to a certain
extent, a barrier through which it is difficult for the funding level, X(¢), to
pass. Depending upon the relationship between ¢, k and x, this could take
the form of a ceiling or a floor.

It is important to note that P(k) and Q(k) do not depend upon oy. It
follows, therefore, that the optimal control strategy (both contributions and
investments) do not depend upon o;,. Thus, demographic variability is a
factor which affects the value function V(s,x) only and we should treat small
funds in the same way as large funds.

It is also important to note that the precise proportions of each asset held
in portfolio A do not depend upon the form of the loss function, nor does it
depend upon gy.

Remark

The non-linear ordinary differential equation (14) is subject to the boundary

condition 0 < F(x) for all x. We have two degrees of freedom in how we

solve this equation. Numerical work suggests that there are also solutions to

(14) which either have singularities (which we regard as an inadmissible

solution) or which are asymptotically linear as x — *oo. Now if

F(x)~a+bx as x — 400, ¢*(x)~¢n—b as x — +oo. With such a

solution we may find that X(¢) will drift off to infinity. This drift, however,

is countered by the asset-allocation strategy which is quite extreme:

o As X(¢) gets very large the fund goes very long in cash and very short in
risky assets. This ensures that there is a very ineflicient strategy which
more-or-less throws away money in order to get back to the target
funding level x,.

o As X(¢) gets very small the fund goes very long in risky assets and very
short in cash to get a high expected return to help us get back to a better
funded position as quickly as possible.

In the quadratic-F(x) case these problems with the asset-allocation strategy
also apply but they are much less extreme. Furthermore, the optimal
contribution rate is a linear function of X{(7). It is a necessary condition for
stationarity that the contribution rate is at least linear. (Note, however, that
linearity is sufficient only when the slope ¢} is greater than a certain
minimum level described later in this paper.)

Thus we can reasonably put in the further boundary condition that
F(x)/x* — constant as x — =£00.

3.2. Constraints on cash

We have up until now assumed that the amount of money invested in cash
could vary without bound. Here we go to the other extreme and assume that
we invest a proportion p,, of the fund in risky assets and 1 — p,,, in cash,
where p,, is fixed. It is reasonable that p,, < 1 allowing for a small but fixed
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amount in cash to provide short-term liquidity for the fund to cover
immediate benefit payments. (A typical figure for a UK pension fund in the
UK is 5% cash and p,, = 95% risky assets.) Subject to this constraint, there
is total freedom in the proportions invested in the n risky assets.

Recall the Hamilton-Jacobi-Bellman equation:

. I
0= ‘c“,,f e L(t,¢,x) + Vi+ [(6o+p " A)x+c— BV +5 VY_‘,(,\.zperJra,z,))
L’T/’i:/’m

(25)

where ¢ = (1, ..., l)T.

We differentiate the expression in brackets with respect to ¢ as beflore to get:

%() =e¥L.+V,=0,  where L, =09L/0c (26)
= ¢ (t,x) = LC'I (e‘ﬁ’ V,‘.) (27)

To minimise over p subject to the constraint we use the method of
Lagrangians. Thus we minimise the function:

1
G(p: 7) =X V.\'/\TP -+ Exz V.\-.\-I)TDP -+ 7(6Tp - pm) (28)
over p and ~.
g—g =xV A+ x Vo Dp+ye =0 (29)
oG
8_7 = ng — Pm = 0 (30)
for which the solution is:
Vi 1h-1 I -1 Vi
=p(x) = —_— p ———D7A 1
p=p(x) = (Pt = D7) D e =D A ()
V. V.
= <d0+d1 a >D_|€——'D—l/\ (32)
y‘[/.\"\' X XX
plﬂ
where d() = m
e’D7A
and & = ZrpTe

We note, as in the previous section, the connection with modern portfolio
theory. We have already discussed the relevance of D' A. Here we note that
portfolios which invest in the same proportion as D~'e have the minimum
variance given that there are to be no investments in cash. Furthermore, all
efficient portfolios are linear combinations of D'\ and D~ 'e.
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Again because of the form of the value function we substitute
V(t,x) = e P F(x).

Now L(t,¢,x) = (¢ = tm)* +2p(¢ — cm)(x — x,) + (k+ p?)(x — x,)*  (33)
|
=L (—eﬂ’ Vi) = cm — p(x — x,) — EF‘. (34)
We apply this to the Hamilton-Jacobi-Bellman equation to give:

I
0 =ZFf +k(x—x,)* = BF

Fy 1
+[(60+,\Tp—l<d0e+(d.e—/\) F >>x+cm~p(,\‘—,\‘p)—§F,\.—B]F_‘.

XX

|
_F\'\'
+2 )

X xXx XX

x? <d0e+(a’|e—/\) i >TD“' (d0e+(d.e—A)x§“ )w%,} (35)

As in the wunconstrained case this has a quadratic solution
F(x) = P(k)x? + Q(k)x + R(k). The form of p(x) indicates that we require
two portfolios A and B. Portfolio A is made up of fixed proportions of assets
I to n in proportion to the vector D'\, while portfolio B is synthesised
similarly but in proportion to the vector D7 'e.

As in Section 3.1 portfolios A and B are independent of the form of the
loss function.

3.3. Further discussion of the general model

We now consider the optimal asset-allocation strategy in more detail. In
particular, consider the instantaneous rate of return on the investments: that
is, 6 + ATp*(x). Consider the unconstrained case first:

2P(k)x + Q(k

o+ NTp(x) = by — LX) 2)1:(:),?( JATD (36)
_ o Tp-1y _ Q) \roi

= f = XTD™!\ 5 ATD (37)

Now D is positive definite so that ATD~') is positive. Furthermore, P(k) is
positive and Q(k) is normally negative. Hence & + A7p*(x) is normally a
decreasing function of x.

Similarly consider the constrained case.

Mp*(x) = AT |doD7'e + ———21)(1;;‘(/;3(1‘7) (diD7'e — ) (38)

_ T -1 Tn-1, _yT'p-I (k) 71 _
=doA"D ' e+ d)ATD'e — ATD N Spr D de=2) (39)
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Note that e”D~'(dje—A)=0. Hence ATD™!(d\e—A)=—(d\e—X) "D~} (dje—))
<0 since D is positive definite. Again P(k)>0 and normally Q(k)<O0 so that
Ap*(x) is a decreasing function of x.

Furthermore an analysis of the instantaneous variance of the investments
confirms that as the instantaneous rate of return decreases, the instanta-
neous variance decreases also and then starts to increase as we go long
(effectively) in low-risk assets and short in high-risk assets.

Thus we find that when the funding level is low we invest more in high-
risk assets and as the funding level rises we shift from high-risk into low-risk
assets. This is a rather counterintuitive investment strategy. We would expect
that as the funding level falls that we might shift into lower-risk assets to
protect our position. The strategy we have found here does the opposite. The
reason for this is because of the quadratic form of the objective function.
This, in a sense, defines an ideal funding level x, and an ideal contribution
rate ¢,,. If the funding level is below this then we invest in high-return, high-
risk assets to increase the chance of getting quickly back to the ideal level.
Conversely if the funding level is too high then we are prepared to invest in
what is effectively an inefficient, high-risk, low-return investment strategy in
order to get back to the ideal level. Indeed the fund will go long in cash and
short in equities. In effect the scheme would be throwing money away since,
for the same level of risk (that is, volatility of asset returns) it could have a
higher expected return. The inefficiency here turns out, with hindsight, to be
a result of the quadratic loss function. This actually prefers the positive
target contribution rate, ¢,,, to refunds. In other words, it is better to throw
money away than to take a refund. (There is nothing new in this
observation. Related problems in other branches of financial economics
come to the same counter-intuitive conclusions where, for example,
quadratic utility functions are employed.)

Now consider the optimal contribution rate. Sometimes this is written in
the form (co — ¢1x,) — ¢1(x — x,) where x — X, is the surplus relative to the
target fund size x,. ¢; is the rate at which we try to remove surplus or
amortize this surplus. It can be noted that the optimal amortization rate,
¢} = P(k), depends on k, 8p, A and D but not on ¢, x, or oﬁ

On the other hand, ¢} also depends on x, and c,, but again not on o3.

Similarly it can be seen that p*(x) does not depend upon o2. Thus, it has
been demonstrated that for such a quadratic loss function L(-) the optimal
contribution and asset-allocation strategies do not depend in any way upon
the randomness in the level of benefit outgo (at least where this uncertainty is
uncorrelated with investment returns).

Later in this paper we will return to the dynamic optimisation problem
where we have a different objective function and where there are constraints
on the investment strategy and on the funding level.
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3.4. Optimal strategy when p is fixed

Suppose instead that the asset-allocation strategy is static: that is, p(1,x) = p
for all ¢, x, for some p. We can still apply the Bellman equation but minimise
over ¢(1,x) only. Thus we find that

0=[1E3+k(.x—x,,)2] —BF

1

2F_\.x (p"Dpx*+0ot) (40)

1
+ [60«\‘ - B—pT/\x-f— (Cm - p(-x_xp) _'Z-F.\‘> :| Fi+

Again we try to find a solution of the form F(x) = Px2 4+ Qx + R and we
find that

P+ VP2 4k
P=Pk) = _.+2—+ (41)
where P =28 — 8—2p"A = 2p+p"Dp (42)

B Z[kx,, + P(k) (B — Cpy — px,,)]
P(k)+ B =6y +pTA+p

Q=0(k) =

R= RK) = 5|~ QW) + kxt = BO(K) + (on + p,)O(K) + PRI | (44)

(43)

The question now arises: how do we choose the optimal static p?

We will consider one option here: minimise P(k) over p. This
means that the optimal curve F(x) will be as close as possible in the
limit as x tends to +oo to the superior solution derived in Section 3.1.
Clearly the solution derived in Section 3.1 will be lower for all x
regardless of the value of p. (Other possibilities include minimising
F(x) over p for a specific value of x, or minimising the minimum of
F(x) over p.)

To minimise P(k) over p we differentiate:

dP  dPdP

dp _ dpdpP 45

dp  dPdp )
- (% +.;. PP + 4k)_%) (=2X +2Dp) (46)

A consideration of the form of P as a function of p shows that this is a
minimum at p.

We note that the proportions in the risky assets as given in p are the
same as those derived in Section 3.1. Furthermore, we find that, given
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p=p, P=28 —B—2p— ATD7') (again the same as in Section 3.1). This

means that:

o for large or small values of x the loss of optimality as a result of fixing p
does not become too great;

o if we write ¢*(t, x) = ¢, — ¢{x then ¢} is not affected by the restriction on
the investment strategy (that is, the rate of amortization of surplus or
deficit is not affected).

3.5. Comparison of the strategies

Let us consider a specific example to compare the effectiveness of the optimal
strategies derived in Sections 3.3 and 3.5 compared to that in Section 3.1.
The fixed parameters are as follows:

0.04 0.05 0.05
8o =003, &= <0.06>’ S= (0‘05 0 ) B=1, o,=01 (48)

The control parameters are:
cm=06, k=0.00t, x,=10, =003, p=0 (49)

In this and in subsequent sections we define the funding level, X(¢), as the
value of the assets divided by the expected rate of benefit outgo.
Alternatively, if expected benefit outgo is defined as it is here as B =1
then X(¢) is also the fund size.

The optimal value functions F(x) are plotted in Figure 1 and their

stationary distributions (as derived later on in Section 4) are plotted in
Figure 2.
" Selected statistics are given in Table 1. From Table 1 and Figure 1 we can
see that the unconstrained solution is significantly better that the other two.
The unconstrained and static cases are quite similar in some ways (shape and
contribution strategy) but the lack of flexibility in the investment strategy
adds on a fixed and substantial penalty. The constrained (no cash) case looks
much more different. By reference to Figure 1 it performs well in the middle
of the range and, indeed, attempts to stay there by applying a more
aggressive amortization strategy. For more extreme values of x this strategy
is much poorer than the static case. However, by-looking also at the
stationary densities of the funding level under the three strategies (Figure 2)
we can see that such extreme values will occur very rarely indeed.
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F(x)

0 10 20 30 40

FIGURE 1: Comparison of value functions for threc investment/contribution strategies. (a) (solid line)
unconstrained optimum. (b) (dottcd line) optimum under the constraint of no cash (p,, = 1). (c) (dashed line)
optimum under a static investment strategy.
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FIGURE 2: Comparison of stationary densities for three investment/contribution strategies. (a) (solid line)

unconstrained optimum. (b) (dotted line) optimum under the constraint of no cash (p,, = 1). (¢} (dashed line)

optimum under a static investment strategy. (The funding level 1s defined here as fund size divided by the
expected rate of benefit ouigo.)
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TABLE |

COMPARISON OF OPTIMAL STRATEGIES WITH AND WITHOUT CONSTRAINTS

P Q R Minimum F(x) [ [
Unconstrained 0.073 —1.60 9.00 0.19 1.40 0.073
Constrained (p,, = 1) 0.086 -1.75 9.79 0.85 1.48 0.086
Static 0.073 —-1.60 16.70 7.89 1.40 0.073

As mentioned in Section 3.1 we can look at Figures 1 and 2 and see that
under the unconstrained investment strategy the value function is
minimised at x,,;, = —Q/2P = 11.01 and that this, in effect, turns out to
be a ceiling (although X(r) can have brief excursions above this value
because of volatility in the benefit outgo). Under such circumstances
(that 1s the existence of, effectively, a ceiling) some of the criticisms of
the approach with the quadratic loss function become somewhat
irrelevant since we are practically never at a funding level where we
choose effectively to throw away money (in the sense described in
Section 3.4).

Under other circumstances (for example, here if we took & = 0.00! and
X, = 10 as before but changed ¢, from 0.6 to 0.8) the ceiling would turn
into a floor at 8.99 and the funding level would spend most of the time
above this floor. While this appears to be an appealing strategy the
reservations about the investment strategy discussed in Section 3.4 are well
founded here.

Under the constrained strategy the value of x,; is 10.19 but we can
see that the funding level can frequently go above this level. At x,,;, note
that the fund here is invested in proportion to the minimum variance
portfolio D~ 'e.

Finally we can see from Figure 2 that the static investment strategy leads
to much wider fluctuations in the funding level which could only be reduced
by increasing the value of & in the loss function.

We will return to this example in Section 5.

3.6. Power and exponential loss functions

3.6.1. Power loss function

Let us complete this section now with a short analysis of the special case
where g, = 0 and

v [ =Yem—¢)" forc< e
L(t,c,x) = {+c;ro for ¢ > o for0 <y <. (50)
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Again we assume that the optimal value function takes the form
V(t, x) = exp(—@Bt)F(x). Then the Hamilton-Jacobi-Bellman equation takes
the form:

1 1
inf{——(c,,, —c)"—BF+ [(60+p"N)x+c— B] Fr-+-§F,\-_\-x2pTDp} =0 (51)
cp ¥
(We restrict optimisation to strategics which keep the fund size positive.
Without this condition it is clearly optimal to take contribution refunds of
infinite size.)

Now
9
= ()= 52
—()=0 (52)
= (m—c¢) ' +F. =0 (53)
= ¢*(x) = ¢ — (—F,) /07D (54)
7]
—(Y=0 5
550 (55)
= p*(x) = _pia Lt (56)
p ’ B "\‘F‘.\'.\'
Inserting ¢*(x) and p*(x) into equation (51) we get
-1 1 F?
(—F)70Y (77) = BF + (8o + & — B)F, =55 ATD'A =0 (57)
We try for a solution of the form F(x) = —k(x — x,,)".
Inserting this into equation (57) we get, for all x:
(k)07 (x — ) H@=D/0=1) (’7 - 1>
~
+Bk(x — x,,)* = & <x _B ; c'")ka(x — X))
I ko?(x — X 2a2
1 Kaflx = xi) —ATD™'A=0 (58)
2ka(a— 1)(x = xm)°
B— m
= X = 506 (59)
=" (60)
1
andk=;c7—' (61)
— 6oy +1LATD1) :
where ¢| = <ﬁ ull 127-1 ) (62)
-
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Hence
(X)) =cm—cr1(x ~ xp) (63)
* x) = —1 (,\' - xm)
p(x)=D /\——(I_,y)x (64)

We note the similarity of the problems and solutions here with a well-known
optimal-consumption problem described by Merton (1971, 1990). Equiva-
lence is achieved by equating the controllable level of consumption with
B — ¢*(¢) in the current model. This enables us to speculate that recent
extensions of this work to include the effects of transactions costs can be
applied to the present problem. For example, the problem of proportional
transactions costs has been considered by, amongst others, Davis & Norman
(1990) and Shreve & Soner (1994).

As with the quadratic loss function, contributions decrease linearly with x
with the amortisation rate ¢; being detennined by the discount rate 3 and the
risk-aversion parameter « (but not the maximum acceptable contribution
rate, ¢,,).

Investment in risky assets, p*(x)-x increases linearly in x above the
minimum x,,, and therefore appears to conform better with conventional
wisdom. However, it turns out that this solution gives rise to one of two
trivial stationary solutions for X{(r): that is, X(t) — x,, or +oo depending
upon the value of 3.

Returning to the dynamics of the funding level X(¢) we find that ¢*(x) and
pt(x) give rise to

dX (1) =(X(1) = Xp) [<5°+ﬁ’\TD—I’\_ c1> dr+l—ljy/\TS"dZ(l)] (65)

(X(1) = xm) [(50 +l%y/\TD"/\ - ) dz+ﬁ\/ ATD-! AdZ(z)} (66)

9

where Z(r) is another Brownian motion. It follows that (and inserting the
known form of ¢):

X(1) —xm=(X(0) —Xm)exp[<60+ ATp! /\—5) :+ﬁ\/m)—u2(r)]

(67)

That 1s, X(¢) — x,, is a geometric Brownian motion which tends to zero if
B> 6 +ATD7IA/2(1 — ) and to +oo if B < 8 + ATD7'A/2(1 — ).

There are some similarities between this solution and that of Boulier et al.
(1995) under which x,, — X(¢) is also a geometric Brownian motion.

With either the introduction of volatility in benefit outgo (o > 0) or with
restrictions on the amount of cash we cannot have both a lower bound on
the funding level and an upper bound on the contribution rate.

1
2(1-7)
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The loss function L(c) = ¢?/+v for ¢ > 0 and v > | has been considered by
Siegmann & Lucas (1999). They obtain similar results to those described
above, except that x,, becomes a maximum, and contributions are bounded
below by 0 rather than above by c,,.

3.6.2. Exponential loss function

Similarly, we can consider the exponential loss function (for example, see
Siegmann & Lucas, 1999):

L(t, ¢, x) = exp(yc — 0x) (68)

where v > 0 and 6 > 0. Here the relationship between v and ¢ determines the
relative emphasis on the employer and the members.
This gives us the solution:

F(x) = exp(a — bx) (69)
where b = 6y + 0
- 0B I} g —1ATp-1y
and a = log v B+ (vbo+0)B+ (vbo +6)/7—3
700 +9 (vé0 + )/
:c*(l)zco_clx (70)
1
(1) = po 1)
- 0)B —_ IZ\Tp-1
where ¢ — —2 (80 + 0)B+ (vbo +6)/7 = 3 ATD™IA
~bo + 6
¢p = bo
and py = DX
=6+

This solution is more like the quadratic loss function considered in earlier
sections: that is, the proportion of the fund invested in risky assets decreases
as x increases. If we increase # then py decreases. This reflects the fact that
there is a greater degree of risk aversion when we consider the interests of the
members, so we invest less in risky assets.
With a little algebra we can see that X(¢) follows a Brownian motion
w1th drift (=B + (v6o +6) /7 +AXNTD"IN) /(78 +6) and volatility
= VATD- I/\/ (v6o + 0).This means that the solution is unsatlsfactory
because it 1s both non-stationary and because it gives rise to a ‘counter-
intuitive’ investment strategy.
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4. THE STATIONARY DISTRIBUTION OF X(1)

4.1. General model
Assume now that

c(t,x) =c(x) =co—c1x (72)

plr,x) = plx) =2 T2E (73)

where py and p, are n x | vectors.

The reason for assuming a linear form for ¢(x) and xp(x) is simple. They
are consistent with the optimal dynamic controls derived in Section 3 when
we use a quadratic loss function. Furthermore let us recall the value function

Wt x)(c, p) = E[ / " exp(—B5)L(s, (s, X(s)), X(s))ds| X()) = x| (74)

As B — 0, BW(1,x) — E[L(s,¢, X)]: that is, the limiting optimal dynamic
controls are also optimal in the static case if we use the same quadratic loss
function.

The dynamics of the fund size, X(¢), are then

dX:X[((So-f-p(x)T/\) dr—i—p(x)TSdZ] +(co—c1 X—B)dt+o,dZy (75)
= [(50x+ (po+p1 X)T/\) di+(po+p1 X) TSdZ] +(co—c1 X—B)dt+0,dZ, (76)
2 di—vX-di+(a+BX+vX?)dz (17)

where Z(1) is a standard n-dimensional Brownian Motion, and Z(1) is a
standard Brownian motion which depends upon Z(r) and Z(1),

p=co— B+piX (78)
v=c —6& — /\ (79)
o = plDpo + o} (80)
B = 2p; Dp (81)
v=p{Dp\ (82)

In order to discuss the properties of this model we state the following
theorem:

Theorem 4.1.1
Let the continuous-time stochastic process X, satisfy the stochastic differential
equation

dX, = (o + BX, +vX3)'*dZ + pdi — vX,di (83)
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subject to the constraints on the parameters o> 0, v >0, 2 —4day <0,

w>0andv>0.
(a) If B* — 4ay < 0, the stationary density function of X, is

Sx(x) = Kexp {Za tan™"! \—1;—12] (a + Bx +yx3)~'7 (84)

for —oo < x <00

I vB
h = — 2
where a m( + u)
.
=2
_ V4 - B

2y
(b) If 3* — 4oy =0 and Xy > —b, the stationary density function of X, is
{for x>-=b if >0
for x<-=b if <0 (85)

otherwise

where b =

{ (x + b) Pexp[—o/(x + b)]
8
2

v+ 2y

2
that is, the Translated-Inverse-Gamma distribution with parameters —b,
—-1> O and ¢ >0 (TIG(=b, 6 -1, ¢)). (If X~ TIG(k,a,3) then
(X — k)™ ~ Gamma(a, B).)

In each case K is a normalizing constant.

¢ =

Proof: Proofs of these two results have been provided before by a number of
authors. Distribution (b) was first derived in the context of pension funding
by Dufresne (1990) in the case where there is one risky asset, no cash and no
demographic volatility (o, = 0). Dufresne also noted that the stationary
distribution of the funding level was the same as the distribution of a
perpetuity. An alternative proof for the distribution of the present value of a
perpetuity was also shown to have distribution (b) by Yor (1992) and by
De Schepper et al. (1994). Féllmer and Schweizer (1993, Theorem 5.1 and
erratum) considered the diffusion process defined above as underlying a
model for stock prices. They derived both of the limiting distributions given
in (a) and (b).
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The two distributions above are also known as Pearson type IV and type
V distributions respectively (for example, see Johnson er al., 1994).

Let us consider the Pearson Type IV distribution. This distribution has
four degrees of freedom. The fifth degree of freedom used in the dynamics of
the fund size determines the speed of the process.

Following the notation of Johnson er a/. (1994) we define 1, = E[X"]. We

define /| =0 and have gy = 1. It is easy to show that the p, satisfy the
following recursive relationship:
—korpl_; + (ks — (r+ Dkl + (1 = (r +2)k2) gy, =0 (86)
o B Y B—2u
where ko = , k k,= , k3= 87
s Tom Kt T Moy e o B
Hence we have
o, _ki—ks p
E[X]_/Ll_l—2k2_y (88)
ko+ (2ky —k3)p/v  av+PBu+2u?
2 / 0 1 3
= = 89
E[X ] x: 1 — 3k, v(2v—=) (89)
v .[X]_au+ﬂu+2u2_ﬁ_’/z(a'*'ﬁ%'*"yef) o+ BE[X])+vE[X]? (9
A= v(2u—~) 2 v (u—7) 2u—7
E[c(X)]=c0—c|E[X]=co—c|ﬁ 91)
Varle(X)] = Var[X] —CTCH—ﬂE[X] FrEY (92)

v—xy
The stationary distribution exists if and only if 2(1 +v/v) > I: that is
| . . -
¢ > 8o+ pla -3 (in fact, v'/2 is the asymptotic volatility as |v| — o).
Similarly E[X] exnsts if and only if ¢; > 8 + p] A and Var[X] exists if and only
1
if ¢ > 6o+p|/\+2’y

Coming back to the optimal solution for the dynamic problem we found
that ¢; = P(k) = P(k, 3). Thus the condition for stationarity is

N * l *' *
P(k) > éo+plT/\—§perp, (93)
where p; = —D7'\  (unconstrained case).

=>P()>60+;/\D A (94)
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Now P(k, B) is a decreasing function of § and an increasing function of &, so
the condition above is less likely to be satisfied if 3 is large or k& is small.
Under such circumstances the funding level will diverge as ¢ tends to infinity.
The situation, therefore, is that with a relatively large value of 3 we pay more
attention to control of short-term variability in the contribution rate at the
expense of larger fluctuations in the long term. Likewise, if the value of k is
too small then we also pay too much attention to short-term contribution-
rate stability.

4.2. Continuous proportion portfolio insurance

The idea of continuous proportion portfolio insurance (CPPI) was
introduced by Black and Jones (1988) and Black and Perold (1992).

The previous sections in this paper have concentrated upon quadratic loss
functions. The motivation behind CPPI is that in certain countries there exist
minimum funding constraints: that is, there exists a floor below which the
funding level must not fall. CPPI was proposed as a means of reducing the
risk that the fund falls below this floor.

Under CPPI if the funding level is low then the fund will be invested more
in low-risk assets (in particular, those which will best match variations in the
floor). As the funding level improves the fund can be shifted more into risky
assets which provide the fund with higher upside potential.

Suppose that the minimum funding level (or floor) is M. We have a low-
risk portfolio A with a proportion m4; of the fund invested in asset i (i = 1,
2,. .., n). We also have a higher-risk portfolio B which invests in proportion
to the vector mg. At funding level x a proportion p4(x) of the fund is invested
in portfolio A and pg(x) = 1 — p4(x) in portfolio B. Since A is less risky we
have (normally):

mIX < wfA  (thatis, A has a lower expected return) (95)
7TZ;D7TA < WZDWB (that is, A is lower risk) (96)

We define pg(x) in one of the following ways:
x—-M

X

or pp(x) = max{x — M,O} (98)

X

pa(x) = 67)

We will concentrate here on pg(x) for the sake of mathematical convenience
since it is normally the case that the probability that X(7) falls below M
under this strategy is very small if A is very low risk.
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The vector of proportions invested in each asset under CPPI is thus:

M x—M
pe(x) = —m4q+ g (99)
ZM (100)
where poy = M(n4 — 7p)
Pl =Tpg

We can, therefore, apply all of the results discussed in Section 4.1 to CPPI.
For example, it is of interest to compare the effectiveness of CPPI relative to
a static investment strategy. Let us look first at the stationary mean and
variance of the funding level. In the equations below we use a subscript ¢ for
calculations under CPPI and s where we are considering the static strategy.
Thus:
, T
Bx)=teo Q0= B4rer (101)
ve ¢ =06 —p, A
Qe + ﬂcr”c + 7("773 - 52
v, — 7, ¢

and Var[X,] = say. (102)
We will assume that the floor, M, is sufficiently small and that portfolios A
and B, and the contribution strategy have been chosen in such a way that
X(1) is stationary with M < m, < cc.

Now suppose that we will employ a static investment stratégy under
which we hold assets in proportion to the vector p,m4 + (1 — p;)mg for all x
where p, is some scalar quantity. Then we have:

0 — B
E[X,) = co — = m;. (103)
) — (50 — (_[)571',1 + (] —[)S)W'B) A

Now choose p; in such a way that m, = m_: that is,

_meei =8y —mpA) — (co— B) _ M(ma - m5) A M (104)

I?‘IC(T!'A — 7TB)T/\ B I11c(7TA has ﬂ'B)T/\ m

v

Note that 0 < py < 1.
We now claim that Var[X,] < Var[X,].

e+ Beme + Yo (105)
=a% + M (1, — 7rB)TD(7rA —7g)+2M(my — 7rB)TD7erC + WZDmef (106)
=02+ (M(74 —7g) +memp) D(M(74 —7g) + memg) (107)
=0} + (pema + (1 = p)5) D(pema+ (1 = p)ms)m? (108)

where p. = M/m,.
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We also have:
o+ B + ’ysmf = a% +(psma+(1- p_v)nB)TD(pmA +(1 —ps)m;)mf (109)

But m. = m, and p, = p; so that a, + B.m, +y.m? = o, + Bemy + y,m?.
Next consider:

20—y, = 2((,‘; —&p— w;/\ —ps(mq— 7TB)T/\>

(
— (psma+ (1 = po)ms) D(pya+ (1 = ps)rs) (111)
=2(cy — 8o —ThA) — 7wy Dmg — 2py(ma —75) A (112)
(

+ [W;Dm; —(pma+ (1 =p)s) D(pyma+ (1 = ps)ﬂg)] 113)

110)

Now 0 < py < 1, (my — wB)T/\ < 0 and
[ﬂ;DrrB — (pema+ (1 = p)ms) D(psma + (1 px)m;)] >0 (114)

(since the expression in square brackets is convex, quadratic in p, and
Dy < nkDmp).

Therefore:
2ug — v > 20 — . (115)
Hence:
oy + Bemg + 'ysmf < o, + B, + fycmf (116)
vy — s 2ve — e
= Var|X;] < Var{X,] (117)

This can be summarised in the following theorem:

Theorem 4.2.1

For any CPPI investment strategy let m, and s? be the stationary mean and
variance of the funding level X,. There exists a static investment strategy under
which the stationary mean funding level, m;, is equal to m, but the stationary
variance of the funding level, 5%, is less than s?

Interpretation: In the variance sense, the static strategy is more ¢fficient than
CPPI: that is, given a CPPI strategy we can always find a static strategy
which delivers the same mean funding level but a lower variance.

One example illustrating this result is plotted in Figure 3. Here we use the
same fixed parameters as in Section 3.5. In addition we have ¢y = 1.5 and
¢ = 0.07 for both the static and CPPI strategies. Under CPPI we have a
floor of M = 10 with 7% = (0,0) and 7} = (0.2,0.8) (meaning that at the
floor ((X(r) = M) the fund is invested 100% in cash). This gives rise to a
mean funding level (that is, assets divided by expected benefit outgo) of 17.1
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while the variance of the funding level is, in fact, infinite. Under the
matching static investment strategy the expected funding level is also 17.1
while the standard deviation of the funding level is 5.4. This marked
difference in the variances is caused by the fatness of the tail of the CPPI
distribution although this is not clear from Figure 3. What we can see in
Figure 3 is that the two distributions are quite different.

One might ask why would we use CPPI when the static strategy has been
shown to be more efficient. The answer to this is that it depends upon the
objectives of the pension fund. If the objective is to minimise variance then
clearly the static strategy is superior (although we have shown in Section 3
that a form of “inverse” CPPI is better still). On the other hand, if the
objective is to minimise the probability that the funding level falls below the
floor, M, then CPPI is clearly superior.

density
0.10 0.15 0.20

0.05

0.0

50

funding level, x

FIGURE 3: Comparison of stationary distributions for static and CPPI investment strategies. Both
distributions have the sume meuan.
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5. NUMERICAL EXAMPLES

We consider now an example in which the following parameters are fixed (as
in Section 3.6):

0.04 0.05 0.05
8 =0.03, 5=<O_OG>, S= (0.05 0_2), B=1, 0,=01  (118)

Here we consider an analysis of the sensitivity of the optimal control
strategies to variation of the input parameters in the value function and the
loss function. The central parameter values which we will use are:

em =06, k=000, x,=10, B=003 (119)

Furthermore, we assume that none of the fund can be invested in cash (as in
Section 3.3 with p,, = 1). Throughout this analysis we keep the fifth input
parameter p equal to O.

In Tables 2 (Dynamic optimisation) and 3 (Stationary optimisation)
below we give the values of the input parameters (¢,, k, x, and ), the
optimal values of pg, pi, ¢p and ¢;, and the mean and standard deviation of
the stationary fund size and the contribution rate.

The values given for pgy and pp| relate to the proportion of the fund
invested in the more risky but efficient portfolio B: that is, the portfolio in
which investments are in proportion to the vector D~'\. In particular, the
proportion of the fund invested in portfolio B is pg(x) = (pgo + psix)/x.
Since p,, = | the remainder of the assets are invested in the minimum
variance portfolio A: D~'e/(e"D7e).

TABLE 2

DYNAMIC OPTIMISATION

Ex. ¢m k X, B os pm Pm € E[X] SDX] E[C] SD[(C]

t 06 0 - 002 0.1 207 —-197 1.00 0.038 89 3.8 0.660  0.146
2 06 0 - 003 0.1 207 -1.97 0.8 0.028 7.0 o0 0.699 e
3(*) 06 0.005 10 0.03 0.1 20.1 —1.97 1.48 0.086 9.6 1.5 0.651 0.132
0.5 0.05 10 0.03 0.1 198 —1.97 3.00 0.238 9.9 0.8 0647  0.194
0.6 0005 10 0.03 0.1 221 —1.97 147 0.086 9.7 1.6 0.633  0.141

0.6 0005 15 0.03 0.1 260 —197 1.74 0.086 14.2 23 0.512  0.194
0.6 0.005 10 0.03 02 20.f -197 1.48 008 9.6 1.6 0.651 0.139

~N N h b
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TABLE 3

STATIONARY OPTIMISATION

Ex. ¢n k x, B 0y pe Pn @ E[X] SD[X] E|C] SD[|C)

3

~ N W

06 0 - - 01 207 —197 1.21 0.058 9.7 2.2 0.644  0.127
0.6 0.005 10 - 0.1 201 —1.97 1.68 0.105 938 1.3 0.647  0.141
0.6 005 10 - 01 199 -197 3.16 0.254 99 0.8 0.647  0.200
0.5 0.005 10 - 01 224 —197 1.70 0.105 103 1.4 0.619  0.152
0.6 0.005 15 - 0.1 256 —1.97 1.97 0.105 13.7 1.9 0.526  0.197
0.6 0005 10 - 02 201 —-197 1.68 0.105 938 1.4 0.647  0.149

5.1. Notes on the numerical examples

]

Examples 1 and 2 show the effect of changing the risk-discount rate 8
when k& = 0. Note how the variances in the dynamic case become infinite
as [ increases. However, when 8 = 0.03 the dynamic optimum still has a
stationary distribution, albeit with infinite variances.

When k = 0 we can also see that the optimal asset-allocation strategies
for the dynamic and static cases are the same and do not depend upon g.
We also see that ¢? = ¢} — B if k = 0.

As (3 tends to 0 the optimal dynamic solutions converge to the same
values as the optimal static solution. The effect of 3 is therefore to
suppress variance in the short term through a lower value of ¢;. A low
value of ¢) may reduce variance in the short term but it increases it in the
long run by allowing fluctuations in the fund size to persist.

In Example 1 we also see that E[C] > ¢,,. This reflects that fact that the
minimum variance of C falls as E[C] increases (and E[X] falls).

In Example 1, the fund is invested 100% in portfolio B when X equals
about 7.0. Below this the fund goes long in portfolio B and short.in
portfolio A. Conversely, when X reaches just above 10.5 the fund has
100% in portfolio A. When X goes above this there is a long position in
portfolio A and a short position in portfolio B.

Similar ranges apply for each of the other examples.

Examples 2, 3 and 4 show the effect of increasing k. This shifts the
emphasis onto reducing the variance of the fund size rather than of the
contribution rate. The principle effect is that ¢; increases with k: that is,
surplus or deficit is amortised more quickly. The changes in py and ¢ are
primarily a knock on effect.

Examples 3 and 5 demonstrate the consequences of changing c,,. pi
remains unchanged as it does throughout. The changes in the remaining
control parameters have the effect of shifting the mean values principally
but also affect the variances.
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o Examples 3 and 6 consider the effect of changing the target fund size x,,.
There is no change in ¢ or p|. pg and ¢y change in order to shift the mean
fund size. The variance rises because the target fund size is being moved
away from the more natural mean observed in Example 3. This increases
the tension on the mean contribution rate since a target fund size of 15 is
not entirely consistent with a target contribution rate of 0.6.

o Examples 3 and 7 show the influence of the uncertainty in the level of
benefit outgo. As was remarked in Section 3, g, has no effect on the
optimal values of po, pi1, ¢o and ¢;. Furthermore, the increases in the
variances are small indicating that at this level (o, = 0.1 or 0.2) the main
source of variability in the contribution rate is due to investment risk.

o The stationary distributions for the fund size for the dynamic and the
stationary optima in Example 3 are plotted in Figure 4. It can be seen
that the results are similar although the dynamic optimum gives rise to a
stationary distribution which is less peaked and which has fatter tails. In
other cases (for example, Example 6) if there is some tension between the
target funding level, x,, and the target contribution rate, c,,, there will be
more of a difference between the two stationary distributions.

<
o
© PR
> ™ E
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=2 4
= 4
g :
ERRE stationary
(o] .
> dynamic
(2
& O
©
Q
o T L] T
0 5 10 15 20

funding level, x

FIGURE 4: Example 3: Comparison of the stationary distribution of the funding levels for the dynamic and
stationary optimal solutions.
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6. CONSTRAINTS AND DISCONTINUITIES

A number of possible constraints can be put in place which complicate

considerably the proceeding analyses. These are:

o upper and lower barriers for the funding level, X(r). These might be
legislative requirements or self-imposed by the fund sponsor and the
trustees.

o an upper limit set by the fund sponsor on the contribution rate.

o restrictions on the short-selling of assets.

Further discontinuities might exist where the objective function has a non-
standard form. For example, we may have

L(t,e,x) = (¢ — ew)* + k(max{x, — x, 0})2 (120)

where the second term only introduces a penalty when the funding level
drops below x,. Such a function can also be used as a means of investigating
the effects of a barrier since as k gets larger and larger the optimal
contribution rate below x, will increase in an effort to raise the funding level
above x, as quickly as possible. For large & this will have the effect of
looking like a reflection off the barrier

Analysis of many of these problems is under way but there are only a few
interesting results to discuss at this stage.

6.1. Dynamics in the presence of a minimum barrier

A much simplified version of the minimum funding requirement in the UK is
as follows. There is a floor M below which the funding level should not fall.
If X(#) does drop below M then it is immediately increased to M by a special
contribution.

This problem can be approached by modifying the original setup
described in Section 2 by adding an additional contribution rate
¢t -max{M — X(r),0}: that is, when the funding level is below M. As ¢*
tends to infinity the dynamics of the model approach that described above
and the process reflects off the barrier M. In this limit the process can be
written as follows:

dX:X[(6O+p(/\”)7/\>di+p(,\’)TSdZ]-+-c(,\’)-dr—B~dr—a,,~(IZb+de4. (121)

M

', is called the local time of the process,

The new term in this formula, dL
X(0), at M and is defined as

!
LM = / dL¥ (122)
0

l !
- liru—/ (M < X(1) < M +¢)ds (123)
e—0 g 0
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where /(-) is equal to 1 when X(7) lies between M and M + € and 0 otherwise.
LM is a measure of how much time the process spends in the vicinity of M.

The dL term represents the additional contributions required when the
process hits the barrier to keep X(7) above M. In a sense it gives the process a
small upwards ‘kick’ every time it hits the barrier.

[t is possible to analyse the stationary distribution of such a process when
¢(x) and p(x) - x are linear in x away from the barrier: it has a truncated
Pearson type 1V distribution. However, Var[c(X)di + dLM]/di* is infinite
whereas the variance is finite when there is no barrier. This inhibits the
optimisation of, for example, quadratic objective functions. For such
problems it is easier to replace dLY by ¢*max{M — X(r),0}d! and consider
what happens as ¢t tends to infinity.

A more suitable loss function which accommodates local time as a result
of the existence of upper and lower barriers is:

L(¢) = lpe + /1 + Blc — h)~. (124)

Note that as ¢ — +o00, L(c) ~ (lp + )¢, while as ¢ — —o0, L(¢) ~ (ly — I))c.
This asymptotic linearity is required to ensure that the expected value of the
loss function does not become infinite when a reflecting barrier and local
time is introduced. If /o < /; then L(c) is increasing and convex. In other
words, the fund sponsor prefers to pay less rather than more and prefers
stability to instability. Furthermore, the employer will be prepared to pay a
higher average contribution rate in the long run in return for lower volatility
in the contribution rate.

6.2. No short-selling of assets

Suppose that the holdings in each asset must be non-negative: that is,
0<pl,x) <1 forall ¢ x

Let us consider the following piecewise linear model for the proportion of
the fund invested in the more risky asset 2 in a 2-asset model:

c(x) =c¢g—cyx forall x (125)
] if x < xq

pa(x) = (YI“'_‘)\_O) (x‘\fx) if xp < x < x| (126)
0 if vy <x

In the unconstrained case:

P = s S ) (127)
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for all x. The use of xo and x; here makes it easier to see where the
constraints lock in. For asset 1 and cash we have:

pi(x) =1-pa(x) (128)
po(x) =0 (129)

Over each interval [0,x0), [xo,x1) and [x;,00) the stationary distribution
function is a scaled Pearson type IV with different parameters over each
interval. Since p(x) is continuous the stationary density function is
continuous. This allows numerical evaluation of an objective function and
hence optimisation over ¢y, ¢}, Xo and x,.

Let us consider a numerical example. We use the same model parameter
values and objective function as in Section 5. In the unconstrained problem
the optimal solution is linear in x as usual. In the constrained problem the
optimal solution will not be linear or piecewise linear in x, but here we
optimise only over piecewise linear strategies.

It can be seen by referring to Table 4 that the effects of the constraints in
this example are fairly small but, nevertheless, significant. The size of the
effect of the constraint depends upon to what extent the interval [xg,x))
comes into play in the unconstrained case. If X(r) falls into [xg,x;) most of
the time then the effect of the constraint will be small. Here, in the
unconstrained case, most of the time the fund is invested long in the low-risk
asset 1 and short in the high-risk asset 2.

TABLE 4

STATIONARY OPTIMISATION UNDER CONSTRAINTS

Cuse Xp X [4)) (4] E[X] SD[X] E[q SD[q E[L(C, X)]
Constrained 3.87 7.40 177 0123 9.29 1.50 0.628 0.184 0.0485
Unconstrained  3.96 7.89 1.68 0.105 9.85 1.35 0.645 0.142 0.0315

6.3. Upper limit on the contribution rate

Boulier er al. (1996) considered the effect of an upper bound on the optimal
contribution rate. This resulted in a nearly linear form for ¢(x) and a bell-
shaped curve for p(x). Their solution required the existence of a risk-free
asset for the fund and zero volatility in the benefit outgo: otherwise the
dynamics of the model would be non-stationary since a sufficiently large
deficit will eventually build up which cannot be eradicated.
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7. CONCLUSIONS

This paper has considered the optimal control of a pension fund using the
asset-allocation strategy and the contribution strategy.

Optimal solutions have been derived for power and exponential loss
functions (with no demographic risk — o, = 0) and, in more detail, for a
quadratic loss function. In most cases the contribution strategy appears to
be sensible and conforms with current practice. In each case aspects of the
solution were not completely satisfactory. First power and exponential loss
functions were found to give rise to non-stationary solutions. Second, when
we considered the quadratic and exponential loss functions, the optimal
asset-allocation strategy derived was rather counterintuitive: moving, say,
out of equities into bonds when the level of surplus is growing.

This has one of two explanations. Funds may be operating in a very non-
optimal way. Alternatively, they may be operating optimally but with
different objectives. For example, in the UK, the government has recently
introduced minimum funding legislation. This should lead to loss functions
which heavily penalise events when the fund size falls below the legal
minimum. Boulier er al. (1996) considered a related problem in which the
contribution rate was subject to an upper constraint (say, twice the target
rate). However, in the present framework (in which all assets are risky and
where there is volatility in the benefit outgo) it is not possible to constrain
the contribution rate in this way, for otherwise the fund size would
ultimately drift off to minus infinity.

There is, however, some sense in a shift out of equities if the fund size
is well above its target level. First if there is too much surplus then there
will be pressure on the sponsoring employer to use this surplus to pay for
discretionary pension increases which, perhaps, had not been promised. In
any event the members would be benefitting from good investment returns
while the employer has to pay when things go badly. Second if the
employer is able to take a refund, the refund may be liable to tax (for
example, in the UK this is 40% with the aim of inhibiting exploitation of
the tax advantages enjoyed by a pension fund). Third, too much surplus
may lead to the removal of part or all of the fund’s special tax status
(again this is the case in the UK). All of these reasons mean that it should
be advantageous to put a bigger proportion of the fund into low-risk
assets when the fund has a large surplus. The results described in this
paper back up this viewpoint.

It is clear from the results contained in this paper that we must look for
alternative loss functions. The target are ones which give rise to stationary
solutions and sensible asset-allocation strategies.

The results presented in this paper and in that of Boulier er al. (1995) also
draw attention to the following issues:

o what objective functions (if any) are used by pension funds? Are pension
funds currently operating in a sub-optimal way or do they have different
objective functions from the one considered here?
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o what constraints (if any) on contributions and investments are appro-
priate? Can investment constraints be circumvented by prudent use of
derivatives?

o s too much emphasis placed on the calculation of the so-called actuarial
liability when this may have no relationship to the target funding level
under the optimised objective function? Here the problems have been
analysed solely with reference to the objective function. A framework
which relies heavily on the actuarial liability might result in a solution
which is sub-optimal with reference to this stated objective function.

It must be stressed again that we have assumed a stable membership
structure in the pension plan. In many problems there may be a reason, for
example, to incorporate changes in the membership as a sponsoring
company evolves or restructures. Such situations would require an
adaptation of, for example, the use of X(1) = F(¢)/W(t) as the key process
and of the objective function. The findings in this paper suggest that the
interests of the employer and fund members might be served better by a
combination of dynamic control theory and more traditional actuarial
valuation techniques. In this respect, theoretical solutions to simplified
problems give us a basis for investigations of more complex situations.
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ABSTRACT

This paper proposes a multivariate generalization of the generalized Poisson
distribution. Its definition and main properties are given. The parameters are
estimated by the method of moments.
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1. INTRODUCTION

The univariate generalized Poisson distribution (GPD), introduced by ConsuL
and JAIN (1973), is a well-studied alternative to the standard Poisson
distribution. ConsuL (1989) provided a guide to the current state of modeling
with the GPD at that time, and documented many real life examples. GPD has
also been making appearances in the actuarial literature (see GERBER, 1990;
GoOoVAERTS and KaAs, 1991; KLING and GOOVAERTS, 1993; AMBAGASPITIYA
and BALAKRISHNAN, 1994 etc.). A bivariate generalization was developed by
VERNIC (1997) and was applied in the insurance field.

The multivariate generalization that we present in this paper is derived from
the GPD in a similar way with the BGPD. In consequence, the BGPD can be
obtained from the MGP,, for m = 2. In section 2 we present some properties of
the MGP,,. The method of moments is used in section 3 for the estimation of the
parameters. In section 4 the particular case of the BGPD is considered together
with its application in the insurance field, based on the paper of VERNIC (1997)
and illustrated with a numerical example. Since the BGPD is well fitted to the
aggregate amount of claims for a compound class of policies submitted to
claims of two kinds whose yearly frequencies are a priori dependent, it is natural
to consider that the MGP,, is a good candidate for the aggregate amount of
claims for a class of policies submitted to claims of m kinds.
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2. THE MULTIVARIATE GENERALIZED POISSON DISTRIBUTION
2.1. Development of the distribution

If N~ GPD(\,0), then its probability function (p.f.) is given by (CoNsuL
and SHOUKRI, 1985)

1 n—1 Yy —
M:pw:n):{,ﬂxmnm exp{-A—nf), n=0,1

0, forn>gqgwhent <0

(2.1)

and zero otherwise, where A > 0, max(—1,-A\/q) <8 < | and ¢ > 4 is the
largest positive integer for which A + 64 > 0 when 6 < 0.

VERNIC (1997) used the trivariate reduction method to construct the
BGPD in the following way: let N;, i = 1, 2, 3, be independent generalized
Poisson random variables (r.v.), N;~ GPD()\,6;), i=1, 2,3, and let
X=N,+ Njand Y = Ny + N;. Then (X, Y) ~ BGPD(/\,‘,H,'; i=1, 2, 3)

Similarly, we obtain the m-dimensional generalized Poisson distribution
by taking (m+ 1) independent generalized Poisson random variables,
N;~GPD(),6;), i=0, ..., m, and considering X, = N, + Ny, ..., X, =
Nu+ No. Then (X, ..., X,,) ~ MGP,,(A,0), where A= (X, A1, ...y An)
and © = (6y, 6, ..., 8,). This method can be called the multivariate
reduction method, as an extension of the trivariate reduction method.

It is easy to see that the joint p.f. of (X|, ..., X,,) reads

P(X1, oy Xm) =P(Xy=x1, oy Xy =Xp) =

min{xy,..., ¥}

= > filxi=k) e Sl = K)o(K),  (22)

k=0

where f; is the p.f. of the r.v. N,
Using (2.1) in (2.2) we get

p(xy, ., Xp) = ﬁA)exp{—/\—i,\‘ﬂj}-
min{xy,...,vy} /\)0 xj—k—1
T (fy )

k=0

Lot ool (Ze )}, 23)

Xy ey Xy :0, y 2, veey

where A= 3" A;and 0! = 1.
Jj=0
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2.2. Properties of the distribution

We will first make some remarks on the GPD.

The GPD reduces to the Poisson distribution when § = 0 and it possesses
the twin properties of over-dispersion and under-dispersion according as
# > 0 or 8 < 0. When 6 is negative, the GPD model includes a truncation due
to the fact that f{n) = 0 for all » > ¢ (see 2.1). In the following, the moments
expressions and the other formulas for the GPD are valid only for the case
A>0,0<8<1andg = oo, as discussed in SCOLLNIK (1998). This is a point
frequently misrepresented in the literature.

In conclusion, we will assume for simplicity that 6 > 0. From
AMBGASPITIYA and BALAKRISHNAN (1994) we have the following formulas
for N~ GPD(\,6):

— the probability generating function (p.g.f.)

Ix(7) = exp{—%[W(—et exp{—6}) + 9]} . (2.4)
— the moment generating function (m.g.f.)
Mn(1) =exp{——3[W{—9exp{—0+t})+9]} , (2.5)

where the Lambert W function is defined as W(x) exp{ W(x)} = x. For more
details about this function see CORLESS et al. (1996).
— the first four central moments

E(N) =p =AM ; Var(N) = py = AM? (2.6)
p3 = ABM = 2)M* ;g = 3NME + A(15M? — 20M + 6)M° '

where M = (1 —6)™"

The probability generating function of the MGP,,

Let now II;(r) denote the p.g.f. of the r.v. N;, i=0, ..., m. Then the joint
p.g.f. of (X|, ..., Xm) 1S

H(tl’ T "”) :E([Il"l T [;:"') ZE(IIIVI et tr[x'"(tl T tnl)No) =
:Hl(fl) Co Hm(’m)r[O([l . [m)- (27)

Using (2.4) in (2.7) and assuming that §; > 0, i =0, ..., m, we have

(1), .., ty) = exp{—- Z% w(—itie”") — = W( Boe % Hz,) - )\}

i=1 !
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The moment generating function of the MGP,,
If the m.g.f. of N;is M(1), i =0, ..., m, then the m.g.f. of (X1, ..., X,,) is

M(t, ..., ty) = Elexp{ti X1+ ... +1mXp})= E(e"N' C e""N"’e("+"'+’”')N°)

=M (t) - ... - Mp(tw)Mo(t1 + ... +1). (2.8)
Using (2.5) in (2.8), the joint m.g.f. is given for §; > 0,i =0, ..., m, by
M1, .., 1) =

”‘1 AI 1244
exp{— ZEW(—(),-@xp{—H,- +4}) —/0\—2 W(—OO exp{—Oo + Z r,}) - )\} .
=1

i=1 !

Moments m
Let p,,, .. = E| [T (X; — EX;)" | be the (r(, ..., r,)™ central moment of

J=1
(X1, ..., Xi). The equation for y,, . given ;L,((’) the k" central moment of

.....

Nj, j=0, ..., m, results as follows

trvccam = E| [T (N = ENj+ No — ENo)?| =
=]
m rj r ’ N
= HZ (,‘j)(Nf — EN;)"(No — ENg)" ™"
| /=1 =0 J

(F1yeeestm) m , 0 o
B Z H <[J> i | H . (2.9)
(i1 yernim)=(0,...,0) \Jj=1 7 Z(’J—"J)

,,,,,
=

From (2.6) and the independence of N;, j = 0, ..., m, we also have for 8, > 0,
i=0, .., m,

EX; = \M; + MMy .
{ Var(X;) = A3 ISWVER i=1, ..., m, (2.10)
and from (2.9) we have, for example
(
11100 = 40..010..010..0 = M(ZO) = A M}
F1110..0 = #0...010..010...010..0 = uﬁ‘” = M(3My — 2)M]
! - . (2.11)

' 0
L Kl = ,Uu(n)
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Marginal distributions
The marginal distributions are

P(X;=r)= P(N;+ Ng=r) =X exp{—(Xo+ A} —rbo}

' Z/—'_—(rl——j)'(/\' +j0,-)j_l(/\o +(r —j)90)'—j—'exp{—j(9,- -6}, i=1, .., m

=

In particular, if 8, =6y =6, this reduces to X; ~ GPD(X; + Xy, 8). Else-
where, X; is not a GPD.

Remark. From the development of the MGP,,, it is easy to see that if
(X1, ..., Xw) ~ MGP,(A, ©), then for any {i, ..., ir} C {l, ..., m} with
2<k<m (Xi, ..y Xi) ~ MGP(A', ©'), where A’ = (X, Ajj, ..., ;) and
©' = (6o, b, ..., 8;).

For k£ = | the remark is not always true. But if we consider the particular
case Oy =0, = .. =60, =0, then from (X, ..., X,) ~ MGP, (A, ©O) it
follows that X, ~ GPD(M\;+ X, 6), i=1, ..., m.

Recurrence relations
The marginal p.f. can be computed using the univariate generalized Poisson
distribution, as it is seen from

p(0, ..., 0) =exp{—A}

m

p(0, ., 0, x;, 0, .., 0) = fi(x) | []4(0) | o(0) =
J =1
i#

=fj(,\‘j)exp{—(/\ - /\J-)}, j=1 ., m x>0

Given these probabilities, for x; >0, j=1, ..., m, we have the following
recurrence relation

min{xy,...xm} / m
p(x1, oy X)) = doexp{(m—1)A} Z (/Hp(o, . 0,x;—k, 0, ...,0))-
k=0 j=1

(Mo -Hc@o)k—l

S — exp{—Kfo).
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3. ESTIMATION OF THE PARAMETERS: METHOD OF MOMENTS

Let (xy; ..y Xmi), i=1, ..., n be a random sample of size n from the
population. We will assume that the frequency of the m-tuple (s, ..., $) 18
Hgi,sm fOT 81, oy 8, =0, 1, ... We recall that Y n, , =n. Also
Py = 2 TP
{se|k=1,...,m, ksj} (3 l)
Ry dsirosybt = Z Agosm s 1<J
{selk=1,...m, k#j, k#i}

We denote

1
Xj=- E St st

n&
N i , o J=1, e, m, (3.2)
af = ;Z (sj - i‘j)'ll+...+.\-,+...+
S/

and, with the notations in (3.1)

1 .
XiX; = p E SiSip st st s <
S0,8

1
XiXjXp = = E SiSiSkNpe. st bsybobsit ot L<J <K
nxiysjysk

It is easy to see that
H0..010...010..0 = E(X:X)) —\E(Xi)E(Xj)’ i<j
$40..010...010...010..0 = E(XiX;Xy) — E(X. X)) E(Xi) — E(XGX)E(X) -,
—E(XiXk)E(X)) + 2E(X)E(X) E(X), 1<j<k
so we can use the sample moments
f0...010...010..0 = XiX; — XiX;, (<
ﬂo...o;o...o;o...olo...o = XXXy — NiX; Xg — XXk X, — XX X+ (3.3)

+2X‘,')_Cj,\_‘k , I<j< k
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The general method

The classical method of moments consists of equating the sample moments
to their populations equivalents, expressed in terms of the parameters. The
number of moments required i1s equal to the number of parameters which
equals 2(m + 1). For example, using (2.10), (2.11), (3.2) and (3.3), we can
choose the following 2(m + 1) equations

X = /\ij + MMy
67 = M} + Ao Mj

. , Jj=1, ., m
fit10..0 = AoM} /
fitno..o = M(3My — 2)M}
Denoting a = ltAmo...o’ the solution of the system is
k110...0
( 14+ 1+ 3a
My=—————
Ao
=1, .., m (3.4)
M;
Aj
\
We used the fact that § < 1, so M = 15> 0.
Particular case: g =0, = ... =60,,=0,so Mg=M= ... =M, =M.

Method I. The number of parameters is now (m+2) : Ay, ..., Ay, and M, so
we can use the following equations:

A_’jZ(/\i+/\0)M =1+V3I +3a

fin0..0 = MM> with the solution ¢ 3, =100 j=1, _ m.
_M?

firnno..o =X (3M —2)M* /\j=%—/\o

Method [I. Another possibility is to use the method of moments in
combination with the zero cell frequency method. If we denote by

fo.o= % the frequency of the cell (0, ..., 0), we can consider the system
1. foo=exp{—(o+ ... +An)}

I, x;=(N+ )M
I 6% = (N + M)M°

, J=1, ..., m
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We have here (2m+ 1) equations. By summing equations [/ and I/
separately, we get

V. Z:\:J (Z/\ +m)\0)
! =1
m n

V. Yot = (2A,+m,\0>M3
J=1 J=1

-1
m nm
Dividing the two relations gives M? = (Z{&}) <Zi‘j> , hence the
j:

solution
m m -1
v = ( )( ;-,> | 6.3)
=1 =l

From equation / we have

m

~Info.o=Xo+ > N,
=

and using equation /¥ we are lead to

m

X 1 _
—In fo.0 = Ao +sz=l:‘\'j —mkgy,

so that

=— < Z\,Hn fo. 0) . (3.6)

Then, from equation /I we have
A==%—-X,/j=1, .., m (3.7

Finally, the solution (M, Ao, A;, j=1, ..., m) is given by (3.5), (3.6) and
(3.7).

Remark. In method /[, the estimation of M is based on the empirical
moments from all m variables, while in method 7 only three variables are
taken into consideration by fij110..0.
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4. PARTICULAR CASE: BIVARIATE GENERALIZED POISSON DISTRIBUTION (BGPD)

Considering m = 2, the multivariate generalized Poisson distribution reduces
to the bivariate generalized Poisson distribution. The BGPD was introduced
by VERNIC (1997) and was applied in the insurance field. The distribution
was fitted to the aggregate amount of claims for a compound class of policies
submitted to claims of two kinds whose yearly frequencies are a priori
dependent. A comparative study with the classical bivariate Poisson
distribution and with two bivariate mixed Poisson distributions has been
carried out, based on two sets of data concerning natural events insurance in
the U.S.A. and third party liability automobile insurance in France. The
conclusion, after applying the x? goodness-of-fit test, is that the BGPD fits
better to the data, so it can be considered as a valid alternative to the usual
bivariate Poisson or mixed Poisson distributions. For more details see
VERNIC (1997).

In the following, we will consider another example, based on the accident
data of CRESSWELL and FROGATT (1963), with X, as the accidents in the first
period and X; as the accidents in the second period. The data are given in
table 1, first row in each cell.

The summary statistics for these data are:

% =1.0014, % =1291, & =1.1935 45 =1.59%l,
jiry = 0.3258,  fis = 0.365.

Under the hypothesis (X1, X2) ~ BGPD(X, A, Az; 6o, 01, 62), we have
from (3.4)

6o = 0.0286, 6, =0.1057, 6, =0.1200
Ao =0.2987, X =0.6206, A, =0.8653 [

The theoretical frequencies in this case are given in table 1, second row in
each cell. After grouping in 32 categories: (/,/),=9_4. j=0_s; (0..4, 6 and above);

(5 and above, 0 and above), we obtain x2, = Y (obs — th)?/th = 25.935 and

a significance level (P-value) verifying 0.45 < & < 0.75. So the distribution is
adequate.

We will now consider the particular case 6y = 8, = 6; = 6, so that we
have the hypothesis (X, X3) ~ BGPD()\y, A\i, Ay; 6). From (3.5), (3.6) and
(3.7) we have 6 =0.0935, A =0.2778, X, =0.63, Ay = 0.8925, and the
theoretical frequencies are given in table 1, last row in each cell. For the same
categories we have x2, =23.6082 and 0.7 < & < 0.85, so this particular
distribution fits even better than the general one.
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TABLE |

COMPARISON OF OBSERVED AND THEORETICAIL FREQUENCIES

X :
X, 0 1 2 3 4 5 6 7 by
0o 117 96 55 19 2 2 0 0 291
118.843 91.204 44710 17.959 6.460  2.171 0.697 0.217 282.261
117 95.100 46.748  18.088 6.081 1.865  0.537 0.148  285.567
I 61 69 47 27 8 5 1 0 218
66.356 85419 51.437 23.005 8.820  3.087 1.019  0.324  239.467
67.132 84.165 50.881 22.205 8.065  2.608 0.780 0.220  236.056
2 34 42 31 13 7 2 3 0 132
24.834 38.319 30.090 15.577 6.505  2.402 0.822 0.267 118.816
24976 37.584 30.048 15.739 6.427  2.249 0.711 0.209 117.943
3 7 15 16 7 3 1 0 0 49
7871 13.249 12.124 7.260 3.386 1.341 0.480 0.161 45.872
7.694 12,602 12.004 7911 3.849  1.516 0.520 0.162 46.258
4 3 3 1 1 2 1 | 1 13
2.287  4.040 3.860 2,610 1.676  0.616 0.226 0.079 15.394
2138 3.685 3.774 2.927 1.799  0.844 0.327 0.111 15.605
5 2 1 0 0 0 0 0 -0 3
0.632 1.149 1.142 0816 0464  0.220 0.090 0.033 4.546
0.558  0.995 1.075 0910 0.647  0.382 0.176 0.068 4.811
6 0 0 0 0 1 0 0 0 1
0.169 0313 0.319 0.236 0.140  0.071 0.031 0.012 1.291
0.140  0.255 0.285 0.255 0.198  0.136 0.079 0.036 1.384
7 0 0 0 1 0 0 0 0 1
0.044  0.083 0.086 0.065 0.040  0.021 0.010 0.004 0.353
0.034  0.063 0.072 0.067 0.055  0.041 0.028 0.016 0.376
224 226 150 68 23 11 5 1
Y 221036 233.776 143.768 67.528 27491  9.929 3.375 1.097 708
219.672 234.449 144.887 68.102 27.121  9.641 3.158 0.970
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A MATHEMATICAL MODEL OF ALZHEIMER'S DISEASE AND
THE APOE GENE

By
ANGUS MACDONALD AND DELME PRITCHARD

Heriot-Watt University, Edinburgh

ABSTRACT

Alzheimer’s disease (AD) accounts for a significant proportion of long-term
care costs. The recent discovery that the €4 allele of the ApoE gene indicates
a predisposition to earlier onset of AD raises questions about the potential
for adverse selection in long-term care insurance, about long-term care costs
in general, and about the potential effects on costs of gene therapy, or better
targetted treatments for AD. This paper describes a simple Markov model
for AD, and the estimation of the transition intensities from the medical and
epidemiological literature.

KEYWORDS

Alzheimer’s Disease, Apolipoprotein E Gene, Genetics, Markov Models.

1. INTRODUCTION

Molecular genetics has far-reaching implications for all aspects of health
economics, including the effectiveness, or even practicability, of insurance-
based funding of all forms of care. In particular, if genetic test results are
known by the individual but not by the insurer, there may be a tendency for
those most at risk to buy more insurance, known as adverse selection. This is
a natural subject for quantitative modelling.

Such discussion as has taken place (in the United Kingdom) has tended to
be confined to life insurance, in which context it has been suggested that the
overall costs of adverse selection might be limited (Macdonald, 1997, 1999;
Pritchard, 1997). However, these papers acknowledge:

(a) that different conclusions might hold in respect of other forms of
insurance; and

(b) the lack of sound epidemiological data in respect of any but a few genetic
conditions.
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Thus, the model proposed by Macdonald (1997, 1999) was based on
parameler estimates intended to be extreme, and to suggest an upper bound
on the cost of adverse selection, rather than on data-based statistical
estimates. Tan (1997) applied a similar model to annuity business, with
results that suggested higher costs.

The U.K. Government has so far avoided legislating on the very sensitive
issue of the use of genetic test information by insurers, but instead has set up
the Genetics and Insurance Committee (GAIC), charged with the assessment
of the likely relevance and reliability of genetic test information as it relates
to different kinds of insurance. Such considerations require actuarial models
of the insurance process, allowing for the effects of specific genes on
mortality and morbidity. To date, the only such study is Lemaire et al.
(1999) and Subramanian & Lemaire (1999), treating breast and ovarian
cancer and the BRCAIl and BRCA?2 genes.

In this paper we propose a simple Markov model for Alzheimer’s disease
(AD) and estimate its transition intensities from medical and epidemiolo-
gical studies. Genetic variation arises because the &4 allele of the
Apolipoprotein E (ApoE) gene is known to indicate a predisposition to
earlier onset of AD.

In Section 2 we give a brief outline of genetics terminology, then describe
AD and the evidence for a genetic component of AD. In Section 3 we specify
the model, and in Sections 4 and 5 we estimate the transition intensities. We
show some results in Section 6, and our conclusions are in Section 7.

Applications of the model include the study of long-term care insurance,
(Macdonald & Pritchard, 1999) and the study of long-term care costs
(Warren et al., 1999). The processes leading to LTC insurance claims are
complex, when compared with other forms of insurance, and there are no
insurance data to speak of; therefore we (and insurance companies
themselves) have to rely on data collected and published for a variety of
reasons, mostly in the medical literature. As a result, our model is far from
definitive, but we found the process of extracting information from the
medical literature and putting it to actuarial use very instructive, and we
suggest that any shortcomings of our model shed useful light on the
problems that might be faced in the future.

2. THE GENETICS OF ALZHEIMER'S DISEASE

For a recent survey of the genetic epidemiology of AD, see Slooter &
van Duijn (1997); Breteler et al. (1992), reviews the position before much was
known about the genetic component of AD.

2.1. A Brief Primer on Human Genetics

The following discussion gives only the briefest definitions of genetic terms,

and omits all complications. For a proper account, see a text such as
Strachan & Read (1999).



A MATHEMATICAL MODEL OF ALZHEIMER'’S DISEASE AND THE APOE GENE 71

(a) Each cell of the human body (except sperm and egg cells) has a nucleus
containing 23 pairs of chromosomes. Each cell carries an identical set of
chromosomes at birth, unless some have been damaged.

(b) A chromosome is a very long double strand (the famous double helix) or
linear molecule, made up of a sequence of base pairs of DNA.

(c) A gene is a sequence of base pairs at a fixed location on a given
chromosome that acts as a functional unit, coding for the production of
a protein (usually). The term ‘gene’ strictly refers to the locus on the
chromosome.

(d) The gene at a given locus might have several variants (rather as chemical
elements might have several isotopes); these are known as alleles.
Different alleles are simply different sequences of base pairs. Differences
between alleles are the result of mutations, namely alterations to a gene
caused by (for example) errors in replication of the DNA when cells
divide. If the mutation occurs in an adult (somatic) cell, it can only
spread through cell division (which is what happens in cancers). If the
mutation occurs in a gene carried by a sperm or egg cell, it can be passed
to offspring.

(e) Because the chromosomes are paired (except the X and Y chromosomes
that determine sex) each cell has two alleles of every gene, one inherited
from each parent. They may be the same (homozygosity) or different
(heterozygosity).

(f) Mutant genes will encode variants of the protein that the gene produces.
These may have a beneficial, neutral or adverse effect on the cell or
organism. If the altered protein is radically different, the cell will
probably die, or the organism will fail to develop, or it will not survive to
reproductive age. Less radical variations may manifest themselves as
susceptibility to disease, or may be harmless but non-functional.

(g) The great range of genetic diseases arises from the range of effects of the
protein products of different alleles, and the simple combinatorics of
inheritance.

(1) If an allele encodes a harmless but non-functional protein product,
the disease will appear only in homozygous individuals (autosomal
recessive inheritance, such as cystic fibrosis).

(2) Heterozygous cells will produce a mixture of variants of the protein
product; if just one of these is lethal it will cause disease (autosomal
dominant inheritance, such as Huntington’s disease).

(3) In between these extremes, alleles encode protein products that are
more or less dangerous or fully-functional, the effect often depending
on the environment. Then different levels of susceptibility to disease
will appear, and homozygous individuals will often be more
susceptible than heterozygous individuals.

(h) Lifestyle and environment can affect the potency of susceptibility genes.
For example, the activity of the protein produced by a dangerous allele
may be enhanced in certain environments, or a protective allele may be
put at greater risk of being knocked out by a mutation.
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(i) Although the outline above mentions only single genes, most processes
in the human body are complicated and involve very many proteins, each
encoded by its own gene with its various alleles. Most genetic disease will
result from combinations of several alleles, lifestyle and environment;
the term for this is multifactorial disorder.

2.2. Cognitive Impairment

The term ‘cognitive impairment’ covers AD, which accounts for by far

the greater number of cases, and other forms of mental deterioration,

chiefly vascular in origin (for example, arising from strokes). Assessment

is liable to be imprecise, making it difficult to decide on an exact date

of inception of cognitive impairment, if such a thing exists. Moreover,

although AD is the commonest form of cognitive impairment, it is hard

to diagnose with certainty except by post-mortem examination. These

factors introduce considerable uncertainty into epidemiological studies of

AD. Breteler ef al. (1992) noted that:

(a) AD itself can have a significant vascular component;

(b) some of the neuropathological symptoms of AD (see Section 2.4) can
also be symptoms of vascular dementia; and

(c) studies by Tierney er al. (1988) found that post-mortem examination
confirmed only 64-86% of diagnoses of AD.

2.3. The Pathology of Alzheimer’s Disease

The pathology of AD includes:

(a) senile plaques (deposits on the outside of neurones (brain cells),
consisting largely of the protein F-amyloid);

(b) neurofibrillary tangles (connections between neurones);

(¢) amyloid angiopathy (deposits of amyloid protein in the arteries of
the brain);

(d) loss of neurones; and

(e) decreased activity of choline acetyltransferase (an enzyme).

Therefore, any gene whose expression leads to the production, or over-
production, of substances associated with these changes is potentially a
genetic marker for AD.

2.4. General Evidence of a Genetic Contribution to Alzheimer’s Disease

AD is a disease of old age; it is rare below ages 60-70. These rare cases are
called ‘early-onset’” AD, which should not be confused with early onset of
AD within the usual age range. We are concerned only with the latter.
Families with a history of AD are sometimes observed, but AD also
occurs sporadically (that is, in the absence of a family history of AD) and it
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is always possible that a case of AD in an affected family is, in fact, sporadic.
The differences between familial and sporadic AD are not clear, although the
former may be marked by earlier onset and more rapid progression.

A very few families have several cases of early-onset AD in
several generations, consistent with autosomal dominant transmission
(Levy-Lahad & Bird, 1996), and three genes have been found. First was
the gene encoding for amyloid precursor protein (APP), involved in the
production of B-amyloid. It resides on chromosome 21, which is the
chromosome affected in cases of Down syndrome, sufferers of which often
develop AD in middle age. Several mutations have been found, but they are
rare. Later, mutations in two genes labelled presenilin-1 (PS-1) and
presenilin-2 (PS-2) were identified, which appeared to be associated with
AD, though the mechanisms remain unclear.

Familial AD is not restricted to early-onset cases and family history
remains an important risk factor for late-onset AD (Jarvik et al., 1996).
Susceptibility genes have been identified, of which the most studied is that
which codes for apolipoprotein E.

2.5. The Apolipoprotein E Gene

This summary is not comprehensive, but we hope that it is detailed enough
to give an actuarial reader an impression of the progress made in
understanding genetic factors of AD, as well as some of the problems and
(perhaps most important) the great speed at which human genetics is
advancing.

Apolipoprotein E (ApoE) is found in senile plaques and neurofibrillary
tangles in AD patients. 1t has also been studied because of its role in lipid
metabolism. The gene that encodes it is on chromosome 19, which was
linked to families with late-onset AD by Pericak-Vance et al. (1991), making
it a clear candidate gene for familial AD. Strittmatter et al. (1993) confirmed
this hypothesis, which was rapidly supported by many other studies. The
basic facts are as follows:

(a) The ApoE gene has three common alleles — €2, €3 and €4 — whose
frequencies are roughty 0.09, 0.77 and 0.14 respectively.

(b) Since each offspring receives one allele from each parent, there are six
possible genotypes (£2/€2, €2/e3, €2/e4, £3/e3, €3/c4 and e4/ed).
Offspring with two copies of the same allele are called homozygotes,
while those with two different alleles are called heterozygotes.

(¢) The ApoE &4 allele increases the risk of AD in a dose related fashion,
such that &4 homozygotes (e4/ed) are at greater risk than
€4 heterozygotes (€2/e4, €3/e4), who in turn are at greater risk than
those without the €4 allele (Bickebdller ef al., 1997; Corder et al., 1994;
van Duijn et al., 1995, Farrer er al., 1997; Jarvik et al., 1996;
Kuusisto er al., 1994; Lehtovirta et al., 1995; Mayeux et al., 1993;
Myers ef al., 1996; Poirier et al., 1993; Tsai et al., 1994). See Section 5.2
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for risk estimates. The risk depends on age, being highest at ages 60-70,
tapering off at older ages (Bickebdller et al., 1997; Corder et al., 1994;
Farrer et al., 1997).

(d) It is also possible that the €4 allele is associated with earlier onset of AD

(©)

()

(not to be confused with early-onset AD). The effect may be dose dependent
(Farrer er al., 1997; Frisoni et al., 1995; Gomez-Isla et al., 1996); or not
(Lehtovirta er al., 1995; Stern et al., 1997; Corder et al., 1995); or it may not
exist at all (Liddell er a/., 1994; Masullo er a/., 1998; Norrman et al., 1995).
Investigations into the rate of mental decline of AD patients by genotype
found no evidence for any difference (Basun er al., 1995;
Gomez-Isla et al., 1996; Masullo er al., 1998; Norrman er al., 1995).
There is conflicting evidence about mortality. It is possible that younger
age at onset should imply longer survival times, because of the usual age-
related mortality differentials, and therefore that the ¢4 allele should be
associated with longer life after onset of AD. While some studies support
this (Corder et al., 1995; Gomez-Isla er al., 1996; Norrman et al., 1995),
others have found no difference (Basun et al., 1995; Stern et al., 1997). If
€4 is associated with lighter mortality in AD patients then risk estimates
from cross-sectional studies (the vast majority to date) should be
interpreted with caution. An incidence study (Evans er al., 1997)
confirmed €4 to be a significant risk factor, but the estimated increased
risk of onset was at the lower end of the reported range.

In contrast, the €2 allele has been found to have a protective
effect against late-onset AD (Corder er al., 1994; Farrer et al., 1997:
Gomez-Isla et al., 1996; Jarvik et al., 1996; Lambert er al., 1998;
Masullo et al., 1998). However, a study of early-onset AD patients
(van Duijn er al., 1995), found a higher frequency of the 2 allele, and an
association of €2 with a more aggressive form of AD, suggesting different
roles of ApoE in early-onset and late-onset AD. Findings relating to the
€2 allele are based on the £€2/e3 genotype, as €2 homozygotes are rare.
The risk attached to the €2/e4 genotype is not clear, possibly because £2
and 4 have opposite effects (Jarvik et al., 1996; Levy-Lahad er al., 1996).

ApoE €4 is the most important genetic risk factor for AD identified yet.
Though it is neither necessary nor sufficient to cause AD it does increase
susceptibility. Approximately 26% of Caucasians carry at least one ¢4 allele
and it has been estimated that between 42% and 79% of AD cases are
attributable to the associated excess risk (Nalbantoglu er al., 1994).

2.6. Other Genetic Factors of Alzheimer’s Disease

In 1997, a gene for the K-variant of butyrylcholinesterase (BCHE K), not a
risk factor by itself, was found to act in synergy with ApoE &4, such that
carriers of both (an estimated 6% of Caucasians) were at over 30 times the
risk of AD as a person with neither (Lehmann er al., 1997). Subsequent
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studies (Brindle et al., 1998; Singleton et al., 1998) failed to reproduce the
result. Although some explanations have been advanced, caution is
advisable in using BCHE K as a risk factor for AD.

Payami er al. (1997) reported an association between AD and the A2 allele
of the human leukocyte antigen (HLA); the HLA-A2 phenotype and
ApoE e4/e4 genotype had similar and additive effects on reducing age at
onset of AD, at ages below 60 and above 75. Further studies would be
needed to confirm these findings.

Poduslo er al. (1998) found the apolipoprotein CI (apo CI) gene to be a
risk factor for early-onset and late-onset AD, whether sporadic or familial.
Apo CI A homozygotes had 4 to 5 times the odds of developing AD,
heterozygotes about twice the risk. This was not unexpected, since Apo Cl is
closely linked to ApoE and in linkage disequilibrium with ApoE and AD.
Linkage disequilibrium is the non-random assortment, in a population, of
two genes on the same chromosome (the strength of the linkage is inversely
proportional to the distance between them). It was thought that the
association of AD with ApoE may be more significant.

3. A MODEL FOR ALZHEIMER'S DISEASE

3.1. Model Specification

We use a continuous-time multiple state model. For general comments on

these models, see Macdonald (19964) or Waters (1984). Lives with each

ApoE genotype are assumed to form a homogeneous population, suffering

the different risks of AD discussed in Sections 2.5 and 5.2.

An important reason for using these models is that they allow the most
complete representation of the underlying process. It is then necessary to
estimate a large number of transition intensities, for which adequate data do
not always exist, but it is preferable to obtain a clear picture of the data
needed than to sweep the issue under the carpet by working with some less
adequate model in the first place. In particular:

(a) if some simpler model is eventually recommended for use, because of
missing data or for computational convenience, it is important to be able
to assess its soundness in practice; and

(b) if missing data become available later, for example, as the insured lives
experience develops, it is a hindrance if too much has been invested in a
model that cannot incorporate il.

Modern computing power is such that the computational demands of
multiple state models (numerical integration of differential equations) can
quite reasonably be met, for arbitrarily complex Markov models
(Norberg, 1995) and for many semi-Markov models (Waters & Wilkie, 1987;
Waters, 1991). The techniques can all be found in standard texts on
numerical analysis, and no actuary should be prevented from choosing an
adequate model by the need to use them.
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Figure 1 shows a simple model of AD. Each genotype is represented by
such a model; the transition intensities in each model will differ, representing
the different genetic risks. x denotes the age at outset (for example, when
insurance is purchased) and r the elapsed duration. The choice of states is
dictated entirely by the events that have been studied in the medical and
epidemiological literature. For certain purposes, it would be desirable to
model other events, such as the start of a long-term insurance claim. No data
about that event are available; however a major event that has been studied
is institutionalisation. Although becoming institutionalised need not
coincide with the start of an insurance claim, it is the best available proxy.

Macdonald (1999) considered frailty models as an alternative to
Markov models, for genetics and insurance applications. They offer the
advantage of a simple model of the genetic variability, if that is justified
by the circumstances. They may be especially useful for modelling
multifactorial disorders, or genes with very many alleles or mutations, but
for a single gene with just a few alleles it seems reasonable to model each
separately. Other possible models (such as Cox-type models) might be
useful for modelling individual transitions but do not lend themselves to
the inclusion of payments contingent upon complicated life histories.

State i1: No Alzheimer’s il4
. Haxte
disease.
#ilfz
State i2: Onset of i State i4: Dead
Alzheimer’s disease. s
#ﬁ-}t
State ¢3: Institutionalised i34
Hzit

from Alzheimer’s disease.

FIGURE 1: A simple model of Alzheimer’s disease in the ith of M subgroups, each representing a different
ApoE genotype. v is the age at outset, and ¢ the elapsed duration.
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3.2. An Expanded Long-Term Care Model

AD alone does not account for all long-term care costs. Broadly speaking,
the need for care arises because of cognitive disorder (including AD) or loss
of ability to perform Activities of Daily Living (ADLs) such as dressing,
washing and feeding. A comprehensive model of long-term care costs can be
specified in terms of these causes, with AD included as a component, and the
impact of the ApoE gene on overall care costs can thereby be studied.
However, incorporating AD explicitly in an expanded model will require
data that describe, at the level of individual lives, the progress of AD and the
loss of ADLs. Until such data are available, we can only estimate overall
care costs by crude approximations: see Macdonald & Pritchard (1999).

4. ESTIMATION OF TRANSITION INTENSITIES NOT DEPENDING
ON APOE GENOTYPE

In this section we estimate the transition intensities for the events: onset of
AD; institutionalisation; and death. All of these must be ‘estimated’ from
results reported in the medical and epidemiological literature. Ideally, we
would work with the original data, but these are almost never available.
Reported results are not always ideal for the extraction of parameters for an
actuarial model; often the age groups used are very wide, and not the same in
different surveys; sometimes only graphs (such as Kaplan-Meier survival
curves) are given,

4.1. Prospective and Case-Based Studies

A most important distinction must be drawn when estimating transition

intensities from epidemiological studies (see, for example, Kahn & Sempos

(1989), Clayton & Hills (1993), Lilienfeld & Hills (1993), Selvin (1996)).

(a) Prospective studies, based on samples of the general population, ought to
yield the most reliable estimates of population risk, but are expensive
and time-consuming. Moreover, they are rarely even begun until
substantial evidence of an effect has been accumulated from other
studies.

(b) Case-based studies, based on affected persons (and controls) often yield
relative risks greatly in excess of the true population risks, precisely
because the subjects are affected or at risk. However, early studies into
any medical condition are almost inevitably of this type.

Our current knowledge of most genetic disorders is derived from case-based
studies; this is certainly true of ApoE and AD (see Section 2.5). It is very
likely that estimates of risk conferred by ApoE genotype will fail as more
prospective studies are carried out (see the comment on Evans er al. (1997) at
the end of Section 2.5(¢)), but this will take time.
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The approach we adopt is as follows: _

(a) in Section 4.2, we state assumptions about the general level of mortality;

(b) in Section 4.3, we estimate the aggregate incidence of AD, denoted uf2,
which has been investigated extensively;

(c) in Section 4.4, we estimate the intensity of institutionalisation, following
the onset of AD (that is, 1'%} ) and the force of mortality following the

onset of AD (that is, p/2}, -

(d) in Section 4.5, we estimate the force of mortality for lives institutiona-
lised with AD (that is, ¢ );

(e) in Section 5.1, we estimate the population frequencies of the ApoE
alleles; and

(F) in Section 5.2, we estimate the incidence of AD for each genotype using

. « . . . « « ., 12
odds ratios from the genetic studies: this gives estimates of p,.

4.2. Baseline Mortality Tables

For convenience, we choose parametric approximations to the AM80 and
AF80 Ultimate mortality tables as bases for mortality assumptions; for use
in the model they are adjusted in a variety of ways. Gompertz curves were
fitted to p.., at ages 65-120, using log-linear least squares (see equation (1)):

AM 80#’.\‘+I = 0.0000941 1630.084554(.\'—1-1) ( | )
AFSON.\‘+I — 0.000025934e0.093605(.\'+l) )

Experiments with the AM80 and AF80 tables themselves showed that the
Gompertz approximations had a negligible effect in long-term care
applications; we use them because they are sometimes useful in numerical
work. For insurance use, some allowance must be made for future
improvements in mortality. No experience is available to help, but following
discussion with some actuaries experienced in pricing long-term care
insurance, we have chosen 65% of these baseline tables as the aggregate
mortality assumptions.

4.3. The Onset of Alzheimer’s Disease in the Population

AD has been the subject of some large-scale epidemiological studies, many
of them pre-dating the discovery of the ApoE gene. Some of these report
incidence rates, or ‘occurrence/exposure’ rates, which are exactly the
estimates we need for transition intensities.

There is general agreement, in this literature, on the shape of the intensity
1P in the age range 60-85 years; it is very low at ages 60-64 (about 0 to
0.002) and increases rapidly with age, approximately doubling every 5 years.
Sayetta (1986) and Hebert er al. (1995) found that a Gompertz curve gave
the best fit, despite trying a number of more complex models.
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A number of studies report the incidence of AD (that is, the intensity pf?
by age but not by genotype, including Copeland er al. (1992), Hagnell ef al.
(1992), Kokmen et al. (1993), Letenneur et al. (1994), Nilsson (1984),
Otter al. (1998), Rocca et al. (1998) and Rorsman et al. (1986). Of particular
interest, however, is the recent meta-analysis of the incidence of AD by
Jorm & Jolley (1998):

(a) it draws on 23 studies world-wide, including 13 European studies;

(b) the analysis is carried out separately for Europe, the U.S.A. and
East Asia;

(c) the incidence of AD is estimated by severity, categorised as Mild+ and
Moderate + AD, where Mild + includes all cases classified as mild or
worse; and

(d) point estimates of u_(?f, were obtained for S-year age groups from 65 to

95, and no a priori shape of y” was assumed.

We estimated Mﬁf, from Jorm & Jolley (1998) using the figures from the
European studies and for Mild+ AD. The estimates, 95% confidence limits
and the log-linear least squares Gompertz fit:

il = 131275 x 10772149961 0x+) (2)

are shown in Figure 2. It is clear that a Gompertz curve is a very good fit.

wn
e ® Estimated incidence of AD, aggregated by sex and genotype
—— Fitted incidence of AD, aggregated by sex and genotype
- 95% Confidence limits
e
1

Incidence Rate of AD

0.05

0.0

70 75 80 85 90
Age (years)

FIGURE 2: Aggregate incidence of Alzheimer's disease: point estimates and 95% confidence intervals.
Source: Jorm & Jollcy (1998).
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Data on the incidence of AD among the very elderly (> 90 years) are
sparse, so estimates at these ages have wide confidence intervals and the trend
is uncertain. The meta-analysis by Gao er al. (1998) found that the rate of
increase in u? slowed down with age, but other studies found no evidence of
this (Hebert er al., 1995; Jorm & Jolley, 1998; Letenneur ef al., 1994). We have
simply extrapolated the Gompertz formula above to all ages; the effect of this
assumption will depend on the particular application, or type of insurance,
and this should be investigated when the model is used (see, for example,
Macdonald & Pritchard (1999)).

Many studies have found men and women to be at the same risk of AD
(Kokmen er al., 1993; Nilsson, 1984; Ott et al., 1998; Rocca et al., 1998) and,
when differences have been reported (Gao er al., 1998; Jorm & Jolley, 199§;
Letenneur et al., 1994), women were found to be at greater risk only at very
old ages. Some experiments (not described here) in applying the model to
AD-related long-term care insurance costs using different rates of AD for
men and women showed that it made little difference, and here we have used
the aggregate rate (equation (2)).

4.4. Time from Onset of Alzheimer’s Disease to Institutionalisation or Death

ail: . 23 024 34
The available data do not allow us to analyse w7, u\7), or ull, by

genotype.

Table | summarises the literature on time to the first of institutionalisa-
tion or death (‘first event’) for AD patients. Some studies give times from
entry to the study rather than from onset, which is usually not observed
directly. A striking feature is that few lives die before becoming
institutionalised. This'may seem surprising as AD patients have generally
been reported to suffer higher mortality than healthy lives (see Section 4.5).
However, AD’s debilitating effects are not sudden, and we may expect
patients to be in receipt of informal care between onset and institutionalisa-
tion, which might lead 1!, to be relatively light.

We used the data from the study by Jost & Grossberg (1995). Although it
is not the largest study, it does have advantages:

(a) it is a brain bank study, so all AD cases were confirmed by autopsy (the
only reliable method of diagnosis);

(b) there were no censored cases; and

(c) the time from onset to institutionalisation is estimated.
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TABLE |

MEAN AND MEDIAN TIMES TO INSTITUTIONALISATION (INST'N) OR FIRST EVENT FOR AD PATIENTS

Age at Time (years) to % for which
Reference Ist event is
Onset Entry Inst'n Ist Event death
Berg er al. (1988) 71.4 (1) 7.1%
Heyman et al. (1997) 72.0 (2) 3.1 (2) 13.1%
Jost et al. (1995) 75.1 (3) 4.3 (1) 15.0%
Severson et al. (1994) 79.4 (1) 2.52) @) 10.0%
(1) Mean.
(2) Median.

(3) Mcan age at onset of AD, if institutionalised, estimated as (mean age at institutionalisation
— mean time to institutionalisation).
(4) Median time from onset estimated as 5.6 years.

Since we cannot distinguish genotypes here, we will just write /l\_H and
24, instead of p2, and p! | respectively. Guided by these data we derive
moment estimates of 123, (the force of institutionalisation) and u24, (the
force of mortality of an AD patient prior to institutionalisation). We define
below the usual indicator functions (/;) and sample path functions (Nj) in

respect of a single life (see Macdonald (1996b)):

I if life is in state j at time ¢
Ii(1) = :
0 otherwise
AN (1) { 1 if life transfers from state j to state k at time {
(1) =
* 0 otherwise

T
Ni(T) = / dNj(f) = No. of transfers from state ; to state k
0

Also let P{{, be the probability that a life in state j at age x is in state j at age y.
Then equation (3) below is the mean age at onset of AD, given that the life
was eventually institutionalised with AD (as in Jost & Grossberg (1995)):

E [.\- + /wll (1)d1 | Nos(w —x) = 1 and I,(x) = |

X

2 (0= 2 P[22 PRds)dr

* 3
A /J'PP {J7 uB3PRds}ydr (3)
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equation (4) is the mean time from onset of AD to institutionalisation:

El:/ [2([)6/1 | N23(w— x) =1and I, (,\') = 1} =
WP (5 — 02 P2dsydr
f'\_ pl2 Pl {f T 3P72ds}dl ’

and equation (5) is the probability that an AD patient dies before becoming
institutionalised. The upper age bound, denoted w, is taken to be 120 years:

P[N24(w~x = I‘le (w—x)=1and I)(x) = 1] =

f u'zP”{f"J;LMPzz(/s}(/[
T2 w2 Plid

(3)

Setting equations (3), (4) and (5) equal to their estimated values from Table 1,
we obtain 3 equations, which can be solved for at most 3 unknown
pdrdmeters The pardmetric forms we chose were as follows:

(a) pl2, = A4+ P where 4P is given by equation (2). This Makeham
term adjusts the incidence of AD to a level that gives the same mean age
at onset (for AD patients who become institutionalised).

(b) /L‘+, = D. We felt that the data did not support anything more elaborate
than a constant intensity.

(©) p2, = Pu\_,_, That is, the mortality of an AD patient before becoming
mstltutlonahsed is a proportion of baseline mortality.

(d) p\+,, baseline mortality, was taken as AMS80 mortality, using the
Gompertz approximation given by equation (1). Although it is
appropriate to allow for future improvements in mortality in applica-
tions, it is not appropriate to do so in estimation based on past data. The
values of D and P do not depend strongly on the baseline mortality.

Solving these equations numerically yields the solutions:
A =0.02025038 D =0.18895779 P = 0.33502488.

The transition intensities [L\_H and H\+, are summarised in Table 3.

The Makeham term, A, is a nuisance parameter used to adjust the
incidence of AD so that the mean age at onset in the model is the same as
that in the data. Its only purpose here is to improve the estimation of the
other terms, as the survival of a cohort of AD patients is strongly related to
their mean age at onset. It does not furnish an estimate of the incidence of
AD in the whole population, which was described in Section 4.3.

4.5. Mortality of Lives with Alzheimer’s Disease

AD patients have been found to suffer higher mortality than the general
population (Barclay er al., 1985(b); Bonaiuto er al., 1995; Bracco er al., 1994;
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Burns et al., 1991; van Dijk er al, 1991; Evans et al, 1991;

Heyman er al., 1996; Molsd et al., 1986; Treves et al., 1986). However,

there is little agreement on the magnitude of the increase, or its dependence

on age at onset, duration since onset, sex, race, level of education, marital
status, level of cognitive impairment, familial/non-familial AD and level of
behavioural impairment. The main factors we need to consider are:

(a) The magnitude of the increase in mortality for AD lives. The mortality of
lives with AD has been investigated using different methodologies. For
example, Evans et al. (1991), estimated the relative risk of death for
AD patients as 1.44 (95% confidence interval 1.05-1.96) times that of the
unaffected. Others have suggested that AD has only a small impact on
mortality: Barclay et al. (1985a) claimed that well-tended individuals
may have life expectancy close to normal, and Sayetta et a/l. (1986) found
that survival did not depend on disease acquisition.

(b) The effect of age at onset on relative mortality. The mortality of patients
with AD increases with age (Bonaiuto ef «/. 1995; Burns ef al., 1991).
Most studies into survival times have found no relation between
age at entry into the study and relative survival (Barclay ef al., 1985b;
Bracco et al, 1994, Heyman et al, 1996; Stern er al, 1995;
Molsd er al., 1986), except that Barclay er al. (1985b) found that
younger lives had shorter relative survival times. Diesfeldt ¢t «l. (1986),
investigating survival from onset of AD, found that AD patients with
onset before age 76 had reduced survival times, but not those with later
onset. Comparing the two methods of investigation, Walsh et «f. (1990)
found that older age at onset affected survival adversely, whereas older
age at entry into the study did not; a possible explanation was that older
patients have symptoms for a shorter time before presentation. Although
no definitive relationship between age at onset and relative survival
emerges, it is clear that:

(1) survival with AD depends on age; and

(2) if age at onset affects relative mortality, the relationship is only weak,
but possibly stronger at younger ages.

In terms of the model in Figure 1, this suggests that mortality in state i3

(institutionalised from AD) could be modelled by the addition of a

Makeham term to the normal force of mortality; the latter is age

dependent, and the Makeham term will be less significant at older ages.

(c) The effect of the duration of AD on relative survival. Perhaps surprisingly,
the duration of AD has not been found to be associated with increased
mortality (Barclay er al., 1985a; Bracco et al., 1994; Burns et al., 1991;
Diesfeldt e al, 1986, Heyman et al.,, 1996; Sayetta et al., 1986;
Walsh er al., 1990). That is, AD patients with long duration of symptoms
do not suffer higher mortality than patients, of the same age, with short
duration of symptoms. In terms of the model, this means that the
mortality of lives in states 2 and 3 (onset of AD and institutionalised
from AD) does not depend on the time spent in these states. This is
especially convenient, as it allows us to work in a Markov framework.
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(d) The effect of gender on relative survival with AD. Many researchers have
found that the differences in survival between men and women with AD
can be explained by the usual mortality differential between men and
women (Beard et al., 1994; Bonaiuto er al., 1995; Bracco et al., 1994;
Burns er al., 1991; Heyman et al., 1996; Walsh er al., 1990), though
Barclay et al. (1985a), did find greater differences. In terms of modelling,
allowing for the normal differences in mortality between genders shouid
be sufficient.

Table 2 summarises the literature on survival with AD. Since we cannot
distinguish genotypes here, we will just write p3d instead of p?,. As in the
previous section, we can write down the mean age at onset (see equation (6))

and the mean survival time (see equation (7)) in the model of Figure 1:

E[.\'+/wll(t)dt’le(w—x) =1 and I,(x) = 1] -

X

2 (= )PV dr

X

J3 mPPyde

X+

E[/wlz(l) +13(z)dz}/v,2(w—x) =1and [ (x) = 1] -

[ WP (5= 00 + 13 PR 2 2P [0 = S PR s
J° PPl \

TABLE 2

SUMMARY STATISTICS ON SURVIVAL TIMES OF AD PATIENTS

e M M ) i,
Barclay et al. (1985a) (73.3) yrs (8.1) yrs 0.15829
Bracco er al. (1994) (72.4) yrs 7.3 yrs 0.25259
Diesfeldt er al. (1986) 75.6 yrs 7.2 yrs 0.21056
Heyman er al. (1996) (69.2) yrs 9.7) yrs 0.10993
Jost et al. (1995) 75.1 yrs 8.11 yrs 0.13345
Kokmen er al. (1988) 80.4 yrs 6.2 yrs 0.26420
Treves er al. (1986) 73.9 yrs (9.3) yrs 0.08135

Average 0.17291
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Setting equations (6) and (7) equal to their estimated values in Table 2, and

noting that we have estimates of 23, and 424, from the previous section, we

obtain 2 equations, which can be solved for at most 2 unknown parameters.

The parametric forms we used are as follows:

(a) u_'\.ﬁr,_ =4 + pfP, where 22, is given by equation (2). This is just the
addition of a Makeham term to the force of incidence of AD, shifting the
latter to a level that gives the estimated age at onset.

(b) 424, = K+4M80 4, ... This is a Makeham term as discussed in (d) above.

The estimated values of K for each of the references cited are given in the last

column of Table 2. They range from about 0.08 to 0.27, with an average of

0.173. The Makeham term A is, again, only included to improve the

estimation of the other terms (see the end of the previous section).

4.6. Summary of the Transition Intensities for the AD Model
For clarity, we summarise the transition intensities estimated here. They all
have the form:

Hir = A+ DB (8)

and the calculated values are given in Table 3. Three values are given for
pii,, an upper bound, mean value and lower bound to enable a check of how
sensitive the results are, in any particular investigation, to this terni.

TABLE 3

SUMMARY OF TRANSITION INTENSITIES FOR THE AD MODEL WITH BASELINE MORTALITY 100% (65%) oF AMS80
AND AF80

Parameter Values

Transition

. B (x1075) C (x1072)
Intensity A D
Male Female Male Female
pﬁi, 0 0.33502 94116 2.5934 8.4554 9.3605
(0.21776)
#_2,1, 0.18896 0.00
ui.i, (Lower bound) 0.08 1.00 (0.65) 94116 2.5934 8.4554 9.3605
;43;3” (Mean) 0.17291 1.00 (0.65) 9.4116 2.5934 8.4554 9.3605

¥, (Upper bound)  0.27 1.00 (0.65) 9.4116  2.5934 8.4554  9.3605
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5. ESTIMATION OF TRANSITION INTENSITIES DEPENDING
ON APOE GENOTYPE

5.1. Population Frequencies of the ApoE Genotypes

Table 4 shows the population frequencies of the ApoE genotypes estimated in
several studies. Others are Corder ef al. (1994, 1995), Gomez-Isla et al. (1996),
Lehtovirta et al. (1996), Liddell et al. (1994), Lopez et al. (1998), Nalbantoglu
et al. (1994), Poirier er al. (1993), Roses (1995) and Tsai er al. (1994).

Some features are clear: the £3/¢4 genotype is not uncommon (about
21%) while the £2/e4 and £4/e4 genotypes are quite uncommon (about 3%
and 1% respectively). We might expect to find lower proportions of
‘dangerous’ genotypes at older ages, because these lives suffer a higher rate
of AD onset, but the two age-related studies (Bickebéller et a/. (1997) and
Corder et al. (1995)) gave conflicting results. However, there is reasonable
agreement on the gene frequencies at around ages 60-70, which is what we
need for our modelling.

Farrer et al. (1997) 1s a meta-analysis, combining the results of 40 other
studies, including 6,264 Caucasian subjects. As it is the largest study, and
differentiates by ethnic group, gender and ascertainment methods, and as the
ApoE £4 allele was found with the same frequency in respect of AD
diagnosed at autopsy and clinically diagnosed probable AD, we use its
estimated gene frequencies, namely: €2/e2 0.008; €2/e3 0.127; £2/e4 0.026;
€3/€3 0.609; £3/e4 0.213; e4/e4 0.018. The sharp-eyed will notice that these
sum to 1.001, because of roundings used in Farrer et al. (1997), but we have
left this small discrepancy unadjusted.

5.2. Genetic Risk of Alzheimer’s Disease

When we have a heterogeneous population, it is often convenient to think of
a given intensity in each sub-population as a multiple (not necessarily
constant) of a ‘baseline’ intensity, either in one of the sub-populations or in
an aggregated ‘average’ population. Similarly, if p; and p, are the
probabilities of an event in populations | and 2 respectively, the relative
risk in population 2 (with respect to population 1) is pa/p;. A related
quantity is the odds ratio: the odds in populations 1 and 2, respectively, are
/(1 = py) and po/(1 — p3), and the odds ratio is:

p2(l = pi1)
(1l = p)
When intensities are small, the odds ratio is a good approximation to the

relative risk. In many studies, the published results are either relative risks or
odds ratios.



TABLE 4

ESTIMATED POPULATION FREQUENCY OF APOE GENOTYPES

Allele Frequency

Genotype Frequency

Reference Counfr_.y / No.. of Age

Ethnicity  Lives Group €2 e3 €4 €2/e2  €2/e3 €2/ed £3/e3 e3/ed  c4/cd

Farrer et al. (1997) Caucasian 6,262 M&F All 0.084 0.779 0.137 0.01 0.13 0.03 0.61 0.21 0.02
Afr-Amer 240 M&F All 0.083 0.727 0.190 0.01 0.13 0.02 0.50 0.32 0.02

Hispanic 267 M&F All 0.067 0.823 0.110 0.00 0.12 0.01 0.67 0.18 0.02

Japanese 1977 M&F - Al 0.042 0.869 0.089 0.00 0.07 0.01 0.76 0.16 0.01

Bickebdller er al. (1997) France 1,030 M&F All 0.085 0.770 0.145 0.01 0.12 0.03 0.59 0.24 0.01
316 M All 0.070 0815 0.105 0.01 0.10 0.02 0.67 0.19 0.00

40 M < 60 0.050 0800 0.150 0.00 0.08 0.02 0.62 0.28 0.00

93 M 60-69 0.070 0.845 0.085 0.01 0.12 0.00 0.70 0.17 0.00

80 M 70-79 0.060 0.840 0.090 0.00 0.10 0.02 0.71 0.16 0.00

103 M > 80 0.081 0.795 0.125 0.01 0.1 0.03 0.64 0.20 0.01

714 F All 0.090 0.750 0.170 0.01 0.13 0.03 0.55 0.27 0.02

47 F < 60 0.075 0.735 0.190 0.00 0.15 0.00 0.51 0.30 0.04

75 F 60-69 0.075 0.730 0.195 0.01 0.11 0.02 0.52 0.31 0.03

143 F 70-79 0.065 0.765 0.160 0.00 0.12 0.01 0.56 0.29 0.01

449 F >80 0.095 0.750 0.165 0.01 0.13 0.04 0.56 0.25 0.02

van Duijn er af. (1995)  Netherlands 532 M&F <65 0.103 0.731  0.165 0.01 0.17 0.02 0.51 0.27 0.02
228 M < 65 0.105 0.705 0.190 0.01 0.16 0.03 0.48 0.29 0.03

304 F < 65 0.100  0.745 0.155 0.01 0.17 0.01 0.53 0.26 0.02

Evans et al. (1997) E. Boston 490 M&F >65 0.062 0.854 0.084 0.01 0.09 0.01 0.74 0.14 0.01
Jarvik er al. (1996) not given 310 M&F 4898 0.098 0.750 0.132 0.01 0.12 0.05 0.59 0.20 0.01
117 M 48-98 0.068 0.791 0.124 0.02 0.09 0.02 0.64 0.21 0.01

193 F 48-98 0.117 0725 0.137 0.01 0.15 0.07 0.55 0.20 0.01

Lambert et al. (1998) not given 308 M & F notgiven 0081 0805 0.114 0.00 0.13 0.02 0.65 0.18 0.01
Levy-Lahad er al. (1996) not given 304 M &F notgiven 0.100 0765 0.135 0.01 0.13 0.05 0.60 0.21 0.01
Lucotte er al. (1997) France 248 M&F >65 0.069 0.804 0.127 0.02 0.09 0.01 0.65 0.22 0.01
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Few studies report prospectively the incidence of AD by genotype. Two
that do are Evans et al., (1997) and Slooter er al., (1998). Both have quite
small study populations, and neither provides age specific estimates of AD
risk, so they are not appropriate for our purposes.

Table 5 gives the Odds Ratios (ORs) of AD and 95% confidence intervals
from a number of genetic studies. The ‘reference’ populations (also shown in
the table) were either the €3/e3 genotype or the three non-e4 genotypes
combined. The estimated ORs vary considerably across studies. For
example, estimates of the OR for the €3/e4 genotype (relative to the
€3/e3 genotype) range from 1.8% to 3.7%, and for the 4/¢4 genotype, from
6.2% to 30.7%. Some of the variation may be explained by the differences
between the studies themselves. In particular, differences may arise from: the
method of ascertainment of patients, the countries of study, the method of
diagnosis of AD, the age structure of the samples, the reference/risk
genotypes, and whether they are cross-sectional or prospective studies. We
make the following observations:

(a) The study by Lopez et al. (1998) suggests that the risk of AD associated
with the ApoE ¢4 allele may be different in different countries.

(b) In support of the above, Mayeux et al. (1998) found that the association
between ApoE and AD may depend on ethnic group and, in particular,
may not be present in black populations.

(c) Despite the differences between studies: the presence of one or two
€4 alleles is consistently reported to be significantly associated with AD;
and homozygotes are generally reported to have higher risk of onset of
AD than heterozygotes.

(d) The weakest associations between ApoE and AD were reported in the
two prospective studies, those by Evans er al. (1997) and Slooter et al.
(1998). This is as expected for the reasons given in Section 4.1,

For our purposes, the genetic risk of AD at different ages is important.
Few studies have considered this; the odds ratios from two that have are
given in Table 6. Bickebdller er al. (1997) is based on hospital admissions,
and Corder er al. (1994) on autopsy cases; both use £3/e3 as the reference
population. Although some ORs are missing, because of small sample sizes,
the trends are fairly clear:

(a) The odds of AD among the higher risk genotypes (e3/¢4 and €4/¢4) fall
with age. This may be expected as higher risk genotypes will succumb to
AD more rapidly, reducing the proportion of such genotypes within the
population.

(b) Conversely, the protection conferred by the lower risk genotype (¢2/¢3)
seems to weaken with age, possibly as this genotype becomes more
common in the remaining population.
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TABLE 5

AGGREGATED ODDS RATIOS OF AD FOR THE APOE €4 ALLELE

Reference Ascertainment  Reference Genotype (2) Odds Ratio
Scheme (1) Genotype (2) Mean 955 CI
Evans ef al. (1997) P €3/e3 €l/ed & ed/ed 227 1.1-4.9
Frisoni er al. (1995) C -/- €d/- 6.6 2.2.-19.5
€d/ecd 17.9 4.5-70.5
Jarvik et al. (1996) C €3/e3 €2/e3 0.4 0.2-0.96
€2/e4 1.4 0.6-3
€3/ed 3.1 2-4.7
€4 /ed 30.7 7-131
Kuusisto ef al. (1994) P -/- €d/- 2.7 1.4-5.2
c4/e4 9.1 3.5-23.4
Lambert er al. (1998) C -/~ ed/- & e4/e4d  4.66 3.14-6.93
Lehtovirta er al. (1995) C -/- €d/- 5.1 24-11.1
ed/ed 214 2.8-166.3
Liddell er al. (1994) C -/ €d/- 22 1.1-4.7
gd/ed 10.7 2.3-48.8
Lopez et al. (1998) C -/- €d/- & ed/ed 234 (3) 1.03-5.55
ed/- & e4/ed  3.64 (4) 1.78-7.69
Mayeux et al. (1993) P -/- ed/- 4.2 (5) 1.8-9.5
ed/ed 17.9 (5) 4.6-69.8
ed/- & e4/ed 153 (6) 3.0-78.1
ed/- & ed/ed 0.7 (7) 0.1-6.4
ed/- & ed/ed 4.5 (8) 0.7-27.7
Myers et al. (1996) | €3/e3 €3/e4 3.7 1.9-7.5
€d/ed 30.1 10.7-84.4
Nalbantoglu er al. (1994) A -/- ed/- & ed/ed 155 6.2-38.5
Slooter et al. (1998) P €3/e3 €2/e3 0.4 0.1-1.0
€2/e4 1.3 0.2-8.5
€3/e4 1.8 1.0-3.1
ed/ed 6.2 1.4-28.2
Tsai et al. (1994) C -/- ed/- & ed/e4d 4.6 1.9-12.3
€4/- 3.6 1.5-9.8

(1) Ascertainment Scheme: C indicates clinic/hospital; P, population/community; and

A, autopsy/brainbank.
(2) Dash (-) represents £2 or £3 alleles.
(3) Study population - Gerona, Spain.
(4) Study population — Pittsburgh, USA.

(5) Mixture of White, Black and Hispanic ethnic groups.

(6) White ethnic group only.
(7) Black ethnic group only.

(8) Hispanic ethnic group only.
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TABLE 6

ODDS RATIOS OF AD BY GENOTYPE AND AGE

Bickeboller et al, (1997) Corder et al. (1994)
Age Genotype Odds Ratio Age Genotype Odds Ratio
Group Mean 95% CI Group Mean 95% CI

60-69 €2/€3 0.3 0.0-2.3 60-66 €3/e3 0.1 -
€2/e4 - - €2/ed 1.2 -

€3/ed 31 1.4-6.9 €3/ed 11.1 -

ed/e4 29.1 3.6-239.5 ed/e4 123.8 -

70-79 €2/e3 0.4 0.1-2.3 67-74 €2/€3 0.3 -
€2/e4 - - e2/e4 1.1 -

€3/c4 3.2 1.5-6.6 €3/ed 4.6 -

ed/ed - - €4 /ed 20.8 -

80+ €2/€3 0.3 0.0-2.6 75-92 €2/e3 0.5 -
€2/e4 - - €2/e4 1.6 -

e3/e4 1.3 0.5-34 €3/e4 32 -

ed/ed - - ed/ed 10.0 ~

60+ €2/e3 0.4 0.1-0.9 60+ €2/e3 0.3 -
€2/e4 1.6 0.5-5.5 €2/e4 1.1 -

€3/ed 22 1.5-3.5 €3/e4 44 -

ed/e4 11.2 4.0-31.6 ed/e4 19.3 -

These trends are supported by the meta-analysis by Farrer er al. (1997), and
as it 1s from this study that we take our estimates of the ApoE genotype
risks, we cite some relevant details:

(a) The aggregate relative odds from Farrer er al. (1997) (relative to the
€3/e3 genotype) are shown in Figure 3.

(b) The genotype risks of AD were not significantly different in respect of
Caucasian males and females, except in the case of the £3/e4 genotype,
for which women had a significantly higher risk of AD. The relative odds
of AD by ApoE for Caucasian men and women are shown in Figures 4
and 5. (The authors kindly provided us with the numerical values of the
odds ratios; confidence intervals were not available.)

(c) The genotypes €2/¢2 and £2/e3 were combined as there were very few
€2/e2 genotypes, and the risks associated with the two genotypes
appeared to be similar.

(d) Note that the risks associated with the ApoE &4 allele were considerably
higher than those found in the two population-based studies by
Evans et al., (1997) and Slooter et al., (1998).



A MATHEMATICAL MODEL OF ALZHEIMER'’S DISEASE AND THE APOE GENE

© |
® e3/e4
= | + edled
v e2/ed
N O e2/e2or e2/e3

10

Odds Ratio (OR)
8

40 45 50 55 60 65 70 75 80 85 90
Age (years)

FiGURE 3: Odds ratios (ORs) of AD relative to £3/€3 genotype for males and females combined.
Source: Farrer er al. (1997).
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FIGURE 4: Odds ratios (ORs) of AD relative to €3/¢3 genotype for €3/e4 and €4/e4 genotypes.
Source: Farrer ef al. (1997).
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FIGURE 5: Odds ratios (ORs) of AD relative to €3/¢3 genotype for £2/e2 or £2/€3 and £2/e4 genotypes.
Source: Farrer et al. (1997).

For use in our model, these odds ratios have to be converted into relative

risks. More precisely, we have to find a plausible set of age- and genotype-

dependent transition intensities that are consistent with the odds ratios and
together are consistent with the aggregate incidence of AD. There 1s no
unique solution to this problem. The method we used was to model the
incidence of AD for the ith genotype as:

//‘.l\'l-l:il = rlf.:-+1/1'/:-+l—)t (]0)
where:

(a) udP, is the aggregate incidence rate of AD (from Section 4.3);

(b)/};, is a parametric function representing the risk relative to the
aggregate incidence rate, where we take fi,, =1 in the case of the
€3/e3 genotype; and

(c) r, is a constant chosen so that the aggregate incidence of AD based
onDthe modelled intensities is consistent with the aggregate incidence
e

We did this for males and females separately and combined. We confined
our attention to ages 60 and over, in order to get a better fit in the age range
of interest in applications. The form of the ORs, either rising to a peak and
then falling, or gently declining, suggested a similar pattern of relative risks,
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and we found the following family of functions satisfactory (note that

constant relative risks, or proportional hazards, result in odds ratios with

exponential growth):
_\l'+( = Fe~ (x+1)—k)) =G((x+1)—k2) + H. (l])

Actuaries will recognize this as a GM(1,3) function, familiar in the

graduation of life tables (Forfar, McCutcheon & Wilkie, 1988), although

as described below either F or G is set to zero. We found this flexible enough
to give a good approximation to the ORs, and also suitable for extrapolating
beyond age 90. The fitting procedure was as follows:

(a) by considering the form of the OR, we set either F=0 (giving an
exponential function) or G = 0 (giving a bell-curve function), and set H
equal to 0 or I;

(b) the best value of k| or &k, was found, to the nearest integer, by inspection;

(c) the resulting ORs were calculated from the model in Figure 1 using the
intensities from previous sections; and

(d) the remaining coefficients (either £and F, or £ and G) were fitted by least
squares.

For the calculations in (¢) above we used the following parameters:

(@) ' =0.65x4M80 , .. for males and p!* = 0.65 x40 1, for females

X+ X+
AMBO dA £30

and in aggregate, where fhytr AN lyr are given by equation 1.

(b) uH, = 0.189, calculated in Section 4.4.
©) /J,\,_H =0.335 x M\+, calculated in Section 4.4.

(d) ¥, =0.173 + p%,, the mean value calculated in Section 4.5.

The fitted parameters are given in Table 7. Figure 6 shows that the modelled
ORs closely reproduce the estimates from Farrer er al. (1997) (see Figure 3;
only the aggregate ORs are shown, and the modelied ORs start at age 61
because we start with unaffected lives at age 60).

To determine the parameter ry, we Cdlculated the aggregate incidence of
AD in the whole model, and fitted this to u?P by least squares. If 'P!! is the
probability that a life with genotype i, healthy at age x, is unaffected by AD
atage x + ¢, and if p!, is the population frequency of the ith genotype at age x
then the aggregate incidence of AD is:

Aggregate incidence of AD at age (x + 1) {Zp' ‘P (H}/L_f\?f, (12)
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TABLE 7

PARAMETERS FOR THE RELATIVE RISK OF AD FOR MALES, FEMALES AND IN AGGREGATE, BY GENOTYPE

Parameter Values

Gender Genotype
E F G H k) ky n
Both ed/ed 13.5 0.00529 0 | 60 - 0.93
€3/e4 2.98 0.00312 0 I 62 -
€2/e4 2.87 0.00938 0 | 68 -
€2/e2 & €2/e3 0754 0 0.00859 0 - 60
Female e4/ed 10.4 0.00504 0 | 60 ~ 0.88
e3/e4 3.68 0.00319 0 1 62 -
€2/e4 421 0.01020 0 | 68 -
€2/e2 & €2/e3  0.675 0 0.00692 0 - 60
Male €d/e4 8.94 0.00656 0 1 60 - 1.27
' €3/c4 1.92 0.00103 0 0 Sl -
£2/e4 1.42 0.00506 0 0 67 -
€2/e2 & €2/e3 0434 0 0.01600 0 - 60
© |
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FIGURE 6: Odds ratios (ORs) of AD relative to €3/€3 genotype from Farrer et al. (1997), compared with ORs
computed using modelled relative risk functions.
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We took x =60, and for the p! we used the gene frequencies of the
Caucasian control populations in Farrer er al. (1997), which were given in
Section 5.1. The incidence of AD, p??, was taken as that estimated in
equation 2 and the occupancy probabilities, 'P!!, were calculated by
solving Kolmogorov’s forward equations numerically using a Runge-Kutta
algorithm with step size 0.0005 years (Conte & De Boor, 1972).

The values of ry are given in Table 7. The adjustment to the overall level
only had a marginal effect on the modelled ORs for the individual genotypes.

The relative risk functions for males and females are given in Figures 7
and 8. For females, the e4/e4, £3/e4 and £2/e4 genotypes are unambigu-
ously high-risk; the relative risks exceed 1.0 at all ages. For males, only the
c4/e4 genotype confers higher risks at all ages. The €2 allele appears to be
protective, so the €2/e2 and £2/e3 genotypes are low-risk, while the £3/e4
and €2/e4 genotypes are initially at higher risk but are at lower risk from
about age 75. The protection apparently given by the £2 allele in males
means that the €3/e3 genotype confers slightly higher than average risk; this
is why, in Table 7, r; > | for males. It must be remembered that data in
respect of males are relatively sparse, and data in respect of very old males
even sparser, so these effects should be treated with caution; we can have
more confidence in the relative risks in respect of females.
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FIGURE 7: Modelled risk of AD, relative to the 3/¢3 genotype, for £4/¢4 and e3/e4 genotypes. Based on
odds ratios from Farrer er al. (1997).
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FIGURE 8: Modclled risk of AD, relative to the €3/e3 genotype, for £2/¢4 and €2/e2 & €2/e3 genotypes.
Based on odds ratios from Farrer er al. (1997).

These risk estimates probably overstate the true population risks, perhaps
quite substantially, as they are from clinic- and autopsy-based studies, which
investigate precisely the subjects that are affected or already known to be at
risk. To allow for this possibility we will also consider models assuming that
the true relative risks are a proportion m < | of those estimated above. We
do this by adjusting equation (10) so that for genotype i

w2, = ra{(fl,, — Om+ 1} pll, (13)

where f!  is as above, and r,, is chosen as above so that the aggregate

. . " +’ . . . «
incidence of AD in the model is consistent with ;L_ff,. Values of ros and rg s

are shown in Table 8.

TABLE 8
rm FOR m =1, 0.5 AND 0.25
Gender r ros ro.2s
Both 0.93 0.96 0.97
Female 0.88 0.94 0.97

Male 1.27 1.11 1.05
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Figure 9 shows that the aggregate incidence of AD in the genetic model
for both sexes combined is quite close to ,u_(?f,. It also shows that increasing
the level of relative risk tends to overstate the incidence of AD at younger
ages, and to understate it at older ages; the reason is that higher relative risks
deplete the high-risk groups more quickly, leaving a relatively healthier
population at older ages.

M~
Qo
o —— Estimated Incidence AD
Q —— Aggregated Incidence AD (m = 0.25) '
= —-—- Aggregated Incidence AD (m = 0.5) /
g | Aggregated Incidence AD (m = 1.00) '
S 1
23]
o O
(]
]
B 3.
E o
N
q 4
o
5 |
o
o
==
65 70 75 80 85 90
Age (years)

FIGURE 9: Comparison of estimaied population incidence of AD p7?, with the aggregated incidence of AD

for different levels of relative risk, males and females combined.

Decreasing the level of relative risks for high-risk genotypes means
increasing the relative risks for low-risk genotypes. Using a lower value of
r,» will diminish any effects of the (possibly anomalous) feature, noted above,
that the €3/e4 genotype is low-risk for males.

5.3. Comment on Model Selection

We chose a simple model for the relative risks (equations (10) and (11)). We
did consider alternatives, in particular cubic polynomials and Gamma
functions, but these gave poorer fits, and were less suitable for extrapolation
(cubics to older ages and Gamma functions to younger ages). Also, it is
easily seen that if an OR is specified as a function of time, and the transition
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intensity in the reference population is given, the transition intensity in the
second population is determined (as the solution to an ODE); Figure 6,
therefore, gives good support for our choice of model. Further refinement
seemed somewhat spurious, given the data we were using, and in view of the
major sensitivity analysis needed in respect of the dominant parameter m.

6. RESULTS
6.1. Occupancy Probabilities

Figures 10 and 11 show occupancy probabilities up to age 90 for females
healthy at age 60, with high (m=1) and low (m = 0.25) relative risks,
respectively. Each shows:

(a) Occupancy probabilities in respect of each genotype (with €2/e2 and
£2/e3 combined).

(b) Occupancy probabilities calculated by aggregating all the genotypes in
the model. In the notation of equatlon (122 the probablllty of being in
state j (j =1, 2, 3, 4) at age 60 + ¢ is Y.i=; piy 'Pey,» Where the sum is
over all genotypes These are labelled ‘Aggregated Genotypes’.

(c) Occupancy probabilities based on the aggregate incidence of AD, li\+,
These are labelled ‘Aggregate Model’.

With high relative risks (m = 1), the effect of the €4/e4 allele is clear; AD
cases rise to a peak in the early 70s, by which time over 10% of the original
cohort are in one of the AD states, and then fall away. A similar but smaller
effect can be seen for the £3/e4 genotype. With low relative risks (m = 0.25)
these features are all diminished; in particular the peaks in the early 70s
disappear.

We omit the corresponding figures for males; the differences are as we
would expect, given the modelled relative risks.

For males and females with low relative risks (Figure 11) the aggregated
results from the genetic model are very close to the results from the aggregate
(population) model. For females with high relative risks, the rate of onset of
AD seems to be too low at younger ages and too high at older ages.

6.2. Prevalence Rates

Also of interest are prevalence rates, namely the proportion of those alive at
every age who are in each of the three live states. Figures 12 and 13 show
these, for females, including, for convenience, the two AD states combined.
We omit the corresponding figures for males.

The most striking feature is the prevalence of AD in respect of the
e4/e4 genotype under high relative risks (Figure 12); it increases almost
linearly. Again, for males and females the aggregated results from the genetic
model are quite close to those from the aggregate model. Moreover, they fall
within the range of prevalence rates actually observed. Breteler et al. (1992)
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cite the following rates: 47.2% at ages 85 and over (Evans et al., (1989));
31.7% at ages 85 and over (Pfeffer et al., 1987); and 28.0% at ages 90 and
over (O'Connor et al., 1989); some other studies gave lower figures.

6.3. Gene Frequencies at Higher Ages

We have assumed that the gene frequencies given by Farrer ef al. (1997) are
appropriate for age 60. They will change with age, as higher-risk genotypes
die more quickly. We must estimate these if we wish to consider entrants (to
a study, or into insurance) at ages over 60. Table 9 shows estimates of the
gene frequencies in respect of lives unaffected by AD at ages 65, 70 and 75.
Using the notation of equation (12), these are given by:

; Pf;o ‘P é(l)z
Poort = =5 - 14
SANSEAT TS "
These are not the gene frequencies in respect of the whole population; lives
alive but who have AD are omitted (as is appropriate for insurance
applications). Nor are they the gene frequencies in respect of the healthy
population; lives with disabilities other than AD are included.
Gene frequencies in the whole population at older ages can also be
estimated, as:

i (ipll L ipl2 , ipl3
Peo ('Pso,r +Pg5, + 'Pso,r)

v=5 _j (jpll i pl2 i p13
Y (JPso,z +/Pg, ""Péo,:)

(15)

but these are not so relevant for insurance applications.
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FIGURE 10; Occupancy probabilities for females, healthy at age 60, high relative risks (m =1).

Genotype ed/ed

Genotype e3/ed

Genotype e3/e3

Genotype e2/ed

Probabillty

00 0.1 02 03 04 05 06 07 08 09 1.0

Occupency Probabllity
00 01 02 03 04 05 06 07 08 09 10

Ocrupeancy Probabitity
00 0.1 02 03 04 05 08 07 08 06 1.0

Occupancy Probability
00 01 02 03 04 05 08 07 08 08 1.0

B0 65 70 75 80 85 90
Age {yoars)

Genotype e2/e2 & e2/e3

60 65 70 75 B0 85 90
Age (years)

Aggregated Genotypes

Aggregate Model

Probabaity

Occupancy
00 0.1 02 0.3 04 05 08 07 0.8 08 10

e

Occupancy Probabiity
00 0% 02 03 04 05 08 07 08 09 10

Occupancy Probabedty

00 0102 03 04 05 06 07 08 09 10

60 65 70 7S 80 85 80
Age (years)

60 85 70 75 80 85 80
Age {yoars)

60 85 70 75 80 85 00
Aga (years)

Stata 1 - Hoafthy
Slata 2 - Oneat of AD
Siata 3 - Inat'd trom AD
Stale 4 - Doad

FIGURE 11: Occupancy probabilities for females, healthy at age 60, low relative risks (m = 0.25).
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FIGURE 12: Prevalence rate of Alzheimer's disease for females healthy at age 60. high relative risks (m = 1).
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TABLE 9

FREQUENCIES OF APOE GENOTYPES AMONG LIVES FREE OF ALZHEIMER'S DISEASE AT AGES 65, 70 AND 75,
ESTIMATED BY SOLVING THE KOLMOGOROV EQUATIONS FORWARD FROM AGE 60

Proportion Gene Frequencies in AD-free population

Gender of”;ekI:J::'e Age ed/ed €3/ed €3/e3 €2/e4 EZZ 3&
M&F 1.00 65 0.0168 0.2103 0.6114 0.0258 0.1357
70 0.0151 0.2055 0.6168 0.0251 0.1374

75 0.0133 0.1978 0.6246 0.0241 0.1403

0.50 65 0.0174 0.2115 0.6100 0.0259 0.1353

70 0.0164 0.2090 0.6128 0.0255 0.1362

75 0.0154 0.2050 0.6170 0.0250 0.1377

0.25 65 0.0177 0.2121 0.6092 0.0259 0.1351

70 0.0172 0.2109 0.6106 0.0258 0.1355

75 0.0166 0.2088 0.6128 0.0255 0.1363

F 1.00 65 0.0171 0.2097 0.6116 0.0257 0.1358
70 0.0159 0.2041 0.6176 0.0247 0.1377

75 0.0145 0.1951 0.6263 0.0232 0.1409

0.50 65 0.0175 0.2112 0.6101 0.0258 0.1354

70 0.0168 0.2081 0.6133 0.0253 0.1364

75 0.0160 0.2033 0.6181 0.0245 0.1381

0.25 65 0.0177 0.2119 0.6093 0.0259 0.1351

70 0.0174 0.2104 0.6110 0.0256 0.1357

75 0.0169 0.2078 0.6135 0.0252 0.1365

M 1.00 65 0.0169 0.2120 0.6094 0.0260 0.1357
70 0.0153 0.2110 0.6105 0.0258 0.1373

75 0.0138 0.2097 0.6105 0.0257 0.1403

0.50 65 0.0175 0.2125 0.6088 0.0260 0.1352

70 0.0168 0.2120 0.6094 0.0259 0.1359

75 0.0160 0.2115 0.6094 0.0258 0.1372

0.25 65 0.0177 0.2126 0.6086 0.0260 0.1350

70 0.0174 0.2124 0.6089 0.0259 0.1354

75 0.0170 0.2122 0.6089 0.0259 0.1360
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7. CONCLUSIONS

7.1. The Model

We have specified and calibrated a simple continuous-time Markov model of

AD allowing for the variability of the ApoE gene, suitable for use in

insurance and other applications, which will be the subject of further studies

(for example, Macdonald & Pritchard (1999)). Much uncertainty remains:

(a) No single study yet exists that would allow all the intensities in the model
to be estimated simultaneously. The estimation is based on a number of
different studies, some quite small, of different populations, with
different research protocols and methods of analysis, and very likely
different definitions of ‘onset of AD’ and ‘instititutionalisation’.

(b) The relative risks of the ApoE genotypes are based on case-based
studies, not prospective population studies, and the risks associated with
the ¢4 allele are almost certain to be iower than those estimated to date.
We have been unable to do more than to show what effect this
might have.

Nevertheless, certain features of our model ought to be robust. Whatever
reduction in relative risks we have used, we have adjusted the genotype-
specific incidence rates of AD so that the aggregated (population) incidence
rates are close to those actually observed. The latter is one of the few
reasonably reliable benchmarks available. Further, our model produces
prevalence rates of AD that fall within the range of those observed in many
studies.

As well as the intensities, we have estimated the ApoE gene frequencies at
ages up to 75, in respect of lives unaffected by AD at these ages. These are
needed in (for example) insurance applications.

7.2. Discussion

(a) The model specification is dictated entirely by the events studied in the
medical and epidemiological literature, and not by the events that might
be of interest in any particular application. If it is the case that actuarial
models might, in future, need to incorporate more medical detail, it
would be very useful to try to collaborate with medical and other
researchers.

(b) The published conclusions of medical papers are usually in the form of
summary statistics (means, medians, odds ratios and confidence
intervals) and if age-related outcomes are shown they are usually in
the form of graphs. These are not ideal for actuarial use. AD is a major
condition, much studied, but we have had to make some crude
assumptions in order to calibrate the model from published data only.
There must be many medical data sets that could furnish age-related



104 ANGUS MACDONALD AND DELME PRITCHARD

estimates of incidence rates, if only they could be re-analysed. Again,
closer collaboration between actuaries and other researchers would be
valuable.

(c) Another common type of medical statistic i1s prevalence rates. The
difference between prevalence rates and incidence rates is exactly the
difference between the Manchester Unity approach to modelling
Permanent Health Insurance, and the multiple-state model approach.
Prevalence rates are often easier to estimate, as they can be based on
census-type surveys, but it would be helpful if the greater versatility of
incidence rates (transition intensities) was more widely appreciated.

(d) As a consequence of fitting the intensities using published summary
statistics, it is impossible to estimate even crude confidence intervals for
them. In any application, therefore, sensitivity analysis is especially
important.

(e) Several epidemiological authors have suggested the use of individual
patient data rather than summary or published data, partly to avoid
publication bias in meta-analyses. Useful references are Piantadosi
(1997), Green, Benedetti & Crowley (1997) and Friedman, Furberg &
DeMets (1998).

(f) It is now about six years since the role of the ApoE gene in AD was
confirmed. Since then, the gene has been intensively studied, to the point
that meta-analyses including thousands of lives have been published.
Even so, little is known about population risk, and data are very scarce
in places, so that:

(1) we have had to reduce relative risks rather arbitrarily to allow for the
selectiveness of case-based studies; and

(2) the relative risks for males are suspect, with the £2 allele conferring
such strong protection that carriers of the €4 allele are not necessarily
at higher risk overall.

If this is typical, it seems likely that the time between the identification of

a gene disorder, and the assessment of its impact on insurance, will be of

the order of ten years.

(g) Despite the fact that AD is a much-studied condition, many studies
reach conflicting conclusions. When setting up an actuarial model, it is
necessary to consider the body of medical research in its entirety (hence
the large number of references). Inevitably, some studies must be chosen
as the basis of the model, but to confine one’s attention only to these
risks overlooking important features or sources of variation, and could
impair the credibility of the results in the eyes of medical experts.

(h) ApoE is a relatively simple gene to consider, since it has only three
relevant alleles, hence six genotypes. Other genes are more complex; for
example, the BRCAI gene (predisposing to breast and ovarian cancer)
has several hundred known mutations, some of which have only been
observed in a single family.

(1) We cannot stress too strongly the speed at which human genetics is
developing. This work started in late 1997, and since then the volume of
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papers on AD and the ApoE gene has increased greatly, as the references
show. It is very likely that assessments of the impact of specific genetic
tests on insurance will have to be revisited quite frequently, if they are to
remain credible.

Points (a) to (c) above suggest ways in which medical data might be made
more useful for actuarial models, but there is no a priori reason why medical
studies should be planned with that in mind. However, actuarial models
derived from insurance practice, capable of dealing with fairly general
payments while in different states or on transition between different states,
could make a useful contribution to health economics, and it would be
helpful to pursue collaborations from that point of view.
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ON MULTIVARIATE VERNIC RECURSIONS

By
BlorRN SUNDT

University of Bergen

ABSTRACT

In the present paper we extend a recursive algorithm developed by Vernic
(1999) for compound distributions with bivariate counting distribution and
univariate severity distributions to more general multivariate counting
distributions.

1. INTRODUCTION

1A. Panjer (1981) described a procedure for recursive evaluation of a
compound distribution when the counting distribution belongs to a certain
class. Vernic (1999) developed a bivariate version of this recursion, assuming
that the counting distribution is bivariate and the severity distributions
univariate. In the present paper we discuss a generalisation of the result of
Vernic to a situation with an m-variate counting distribution and a
univariate severity distribution.

The recursions of Panjer and Vernic are briefly recapitulated in Sections 2
and 3 respectively, and the multivariate extension is introduced in Section 4.
In Section 5 we look at some examples, and, finally, in Section 6 we briefly
indicate some possible extensions of the theory.

I B. In the recursions that we study in the present paper, the distributions are
expressed through their probability functions. For simplicity we shall
therefore normally mean the probability function when referring to a
distribution.

We make the convention that a summation over an empty set is equal to
zero and multiplication over an empty set is equal to one.

2. THE RECURSION OF PANJER

In the univariate case, a compound distribution is the distribution of the sum
of independent and identically distributed random variables where the
number of terms is itself a random variable assumed to be independent of
the terms. We shall assume that the terms are distributed on the positive
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integers. Let p be the distribution of the number of terms (the counting
distribution), / the distribution of the terms (the severity distribution), and g
the compound distribution. Then g = >"7°  p(n)/™. As f'is confined to the
positive integers, we must have /"*(x) = 0 for all integers » > x, and thus

=S Py /) (x=0,1,2,.0)
n=0

in particular we have g(0) = p(0).
If p satisfies the recursion

p(n) = (a—}—-’b;)p(n 1), (n=1,2,..)

then

g(x) = Z(a+b )](y) (x=y). (x=1,2,..)

y=1

This recursion was described by Panjer (1981).

3. THE RECURSION OF VERNIC

When extending the concept of compound distributions to the multivariate
case, one can go in two directions:

1. Let the severities be independent and identically distributed random
vectors.

2. Let the counting distribution be multivariate and the severities one-
dimensional; we consider the distribution of, say, m random variables
with compound distributions whose counting variables are dependent
whereas the severities are mutually independent and independent of
the counting variables.

The two approaches can be combined by letting the severities in Case 2 be
random vectors.

For Case 1 recursions have been studied by Ambagaspitiya (1999) and
Sundt (1999); for Case 2 by Hesselager (1996) and Vernic (1999) in the
bivariate case.

In Case 2 the compound distribution is given by

m

g= Z Z pny, ... hy Hf,-”'*. (1)

nm = ny, =0 i=1
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When assuming that the severity distributions are restricted to the positive
integers, like in the univariate case, we obtain that the infinite summations
become finite when we insert an argument in g:

Xy m

g(xr, oy Xm) Z Zp Ay, .. Ay H,"'*(x,-); (X1, xm=0,1,2,...)
=1

m=0 n,=0

in particular we have g(0,...,0) = p(0,...,0).
Let us turn to the bivariate case. Vernic (1999) assumed that

plm,na) = ia(n,m)p(ny — 1,ny — 1) + b1 (ny, m)p(ny — 1,n3)
+a(my, ma)p(m,ny — 1) 2)

when at least one of #; and n, are positive, with

ao+ﬂ+2+£ (m,m=1,2,..)
Yia(n,m) = nmoony mm
0 (otherwise)
( b
/)0+—l (n,m=1,2,..)
nj
= d
i (m,m) dy -I-ﬁ (m=1,2,..; 1,=0)
\0 (n|=0; n2=l,2,...)
co—+-2 (m,m=1,2,..)
n
1,[)2(”1,’72) = 9 [y +§1—2 (nl :0, ny = 1,2,)
2
0 (m=12,..;m=0)
and showed that then
X) X2
g(x1,x2) = > _ Y i,y xn, x)fi(nVa(n)g(x -y, x2 = y)+
vi=1 yp=1

an i xnx)fi(ygl =y x2)+

Yi=

thz y2;xn, x2)2(v2)g(x1, x2 — y2) (3)

yo=l
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when at least one of x| and x, are positive, with

% 'y
do+ a2+ a2 4 ap T2 i=1,x;
X X2 X1X2
bia(y1,y2; 1, X2) = Xi=1,2.0=1,2)
0 (otherwise)

( Vi .
by +b|'—\‘— i=1xi;xi=1,2,..; 0= 1,2)
X

Pr(vi; X, x2) = dy + d| ) m=1.,x;x1=012.;x= 0)
X

0 (otherwise)

\

co—l—czz_g i=1, x5 =12,..i=1,2)

X2
P2(¥2; X1, X2) = €o +e2£ m=1.,x;x=0x=12.)
X2
L 0. (otherwise)

Some special cases are studied by Hesselager (1996).

We see that already in the bivariate case the formulae and notation start
getting rather messy, and unfortunately it will get even worse when
extending the theory to a more general multivariate case. We shall therefore
abstain from writing out a general theory in full and rather give a rough
outline of what can be done.

4. GENERAL RESULTS

4A. When considering extension of the Vernic recursions from the bivariate
case to the m-variate case, it will be convenient to use some vector notation,
We shall denote an m x | column vector by a bold-face letter and its elements
by the corresponding italic with the number of the element as subscript;
subscript - denotes the sum of the elements, e.g. x = (.\',,...,x,,,)' and
X. = Z:’;, Y. By y <x we shall mean that y; <x; for i=1,...,m, and
by y < x that y < x with y # x. By e;,_;, we shall mean the vector whose
i,th element is equal to one for j = 1,..., 4, and all other elements are equal
to zero. We also introduce the vector 0 where all elements are equal to zero.

It is tacitly assumed that all vectors introduced have integer-valued
elements.

4B. Let N be an m x | vector of non-negative integer-valued random
variables. We introduce positive, integer-valued random variables Y; (i = 1,
oy j=1,2,..), assumed lo be independent of N and mutually
independent, and for fixed / identically distributed with common distribution
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fi. Let p denote the dlstrlbutlon of N. We introduce the random vector
X =(X1,...,Xn) with X; = Z Y,j for i = 1,...,m. Then the distribution of
X is the compound distribution g given by (])

4C. When trying to extend (2) and (3) to an m-variate situation, it is natural
to look for pairs of functions (¢, _,, i,..i,) such that

Z Z Vi ‘h( ) ( _ei|...i,,) (l’l>0) (4)

=1 < <...<ip<m
m hoox
g(X):Z Z Zzwi,...m(}’l,---;}’h; X)X
h=1 1<i<..<ip<m s=1 ye=1
i
I
g(x =2 vie) [160). (x>0) (5)
Jj=1

Like in the Vernic recursion, we would normally have that for
ie{l,...m}~ {ii..in} i i, (n) and @; ;. (y1,...,yn;x) depend on n; and
x; respectively only to the extent of whether they are equal to zero or not.

The following lemma describes the relation we need between a 1) and the
corresponding .

Lemma 1. If for different integers iy, ..., iy € {1,...,m}

ﬂ(Z —)} %(n) (6)

r=

E [@( yi117-~-: inls X)

Sor all x,m > 0 such that [], f"*(x;) > 0, then

Z w(n)p(n - eil---il.) Hﬁ""*(,\’,‘) =
=1

n=>o

Yig h

Z > o,y X)g(x - Zjh:, vie; 11/4,00)- (x> 0)

s=1 yy=1 J=1
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Proof. We extend the set {i}, ..., i} to a permutation {ij, ..., i} of {1,...,m}.
For all x > 0 we have

m

Y vmp(n—eq) [/ (x) =
i=1

n>o0
Z[J — €. ,, (p(Y,-Il,..., ’h]7x ﬂ(ZY'J )] Hf,”*(\l)_
n>o r= i=1
X

S pn—eini) S0 S 0ty i %)
n->o s=1 y;=1

Hf G (x, - > TT 75 (x) =

J=h+1

X h
D> o X) (Hﬁ, ()’j)) X
s=1 y=1 j=
S pn—ei, H/ ") (x, - )) T /() =
n:-o J=h+1

h X

I/}
DI X)g(x - Zjl;l i eg—) 1150
J=1

s=1 ye=I

Q.E.D.
In the univariate case Lemma | is closely related to Theorem 2 in Sundt &
Jewell (1981).

It is clear that if the pairs (¢, 91), ..., (pw, ¥y) satisfy the conditions of
Lemma 1, then (Zv_ ColPus ooy cvw,,) also satisfies the conditions of
Lemma 1 for all constants ¢, ..., ¢,

As the severities are positive, X; =0 if and only if N; = 0. This implies
that if the pairs (¢1,%) and (y32,%,) satisfy the conditions of Lemma 1, then
these conditions are also satisfied by the pair (¢, %) given by

OW1s oo Yy X) = {‘p'(y" oy X)) (i =1,2,0)
Vi ooy Vis 902(})17“-,}//,; X) (xi=0)
_[i(n) (m=1,2,.)
wln) = {¢2(n). (n; = 0)

We have already seen one application of such a construction in the Vernic
recursion, where the coefficients were allowed to depend on whether some of
the variables were equal to zero.

We are now ready to prove our main theorem.



ON MULTIVARIATE VERNIC RECURSIONS 117

Theorem 1. If there exist pairs of function (Vi i, pi,.i,) such that (4) holds
and each pair satisfies (6) for all x,n > 0 such that T[iL, f7"*(x;) > 0, then (5)
holds.

Proof. From Lemma | we obtain that for all x > 0

"

= p(n) Hf (i) =
n>o0

Z Z Z Vi (n)p(0 — €, i) Hfi"’*(xi) =
i=1

Nn>0 h=1 1<i)<...<ip<m

m m

Z Z Z Yi, i (m)p(n —e; ;) Hﬁ"'*(—\‘i) =
i=1

h=1 1< <...<ip<m NI>0

m h Xy

] h
Z Z z Z Pioty (yl, ey Vi x)g(x - Zj;l yjel}> Hﬁ,(yj)
J=1

h=1 1<i)<...<ipy<m s=1 ys=1

Q.E.D.
Our next theorem shows a way to construct additional recursions for g if
there are more than one set of recursions that satisfy the conditions of
Theorem 1.

Theorem 2. If for v = 1,...,w (5) is satisfied with
Giyoiy = (’p'(‘lu-?-ih’ (I1<ih< ... <ip€<mh=1,..,m)
then (5) is satisfied with

Diroiy (V1 e Yy X) = Z (X )cpfl),,,(vh- S Y)s X),

v=1

i=1,x;j=1L.,51<i< .. <ig<mh=1,...m x>0)
where the weight functions ¢, are chosen such that Y_"_ ¢, (x) =1 for all
x>0

Proof. By assumption we have

m h X h

Z > ZZ%. ah oy X)g ( —Zjl.':,)'jei,) Hfij(yf'),

=l 1<y <. <ip€m s=1 y;= j=!

(x>0, v=1,..,w)

and the theorem follows by multiplication by ¢,(x) and summation over v.
Q.E.D.
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In Section 5 we shall consider an application of Theorem 2.
The condition (6) in Lemma 1 is satisfied by the pairs

q
; 1
‘P(J’la---a)’h; X)= I I-_y-;l_’ w(n)'—_q—‘ ((]:0,17...,/1)
=1 Vi I1

=11,

and consequently by

h q
1y X)=a+y Y by, Hiﬁ (M-

g=1 1<51<...<5,<h Jj=1""1

bi i

h
Py =a+d Y e (3)

B H;
g=1 1<s1 <<, <h L=17y

Like in the Vernic recursion the coefficients could depend on whether
x; = n; = 0 for some /’s; in particular this should be done to avoid division
by zero. To give a general expression for (5) based on these functions would
be notationally rather messy, and we shall therefore abstain from that and
rather suggest that one develops the formulae in special cases.

In the univariate case, (7) and (8) reduce to

b
SO(}I;,\'):(I-’-/?%; ’l,b(n):a—{—;

From Theorem 3 in Sundt & Jewell (1981) follows that these are the only
(1,¢)’s for which (6) is satisfied for every possible choice of severity
distribution. The present author believes that also in the multivariate case (7)
and (8) give the only (¢, ©)’s that satisfy the condition (6) of Lemma | for
every possible choice of severity distributions.

5. EXAMPLES

5A. The following model is discussed by Hesselager (1996) in the bivariate
case. We assume that the distribution p. of N. satisfies the Panjer recursion

p.(n) = <a+§)p.(n. ~1), (n=1,2.)

and that the conditional distribution of N given that N. = n. is the
multinominal distribution
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We have ¢ = g}* with

Jwi (y=e5i=1,2,..)
nly) = { 0. (otherwise) )

%

Hence p is the compound distribution p = 5>, p.(n.)¢|* with univariate
counting distribution p. and multivariate severity distribution g;. Such
compound distributions are discussed by Sundt (1999). From this Theorem 1
follows that for =1, ...,m and n > 0 we have the recursion

"/:P(n) = Z (a”h + bLl/,)(/I (u)p(n - ll),

o<u<n

and insertion of (9) gives

m
mp(n) = bwyp(n — e,) + any Z wip(n —e;) .
i=1
When n > e, we can divide by ny;,, and we then obtain

m

p(n —e) +a z wip(n —e;) =
i=1

b
<a + H) wpp(n —ey) +a Z wip(n — ?f) :

i#h

p(n) =b— "

Hence

™

g(x) = b———thf/, y)g(x — yren) + (IZ Wi Z'/' (yi)g(x —yei) =

yi=l
X
Wy (a + b* >fh(v/.)g(x — ynen) +a Yy wi Zf vi)g(x — yie;) . (10)
=1

i#h yi=l

Formula (10) gives m recursions for g. We shall now combine these
recursions by using Theorem 2. Multiplying (10) by x;/x. and summing over
those values of i where x;, > 0, gives

m

g(x) = Z Wh Z (a +b— )/;, (n)g(x — vnen) . (x> 0) (1

h=1 =

Compared to (10), this recursion has the advantage that it holds for all
x > 0. On the other hand, as it involves more algebraic operations, it would
presumably be more time-consuming.
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As a special case of (11) we obtain
b nt
p(n) = (a +n—) Z wpp(n—e;) . (n>0)
oh=1

This recursion was also given by Sundt (1999).

5B. Teicher (1954) discusses a class of multivariate Poisson distributions that
satisfy the recursion

P(n) = L <Cl)(n - em) + ,Z_ Z di|...i/,p(n - ei|...i,,m)> . (I’l > em)

Mm h=1 1<i<...<i<m=—1

as well as analogous recursions where we divide by s instead of n,;
k=1, .., m—1. In the bivariate case the corresponding compound
distributions are discussed by Hesselager (1996) and Vernic (1999).

6. EXTENSIONS
6A. In the univariate case Sundt (1992) gave the following extension to
Panjer’s (1981) recursion.
Theorem 3. [f p satisfies the recursion

k

p(n) = Z (a,— +%>p(ﬂ -0, (r=12,.)

i=l

then

An analogous extension of the theory in Section 4 would mean to allow the
recursion for p to go k steps back. In that connection we would need the
following extension of Lemma 1.

Lemma 2. If for different integers iy, ..., iy € {1,...,m} and positive integers
ki, ...,k

Ky ky
EI}O(Z Y,'Ij,..., ZY,‘,J; X)
J=1 J=1

I ny;
N (z v, - )] —um)  (12)
r=1

Jj=I
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Jor all x,n > 0 such that T[i~, /1" (x;) > 0, then
h m
> " w(n)p (n =D kjei,-) [LA ) =
n>o i=1
h Ny h

ZZgo(yl,...,y/,; x)g(x - Zj‘]:l}fiei) H/!;j*(yj) . (x>0)

s=1 ye=1 j=I

Theorem 1 can be extended analogously.
The condition (12) in Lemma 2 is in particular satisfied for

q
Y !
O, e iy X) = ﬂ | i Yn)==——. (¢=0,1,..,h)
=1 KN, Hjl=| n;

6B. Analogous to the extensions by Ambagaspitiya (1999) and Sundt (1999)
of Panjer’s recursion to Case 1 of Section 3, we could extend the results of
the present paper to the case where the severity distributions are
multivariate.

6C. In the present paper we have concentrated on recursions for multivariate
distributions. In practice one will often approximate distributions by
functions that are not necessarily distributions themselves, and thus it can
be of interest to have recursions for more general functions. In the univariate
case some recursions originally developed for distributions have been
extended to more general functions by Dhaene & Sundt (1998) and Sundt,
Dhaene & De Pril (1998); Dhaene, Willmot & Sundt (1999) discuss
recursions for some classes of functions related to distributions, in particular
cumulative distribution functions. Some multivariate extensions have been
given in Sundt (1998). Analogously, the recursions of the present paper
could be extended to more general functions. However, as the conditional
expectation in (6) does not make sense if we leave the realm of distributions,
we have to reformulate that formula. We rewrite it as

h X I m

DD P s X) (Hﬁ; O™ v, yy)) [T /7 (x) =
s=1 ye=1 J=1 J=h+1

wn) [/ (x) -

i=1

This is the relation that we need between 1 and ¢ in the general case, and as
this is the relation applied in the proof of the lemma, the proof still holds in
the general case. Analogous for Lemma 2.
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LONG-TERM RETURNS IN STOCHASTIC INTEREST RATE MODELS:
APPLICATIONS

By
GRISELDA DEELSTRA

ENSAE, CREST and VUB

ABSTRACT

We extend the Cox-Ingersoll-Ross (1985) model of the short interest rate by
assuming a stochastic reversion level, which better reflects the time
dependence caused by the cyclical nature of the economy or by expectations
concerning the future impact of monetary policies. In this framework, we
have studied the convergence of the long-term return by using the theory of
generalised Bessel-square processes. We emphasize the applications of the
convergence results. A limit theorem proves evidence of the use of a
Brownian motion with drift instead of the integral f(; r,du. For practice,
however, this approximation turns out to be only appropriate when there are
no explicit formulae and calculations are very time-consuming.

KEYWORDS

Interest rates; Cox-Ingersoll-Ross model; Stochastic reversion level; Gen-
eralised Bessel-square processes; Convergence; Bond prices; Life insurance.

1. INTRODUCTION

In this paper, which has been presented at the Sth AFIR International
Colloguium, we concentrate on the convergence of the long-term return
1! f(; r.du, using a very general two-factor model, which is an extension of
the Cox-Ingersoll-Ross (1985) model. Cox, Ingersoll & Ross (1985) express
the short interest rate dynamics as

dr, = k(y —r)dt + o\/r.dB,

with (B;),», @ Brownian motion and &, v and o positive constants. This
model has some realistic properties. First, negative interest rates are
precluded. Second, the absolute variance of the interest rate increases when
the interest rate itself increases. Third, the interest rates are elastically pulled

ASTIN BULLETIN, Vol. 30, No. I, 2000, pp. 123-140
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to the long-term value <, where x determines the speed of adjustment.
Empirical studies like Chan, Karolyi, Longstaff & Sanders (1992) or Brown
& Schaefer (1994), however, have shown that there is only weak evidence for
the existence of a constant long run level of reversion.

We stress the long-term reversion level and the long-term interest rates
since they are important in several issues in finance and insurance. For
instance, for pricing an option to exchange a long bond for a short bond; or
for mortgage pricing where the long rate determines when homeowners
refinance their mortgages. In insurance, whole-life insurances are long-term
products and the long-term interest rates play a dominant role.

We therefore follow the idea of Brennan & Schwartz (1982), who
introduced a two-factor model by using short-term interest rates and consol
rates (see Hogan (1993) for comments on this model).

In this paper, we assume that the short interest rate X is governed by the
stochastic differential equation

dXs = (Z,BXV + 6_;)({5 + VN X\dBY

with the drift rate parameter § <0, v a constant and § a non-negative
predictable stochastic process such that f(; Sudu < oo a.e. forall t € R™. This
stochastic differential equation has a unique (non-negative) strong solution.

It should be noted that the stochastic process (&;),., determines a
reversion level. If it is chosen to be a constant and if v = 2, the process
(Xs),o is a Bessel-square process with drift, a process which is studied in
great detail by for example Pitman & Yor (1982) and Revuz & Yor (1991).
As the model is a generalisation of Bessel-square processes with drift, it is
fearly easy to treat.

In Section 2, we concentrate on the convergence almost everywhere of the

long-term return ¢! j(; rodu. We are interested in this limit as
1/t . .

(exp( [y rudu)) /" is the average of the accumulating factor (also called

return) which can be useful in the determination of models of participation
in the benefit or of saving products with a guarenteed minimum return.
Using the results of Deelstra & Delbaen (1995a), we found that in most

S [
existing interest rate models, (exp(f(; r,,a’u)) I converges almost everywhere

to a constant independent of the current market, as the observing period
tends to infinity. We then say that the model has the “strong convergence
property” (SCP), whereas we refer to models with the “weak convergence
property” when the returns converge to a constant, that will generally
depend upon the current economic environment and that may change in a
stochastic fashion over time. This terminology appeared in a preliminary
version entitled “Do interest rates converge” (1986) of Dybvig, Ingersoll &
Ross (1996).
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Dybvig, Ingersoll & Ross (1996) proved that the assumption of no-
arbitrage implies that the long forward rate and the asymptotic zero-coupon
rate never fall and moreover, they show that nearly all models have the
surprising implication that long run forward rates and zero coupon rates
converge to a constant, which is independent of the current state of the
economy. El Karoui, Frachot & Geman (1998) discuss the theoretical and
practical consequences of this observation for existing models. They also
focus on some issues encountered in empirical work which can be related to
the behavior of the long-term yield structure of interest rates.

As noted by El Karoui, Frachot & Geman (1998) and Pearson & Sun
(1994), parameter estimates are generally very unstable over time and this
fact can be interpreted as an indicator of misspecification: the parameters
have to capture the remaining uncertainty due to the stochastic long-term
rates. As illustrated by Pearson & Sun (1994) and Chen & Scott (1992), the
estimation of multi-factor versions with no stochastic long-term reversion
level, show low mean-reversion for one of the state variables. El Karout,
Frachot & Geman (1998) argue that this low mean-reversion reflects the fact
that the long-term yield is not constant over time.

Using the almost everywhere convergence theorem of Deelstra &
Delbaen (1995a), we show that it is possible to build a model with the
WCP in which the long-term return converges almost surely to a reversion
level which is random itself. As an example we adapt the model of Tice &
Webber (1997).

In Deelstra & Delbaen (1995b), we found conditions necessary to prove the
convergence in law of a sequence of transformations of the long-term return
to a Brownian motion. In Section 3, we propose a generalised theorem with
measure-invariant hypotheses and we recall the idea of approximating
f(; r.du for ¢ large enough. If the objective is to approximate the distribution
of the long-term return of an investment made at time 0, it is appropriate to
approximate fo’ r.du by a scaled Brownian motion with drift for 7 going to
infinity. In the past, many authors have proposed Wiener models since in the
long term, the Central Limit Theorems are applicable. In insurance, e.g.
Beekman & Fuelling (1991), Dufresne (1990), Giacotto (1986), Goovaerts et
al. (1994, 1995) and Milevsky (1997) modeled the accumulating factor
exp(f(; r,,du) by the exponential of a Brownian motion with drift for the
derivation of prices of different insurance products like annuities and
perpetuities.

For practical reasons, we are interested in an approximation of fé r.du for
all values of . Therefore we suggest an improved approximation, which is
discussed and evaluated by looking at bond prices. The results show that one
should be very careful by replacing the integral f(; r.du by a Brownian
motion with drift. This approximation should only be used if no exact
formulae are available and the exact computations are very time consuming
like could be the case in the derivation of annuities.
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In Section 4, we turn to the pricing of n-year temporary life assurances,
whole-life assurances and endowment assurances. We calculate the
present value and the variance and skewness of this present value of
the benefit under these contracts by using on one hand the Cox-
Ingersoll-Ross  (1985) model and on the other hand a Brownian
motion with drift which is suggested by the Central Limit Theorem. The
results show that in general, it is inappropriate to use the Brownian
motion with drift instead of the Cox-Ingersoll-Ross (1985) model or its
extensions.

Without further notice we assume that a probability space (£, (Fo<o P)
is given and that the filtration (F,),., satisfies the usual assumptions
with respect to IP, a fixed probability on the sigma-algebra Fo, = V,50F,.
Also B is a continuous process which is a Brownian motion with respect
0 (F1)o<,

2. FACTOR MODELS WITH SCP aND WCP

In this section, we show by using a theorem obtained in Deelstra & Delbaen
(1995a) that it is easy to verify that existing generalisations of the
Cox-Ingersoll-Ross model have the strong convergence property, which
means that the long-term return converges to a constant, which is
independent of the earlier shape of the term structure and of the current
state of the economic environment. By looking at anologous convergence
theorems in e.g. a Gaussian setting, we could as a matter of fact prove that
most existing interest rate models have the SCP, but this will not be done
within this paper.

Afterwards, we use the model of Tice and Webber (1997) to show that
multifactor models do not necessarily imply that the strong convergence
property holds.

It should be noted that the almost everywhere convergence limit of
17! f rydu is interesting to study since economists and actuaries work with
the multlphcatlve accumulating factor (return) over ¢ years, namely
exp(j0 rua’u) The average return in one year, where the average is taken

over  years, is denoted by (exp(f; r,,du))]/l. If the observing period goes to

infinity, it converges to the exponent’ of the almost everywhere limit of
! fol rudu.

We recall from Deelstra & Delbaen (1995a) that if X is defined by
= (28X, + b5)ds + v/ X;dB;
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with (B;).,, a Brownian motion, <0, v a constant_and 6 a positive,
predictable stochastic process such that s" Jo Sudu L% 8 with §: Q — R,
then the following convergence almost everywhere holds:

/ X, du ﬂ»_—

It is easy to show that for r, = 0?X,/4, v=2, B = —k/2 and §, = 4k, /0>,
we oblain a generalised two-factor Cox-Ingersoll-Ross (1985) model

dr, = &(y, — r)dt + o\/r,dB,

with (75),50 @ positive stochastic reversion level process. To ensure that the
interest rate process (r;), remains a.s. strictly positive, we should add some
hypotheses. Comparlson theorems for Bessel-square processes with stochas-
tic reversion level (see Deelstra (1995)) can be used to obtain some. Indeed, if
X and X@ are two Bessel-square processes with respectively stochastic
reversion level §), 6@ and issued from x(V, x@ with x@ > x() and
6@ > 6D as. for all r € R™, then

P[sz) > ¥ for ali 120] = 1.

Now, it is well known that if X(" is a Bessel-square process with constant
dimension 8! > 2, then X( ) > 0 a.s. Therefore, hypotheses like 4&7,/02 >2
a.s. for all r € R*, imply the strict pOS|t1v1ty of (r,), a.s. Remark that this is
the generalisation of the constraint in case of the Cox- -Ingersoll-Ross model.

In this paper, we further choose the process ('ys)S>0 such that 17! f Yydls
converges almost everywhere to a random variable v* = 02§/4x : @ — R™.
The central tendency process (7;),-, may be dependent or independent of the
short interest rate process. -

We stress this fact since if the reversion level process (7s);so
is independent of the short-term interest rates it is possible to derive
(quasi-)explicit formulae for bond prices by using scaling properties of
Bessel-square processes. This approach has been used in the papers by e.g.
Maghsoodi (1996), Delbaen & Shirakawa (1996) and Deelstra (2000), who
consider time-dependent but deterministic (vy),5o. However if the reversion
level process (7;).>p 1S dependent on the short interest rate process, no such
formulae can be obtained.

As an example, let us describe the stochastic reversion level process (7s) 50
by a Cox-Ingersoll-Ross (1985) square root process

or by a Courtadon (1982) process
dy, = k(v —v)dt + 6vdB, with &° <2k
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with (B;),», @ Brownian motion and with &, 4* and & positive constants. The
Brownian motion (B,),,, may be correlated with the Brownian motion
(Bs),>o of the short rate process and this correlation may be in a random
way. As mentioned above, we do not need the technical assumption of fixed
correlation or independence between the two factors of the model: for
example, as in Brennan & Schwartz (1982).

The two proposed reversion level processes are from the same family. They
both remain positive for &,~* > 0, a property which is necessary if one wants
to work with nominal interest rates. For &,v* > 0, these processes are mean-
reverting to the long-term constant value «*, where & represents the speed of
adjustment. The volatility increases in both cases with the reversion level.

For this class of stochagteic reversion levels, (7! f(; yeds 25 47 and since
b = drry,/o?, 17" [ 6,ds — 4kvs/o*. By the theorem mentioned above
(see Deelstra & Delbaen (1995a)), the long-term return is shown to converge

almost everywhere to a constant:

1 ! ! ’0'2 ae.
71) I'A-dSZ'I—/O ZX:[I’S‘—”)’ .

We conclude that the long-term return in these two-factors model of short
interest rates satisfies the strong convergence property. The average
accumulating factor, where the average is taken over a period ¢, is found
to converge almost everywhere to a constant as the period r tends to infinity,
and this constant is independent of the current state of the economy:

. 1/1
<ef0 r.,(/u) a.e. eA,'.

As another example, we treat the two-factor model proposed by Cox,
Ingersoll & Ross (1985). They assumed a stochastic reversion level process
depending on Y, the state variable which describes the change in the
production opportunities, namely

dry = k(v —r,)dt + o\/rdB,
dy, = R(Y, — ~y,)dt

dy, = _§<_TC _ Y,)dt + 5\ Y,dB,

with k, £, g, ( and & strictly positive constants. We assume that £ is a strictly
negative constant. We here only theoretically show that this model also has
the SCP for the long-term return: since /™! fo' Yods 25 — (/€, we have that
(! f(; Yolls 24 (/€ and by the same reasoning as above, we obtain

l ! ae. —
—/ reds — —C
tJo £
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As a consequence of the convergence of the long-term return to a constant,
we can conclude that the long-term yield limr_ Y(z,7) is uniformly
bounded above as by Jensen’s inequality (see also Yao (1998))

Y(1,T) = E[exp<-T‘TI / Tr,,duﬂ < exp (% / TlE[r,,]du) .

It is not surprising that the previous examples satisfy the SCP since in each
model, the reversion level process itself is elastically pulled to a constant
independent of the economic state. We recall that the convergence theorem
from Deelstra & Delbaen (1995a) has no such strong hypothesis; on the
contrary, the assumptions are very general. For example, the reversion level
process does not have to be continuous. The convergence theorem only
assumes a positive, predictable reversion (6,,)u>0 such that s~! j Sudu 25 6,
where 6§ may be a random variable. Models in which this é really is a random
variable, would imply that the long-term return converges to a random
variable which will generally depend on the economic environment.

As an example, let us look at the general dynamic mean interest rate
model in Tice & Webber (1997)

dr = a(y = r)dt + o,dz,
dy = b(py(1,r,Y) = y)dl + 0,dz,
dY = c(py(t,r,v,Y) — Y)dt + oydzy

where z,, z, and zy denote Brownian motions, r is the short rate and ~ the
level to which the short rates revert. Y is assumed to be a vector process
summarizing the remainder of the dynamics in the model. Tice & Webber
(1997) have interpreted this model within the IS-LLM framework, which is a
standard model in macroeconomics (see e.g. Hicks (1937)). As a particular
case, Tice & Webber (1997) study a three factor model with the third factor
related to the availability of transactions credit within the economy. To
simplify the notations, Tice & Webber (1997) restrict themselves to o,, o,
and oy being constant but it is possible to consider e.g. g, = g+/r.

In that case, it is clear that we are dealing with an extension of the Cox-
Ingersoll-Ross model with a stochastic reversion level. This model has the
weak convergence property if the process is not recurrent.

3. APPROXIMATION OF THE LONG-TERM RETURN AND OF BOND PRICES

In this section, we give a generalised version of the Central Limit Theorem
from Deelstra & Delbaen (1995b). We study the convergence in law since it
is always useful to know how the long-term return is distributed in the limit
so that approxnmatlons can be deduced. We are partlcularly interested in an
approxnmatxon of fo r,du since this term appears in discounting factors,
bond prices, annuities, perpetuities, etc. As a natural candidate appears a
Brownian motion with drift. This process has been used in insurance before
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for modeling the integral fé ro.du, e.g. in Beekman & Fuelling (1991),
Dufresne (1990), Giacotto (1986), Goovaerts et al. (1994, 1995) and
Milevsky (1997). In order to evaluate this approximation, we compare in
the settings of the Cox-Ingersoll-Ross model bond prices calculated by using
the approximating Brownian motion with exact values.

In order to obtain convergence in law, we have to make some more
assumptions about our family of processes:

Theorem: Suppose that a probability space (€2, (F/) o, IP) is given and that a
stochastic process X : @ x Rt — R" is defined by the stochastic differential
equation

dXs = (2:8/\/5 + 6.v)ds + Uy X,dB, Vs € R*

with (By),, a Brownian motion with respect to (F,),»q, v a constant and
B<0. -

Let us make the following assumptions about the adapted and measurable
process § : @ x R* — R™:

o —/ Sudu =55 8 where § is a strictly positive real number;
¢

l f
o Sup,, 7/ 6ﬁdu < oo a.e.;
0
P

o Forallae R™ ! 82du — 0.

I—a ~u

Under these conditions, the following convergence in distribution holds:

—‘8/33 " 611 c
(GEL () e

’Ca

where (B,), denotes a Brownian motion and where '— denotes
convergence in law.

Since the proof of this theorem follows more or less the lines of the result in
Deelstra & Delbaen (1995b), the proof is omitted and we immediately turn
to the applications.

Inspired by this theorem, we estimate fo X.du with X as in the settings of

the theorem by
!
-6,
/ vzéB’
o 20 86

for ¢ large enough In Deelstra & Delbaen (1995b), we used the hypothesis

_lfo S, cdu ———> 5, to approximate fo X.du by the sum of the long-term
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constant —§/243, to which the long-term return a.e. converges, multiplied by
1 and a scaled Brownian motion:

! -5 —v26
/; X,,du by ET-F ?B, (l)

It should be noted that in the case that (4,), is a stochastic process we
replace the stochastic term (—28)~ fo 6,,du by a constant times ¢.

Another drawback of this estimator is that the moments of fo X, du do
not equal those of the estimator, although they are the same asymptotically.
If the period observed is large enough, this is satisfactory. If the objective is
to approximate the distribution of the long-term return of an investment
made at time 0, it seems to be appropriate to approximate f0' X.du by a
scaled Brownian motion with drift since the Central Limit Theorems are
applicable on long-term.

However, one of our objectives is to look at the approximation

! -5 —26
X,du by —t+4/—=8B
/0 Y 28 83

to find estimations of bond prices for all maturities. Therefore, the moments
of fo X, du and of the estimator should be equal for all ¢. A second drawback
of the approximation immediately appears in the bond price, namely

X, du ) 1126
P(O [ IEX0|: f ] exI)(zﬁ Wl) .
It is not realistic that the estimating bond price is independent of the current
short interest rate X,;. Remark that we work with the default-free bond
prices. In the sequel, we omit without notice the adjective “default-free”. We
further assume that there is no market price of risk, since we only want to
compare different approximations theoretically.

In case of the Cox-Ingersoll-Ross (1985) square root process, the
approximating bond price equals:

E,, [e_ fo"“d"] ~ exp('yt <% - 1)) .

This estimating bond price is a decreasing function of the speed of
adjustment parameter x, where in case of the Cox-Ingersoll-Ross (1985)
model, two cases are distinguished: for ry < =, the bond price is a decreasing
function of the parameter «, and for oy > 1, it is an increasing function of «.
In Deelstra & Delbaen (1995b), we compared these approximating bond
prices with values obtained in the Cox-Ingersoll-Ross setting and found
that there is an underestimation of bond prices if ro <y and an
overestimation if ry > +.
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Trying to motivate the approximation of the integral of the short-term
interest rates by a Brownian motion with drift, we searched for an improved
approximation. It seems logical to propose the approximation

: : YY)
X, du ~ E[X,|du + | —B,.
A A[]” 83 "

Then the expectation is equal for all 7 and the variance is still asymptotically
equal.
Since (Xu)uzo is defined by the stochastic differential equation

dX, = (28X + b5)ds + v/ XsdB;,
the expectation value of X; equals:
s
Hm=ﬁm+”77%%ww
0

which can only be calculated if E[6,] is known and [ E[6,)du < co. As
above, it should be noted that in the case of (6,), being a stochastic process,
we replace the stochastic term (20 fo 6,,du by a deterministic time-
dependent term. But at least in this way, the current state X 1s introduced in
the approximation.

As an example of the approximation, let us look again at the
Cox-Ingersoll-Ross (1985) two-factor model:

dr, = k(y, — r)dt + o\/rdB,,
dy, = R(y* = v,)dt + 6 /7dB,.

The approximation becomes

! ' f 9 x
/ rodu ~ / E{r,}du+ [—j—%—B,
0 0 K

| —e™ —~*
~ A \<"0—’7*—70 7&)

K — K
]__e—r"cl At 0.2*
+ p (70 ’Z)K'f‘ _—ZB/-
K K—K K

The bond price is estimated by:
: 2
— | rydu *
IE,O[e Ji ]~exp('yt<m—l>>.
1 — —nt o~ | — o= Rl — ~F
exp(— ¢ (ro—'y"—’yO FZ n)— f (70 ?)m)
K k—K K K=K
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Let us evaluate the approximation in case of the Cox-Ingersoll-Ross (1985)
single-factor model:

dry = k(y — r)dt + o\/r,dB,.

An anonymous referee remarked (see Deelstra & Delbaen (1995b)) that in
this case, the moments of the first proposal (1) are equal for all 1, as soon as
the current short interest rate ry is distributed according to the steady state
distribution of the square root process, namely the gamma-function with
parameters o = 2x7y/0? and 3 = 2x/0%:

{ 0_2
E,. [/0 r,,du] =gt =Eq |y + 2—,6—28, .

In reality, ry is not distributed this way, so an improvement is also necessary
here to obtain good estimations of bond prices:

! ! 2
/ rodu ~ / E[r,])du + \/gT’YB,.
0 0 K

Substituting the mean of the short interest rate, gives the expression

t
/ rodu ~ yt +
0

and the estimating bond price is found to be

E,, [e_fo""‘l"] ~ exp (yt (% - I) ! _:_N (ro — 7)) .

In case of the previous approximation (i), we found for rp <+ an
underestimation of the bond prices. The approximation in this paper is

larger since for ro < «y, a positive term is added to the exponent, namely
| — e

—nt 2

l —e o
(r0_7)+ ?Br

(ro — 7). In the same way, the underestimation in case of ry > v is

reduced.

For the Cox-Ingersoll-Ross (1985) square root process, an explicit
formula for the bond price is given by Pitman & Yor (1982) and Cox,
Ingersoll & Ross (1985). We recall the bond price from Pitman & Yor
(1982):

ro 1+ ”/‘”COth(W’/Z)}em/aleuzy'r/ol

o) - e

with w = VK2 4+ 202.
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Using various values for the parameters, we have calculated this exact
bond price and the improved approximation, for a large range of maturities.
The deviations are always very small. The largest absolute deviations appear
when the bond price has a value about 0.5. The reason therefore is that the
bond price is a decreasing convex function of maturity and that the
endpoints are fixed, namely for + =0, the bond price equals 1, and for
t = oo, the bond price converges to 0. Consequently, the largest deviations
are to be expected around one half.

In Table 1, the exact bond prices and the estimating bond prices are

calculated with the parameters estimated by Chan, Karolyi, Longstaff &
Sanders (1992), namely x = 0.23394, v = 0.0808 and ¢ = 0.854. The results
are given for ro = 0.04 and for ry = 0.1. We present the maturities between 6
and 10 since then, the bond price is approximately 0.5 and the largest
absolute deviations appear. Although the absolute error as presented in
Table | is not a monotonic function, one should note that the error in the
rate —InP(0, 1)/t does reduce for large values of 1.
In comparison with the first approximation (1), the underestimation and
overestimation are reduced but the difference between the exact result and
the approximation remains too large to be useful in practice. This
approximation should only be used if no exact formulae are available and
the exact computations are very time-consuming like could be the case in the
derivation of annuities.

TABLE |

BOND PRICES EXACT VALUES AND APPROXIMATIONS.

rg =0.04 rg=0.1
t
Exact Approx Approx-Exact Exact Approx Approx-Exact

1 9565 9617 .0051 .9068 9116 .0048

6 .7061 7254 .0192 .5843 .5978 0134

7 .6587 6788 .0200 .5386 .5521 .0134

8 6135 6339 .0204 4970 .5102 .0131

9 .5708 .5912 .0204 4591 AT19 0127
10 .5305 .5507 .0201 4244 4367 0122
20 2503 12630 0127 1968 .2040 0071
30 171 1239 .0068 0919 .0959 .0039

40 0547 .0582 .0035 .0430 .0451 .0021
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4 APPLICATIONS iN LIFE ASSURANCE

In this section, we follow the lines of Parker (1993, 1994) for deriving the net
single premium and the variance and the skewness of the present value of the
benefit payable under some insurance contracts. If the short-term interest
rates are determined by a Cox-Ingersoll-Ross model, the exact formulae
follow from the result of Pitman & Yor (1982). We compare these values
with the approximation derived in Section 3.

Following the notation of Parker (1992), we denote by K the integer-
valued discrete random variable which represents the number of completed
years to be lived by a life assured, whose age is exactly x year at the issue of
the contract. We let Z be the present value of the benefit payable under a
given assurance contract. As the precise definition of Z depends on the
specific assurance under consideration, we look at some examples: the n-year
temporary assurance, the whole-life assurance and the endowment assurance
(see e.g. Bowers et al. (1986)).

Under the n-year temporary assurance, the benefit of 1 is payable at the end
of the year of death of a life assured, if the death occurs within # years from
the date of issue. Thus Z 1s defined to be:

Z = exp(— OKHXudu) K=0,1, .., n-1
0 K=nn+1, ..

where (X,),», denotes as before the short interest rate, defined
by the stochastic differential equation

dX, = (28X, + 6,)dt + v\/X,dB,.

The m-th non-centered moment of Z is given by

n—1 k+1
E[Z"] = Z E [exp(—m/O Xu“’“)] k|4

k=0

where 4 g denotes the probability that the life assured dies between his
(x + k)-th and his (x + k& + 1)-th birthday.
Remark that for a whole-life assurance, the benefit certainly will be paid

once, namely at the end of the year of death. Consequently,
K+1
Z:exp(— X,,du) K=01, .., w—x-1,

0
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where w is the least age so that /, = 0. The m-th non-centered moment is
given by:

w—x—1 k+1
E[Z" = Z ]E{exp(—m A X,,du>-‘ k|G
k=0

Under the endowment assurance contract, the benefit is payable at the end
of the year of death if death occurs within n years of the issue date or, if the
insured person survives n years, the benefit is payable at time n.
Consequently, the present value Z of an endowment assurance is defined as:

K+1
2 exp(—fo+ X,,du) K=0,1,..,n-1
exp(— [ Xudu) K=nn+1, ..

The m-th non-centered moment of the present value is given by:

n-1 k+1 . n
IE[Zm] — ZE’VCXP (_,,1/0 X,,dll>-| K|9x + IE[exp(—m/o X,,dll>] nPx-
k=0

Approximations of the net single premium of each contract are easily
calculated. Indeed, approximations of the expected value of Z are obtained
by taking m = | and by substituting the estimating bond price, proposed in
the previous section.

We have evaluated this approximation in case of the Cox-Ingersoll-Ross
single factor model, with the parameters estimated within Chan,
Karolyi, Longstaff & Sanders (1992) and with ry = 0.07. We used the
mortality table HD (1968-72), which is commonly used in Belgium and
which is based in Makeham’s formula /, = ks¥g® with for the ages between 0
and 69: k=1,000,268, s5=0.999147835528, g =0.999731696667 and
¢ = 1.115094352734; and otherwise k= 1,292,726, g = 0.995564574228,
¢ = 1.077130677635 and the same value of s.

In Table 2, the exact values and the approximations are given for the net
single premiums of n-year temporary life assurances and endowment
contracts. Remark that for n larger than 60 years, both assurances become
whole-life assurances since the life assured is aged x = 30 at the date of issue.
We conclude that the approximations of the single net premiums are not
encouraging.

The variance and the skewness of Z also are easy to find since the
variance is defined as

var|Z] = E[2%] — E[2]},
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and the skewness is defined as

E[(Z - E[2))]

sk = var[.23]3/2
_E[2°] - 3E[2?]E[2] + 2E[2]’
- var[2)*?

Each of these terms can be calculated by substituting m = 1, 2 or 3 in [E[Z"]
and by using the approximation of the m-th non-centered moment of the
discounting factor, namely

! m*éu
lE[exp( m/ X,,a’u)] ~exp<—m E[X,]du — 16ﬂ3 t) )

TABLE 2

NET SINGLE PREMIUMS: EXACT VALUES AND APPROXIMATIONS

life assurance endowment assurance
n
Exact Approx Approx-Exact Exact Approx Approx-Exact

1 .00154 00155 .000008 9313 .9363 .0049
10 .01453 .01484 .000314 4785 4944 0158
20 .02896 .02985 .000887 2354 .2453 .0098
40 .06222 .06479 .002572 .08%54 .0935 .0041
60 .07635 07979 .003439 .0767 .0801 .0034
80 .07664 .08010 .003459 .0766 0801 .0034

In Tables 3 and 4, the variance and the skewness of Z are calculated, for 2
being the present value of the benefit under an n-year temporary life-
assurance, an endowment assurance and a whole-life assurance (if n is very
large). Again, we used the formula of Makeham and the Cox-Ingersoll-Ross
(1985) model with the same parameters as above. These results seem to be an
indicator that the appproximation by a Brownian motion with drift can only
be used in practice when there are no explicit formulae or when the
calculation is very time-consuming.

We further admit that the major problem of taking into account
stochastic interest rates in long-term life insurance products, is that the
policies become dependent. With regard to the problems of setting
contingency reserves and assessing the solvency of life assurance companies,
it is therefore interesting to study portfolios of assurance policies (see e.g.
Parker (1992, 1997)).
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TABLE 3

THE VARIANCES: EXACT VALUES AND APPROXIMATIONS.

life assurance endowment assurance
n
Exact Approx Exact-Approx Exact Approx Exact-Approx

1 .00153 .00147 .00006 .00949 .05587 .04638
10 .01182 .01071 00111 .02844 07711 .04867
20 01763 .01587 00175 .01849 .02994 01148
40 .02021 .01796 .00225 01567 01833 .00266
60 .01902 .01658 .00243 .01653 .01897 .00244
80 01898 01654 00244 .01654 .01898 .00244

TABLE 4

THE SKEWNESS: EXACT VALUES AND APPROXIMATIONS

life assurance endowment assurance
n
Exact Approx Exacr-Approx Exact Approx Exact-Approx

1 25.245 24.866 0.379 —3.685 0.313 —3.998
10 7.540 7.421 0.119 —0.957 1.048 —2.005
20 5.019 5.002 0.017 0.433 2.046 —1.602
40 3.655 3.719 -0.064 3.668 3.961 -0.293
60 3.724 3.891 —0.166 3.733 3.904 —0.171
80 3.731 3.902 —0.170 3.731 3.902 —0.170
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ABSTRACT

In this paper we study some bivariate counting distributions that are
obtained by the trivariate reduction method. We work with Poisson
compound distributions and we use their good properties in order to derive
recursive algorithms for the bivariate distribution and bivariate aggregate
claims distribution. A data set is also fitted.

KEYWORDS

Bivariate counting distributions, Poisson compound distribution, mixed
Poisson distribution, Hofmann distribution, recursive algorithms, fit.

1. INTRODUCTION

Ahmed (1961) and Papageorgiou and David (1995) discuss some bivariate
counting distributions, namely, the joint distribution (N,M) where
N = Ny + N, and M = Ny + N, with Ny, N| and N, independent random
variables such that

o0 All
P(N0=n)=/ NLAUR), n 20
0 .

P(N, = n) e"\‘n—:, n>0
I}D(szn)=e"\2n—f, n>0

1.e. N and N; are Poisson distributed while Vg is mixed Poisson distributed
with mixing distribution whose cumulative density function (cdf) is U()).
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The joint probability function (pf) of (N, M) is given by
min{n.m) .
P(IN=nM=m)= P(Ny = k)P(Ny =n — k)P(N; =m — k)
k=0
For some choices of the mixing distribution A, Papageorgiou and David
(1995) give the density of (N, M) by using Stirling numbers of the second
kind, C-numbers and modified Bessel functions of the third kind.

Using a general class of counting random variables that are simulta-
neously mixed and compound Poisson, it is possible to give simple
expressions for the joint distribution of (¥, M) which avoid these numbers.
Moreover our methodology gives easily the joint pf of the random sums

Sy, Si) =X+ ..+ Xn, Yi+...+Yy)

where X, X, ... (resp. Y;, Y>, ...)is a random sample of observations from
X (resp. Y). :

X and Y are independent nonnegative arithmetic random variables that
are also independent of (N, M). The distribution of (Sy, Sy) is of interest in
insurance problems where it represents the aggregate claims distributions
when X and Y are claim amounts.

We will also extend the model to (N, M) = (Ny + Ny, Ny + Na) where
Ny, Ny and N, are mixed Poisson distributions.

Finally a data set will be fitted. b

We will use the following conventions: > =0 when b <a and
P(N=n M=m)=0whenn<Qorm<0. *k=a

In order to prove the algorithms leading to recursive formulae for some
compound distributions, we will use extensively the concept of ordinary
generating function (see Panjer and Willmot (1992) for a reference in
actuarial sciences).

Let a sequence {a,, n =10, 1, 2, ...} of real numbers.
The ordinary generating function of this sequence is defined as
o0

T, (2z) = Za,,z"

n=0

Of course z must be chosen such that the sum exists.

Ordinary generating functions have the following nice properties:

— There is a one-to-one correspondence between {a,, n=0, 1, 2, ..}
and 7,,(z)

1 d"T, ()
TS g =0
- &= Oz(l,, + ﬂbn (u( ) (z) + /BTbn(Z)
- anzal\an\@Tc() ()Tb,.()
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The philosophy for using ordinary generating functions is the following:

— we look for a relation between some sequences a,, b,, Cp, ...

— go in the z map where the calculations become easier (think of the
convolution that becomes a product)

— go back to the initial map by inverting the expression in z thanks to the
properties.

The notion of ordinary generating function and its properties trivially extend
in a bivariate setting.

In this paper, the sequence a, or ag, in a bivariate setting will be
probability functions. As a consequence we will not have problems of
convergence for the ordinary generating functions: |z| < cc.

In the present case, ordinary generating functions are just probability
generating functions (pgf).

From now on we will only refer to pgf and we will use them extensively in the
sense of ordinary generating functions.

2. A GENERAL FAMILY OF RANDOM VARIABLES THAT ARE SIMULTANEOUSLY
: MIXED AND COMPOUND POISSON

Walhin and Paris (2000b) review the characteristics of a general family of
random variables that have the property of being mixed and compound
Poisson distributions.

A mixed Poisson process is such that

I(n, 1) =P(N(t) =n) = /000 e N %d(](/\)

where N(r) gives the number of occurrences in (0, 1].

By choosing
I1(0, 1) = e~
6(r) >0
6(0)=0

{

%9(1) completely monotone
Walhin and Paris (2000b) show that N(r) can also be interpreted as a
compound Poisson model:

L{n)

N(1) = Zfi

i=1
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where L(t) is Poisson distributed and independent of the & which are
independent identically distributed (i.i.d.) random variables. We will use this
property in the sequel. A good choice for the function &'(¢) is the choice
made by Hofmann (1955) and studied in Walhin and Paris (2000b) and in
Kestemont and Paris (1985):

p
g =—2 0, ¢>0 >0
() 0ty p>0, ¢>0, a>

By integration, one has

8(1) = C(l’:a) {(1 +er) ™ - 1]

6(¢) =£ln(l + ¢t) by continuity for a =1
c

Particular cases of interest are Poisson (a = 0), Poisson Inverse Gaussian
(a =0.5), Negative Binomial (¢ = 1), Polya-Aeppli (¢ =2) and Neymann
Type A (@ — oo, ¢ — 0, ac — b).

Some properties are

Pnp(z) =D T(n, 02" =T1(0,1 — 1z) = e™0=7)
n=0
EN(f) = pt
VarN(1) = pt + pact’
(1) Uny(z) = o0 (1=4(2)

where 1x(z) = E[z¥] denotes the pgf of the random variable X.
The probability law of the &; is deduced from

q(0)=0
R ok 0(r — tz)
) wf(z)—;q(k)f—h 70
gln) _ s
(3) q(n_])—'+;, n> 1
o
'—l-i-ct
s=r(a—2)

One says that the & belong to the (r, s, 1) class. The | in (r, s, 1) is
connected with the # > 1 in (3).



RECURSIVE FORMULAE FOR SOME BIVARIATE COUNTING DISTRIBUTIONS 145

From now on we will refer to the Hofmann distribution (Ho(p, ¢, a))
with the convention that ¢t = 1. In model 1, Ny will be Ho(p, ¢, a) while in
model 2, N; will be Ho(p;, ¢;, a;), i=0, 1, 2. Note that in general, the
(r, s, 1) classis denoted as (a, b, 1) class. We use the notation {r, s, 1) class
in order to avoid confusion with the a of the Hofmann distribution.

3. MODEL 1: BIVARIATE COUNTING VARIABLES
In this section we work with the model
(N, M) = (No+ Ny, No+ N)

where Ny is Ho(p, ¢, a) and Ny and N, are respectively Po();) and Po()\;).
The three random variables are assumed to be mutually independent.
Let

[o.0] [oe]

Z Z nUm

=0 =
be the pgf of (N, M) where we use the notation

pn,m) =P[N=n, M =m|
Let 1, ¥, and 1, the pgf of Ny, N, and N, respectively.
We have
o(u,v) = IE[quM] = E[(MU)NOL(N"UNZ
= wo(uv)wn( J¥a(v)

— [l e ( uv]e—/\l (1-u) —Az(l—v)

Differentiating with respect to « and multiplying by u gives
Op(u,v) OYe(uv)
U—— -

ou

ou

=0(1)uv d(u, v) + uhyp(u,v)

Inverting this expression gives

min(n,n)

np(n,m) = 6(1) Z kq(lk)p(n —k, m — k) + \p(n—1,m), n>0
k=1

Differentiating with respect to v gives a symmetric recursion.

We have proved
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Theorem 1
For model 1 the probability function is given by the following recursion

p(0,0) = e ==X

min(n,m)
np(n,m) = 6(1) kg(k)p(n —k, m —k)y+ \p(n-1,m), n>0
k=1
min(n,n)
mp(n,m) = 6(1) kqlk)p(n —k, m —k) + \p(n,m—1), m>0
k=1

a

Let us note that for the particular cases where Ny is Negative Binomial or
Poisson Inverse Gaussian, we have easier recursions.

The case Negative Binomial (a = 1) is given in Hesselager (1996) where
the fact that the Negative Binomial belongs to the (r, s, 0) class is used:

=L

P(No=0)=(1+c)™
]P(No:k) N

— = - k>0
PNg=k—-1 " Tr» 7
with
Lo C
T l+4c
p—c
S =
| +¢

The Negative Binomial can be expressed in the following explicit notation:

Z(P/C)(P/C+1)---(p/c+k—l)< ¢ )A< 1 )(pm

P(No = k) k! [+c¢) \T+c

In this case the recursion becomes (Hesselager (1996)):
p(0,0) =(1 + ¢)fe™N M

pln,m) :(r+£)p(n -1, m=-1) +énlp(n —1,m)
n
A
—TIrp(n—Z, m—1), n>0

S /\2
=(r4+=)pn—1, m—1)+22 —1
plr,m) =(r + m)p(n ,m— 1)+ - pln,m—1)

/\2"
2 h—=1. m=2 0
- pn—=1, m=2), m>
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The case Poisson Inverse Gaussian (¢ = 0.5) is derived without using the
distribution of the &; (see equations (1) and (2)). The pgf of (N, M) has the
following direct properties:

2

@) () =2 (4e0-m0E=1) A 10 g-at1-0)

d _ pu
ad)(u,v) = ()\1 +m> ¢(U,U)
2 1

2
—881‘—2¢>(u,v) =/\f¢(u,v) + e

$(u,v)
2(1 +c(1 - uv))%
PP 2 1 pv

+m¢(u,v)+m

d(u,v)
o? i
(5) (I +¢(l - uv))—a?qﬁ(u,v) =¢(u,v) (——/\%(l +¢) +/\%cuv—§/\|cv+pzvz>
—I—%qﬁ(u,v) <2/\1(l +c)— 2/\|cuv+%cv>

From (4) we easily find the initializing terms:
p(O, 0) = e_/\l—/\z—zg((]+c)0_5_])

p(1,0) = A1p(0,0)
[)(0, ]) = /\2[7(0,0)

p(l,1)=(A1Az+ P ,>p(0,0)

(I +¢)?

Inverting (5) and using its similar expression in v gives

(14+c)n(n—1)p(nm)=c(n—1 )(n—%)p(n— l,m—1 )—)\lc(Zn—;)p(n—Zm— 1)
+2X1 (L+¢) (n=1)p(n—1,m) = N3 (1+c)p(n—2,m)
+Miep(n=3,m—1)+p*p(n—2,m=2),  n>2

(1+c)m(m—1)p(n,m)=c(m—1 )(m—%)p(n— 1,m—1 )—/\zc(Zm—%)p(n— 1,m—2)

+2X2(1+c)(m—1)p(nm—1)=X35(1+c)p(n,m—2)
+A2cp(n—1,m=3)4+p*p(n—2,m=2),  m>2

We recall that p is one of the parameters of the Hofmann distribution
(Ho(p, ¢, a)) while p(n,m) is the pf of (N, M).
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4. MODEL |: BIVARIATE RANDOM SUMS

Now let us study the bivariate vector
(SN, SM) = (X] + ...+ XN0+N1’ Y i+ ...+ YN0+N2)
whose pf is given by

]P[SN =X, SM ZZ ./‘)m(y )
n=0 m=0

where fx(x) (resp. fy(y)) is the pf of X (resp. Y). Our aim is to give a
recursive scheme in order to derive the pf g(x, y).

Let ®(u,v) be the pgf of (Sy, Su) and let Yx(u) (resp. ¥y(v)) be the pgf
of X (resp. Y).
We have

‘I’(u,v)—zz n, ) () (v)
n=0 m=0
= ¢(thx(u), Pr(v))
(6) il (D)1=t (@bx (w)y (v ]e_/\l —¥x (1) g=22 (1 =1 (v))

Differentiating with respect to u and multiplying by u gives

(7) u‘%g: v 9(1)u—‘9q’fa(:’ V) Mgu(“) ®(u,v)

where W¢(u,v) = Ye(¢x(u)y(v)) is the probability generating function of
the pair

S (u,v) + \u

(Xi+ .+ X, 4+ + Ye)
whose pf will be denoted by
hij) =PXi+ ..+ Xe=i, i+ ..+ Ye=)), i>0, j>0

Inverting (7) gives

Xy

(8) xg(x,y)=6(1) th(i,)g(x =1,y =j)+A Zifx(i)g(x —iy), x>0

i=0 j=0 i=0

The following theorem is a trivial extension of the bivariate Panjer (1981)
algorithm given in Walhin and Paris (2000a). The proof is given for
illustration.
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Theorem 2
The probability function h(x,y) of
(X4 ..+ Xe, i+ ..+ Ye)
is given by

6(1—fx(0)/(0))
a(1)
]

L—rfx(0)fv(0)
(ZZ(r+S:\l;)f:\'(1')fy(]:)h(.\’~—l‘,y-—j)+(/(l)fx(X) Y(Y)>’ x>0

©)  h(0,0)=1—

1
() Ay =1 o

iz(’+Sl)f\'(fIfY(/)h(x—i,y—j)+(1(1)fx(x)f)'()’) , y>0
N y

where we use the notation

X V

ZZW(I,]) ZZW i,j) - w(0,0)

i=0 j=0

Proof
Equation (9) follows immediately from equation (2).
Now we prove equation (10). We have

(12) kq(k) =r(k— gk = 1)+ (r+s)glk—1), k>1
Multiplying each side of (12) by ¢4~ (u) L4y (u)¢}(v) and summing from
k=1 to k=00 we find

D e, ) — 1) S oy (v) = r e Wi o ()
+ (r+ 5)We(u,v) dil,lw,\/(u)wy(v)

— (7 9)4(0) S x(ur(v)
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Multiplying by « and inverting gives

wh(x,y) =357 (x = ey (h(x — iy y =)

=0 j=0

(r+s ZZI/X 420D h(\—t )

=0 j=0
+q(1)xfx(x)fv(y)
Rearranging gives (10).
(11) follows similarly. O
Of course more general results can be derived if (12) becomes
kq(k) =rik— gk —1)+(r+s)glk—1), k>m
for a general m. In this case, one says that the & belong to the (r, s, m) class.

With the symmetric expression of (8) we have the following result:

Theorem 3
For the model 1, the probability function g(x,v) of the compound distribution
is given by the following recursion:

(13) 2(0,0) = 00 =1x(0)/¥(0)) =M (1=/x(0)) —Az(l—f)
(14) glx,y) =6(l ZZ h(i,j)g(x —1i, y —))
i=1 j=0
+ A Z;i_fAf(i)g(a- —iy), x>0
Ny -
05 ) =03 S hets -6 v
i=0 j=]
+AzZ—fy(/) (5, —J), y>0

J=1

where h(ij) is given by theorem 2.

Proof

Equation (13) is immediately derived from equations (6) and (2).

Equation (14) follows immediately from equation (8) while its similar
expression valid for v > 0 gives (15). O
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5. MODEL 2

In this section we consider the following model
(N, M) = (No+ Ny, No + N)

where N; are independent Ho(p;, ¢;, a;). The corresponding pf of the &; are
denoted by g;.

Then we have the following results. The proofs are similar to those given in
sections 3 and 4. So we omit them.

Theorem 4
For model 2, the probability function p(nm) is given by the following
recursion:

(0, 0)—6_00(1) =0:(1)-0:(1)

min(n,nm)

pln,m)y= Bo(Dgo(Hp(n—i,m—i)+ Z%@I (Dg (Dpn—i,m), n>0
i=1

N m

pln,m)= Z —l; (l)qo(i)p(n—i,m—i)—}-zni?é)z(l)qz(i)p(n,m—i), m>0
=

i=1

a

Theorem 5
For model 2, the probability function g(x,y) is given by the following
recursion: :

(0 0) e~ 1=/x(0)f+(0)) ~0|(|—f,\'(0)) e~ 0:(1-/+(0))

g(x,y)="6o(1) ZZ —h(i,j)g(x—i,y— +91(I)Z£bx(i)g(,\‘—i,y), x>0

=1 j=0

gx,y) = ZZ h(ij)g(x—i,y—j)+62() Z e ()g(xy—))s »>0

i=0 j=I
where h(i, j) is given by theorem 2 and by(k) is given by
011 —/x(0))
S DAL LA )
bhx(0) 0

x
(Z('“)v() x(k i)+f/n(l)f,v(k)>, k>0

i=]

1

and by(k) is defined similarly. a

by(k) =
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Remark: for the case where the N; belong to the (r, s, 0) class, Hesselager (1996)
gives an easier algorithm. However, for the case Negative Binomial which is a
member of the (r, s, 0) class, numerical examples show that this aigorithm is
not stable while the combination of theorems 5 and 2 give stable recursions.

6. A FIT

We use in this section a set of accident data used in Papageorgiou and David
(1995) for illustration.
We fit model 1 for the following choices of Ny:
— a = 0: Poisson
— a = |: Negative Binomial
— a=0.5: Poisson Inverse Gaussian
— a free: general Hofmann distribution.

The fits are proceeded by maximum likelithood. N and M are accident
observations.
It can be shown that

p+ /{1 =N

D+ /iz =M
where N (resp. M) is the empirical mean of N (resp. M).
This reduces the number of estimates to be found by numerical techniques.
For the Hofmann fit we need to maximize numerically the loglikelihood

subject to three variables.
We find the following estimates:

TABLE 1

MAXIMUM LIKELIHOOD ADJUSTMENT

A A2 P ¢ a loglikelihood
Poisson 1.0319 1.2724 0.6388 0 —112.7380
PIG 1.0893 1.3298 0.5815 0.8432 0.5 —112.3577
NB 1.0939 1.3344 0.5769 0.4092 I —112.3802
Hofmann 1.0796 1.3201 0.5912 1.6697 0.2546 —112.3467

Based on the comparison of the loglikelihoods, it does not seem necessary to
work with a more complicated model than the one obtained with all N,
i=0, 1, 2 being Poisson distributed. A likelihood ratio test would not reject
this hypothesis.

The original data with fitted values are in the next table:
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TABLE 2

OBSERVED AND FITTED DISTRIBUTIONS FOR THE NUMBER OF ACCIDENTS

M 0 1 2 3 4 5 6 7
0.bs 5 6 4 1 1 0 0 0
a=0 4.16 5.30 3.37 1.43 045 0.12 0.02 0.00
a=0.5 4.29 5.71 3.80 1.68 0.56 0.15 0.03 0.01
a=1 4.29 5.73 3.82 1.70 0.57 0.15 0.03 0.01
a = 0.2546 4.29 5.67 3.74 1.65 0.54 0.14 0.03 0.01
obs 4 9 3 4 3 0 0 0
a=0 4.30 8.13 6.86 3.63 1.38 0.41 0.10 0.02
a=05 4.68 8.06 6.58 3.46 1.33 0.40 0.10 0.02
a=1 4.70 8.03 6.53 3.43 1.32 0.40 0.10 0.02
a=0.2546 4.63 8.10 6.65 3.50 1.34 0.41 0.10 0.02
2 obs 2 5 5 4 2 0 0 0
a=0 222 5.56 6.14 4.06 1.87 0.65 0.18 0.04
a=05 2.55 5.39 5.52 3.57 1.65 0.59 0.17 0.04
a=1 2.57 5.35 5.47 3.55 1.65 0.59 0.17 0.04
a =0.2546 2.50 5.44 5.61 3.63 1.67 0.59 0.17 0.04
obs ! 6 4 1 ! 2 | 0
a=0 0.76 2.39 3.30 2.70 1.51 0.62 0.20 0.05
a=0.5 0.92 2.32 2.93 2.40 1.39 0.60 0.21 0.06
a=1 0.94 2.30 2.91 2.41 1.41 0.62 0.21 0.06
a = 0.2546 0.90 2.34 297 241 1.37 0.59 0.20 0.06
obs 0 0 0 2 0 0 0 0
a=0 0.20 0.74 1.23 1.22 0.82 0.40 0.15 0.05
a=0.5 0.25 0.73 1.11 1.14 0.85 0.47 0.20 0.07
a=1 0.26 0.73 1.11 1.16 0.87 0.49 0.21 0.07
a = 0.2546 0.24 0.74 1.12 1.12 0.82 0.45 0.19 0.06
obs 0 0 1 0 0 0 0 0
a=0 0.04 0.18 0.35 0.41 033 ° 0.19 0.08 0.03
a=05 0.05 0.18 0.32 0.41 0.39 0.29 0.16 0.07
a=1 0.06 0.18 0.32 0.42 0.40 0.29 0.16 0.07
a = 0.2546 0.05 0.18 0.32 0.39 0.37 0.27 0.15 0.06
obs 0 0 0 0 | 0 0 1
a=0 0.01 0.03 0.08 0.11 0.10 0.07 0.03 0.01
a=0.5 0.01 0.04 0.08 0.11 0.14 0.13 0.10 0.05
a=1 0.01 0.04 0.08 0.12 0.14 0.13 0.09 0.05

a = 0.2546 0.01 0.04 0.07 0.11 0.13 0.12 0.09 0.05
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We have also conducted a x? test in order to judge the goodness of fit. As
usual it is important to be extremely cautious with the results of the x? test.
The grouping rule we have adopted may lead to conclusions that are not
matched by another grouping rules. Moreover the x? test is an asymptotic
test. However we have only 79 observations in our data set.

The grouping rule we have adopted is the rule A in Lemaire (1995), i.e. all
the theoretical values > | and 80% of the theoretical values > 5.

The cells have been grouped as follows: (0,0), (0,1), (0, > 2), (1,0), (1,1),
(1,2), (1,>3), (2,1), (2,2), (2,3), (2,> 4), (3,>0), (> 4,> 0). The x? values
as well as the associated p-values are given in the following table.

TABLE 3

GOODNESS OF FIT TEST

x? df p-value
Poisson 5.36 9 0.80
PIG 6.48 8 0.59
NB 6.42 8 0.60
Hofmann 6.42 7 0.49

Based on this figures, all the fits are acceptable but the Poisson fit wins. This
is coherent with the conclusions drawn after analysing the loglikelihoods.
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ECONOMIC ASPECTS OF SECURITIZATION OF RISK

By
SAMUEL H. Cox, JoserH R. FAIRCHILD AND HAL W. PEDERSEN !

ABSTRACT

This paper explains securitization of insurance risk by describing its essential
components and its economic rationale. We use examples and describe
recent securitization transactions. We explore the key ideas without abstract
mathematics. Insurance-based securitizations improve opportunities for all
investors. Relative to traditional reinsurance, securitizations provide larger
amounts of coverage and more innovative contract terms.

KEYWORDS

Securitization, catastrophe risk bonds, reinsurance, retention, incomplete
markets.

1. INTRODUCTION

This paper explains securitization of risk with an emphasis on risks that are
usually considered insurable risks. We discuss the economic rationale for
securitization of assets and labilities and we provide examples of each type
of securitization. We also provide economic axguments for continued future
insurance-risk securitization activity. An appendix indicates some of the
issues involved in pricing insurance risk securitizations. We do not develop
specific pricing results. Pricing techniques are complicated by the fact that, in
general, insurance-risk based securities do not have unique prices based on
axbitrage-free pricing considerations alone. The technical reason for this is
that the most interesting insurance risk securitizations reside in incomplete
markets.

A market is said to be complete if every pattern of cash flows can be
replicated by some portfolio of securities that are traded in the market. The
payoffs from insurance-based securities, whose cash flows may depend on

! Please address all correspondence to Hal Pedersen.
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hurricanes, earthquakes and so on, cannot be closely approximated by a
portfolio of the traditional assets that are already traded in the market such
as stocks and bonds. This is because there are states of the world reflected in
insurance-based securities that are not reflected by the existing traditional
securities. In a complete market a new security can always be priced relative
to existing securities by finding a replicating portfolio and pricing it. The no-
arbitrage property implies that the new security and the replicating portfolio
must have the same price because they have the same payoffs. However, if
the market is incomplete a replicating portfolio may not exist and arbitrage
considerations alone may not determine a unique price. The appendix
describes a method for dealing with incompleteness. In the main body of the
paper we do not discuss arbitrage based pricing theory further but the reader
who will ultimately be involved in the pricing of these products should bear
in mind that there are fundamental practical differences between products to
be valued in complete markets and products that are valued in incomplete
markets. Incompleteness is one of the unusual characteristics of insurance-
based securities relative to many other securitizations. It is very interesting to
note that the fundamental reason insurance risk securitizations tend to reside
in incomplete markets — namely that states of the world reflected in
insurance based securities are not reflected by the existing traditional
securities, is also the fundamental reason why these securities provide
diversification of investment risk and thereby make these attractive
investments for many portfolio managers. Although we will not explicitly
use the notion of incompleteness in the main body of the paper because the
focus of this paper is not on technical valuation, an actuary involved in these
securitization deals must be aware of these fundamental pricing issues.

Two actuarial principles, diversification and contractual risk transfer,
play important roles in most securitizations, yet relatively few actuaries work
in the securitization business. It seems that the opportunities for actuaries in
securitization will increase and we may see more actuaries working in this
field in the future.

We begin this paper with an idealized catastrophe property risk
securitization. This example illustrates the key ideas without abstract
mathematical or financial theories. We hasten to emphasize that although
the key ideas of securitization can be illustrated without these theories, the
practical implementation of a securitization deal requires financial theory for
pricing and risk measurement. As a broad definition, securitization means
*“the bundling or repackaging of rights to future cash flows for sale in capital
markets.” In all the cases we mention here, and more generally in all of the
deals we know of, the repackaging provides a more efficient allocation of
risk. This process can be costly, but evidently the reallocation is valuable
enough to make it worthwhile.

After describing this simple example, we turn to the common features
of securitization and then review some recent catastrophe risk securitiza-
tions. We compare catastrophe risk securitizations with the asset secur-
itizations: bond strips, mortgage-backed securities, life insurance policy-
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holder loans, and life insurance premium loadings. The Chicago Board of
lyade offers options based on property insurance loss ratios. We mention
them only to contrast them with catastrophe risk securitizations. We
discuss some possible future uses of securitization of insurance risks. The
paper ends with a discussion of the economics of securitization. We offer
a discussion of the reasons for these transactions and attempt to answer
the questions:

o  Why do investors buy insurance-based securities?

o Why do insurers use securitizations to cover insurable risks?

2. SECURITIZATION OF CATASTROPHE RISK

We will give a simple illustrative idealization of catastrophe risk bonds —
customarily referred to as cat bonds. During 1997 and 1998 there were
successful catastrophe risk bond issues by USAA, Swiss Re, Winterthur,
St. Paul Re, and others. Later we will provide an economic rationale for
the supply (why to insurers sell cat bonds?) and demand (why do investors
buy cat bonds?). For now we focus on the mechanics of these
transactions.

We illustrate the model with two examples, first a single-period model
and second a two-period model. In each example catastrophe risk has a
binomial structure. There is no interest rate risk in either example. The
market interest rate on risk-free securities is a constant 8% per year. The
probability of a catastrophe that triggers a “default” is a constant 3% per
year |. These values are merely to illustrate the mechanics of the
transactions. In practice we would use the prevailing interest rate term
structure and a model for insurance losses to determine the probabilities.
Embrechts and Meister take this approach to develop a valuation model for
exchange-traded insurance options [12].

Example 1. The first example is similar to the USAA bonds. The face
amount is 100 and the annual coupon rate is 12%. Coupon and principle are
at risk. This means that the principal and coupon are paid only if no
catastrophe occurs during the period [0, 1]. The total principal and coupon
112 is paid at time | only if no catastrophe occurs during the period [0, 1].
The catastrophe states and probabilities, along with the corresponding cat
bond cash flows are shown in Figure 1. The positive cash flow is paid to the
bondholders; the negative cash flow is the price the bondholders pay to
obtain the rights to the future cash flow.

! Failure to pay a coupon or o repay the principal because a catastrophe occurs is not a
default in the legal sense. The catastrophic event is well-defined in the bond indenture and
buyers and sellers understand the circumstances under which coupons and principal will not
be paid. Nevertheless, it is convenient to refer to this event as a default.
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112

0.97 Up - No Catastrophe
Down - Catastrophe

-100.59 0
0.03

FIGURE |: One-Period Catastrophe Risk Bond Cash Flow.

The expected bondholder payments, averaged over the catastrophe
distribution, are ¢(1) = 112(0.97) + (0)(0.03) = 108.64. The discounted
expected value, using the constant 8%, is the price of the cat bond:

1
——[108.64] = 100.
1.08[ 08.64] 0.59
Consider a bond that has the same prospective cash flow (i.e., 12% coupon),
but no possibility of default. This is called a straight bond. The price of the
straight bond at the time the cat bond is issued is found by discounting the
cash flow:

]
—[112] = 103.
l.08[ 12] = 103.70
The cash flows of the straight bond are shown for comparison to the cat
bond in Figure 2.

112

0.97 Up - No Catastrophe
Down - Catastrophe

-103.70 112
0.03

FIGURE 2: One-Period Straight Bond Cash Flow.

Suppose an insurer (like USAA) issues the cat bond and simultaneously buys
the straight bond. The straight bond is more expensive. The trades cost the
insurer 3.11 per 100 of face value (ignoring transactions costs). What does
the insurer get in return? If there is no catastrophe, the insurer’s net cash
flow is zero because it receives the straight bond coupon and pays the cat
bond coupon. However, if there is a catastrophe, it still receives the straight
bond coupon and principal (112), but does not pay the corresponding cat
bond cash flow. In effect, the insurer has purchased a one-year catastrophe
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reinsurance contract which pays 12 in case a catastrophe occurs during the
period. This increases the insurers capacity to sell insurance for one year
(just as a traditional reinsurance does) by 112 at a cost of 3.11 per 100 of
bond face value. The rate on line' for this “synthetic” reinsurance is
100 x 3.11/112 = 2.78 per 100 of coverage per year. The net cash flow is
shown in Figure 3.

0.97 Up - No Catastrophe
Down - Catastrophe

3.11 112
0.03

FIGURE 3: One-Period Net Cash Flow: Long Straight Bond and Short Cat Bond.

There are several multiple period cat bonds. The majority are essentially
extensions of the concept illustrated in Example 1 in that the bond
“defaults” as soon as a catastrophe occurs, regardless of when the
catastrophe occurs. The bond indenture may specify that future coupon
and principal payments to bondholders are forfeited as soon as a
catastrophe occurs. Alternatively it may specify that coupons only are at
risk or that coupons and a fraction of the principal is at risk. USAA actually
issued one series with coupon only at risk and another with principal and
coupon at risk. The Swiss Re [20] and Yasuda Marine [29] bonds have a
single limit applicable over several years. The Winterthur bonds take yet
another form allowing the limit to be reset each year. Our second example is
like the bond Winterthur issued in 1997[2].

Example 2. Coupons only are at risk. This means that the principal of 100 is
paid to the bondholder at & = 2 with probability one. A coupon of 12 is paid
atk =/, 2 provided no catastrophe occurs during the period [k — 1, k|. The
catastrophe states and probabilities, along with the corresponding cat bond
cash flows are shown in Figure 4. The positive cash flows are paid to the
bondholders, the negative cash flow is the price the bondholders pay to
obtain the rights to future cash flows.

' For a one-year policy. rate on line is the ratio of premium to coverage layer, usually
multiplied by 100. The concept is not usually applied to multiple ycar policies.
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112

12 4 100
Up - No Catastrophe (0.97)

112 Down - Catastrophe (0.03)

-106.49 0, , 100

FIGURE 4: Two-Period Catastrophe Risk Bond Cash Flow.,

As in the first example, the expected bondholder payments are
c(1) =12(0.97) = 11.64 and ¢(2) =100+ 11.64 = 111.64. The discounted
expected value is the price of the cat bond:

I 1
708 [l 1.64 + lll.64(m)] = 106.49

Consider a bond that has the same prospective cash flow (ie., 12%
coupons), but no possibility of default. This is called a straight bond. The
price of the straight bond at the time the cat bond is issued is found by
discounting the cash flows:

1 |
108 {l2+ 112<m>] =107.13

The cash flows of the straight bond are shown for comparison to the cat

bond in Figure 5.

112

-107.13 12 / 112

FIGURE 5: Two-Period Straight Bond Cash Flow.,

Up - No Catastrophe {0.97)
Down - Catastrophe (0.03)

As before, suppose an insurer (like Winterthur or Swiss Re) issues the cat
bond and simultaneously buys the straight bond. The trades cost the insurer
0.64 per 100 of bond face value and provide 12 units of coverage per period.
The “rate on line” is 100 x 0.64/12 = 5.33, but one must keep in mind that
this is the rate paid once at the beginning of the policy period for a two year
cover. If we must compare this to a one year policy, we should divide by two:
5.33/2 = 2.66. In each of the two future periods, if there is no catastrophe,
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the insurer’s net cash flow is zero because it receives the straight bond
coupon and pays the cat bond coupon. However, if there is a catastrophe in
either period, it still receives the straight bond coupon (12), but does not pay
the cat bond coupon. In effect, the insurer has purchased a two year
catastrophe reinsurance contract which pays 12 in case a catastrophe occurs
during either period. This increases the insurers capacity to sell insurance for
each of the next two years by 12 at cost of 0.64 per 100 of face value (or 5.33
single premium per 100 of coverage for a two year cover). The net cash flow
is shown in Figure 6.

0 12

Up - No Catastrophe (0.97):
o Down - Catastrophe (0.03)

- 0.64 12;/ 12

P

FIGURE 6: Net Cash Flow: Long Straight Bond and Short Cat Bond.

The actual deals we have described all increase the bond issuer’s capacity.
The technology required to issue cat securities is being developed and refined
and thus the transactions costs of these deals will probably decrease in the
future. Moreover, investors are becoming more familiar with the product
which will have a further tendency to render future deals relatively less
costly. Lastly, as others have pointed out [13], the insurance industry would
be strained by a $50 billion hurricane loss, but the capital markets could
withstand it with relative calm. Catastrophe bonds may become a routine
method of transferring catastrophe risk. Practical considerations and
economic theory would both predict this outcome.

It should be emphasized that the line of insurance is immaterial to the
capital market — it does not have to be catastrophe risk. We will show later
that investors will demand these bonds because their returns have low
correlation with stock returns. There may be many kinds of insurance risks
that have low covariance with the stock market. At the 1997 Swiss Actuarial
Summer School held at the University of Lausanne we heard from
Winterthur actuaries of a proposal to issue bonds which would transfer
mortality risk to bondholders '. It seems intuitively clear to us that mortality
risk has low covariance with the stock market and thus we expect these
bonds would be attractive to investors. As we understand it, Winterthur has
long term annuity liabilities and as a result faces the risk of unexpected
improvement in beneficiary mortality. A security with bondholder cash flows

<
" In late 1999 we learned that three large international insurers are considering securitization of
mortality risk.
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tied to a mortality index would provide Winterthur with very long term
coverage that is not available in the traditional reinsurance market. In the
United States some companies offer very attractive term life insurance rates
on selected lives in a very competitive market. There is little experience to
indicate what the ultimate mortality will be for these select lives.
Securitization would allow very long term coverage of the risk that ultimate
mortality will diverge greatly from projected mortality for the selected lives.

3. STRUCTURE OF SECURITIZATION

The securitization technology applies to many kinds of risk, not merely

catastrophe risk. In asset and liability securitizations the common structure

typically involves four entities: retail customers, a retail contract issuer, a

special purpose company, and investors. In the case of catastrophe risk

bonds, the four entities are as follows:

(1) Homeowners who buy policies from an insurer.

(2) The insurance company that issues the homeowners policies (i.e., the
retail contracts) and buys reinsurance from a special purpose reinsurer
(i.e., the special purpose company).

(3) The special purpose reinsurer that issues the reinsurance and sells bonds.

(4) Investors who buy the bonds.

Figure 7 illustrates the direction and timing of cash flows to and from each
entity involved in or related to a securitization.

Investor 1, investor 2, Investor 3, ...

>/

Specia] Purpose
Company

|

Retailer

. Customer 1, Customer 2, Customer 3, ...

FIGURE 7: Sccunitization Components.
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Each of the arrows denotes an exchange of cash corresponding to a contract.
The timing varies with the application. For example, in the case of
homeowners insurance, the customers pay a cash premium to the insurer and
get a contract (the homeowners policy) in exchange. Later the cash flows the
other way for those customers who suffer losses and obtain insurance
benefits. The insurer pays a premium initially to the special purpose
reinsurer and gets a reinsurance policy in exchange. Later, the cash may flow
the other way if the catastrophic event or events occur. The investors initially
pay cash to the special purpose company and get bonds in exchange. Later
they receive coupons and principal, provided no catastrophes occur. The
special purpose company invests the combined premiums and proceeds from
the sale of the bonds in default free securities.

These transactions provide a structure for which the price of the bonds
(paid by the investors), the reinsurance premium (paid by the retailer) and
investment income are adequate to cover the catastrophe loss with certainty.
Tilley [25, 26] refers to this as a fully collateralized transaction since the
special purpose insurer cannot default on the reinsurance contract. By
collateralizing the transaction the risk of default, called counter-party risk, is
eliminated '. The ability to eliminate counter-party risk is an advantage of
securitization relative to traditional reinsurance.

Insurance risk securitizations present a moral hazard problem that has to
be addressed. The insurer has an incentive to apply the coverage to a loss so
it will not have pay a coupon, so the investors will want to see that the terms
of the coverage are applied properly. We are aware of two methods for
resolving the problem that have been used in practice.

Method (1)

The security can be written in terms of an independently determined loss
ratio. This takes determination of the security’s coverage out of the hands of
the insurer, solving the problem, but introducing basis-risk — the contract
covers industry losses, not the insurer’s own losses.

Method (2)
An independent firm is hired to provide claims services.

We now turn our attention to some recent catastrophe risk bond deals.

USAA hurricane bonds. USAA is a personal lines insurer based in San
Antonio. It provides financial management products to current or former
US military officers. Business Insurance [27) in reporting on the USAA deal,
described USAA as “over exposed’ to hurricane risk due to its personal

' Counter-party risk is the risk that the other party will fail to pay as required by the contract.
This can be a significant risk in a reinsurance contract, but it is nil in sccuritizations as we
have described them.
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automobile and homeowners business along the US Gulf and Atlantic
coasts. In June 1997, USAA arranged for its captive Cayman Islands
reinsurer, Residential Re, to issue $477 million face amount of one-year
bonds with coupon and/or principal exposed to the risk of property damage
incurred by USAA policyholders due to Gulf or East coast hurricanes.
Residential Re issued reinsurance to USAA based on the capital provided by
the bond sale. USAA sold $450 million of similar bonds again in 1998
according to an article in the Financial Times [l].

The 1997 bonds were issued in two series (also called tranches),
according to an article in The Wall Street Journal [22]. In the first series
only the coupons are exposed to hurricane risk — the principal is
guaranteed. The return of principal will be at the end of the first year if
there is no loss (described below), but the return will be at the end of ten
years if a loss occurs. For the second series both coupons and principal
are at risk. The risk is defined as damage to USAA customers on the Gulf
or East coast during the year beginning in June due to a Class-3 or
stronger hurricane. The coupons and/or principal will not be paid to
investors if these losses exceed one billion dollars. That is, the risk begins
to reduce coupons at §1 billion and at $1.5 billion the coupons in the first
series are completely gone (and the principal repayment delayed nine
years) and in the second series the coupons and principal are lost. The
coupon-only tranche has a coupon rate of LIBOR plus 2.73%. The
principal and coupon tranche has a coupon rate of LIBOR + 5.76%. The
press reported that the issue was “oversubscribed,” meaning there were
more buyers than bonds, i.e., demand exceeded supply. The press reports
indicated that the buyers were life insurance companies, pen51on funds,
mutual funds, money managers, and, to a very small extent, reinsurers. As
a point of reference for the risk involved, we note that industry losses due
to hurricane Andrew in 1992 amounted to $16.5 billion and USAA's
Andrew losses amounted to $555 million. Niedzielski reported in the
National Under wnre: that the cost of the coverage was about 6% rate on
line plus expenses . According to Niedzielski’s (unspecified) sources the
comparable reinsurance coverage is available for about 7% rate on line.
The difference, however, may or may not be completely offset by the
expenses related to establishing Residential Re and the fees to the
investment bank for issuing the bonds. One might argue that the higher
cost of securitization is justified by lower counter-party risk. The rate on
line refers only to the cost of the reinsurance. The reports did not give the
sale price of the bonds, but the investment bank probably set the coupon
so that they sold at face value.

' As we noted earlier, rate on line is the ratio of premium to coverage layer. The reinsurance
agreement provides USAA with 80 percent of $500 million in excess of $1 billion. The
denominator of the rate on line is (0.80)(500) = 400 million, so this implies USAA paid
Residential Re a premium of about (0.06)(400) = 24 million.



SECURITIZATION OF RISK 167

As successful as this issue turned out, it was a long time coming. Despite
advice of highly regarded advocaltes such as Morton Lane and Aaron Stern
[13, 14, 19], catastrophe bonds have developed more slowly than many
experts expected. According to press reports, USAA has obtained 80% of
the coverage of its losses in the $1.0 to $1.5 billion layer with this deal. On
the other hand, we have to wonder why these are one year deals. Perhaps it is
a matter of getting the technology in place, forcing reinsurers to lower prices
on future deals, related US tax code issues, erc. The off-shore reinsurer is re-
usable and the next time USAA goes to the capital market investors will be
familiar with these exposures. If the traditional catastrophe reinsurance
market gets tight, they will have a capital market alternative. The cost of this
issue is offset somewhat by the gain in access to alternative sources of
reinsurance. The 1998 issue was more favorable to USAA; it a reported a
vield 1o the bondholders of LIBOR + 4% [I].

Winterthur Windstorm Bonds. Winterthur is a large insurance company
based in Switzerland. In February 1997, Winterthur issued three year annual
coupon bonds with a face amount of 4700 Swiss francs. The coupon rate is
2.25%, subject to risk of windstorm (most likely hail) damage during a
specified exposure period each year to Winterthur motor insurance
customers. The deal was described in the trade press and Schmock has
written an article in which he values the coupon cash flow [21]. The deal has
been mentioned in US and European publications (for example, Investment
Dealers Digest [18] and Euroweek [2]). If the number of motor vehicle
(automobile and motorcycle) windstorm claims during the annual observa-
tion period exceeds 6000, the coupon for the corresponding year is not paid.
The bond has an additional financial wrinkle. It is convertible at maturity;
each face amount of CHF 4700 plus the last coupon is convertible to five
shares of Winterthur common stock at matunty. Furthermore, due to the
merger of Winterthur Insurance and Crédit Suisse Group on December 15,
1997, investors can now convert into 35.5 Creédit Suisse Group registered
shares at maturity of the WinCat bond '.

Swiss Re California Earthquake Bonds. The Swiss Re deal is similar to the
USAA deal in that the bonds were issued by a Cayman Islands reinsurer,
evidently created for issuing catastrophe risk bonds, according to an article
in Business Insurance [28). However, unlike USAA’s deal, the underlying
California earthquake risk is measured by an industry-wide index rather
than Swiss Re’s own portfolio of risks. The index was developed by Property
Claims Services. The bond contract is written on the same (or similar)
Californmia index underlying the Chicago Board of Trade (CBOT)
Catastrophe Options. The CBOT options have been the subject of numerous
scholarly and trade press articles [8, 10, 11, 12]. As described above, in a

' We learned of this from one of the ASTIN referees.
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securitization of insurance risk there is a moral hazard problem that has to
be addressed in the contract defining the contingent events covered by the
security. The investors demand that the losses be reported accurately and in
accordance with the contract. The Swiss Re bonds are written in terms of the
PSC index, neatly solving the moral hazard problem, although it introduces
basis-risk. In this case, basis-risk is the risk that the actual Swiss Re losses
differ from industry losses, evidently acceptably small.

Zolkos reported details on the Swiss Re bonds in Business Insurance.
There were earlier reports that Swiss Re was looking for a ten year deal. This
deal is not it and perhaps they are still looking for such a ten year deal.
According to Zolkos, SR Earthquake Fund (a company Swiss Re set up for
this purpose) issued Swiss Re $122.2 million in California reinsurance
coverage based on funds provided by the bond sale.

Yasuda Fire and Marine Bonds. Finally we note that recently Aon Capital
Markets structured and marketed a catastrophe bond providing windstorm
coverage to Yasuda Fire and Marine Insurance Company [29]. Munich Re
“validated the transaction from the perspective of investors™ and will
provide claims services. Evidently, the moral hazard problem we mentioned
earlier is resolved in this case by using Munich Re’s claims services. No
investment banks were mentioned in the reports because Aon Capital
Markets acted as and is registered as its own investment bank. This is an
example of how brokers and reinsurers have reacted to securitization — they
are acquiring the skills needed to enter the business and marketing services
explicitly. The coverage is long term, provides Yasuda with dual “trigger”
options (we discuss these in detail in another paper [9]). and makes use of the
reputation and administrative services of an established reinsurer. In the
next section we review securitization of assets.

4. ASSET SECURITIZATIONS

We are going to describe five examples: stripping coupons, mutual funds,
mortgage-backed securities, life insurance policyholder loans, and life
insurance premium loadings.

Stripping Coupons. Merrill Lynch and other investment banks create default
free zero coupon bonds by means of an asset securitization. This is an
example of securitization of securities — repackaging and reselling securities.
The resulting securities are called T-bond-backed securities. The bank buys
U.S. Treasury bonds. It issues its own zero coupon bonds based on the cash
flow from its pool of coupon bearing bonds. In this case, the “customers”
are all the same entity: the U.S. government. The retailer and the special
purpose company are the same, the bank. The investors buy the zero coupon
bonds from the bank. The zero coupon bonds are issued by a private
corporation but the bond covenant conveys the pooled Treasury bond cash
flow to the zero coupon bondholders. Therefore, the bank’s bonds are
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default-free. The popularity of zero coupon bonds led the U.S. and
Canadian governments Lo assign registration numbers to coupons of some
bonds when they are issued. This allows the coupons to be traded directly
without securitization. Nevertheless, securitization is still used to create zero
coupon bonds. The actuarial textbook [4, page 73] has a simple numerical
illustration and the investments textbook [3, page 414] describes some of the
marketing aspects of this securitization.

T-bond securitization is a simple asset securitization example, but it
illustrates the essential components and principles of these deals. The reason
for this securitization is that the demand for default-free zero coupon bonds
exceeds the supply provided by the government. A 30-year coupon bearing
bond exposes its owner to changes in interest rates corresponding to
maturities over the 30-year term of the bond. A zero coupon bond is
sensitive only to the interest rate corresponding to its only payment.
Therefore, this securitization divides the pooled cash flow into pieces that
better meet the needs of some investors and provide a preferable (or more
efficient) allocation of interest rate risk. It is an illustration of the use of
contracts to transfer and reallocate risk.

Mutual Funds. Pooling also underlies mutual funds and mortgage backed
securities (MBS). A mutual fund purchases assets, such as stocks or bonds.
The fund sells securities (or shares) that provide the owner a proportional
share of the market value of the pool. In this way, an investor receives the
average return of the pooled assets without buying shares in each individual
asset. Fund managers issue shares in the mutual fund to the investors in
exchange for cash and the fund managers have a contractual obligation to
buy individual stocks. Owners are entitled to a proportionate share of the
fund, less operating fees and commissions. Why would investors prefer to
buy a mutual fund rather than the individual shares? Under “‘perfect
market”” assumptions, the absence of transactions costs, perfect divisibility
of shares, efc., investors would not buy mutual funds as they could do for
themselves exactly what the mutual fund does for them. However, the real
world is not perfect and mutual funds exist because of market “imperfec-
tions.” First consider transactions costs. Trading stocks is costly because
stock brokers charge commissions, but the commission rates are less for
those who make large trades on a regular basis. Therefore, a mutual fund
has an advantage relative to individual investors because it will have lower
transactions costs. A second imperfection is lack of divisibility. An
individual may want to buy a stock with a high price per share. Berkshire
Hathaway is trading for about $52,000 per share (January 2000). Some
investors might want to have some Berkshire Hathaway shares, but buying
as few as 10 shares might be impossible. On the other hand, the same
individual may have shares in a mutual fund that can easily own 100 or more
shares, providing the individual a fraction of Berkshire Hathaway’s value. A
third consideration is the cost of information acquisition. Under the
conditions of “perfect markets” all investors have access to the same
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information — an assumption that is clearly violated in the real world.
Information acquisition is expensive, but a mutual fund applies the same
information on behalf of all of its owners, providing an economy of scale.
Finally we consider the diversification of risk. We begin with a brief
discussion of the Markowitz [16] risk-return model in order to illustrate
diversification. Later we will use the same model to determine the effect of
adding insurance-based securities to a portfolio. We will follow the
Luenberger’s exposition [15]. A different but equivalent approach appears
in [4, Chapter 8]. Luenberger shows how to use the model, with some
additional assumptions, to describe the effect of diversification. This is a one
period market model, focused on the first two moments of the joint
distribution of return random variables R, R, ..., R,, namely
o the expected returns y; = E[R,] and
o the covariance matrix & = [o;] where oy = Cov(R;, R;).

These moments can be estimated by observing return outcomes over several
time periods, assuming stationarity. Statistics derived from the observations
estimate the risk versus return relation in the future for portfolios of assets.

Following Luenberger’s discussion of diversification [135, page 200], let us
assume that we can write the return of each asset in terms of a single factor:
R, = a; + biF 4 €; where a; and b; are constants, F is a random variable (the
single factor), and the ¢; are random error terms. Assume that the following
relations hold:

E(e;)=0, E(eeg)=0 fori#j, Cov(F,e)=0,

and their variances have a common bound Var(g;) < s2.

A portfolio is constructed from the » given assets by specifying the
percentage of the value of the portfolio which is invested in each asset.
Under the assumptions commonly used, the scale of investment does not
affect the percentages in the sense that investors with the same risk-return
preferences will select the same portfolios regardless of the size of their
investments. Hence in specifying a portfolio, we need only specify the
percentage invested in each security. We let w; denote the percentage
invested in the /-th asset; it is called the weight of asset i in the portfolio.

For a “‘well diversified” portfolio, we can assume that each weight is
about I/n. The portfolio return is R, = Y ., wir; = a + bF + € where

n n n

a=§ w,da;, b=§ wib; and e:i WE;.

i=I i=1 i=1

Under the assumptions we made above, the variables ¢ and F are
uncorrefated so Var(R) = h*Var(F) + Var(e). Since the errors &; are
uncorrelated, Var(e) = s*/n and as n increases this term tends to zero.
Diversification eliminates this component. The other component does not
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tend to zero because b is the average of the b;,. This term represents non-
diversifiable risk. The diversification principle is familiar to actuaries from its
application to pools of insurance policies.

In summary, mutual funds exist because they provide greater efficiency,
overcome some of the effects of market imperfections, and provide
diversification of risks more efficiently than individual investors can achieve
on their own.

Mortgage-Backed Securities (MBS). A mortgage is a loan requiring periodic
payments of principal and interest with real estate as collateral '. The
mortgage may be for a residence or for commercial real estate. We limit our
discussion to US residential mortgages 2. They are commonly issued with a
fixed interest rate for a period of 15 to 30 years and require level monthly
payments of interest and principal. Fixed-rate mortgages carry substantial
interest-rate risk for the lender, especially in volatile economic times. For
example, when interest rates fall, borrowers may re-finance their mortgages,
returning the principal to the lender at a time when interest rates are lower
than the rate at which the mortgage was issued. There are costs to re-
financing, but when rates fall enough, borrowers have financial incentives to
refinance. Mortgage securitization shifts the interest rate risk to investors
through the securities market.

For mortgage-backed securities the components of the securitization are
easy to identify: The customers are the mortgage borrowers. Initially the
borrowers obtain cash and in exchange provide the lenders with a contractual
obligation to repay the loan. The lenders convey their rights to a trust in
exchange for cash. The trust issues securities based on the pooled mortgage
contracts. The securities can take a variety of different forms.

One purpose of mortgage securitization (re-packaging) is to allow for a
more efficient allocation of interest rate risk. Primary mortgage lenders
(e.g., banks and thrifts) usually have short-term demand deposits as liabilities,
so for most of them mortgage assets are not well matched to their liabilities. On
the other hand, life insurers, with long term liabilities, may desire to have
mortgage-backed securities in their asset portfolios. We discuss two mortgage-
backed securities: pass-through securities and stripped mortgage-backed
securities. Several other forms exist, but these illustrate the basic ideas.

First we discuss pass-through mortgage-backed securities. With pass-
through securities, mortgage borrowers make their monthly payments to the
pool administrator. The pool collects the cash, deducts administrative fees,

' This section relies on [24. Chapter 6].

2 Mortgage terms and lending practices are different in other countries. For example, in
Canada, mortgages are typically written for 5 or 10 years with a balloon payment (which is
often refinanced) and no prepayment option. The Canadian practices put the interest rate risk
on the borrower, lenders bear none, and there is no need for reallocating the lender’s interest
rate risk — and no mortgage-backed sccuritics.
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and passes the remaining cash to the security owners on a pro-rata basis.
Thus, if a pool issues ten securities. each security owner receives one-tenth of
the aggregate monthly cash flow, less fees. If a mortgage is repaid during the
month, the repaid principal is paid to the security owners along with the
monthly cash flow. Thus, the security owners bear the prepayment risk.
Valuation of a pass-through security requires knowing the rates and
maturities of the pooled mortgages. This and other information is provided
to potential purchasers. An actuarial approach would involve modeling the
“life” of a mortgage and considering the cash flow to be a cash-refund
annuity. The difficulty, and the distinction from mortality-dependent cash
flow, is that the mortgage life depends of the interest rate environment. All
mortgage-backed securities present these same valuation problems.

A stripped mortgage-backed security divides the payments from pooled
mortgages into classes with each class’s security holder receiving income only
from its portfolio, instead of distributing it on a pro-rata basis. For example,
consider a stripped security with two classes: interest only and principal
only. The interest-only class receives the interest paid on the pooled
mortgages each month. The principal-only class receives each month’s
principal payments. Suppose that a representative mortgage in the pool
carries an outstanding principal of $90,000, an interest rate of 6 percent, and
a level monthly payment of $600. Ignoring fees, the interest-only class would
be allocated $450 (390,000 x 0.06/12) this month from this mortgage. The
principal-only class receives the principal paid with respect to the illustrative
pool mortgage; that is, $150 ($600 — $450) if the mortgage is not repaid
during the month. If the illustrative mortgage loan is repaid during the
month, the principal-only class receives $90,000. The two classes receive
similar payments from each mortgage with an outstanding balance at the
beginning of the month.

The stripped pass-through security owners bear the interest rate risk of
the pool, but it is allocated differently than it is for straight pass-throughs.
The interest-only class receives interest until all the mortgages are repaid.
Refinancing activity increases with falling interest rates, so the downside for
interest-only security owners arises with declining interest rates. The
principal-only class benefits from a decline in interest rates because
refinancing means principal-only security owners receive their principal
sooner. Thus, the stripped pass-through divides the cash flow pool into
segments that give a pure reflection of the result of an increase or decrease in
interest rates. This is more flexible than a straight pass-through mortgage-
backed security and will appeal to many investors. After all, an investor who
wants a straight pass-through could simply buy shares of both interest-only
and principal-only classes.

Securitization of the mortgage industry has allowed investors to enter the
mortgage market without having to be (or own) a mortgage originator.
Insurance companies and pension funds have become substantial investors
in MBS. Thus, securitization has allowed for a better allocation of interest
rate risk and provided a more efficient way for capital to enter the home
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financing industry. The securitization technique is important for actuaries
because the resulting products are used by insurance companies, the
technique can be applied to other asset classes, and, perhaps most important,
the expertise required to design and value these securities is fundamentally
actuarial in nature. Let us illustrate this claim with the following idealized
model.

Suppose that we are interested in a pass-through MBS for which the
contractually specified monthly payments for the mortgage borrowers (in the
absence of additional cash flows due to prepayment) per $1 of face amount
of the mortgage is denoted by c¢. Let the contractually specified effective
monthly interest rate on the mortgage be denoted by r. In the absence of
prepayment risk, level monthly payments are made over the entire term of
the mortgage and the present value of these payments is equal to the face
amount of the mortgage pool. In practice, mortgage borrowers will prepay
with varying intensity and this rate of prepayment could depend on a variety
of economic variables. For the sake of this illustration, let us assume that the
rate of prepayment depends on the time since the issue of the mortgage (this
makes an allowance for the average time a home is owned) and an
annualized key interest rate level (for example, the 10-year yield rate on US
treasury bonds, which makes an allowance for the cost of refinancing)
denoted i. Providing the actuary has access to sufficient data, he would then
estimate a two-dimensional table of prepayment rates. Let ¢(7, /) denote the
amount prepaid over month ¢ to month ¢+ 1 per dollar of principal
remaining when the key rate is equal to /. Let ¢, denote the amount
of principal remaining in the mortgage pool at the end of the /-th month
after the mortgage is issued. The total cash flow to the mortgage pool over
month ¢ to month 7+ / is

be+ (8 — [6c — 6r)q(r, 1).

In words, this monthly cash flow is the ordinary payment of interest and
principal — namely ¢,¢, plus the amount of the remaining principal that is
prepaid ' — namely (¢, — [¢,¢ — €,r])q{r, ). This is a stochastic cash flow that
depends on the key rate history. The evolution of the remaining principal in
the mortgage pool can be determined recursively through the equation

by =4, — [31(! — fr"] - (- [glc - @,I‘])(/(I, i)
= [1 —q{t, )] (¢ = [bic = &r]).

This is a stochastic equation for the evolution of the outstanding principal in
the mortgage pool. The actuary can then value the MBS using stochastic
cash flow valuation techniques from financial economics. The MBS market
is a complete market and the valuation will be done in the context of a

' Note that £,¢ — &r is the amount of the regular payment that is applied to principal reduction
that month prior to the prepayment amount being applied.
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complete term structure model. Although the estimation of the prepayment
rates and the definition of the MBS cash flows are fundamentally actuarial,
the actuary must also be able to use tools from modern financial economics
to complete his calculation of the value of the MBS and to assess the risks in
the MBS.

Policy-Loan-Backed Securities. The laws of the United States and some
other countries require certain life insurance policies to have cash values
(savings). In still other countries, cash values are not legally required, but are
commonly provided. In general, cash values emerge when the expected value
of future benefits promised under a policy exceed the expected value of
future (adjusted) premiums. In lay terms, cash values emerge when
policyholders prepay future mortality costs. Cash values can be thought of
as a type of savings within a life insurance policy that is available when a
policyholder terminates (surrenders) his or her policy.

Economically, cash values are policyholder assets in the custody of the
insurance company. Rather than surrendering their policies to obtain funds,
policyholders may elect to borrow an amount not greater than the cash value
from the insurance company on the security of their cash values. In the
United States and some other countries, cash value policies are required to
allow such borrowing privileges. Of course, the policyholder pays interest on
the loan. Traditionally, U.S. insurers offered fixed-rate policy loans, but as
interest rate volatility increased in the 1970s and 1980s, most companies
began issuing policies with an indexed loan interest rate. When the interest
rate is fixed, the policy loan provision is an interest rate call option. The
value of the option increases with the volatility of interest rates.

Policy loans are carried on insurers’ financial statements as assets.
Securitization of a portfolio of policy loans allows the company to sell them.,
One reason for doing this is to reduce the cash strain induced by policy loan
activity. Also, there may be a tax advantage when the loans are sold at a loss
relative to their statement value. These reasons led to a large securitization of
policy loans by the Prudential Insurance Company of America in 1987.

Policy loan interest and principal payments formed the cash flow to
support the securities that were sold to investors as private placement policy-
loan-backed securities. A special purpose corporation (SPC) was formed to
issue the securities and simultaneously purchase the loan cash flow from
Prudential, similar to collateralized mortgage obligations, as discussed in the
preceding section. While the Prudential securitization borrowed concepts
from the securitization of mortgage loans, it also employed new features.
Since policy loan securitization was new, security buyers had no experience
with loan repayment rates. To reduce the repayment risk to security owners,
the securities provided for a minimum and maximum repayment schedule. If
actual repayments fell behind the minimum schedule, Prudential promised to
advance the needed cash to meet the required payments to security owners.
(Cash flow simulations indicated that this was highly unlikely.) If
repayments proved more rapid than the maximum, the SPC would invest
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the excess cash flow in a guaranteed investment contract (GIC). The SPC
bought a 54-year GIC from a AAA-rated Swiss bank to provide security
owners with evidence that the SPC would be able to perform on these
promises.

The circumstances surrounding this transaction may be comparatively
rare. Perhaps high interest rates might make them attractive again someday.
On the other hand, as the value of the loan option in newer U.S. policies is
nil, the magnitude of the problem created by increased exercise activity is
steadily decreasing. Also, the costs of a policy loan securitization are
substantial. Therefore, it may be a long time before we see another policy
loan securitization in the United States.

Loadings in Premiums. In January 1997 the US life insurer American
Skandia Life Assurance Corporation securitized mortality and expense risk
fees that it will collect in the future from a portfolio of its variable annuity
(VA) policies [6].

When a company issues a VA it pays a commission to an agenl or
financial advisor. Profits develop later. Thus issuing a VA requires cash, in
contrast to other types of business that merely require setting up a reserve
that may be financed with a non-cash asset or reinsurance. The faster the
company grows the greater the need for cash. Skandia’s fast growth led it to
supplement traditional methods of financing growth (retained earnings,
surplus notes, bank loans and reinsurance) with a securitization of the future
fees Skandia will collect from a block of policies.

According to Connolly, the mortality and expense risk fees were taken
from a block of approximately 33,000 American Skandia variable annuities,
net of reinsurance, issued during the period between January 1, 1994 and
June 30, 1996. The rights to the fees for a specified period of tlme were sold
to American Skandia Investment Holdings, American Skandia Life
Assurance Corporation’s immediate parent, which transferred them to a
trust, collateralized them and sold them to two investors, TTAA-CREF and
Prudential Insurance Company. A total of eight insurers expressed interest
in the offering.

Skandia managers think the costs of securitization will decrease as the
process becomes more efficient and, ultimately, it should be cheaper than
financing growth with reinsurance.

In this example, the customers are the variable annuity policyholders.
Skandia is the retailer and the trust is the special purpose company. The
investors are TIAA-CREF and Prudential. The actuarial modeling
developed for traditional purposes (designing, pricing, cash flow testing,
etc.) can be used in the securitization process. Since the buyers are also life
insurers, they should have the expertise to evaluate the future fee cash flows.
In general, a securitization of insurance risks would probably require
independent consulting actuaries to resolve this moral hazard problem. In
general, investors are not likely to have the expertise and they are not likely
to accept the retailer’s analysis without independent corroboration.
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We have not seen an increase in life insurance securitizations. Mutual
companies have more difficulty than stock companies in raising capital and
cash. In the US many of them are electing to demutualize but at least one
UK company is using securitization as an alternative.

5. THE DEMAND FOR INSURANCE-BASED SECURITIES

Why do investors buy catastrophe risk bonds? The demand for securities
based on insurance risk can be justified by the Markowitz mean-variance
model. As we mentioned earlier, this is 4 one period market model. The
asscts returns over the period are random variables R, R,, ..., R, with
means and covariances assumed to be know and denoted by ., = E(R;) and
¥ = [o,] where o, = Cov(R;, R)).

The n by n matrix £ = [o;;], called the covariance matrix, is symmetric
and the diagonal elements are simply the variances. We assume it is
invertible.

A portfolio is constructed from the » given assets by specifying the
percentage of the value of the portfolio which is invested in each asset. As
stated earlier, we assume that the scale of investment does not affect the
percentages in the sense that investors with the same risk-return preferences
will select the same portfolios regardless of the size of their investments.
Hence in specifying a portfolio, we need only specify the percentage invested
in each security. We let ; denote the percentage invested in the /-th asset; it
is called the weight of asset / in the portfolio.

The return on the portfolio specified by the vector

wh = [wy, wa, ..., Wy

is denoted by

n

R, = Z wiR;.

i=1

The portfolio return is the weighted average of the individual security
returns. Thus the expected portfolio return, s, = E[R,], and variance,
oﬁ. = Var[R,], can be calculated in terms of the weights and the statistics of
the individual securities as follows:

n

T Z wiE[R] = T

i=1

n n

2

g, = E Wy E WJ'COV(R,',RJ')
=1 =1

= T
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The portfolio variance is a function of the vector of weights
wl = [y, wa, ..., w,] and the covariance matrix ¥ = [U,-_J].

An efficient portfolio is defined to be one which is not dominated by
another portfolio. It is a portfolio for which there is none other with lower
variance ' and an equal or higher expected return. Figure 8 illustrates the
concept of efficiency and the associated notion of portfolio dominance. Note
that portfolio B dominates portfolio A since it offers the same variance but
has a higher expected return. Similarly, portfolio B dominates portfolio C
since it offers the same expected return but a lower variance. The basic
portfolio problem is to find the maximum portfolio return for a given
portfolio variance or the minimum portfolio variance for a given portfolio
return. These optimal portfolios are said to be mean-variance efficient
portfolios.

FIGURE 8: Risk and Return Relations.

There are a number of variants of the general portfolio problem. The
following formulation of the standard version comes from [4]: Given the
investor’s required portfolio expected return » > 0 and a set of » securities

t 2

Either portfolio variance oy, or standard deviation o, can be used to measurc risk. In the
graphs we follow the usual pructice of plotting expected return 1, on the vertical axis and risk
represented by standard deviation oy, on the horizontal axis.
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with expected returns vector p' = [uy, pa, ..., ) and covariance matrix £,
determine the portfolio weights w in order to minimize the variance
o = wTZw subject to two constraints:

n
E Ww; = 1
=1

and
Ly = /J.TW =r.

The first constraint simply requires that the portfolio be 100% invested in
the n risky securities being considered for inclusion in the optimal portfolio.
It is convenient to introduce the n-vector e" ={I, I, ..., 1]. The first
constraint can be written compactly as w'e = 1. The second constraint
selects the portfolio return to meet the investor’s requirement. Of course
there is a potentially different efficient portfolio for each target return we
might select. In fact, we can graph an entire set of efficient portfolios,
plotting the points (o,,r) by solving the portfolio problem for different
values of o, corresponding to a range of values of target expected returns r.
This graph is called the efficient frontier for the given n assets. The efficient
frontier can be completely defined in terms of two efficient portfolios. This is
the “two fund theorem,” described by Luenberger [15, page 163] as follows.

The objective function, augmented with Lagrange terms corresponding to
the constraints, is

1
3 w S 4+ A(w = r) + v(wle — 1).

The factor & in the variance term is for convenience only. The objective is
quadratic in the unknown weights w and linear is the Lagrange multipliers
A, v, so the first order conditions for a minimum form a system of i + 2
linear equations:

"
Zai.jwj-i-/\p.,- +rv=0 for0<i<n
=
Wi =r
we =
Write this as a single matrix equation

Euug[“)’ /\’ I/]T: [O, ceey 0, r, |]T (l)
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where %8 is the result of augmenting the matrix £ with two rows and
columns:

(011 012 o oy o |
021 022 ... Oan p2 |
E(lug —
Ol On2 - Oun  Hau 1
o M2 e oy 000
m | N 0 0]

[n addition to assuming that the covariance matrix X is invertible, we also
assume the expected return vector g is not a multiple of e. This just means
that the last two columns of the augmented matrix X% are linearly
independent. Clearly, each of the first # columns of X% is linearly
independent of each of the last two. Because ¥ is invertible, the first n
columns of '8 are linearly independent. Because of the independence of
and e, the last two columns of X*“8 are linearly independent. Therefore, the
columns of X6 are linearly independent, it is invertible, and there is a
unique solution for the weights w and the multipliers A, v.

Let (op, ri) denote the risk and expected return of a minimum variance
portfolio. By this we mean an efficient portfolio with minimum variance
among all efficient portfolios for various values of r. In general, the
minimum variance could be zero corresponding to a market with a risk free
security. However we assume that at this point we are considering only risky
assets and o5 > 0. We might think of this as a portfolio of corporate bonds;
they are risky but not so risky as equity securities. Let wg, Ap, vg denote the

. . . 1/2
corresponding weights and multipliers. Of course o = ((WB)TZWB) and
Fp = p,T WB.

Select any other efficient portfolio with weights wg, multipliers As, vs,
. 2
return rs = ;"ws and risk og = ((WS)TEWS) with r¢ > rp and o5 > op.

While the lower risk fund (o, rg) intuitively represents a bond fund, the
more risky fund (os, rs) represents an equity portfolio.

Given any point (o,r) on the efficient frontier, form the portfolio with
weights w and multipliers A, v satisfying

b, A, u]Tz (1 —a)wp, As, VB]T+(I[1175, As, US]T

where a=(r—rp)/(rs —rg). Now since X*“8[wg, Ag, vg| =[0, 0, ..., ra, l]T

and [ws, As, vs] = [0, 0, ..., rs, 1]7, then 22w, \|, ] =0, 0, ..., r, 1].
The solution is unique so we have

r=pw=_1—ayg+ars
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and

2 2

o° = o, = Var[(l — a)Rp + aRg]

W

=(1- a)zo*}2 +2a(l ~ a)popos + a*ox

where we have abbreviated the notation with Rg = u"Wp and Rs = " W,
Also we wrote the covariance term as

COV(RB7 RS) = POUROsS,

where the correlation coefficient is p. In effect every point on the efficient
frontier can be obtained as a weighted average of the two fixed portfolios
Wpg and Ws. This is what Luenberger calls the two fund theorem. Figure 9
illustrates the two fund theorem, showing two frontiers that differ only in
that the solid frontier has a greater value of p than the dashed frontier. This
illustrates that if nothing changes except the correlation is reduced, then the
frontier pushes out to the left for those points between B and S.

0.1 0.2 0.3 0.4 0.5 0.6
FiGuRrE 9: Efficient Frontiers - Two Fund Theorem.

Now we add to the investment opportunity set two new securities. The
first is a risk-free bond. It has return rs, zero variance, and zero covariance
with every other security. Every investor is better off (or no worse off) as a
result of this expanded opportunity set. This is illustrated by the ‘““one fund
theorem™ described by Luenberger [15, page 168]. There is an efficient

portfolio M of risky assets with weights w}, = [w), ..., w,] such that any

efficient portfolio can be constructed as a combination of M and the risk-free
bond. This is represented graphically in Figure 10. The equation of the line is

Iy — by
oM

r=rr+ o.

This is called the capital market line (CML).
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FIGURE 10; Efficient Frontiers.

As before, the efficient frontier before introducing the risk-free bond is
the curved line. Any point (o, ) on the CML can be obtained by investing the
proportion a = (o4 — o)oy, in the risk-free bond and | — « in the fund M.
The capital market line lies above the original efficient frontier, except at M
where they are equal. All investors hold a portfolio of the form
arp+ (1 — a)ry for some a, given this opportunity set. That is, all mean-
variance optimizing investors will demand a portfolio on the capital market
line'. Luenberger shows how to solve for the weights defining the
portfolio M, which we will refer to as the market porifolio.

Now we introduce an insurance-based security C with high expected
return, correspondingly high variance, but relatively low correlation with
other risky assets. C could be a cat bond. At least for the case that the
underlying insurance risk is catastrophe property loss, there is evidence that
the return has zero correlation with the market portfolio M [5, 13]. The new

asset has risk and return parameters o¢ and re and its correlation with the
Cov(R Ru . R

market pcy = #—'——) is relatively smalil.

acoM

The portfolio returns obtained as linear combinations of Ry and Rc¢
R,=aRy + {1 —a)R¢
correspond to points (o,, r,) where
re = aE[Ry) + (1 — a)E[Rc] = arpy + (1 — a)rc
and

2

oL = azo%w +2a(l — a)pcmocom + (1 — a)zazc.

' The one-fund and two-fund theorems are valid whether markets are complete or not.
Individuai investor risk preferences are reflected in the choice of the factor a, but they
nevertheless choose positions on the CML.
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The dashed curve in Figure 11 illustrates the graph of the parametric
equations for the points {(o,, r,)|0 < a < 1} for the case that o¢ > o and
pic > pr. The following argument shows that so long as pc vy < ou/oc, the
curve joining C and M has a negative slope at M (where ¢ = 1) and so it
punches through the cML. As a consequence the new cML, determined after
investors take into account the new security must have a greater slope than
the original. This means all investors are better off.

0.15

0.050.10.150.20.250.30.35 o

FIGURE 11: Efticient Frontiers.

In order for the curve to push up and to the left relative to the cML, it is
sufficient that the slope of the curve at M be negative. Calculation of the
slope goes like this:
do 0o’
da  Oa

= 2a0y, + 2(1 = 2a)pemoyoc — 2(1 — a)os

20,

For a = 1, we find that
do

= =0M — PCMIC-
Ba a=lI

The slope of the curve at M. therefore, is

ar,
da _ T'mMm—Ic
do oy — pemoc
da
In the case illustrated in Figure [, rc > ry and the slope is negative

provided only that pcu < oa/oc. We think that this describes the



SECURITIZATION OF RISK 183

recently observed market for cat bonds. The correlation does not have to
be zero. All investors are better off when catastrophe-based securities are
introduced.

In the case that r¢ < ry, adding C also expands the efficient frontier
provided that the slope of the (C, M)-curve is positive at M. This leads to the
same condition, pc y < oa/oc, on the correlation coefficient, as illustrated
in Figure 12. Our conclusion is that adding a security with nonnegative
relatively low correlation (or negative correlation of any magnitude) with the
market results in a new market equilibrium in which all investors have
improved opportunities.

u

0.15

P M
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0.050.10.150.20.250.30.35 ¢

FIGURE 12; Efficient Frontiers.

We have shown that for the investment opportunities to improve it is
sufficient that the covariance of the new security’s returns with existing assets
is relatively small in absolute value or negative. For example, it seems likely
that long term bonds with coupons based on a mortality index would also
improve investment opportunities, even if the risk and return were below
equity levels. Thus the mean-variance model provides a rational for the
demand for new insurance based securities. That is, all investors will now
demand portfolios on the new capital market line ' The insurance press
reports that investors (so far) like cat bonds. Some issues have been described
as over-subscribed. This behavior seems to be consistent with the model.

In our construction we assumed the original opportunity set of n risky
assets had an invertible covariance matrix, which means that no single asset
is a linear combination of the other » — | assets. We assumed also that
transaction costs were zero, all available information was revealed to all
investors instantaneously, and other market imperfections such as taxes were
not present. We call these the perfect market assumptions.

' This holds regardless of individual investor risk preferences.
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In the usual construction, the original » risky assets contain firm specific
risks that we have now assumed to be engineered into cat bonds. This risk is
usually assumed to be costlessly diversified away. Given the assumptions on
transactions costs, information, esc., the equilibrium that obtains would not
be altered by the introduction of cat bonds or other such securities. The
introduction of such securities does not change the CML.

Our argument is that in actual, imperfect markets, the introduction of
such securities results in the market being more efficient. Their introduction
allows investors to construct portfolios consistent with their preferences for
less costs. The more efficient distribution of capital over risks results in a new
equilibrium in which all investors are better off.

Our construction was designed to show that by adding such securities the
market is pushed closer to the idealized perfect markets equilibrium. This is
done by increasing the present value of profits of the firm via this activity in
ways investors cannot on their own account (increasing efficiency of the
firm) and by packaging the risks (that are assumed to be in the original »
risky securities) and issuing them to the market in such a way that investors
can distribute capital over these risks more efficiently than they could when
they were contained in the original » risky securities (due to increased
efficiencies such as lower bid-ask spreads, information acquisition costs, and
$o on).

We argue that this is the economic justification for this activity and,
correspondingly, it should continue to be observed in the capital markets as
long as securitization improves efliciency.

6. THE SUPPLY OF INSURANCE-BASED SECURITIES

Why do insurers and reinsurers securitize insurance risks? Capacity to
handle very large losses is frequently mentioned as a motive for
catastrophe risk securities [7, 13]. We note also that many of the
catastrophe risk deals provide long term coverage, in contrast to
traditional reinsurance which is normally issued for a one year term. What
about other insurance risks? As we described earlier, there have been few
securitizations of mortality risk. This makes sense economically. Securiti-
zation brings more capital to cover risks that would not be covered
otherwise. There seems to be a need for even more capital as economies
develop and more property is insured. Securitization of insurance risk is
expensive compared to an asset securitization such as a T-bond securitiza-
tion or traditional reinsurance. Some of the additional cost is due 1o costs
of measuring the risks and explaining them to investors — resolving the
moral hazard problem. However, we expect these costs will decline as
investors become more familiar with the risks. Perhaps securitization will
always be more expensive than reinsurance, but we expect it will continue
to be used for these reasons:
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Securitization often provides innovative contract terms such as larger amounts
of coverage (catastrophe property risk), coverage of risks not provided by
traditional reinsurance (long term mortality risks), or unusual risks.
Counter-party risk is eliminated with securitization.
Securitizations may provide more favorable tax treatment. The special
purpose reinsurer is usually located in a jurisdiction which allows favorable
tax treatment of reserves.

The question (why do insurers buy reinsurance?) is interesting because in an
ideal world — one with no taxes, transactions costs, or other “imperfections™
the insurance company shareholders would not compensate managers for
managing a risk they can diversify on their own behalf in the capital
markets.

For example consider the risk of fire damage to the corporation’s
property. A shareholder with X dollars invested in the corporation will suffer
a loss if the property burns. However, the investor can find a second
company and invest X/2 in each company. This diversifies the shareholder’s
fire risk. Further diversification reduces the fire (and other risks) even more.
This does not cost shareholders anything, so they will direct managers to
retain diversifiable risks, rather than insuring them. This suggests corpora-
tions should not buy insurance, yet they buy a lot. Mayers and Smith {17]
offer answers that can be summarized as follows: real-world imperfections
make insurance a rational corporate purchase.

The rationale for reinsurance purchases and securitizations of insurance
risk is analogous. The demand for securitizations will persist as long as it has
an advantage in addressing the imperfections we described earlier.

7. THE ROLE OF ACTUARIES IN SECURITIZATION

So far actuaries have been on the sidelines with a few exceptions. Of
course, actuaries were involved in Prudential’s securitization of policy
loans and Skandia’s securitization of premium loadings. In addition James
Tilley developed the concept of a catastrophe risk bond [25] in connection
with Morgan Stanley’s effort to help fund the California Earthquake
Authority. Prakash Shimpi is leading a Swiss Re subsidiary dedicated to
trading insurance risks [23]. These are important developments, but we
should see many more actuaries working in the field. The role of the
actuary should go well beyond modeling loss distributions. The actuary
has the skills to see the big picture as well as the technical details. There is
an opportunity to contribute to contract design, security valuation,
investor communications, etc.

8. SUMMARY

There are four components of securitization. A retailer bundles customer
risks and passes them as a group to a special purpose company. The special
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purpose company issues securities based on the pool. The process can be
used to reallocate risk or rearrange cash flows to better suit the needs of
investors. When applied to insurance risk, the process is costly but costs may
decline to some extent but will likely remain more expensive than traditional
reinsurance. The additional cost may be the price to be paid to overcome
counter-party risk. The securitization business will grow since it provides
access to large amounts of capital and it allows for innovative contracting,
relative to traditional reinsurance. Introducing insurance-based securities
into the capital market improves opportunities for all investors provided the
underlying insurance risk is not correlated with existing market risk. This
provides a rationale for the demand for such securities.

APPENDIX — ON THE ROLE OF INCOMPLETENESS IN
INSURANCE RISK SECURITIZATION

In this appendix we attempt to give the reader a ‘‘feel” for the notions of
completeness and incompleteness and why they are relevant and so
important in insurance risk securitization. We begin by providing some
general intuition on these concepts.

Some [ntuition. It can be difficult to differentiate between insurance markets
which are complete and those which are incomplete. Table 1 provides some
examples of insurance products each with its embedded insurance risk and
the type of market (complete or incomplete) which the product resides in.

TABLE |

SOME EXAMPLES OF INSURANCE PRODUCTS AND THE TYPE OF MARKET THEY RESIDE IN

Insurance Product Nature of Risk Market Type
Variable Annuitics Mortality Risk Complete
Catastrophe Risk Bonds Catastrophc Risk Incomplete
Mortality Risk Bonds Mortality Risk Incomplete
Equity-Indexed Annuities Market Risk Complete

We offer a brief rationale why each of these products resides in a complete or
incomplete market.

Variable Annuity: We shall assume that the primary risk in issuing
variable annuities is that a contract holder dies during the contract period
and the insurance company must honor the minimum investment return
guarantee. Since the investments are made in standard securities such as S&P
500 index funds, providing the mortality of the contract pool follows a
deterministic mortality pattern, this investment risk can be fully hedged.
Investors who purchase variable annuities are generally not purchasing
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portfolio diversification. Instead, they are seeking tax advantages and
protection of principal. These products offer little additional diversification
of risk as the assets they are invested in are already available in the market.

Catastrophe Risk Bonds: The primary risk in cat bonds is the occurrence
of a catastrophe that triggers the loss of principle. Since there are no
securities, other than cat bonds, whose payoffs are contingent on the
occurrence of catastrophes, cat bonds cannot be priced in terms of a
portfolio of the assets that are already traded and priced in the market.
Therefore, cat bonds reside in an incomplete market. Furthermore, cat
bonds provide investors diversification of risk because the payoffs from these
bonds are contingent on states that are not picked up by existing securities.

Mortality Risk Bonds: When mortality is assumed to follow a
deterministic life table, the payments from traditional insurance products
follow a fixed and known pattern. When deterministic mortality is assumed,
even life insurance products whose benefits are contingent on the stock
market or interest rates reside in a complete market. However, if there are
substantial fluctuations in mortality experience across all policies then this
risk cannot be hedged using existing securities because there are no existing
securities whose payoffs are contingent on the mortality fluctuations.
Consequently, mortality risk bonds reside in an incomplete market.

Equity-Indexed Annuities: Equity-indexed annuities have characteristics
similar to variable annuities. For this reason, they too reside in a complete
market.

A Simple One-Period Example. We now consider the concepts of complete
and incomplete markets in the context of a simple model involving ordinary
default-free bonds.

Let us consider a single-period model in which two bonds are available
for trading, one of which is a one-period bond and the other a two-period
bond. For convenience we shall assume that both bonds are zero coupon
bonds. We further assume that the financial markets will evolve to one of
two states at the end of the period, “interest rates go up” or ‘“‘interest rates
go down” and that the price of each bond will assume to behave according
to the binomial model depicted in Figure 13.

One-period Bond Two-period Bond
1 0.9346
0.9434 0.8901
1 0.9524

FIGURE 13: Payofls from one-period and two-period bonds.
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The bond prices for this model could be derived from a specification of risk-
neutral probabilities and one-period rates but for simplicity we merely
display these prices and note that we obtained them from an arbitrage-free
model.

Suppose that we select a portfolio of the one-period and two-period
bonds. Let us denote the number of one-period bonds held in this portfolio
by n; and the number of two-period bonds held in this portfolio by #,. This
portfolio will have a value in each of the two states at time 1. Lel us
represent the state dependent price of each bond at time | using a column
vector. Then we may represent the value of our portfolio at time 1 by the
following matrix equation.

1 0.9346 [n }
[
(2)
I 09524 L™
The cost of this portfolio is given by
0.9434n, + 0.8901n,. (3)

The 2 x 2 matrix of bond prices at time | appearing in equation (2) is
nonsingular. Therefore, any vector of cash flows at time | may be generated
by forming the appropriate portfolio of these two bonds. For instance, if we
want the vector of cash flows at time | given by the column vector,

M (@

then we form the portfolio

| 0.9346 .
) _
)= K
1 09524

at a cost of 0.9434n, + 0.8901#1,. Carrying out the arithmetic, one finds that
the price of each cash flow of the form (4) is given by ' the expression

0.4717¢" + 0.4717¢. (5)

Since every such set of cash flows at time 1 can be obtained and priced in the
model we say that the one-period model is complete. The notion of pricing in
this complete model is justified by the fact that the price we assign to each
uncertain cash flow stream is exactly equal to the price of the portfolio of
one-period and two-period bonds that generates the value of the cash flow
stream at time 1.

Let us see how the model changes when catastrophe risk exposure is
incorporated as part of the information structure. Suppose that we have the

1

" With the rounding errors introduced in the calculations the reader who performs this
calculation will probably obtain the expression 0.4716¢" 4 0.4718¢7 instead.
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framework of the previous model with the addition of catastrophe risk.
Furthermore, let us suppose that the catastrophic event occurs indepen-
dently of the underlying financial market variables. Therefore, there will be
four states in the model which we may identify as follows.

{interest rate goes up, catastrophe occurs} = {u,+}
{interest rate goes up, no catastrophe occurs} = {u,—} (6)
{interest rate goes down, catastrophe occurs} = {d+}
{interest rate goes down, no catastrophe occurs} = {d, -}

The reader will note that the symbol {u,+} is shorthand for “interest rates
go up’ and ‘‘catastrophe occurs” and so forth. This information structure is
represented on a single-period tree with four branches such as is shown in
Figure 14.

{u, +}

{u, -}

{d, +)

{d, -}

FIGURE 14: Revised states of the world with the introduction of catastrophe risk.

The values at time 1 of the one-period bond and the two-period bond are not
linked to the occurrence or nonoccurrence of the catastrophic event and
therefore do not depend on the catastrophic risk variable. We may represent
the prices of the one-period and two-period bond in the extended model as
shown in Figure 15.

One-Period Bond Two-Period Bond
1 0.9346
1 0.9346
0.9434 0.8901
1 0,9524
1 0.9524

FIGURE 15: Payoffs from onec-period und two-period bonds when states involving catastrophe risk are
introduced into the model.
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In contrast to equation (2), the state contingent payoffs at time 1 of a
portfolio of the one-period and two-period bonds is now given by the
following matrix equation.

1 0.9346
1 09346 ip
1 0.9524 Ha
1 0.9524

()

The cost of this portfolio is still given by 0.9434n, + 0.8901x,. The most
general vector of cash flows at time | in this model is of the following form:

Cu,+

o

C(I,+ (8)
C(I,—

On reviewing equation (7) we see that the span of the assets available for
trading in the model [i.e. the one-period and two-period bonds] are not
sufficient to span all cash flows of the form (8). Consequently, we cannot
derive a pricing relation such as (5) that is valid for all cash flow vectors of
the form (8). The best we can do is to obtain bounds on the price of a general
cash flow vector so that its price is consistent with the absence of arbitrage.
This can be done using state price vectors and these calculations and some
examples may be found in [4, Chapter 5].

Pricing in Incomplete Markets. We will offer only the briefest of indications
on how one can price insurance risk securitizations when working in
incomplete markets. Details may be found in [4, Chapter 4] and references
cited therein.

The benchmark financial economics technique used to price uncertain
cash flow streams in an incomplete markets setting is the representative
agent. The representative agent technique consists of an assumed repre-
sentative utility function and an aggregate consumption process. Let us
suppose that we are in a T-period economy in which agents can make
choices and consume each period. The agent makes choices about his future
consumption, represented by the stochastic process {c(k) : k=0, 1, ..., T}.
The aggregate consumption process may be thought of as the total
consumption available in the economy (for all agents) at each point in time
and in each state of the world. Let us denote the aggregate consumption
stochastic process by {C*(k)|k =0, I, ..., T}. Only the first choice is
known with certainty at time & = 0. The other choices at future times are
random and depend on the random state prevailing when each time point is
reached. In “simple” applications it is customarily assumed that the
representative agent’s utility is time-additive and separable as well as
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differentiable. Time-additive and separable means that there are utility
functions ug, uy, ..., ur such that the agent’s expected utility for a generic
consumption process {c(k)|k =0, 1, ..., T} is given by

APPACEONE 9
k=0

It follows from the theory of the representative agent that the price, which
we will denote V(c), of a generic future cash flow process {¢(k)|k =1, ..., T}
at time 0 is given by the expectation

S = ) k)] (10)

If the aggregate consumption process in (10) is known (or can be determined
for the model that is being used) then this equation gives a linear pricing
relation for all uncertain consumption (or cash flow streams) for the model.
This is very much like the risk-neutral expectation that occurs in complete
markets valuation but here the model has been “closed” with an explicit
assumption on utility. Evidently, different choices of utility functions will
generally result in different pricing relations. Note that the aggregate
consumption process plays a role in the pricing relation. In many
implementations of this pricing relation the aggregate consumption process
is assumed to evolve according to an exogenous process.

ACKNOWLEDGEMENT

The authors are grateful for very helpful reviews from two referees.

REFERENCES

1. Apawms, C. and AUTHERS, J. (1998) Fresh sale of catastrophe securities. Financial Times 1.

2. AnonyMous (1997). CSFB, Winterthur storm Swiss CB sector with first catastrophe linked
bonds. Euroweek, no. January 17, 5.

3. Bobig, Z., KANE, A. and MaRrcus, A.J.. (eds.) (1996) Invesiments, third ed., Richard D.
Irwin, Chicago.

4. BovLEg, P.P., Cox, S.H., DurresNE, D., GERBER, H.U., MUELLER, H.H., PANJIER, H.H.,
(Editor), PEDERSEN, H.W., PLISkA, S.R.. SHERRIS, M., Shiu, E.S. and Tan, K.S. (1998)
Financial economics with applications to investments, insurance and pensions. The Actuarial
Foundation, Schaumburg, [1 60173-2226.

5. CaNTOR, M.S,, CoLEt, J.B. and SANDOR, R.L. (1997) A new asset class for the capital
markets and a new hedging tool for the insurance industry. Journal of Applied Corporate
Finance 10, no. 3, 69-83.

6. ConNoLLY, J. (1997) Insurers eye American Skandia’s VA securitization. National
Underwriter Yanuary 13, p. L.

7. CoppACK, L. (1998) Capital markets sct to take on bidder role. Financial Times 1.

& Cox S.H. and ScHweBACH, R. (1992) Insurance futures and hedging insurance price risk.
Journal of Risk and Insurance LI1X 4, 628-644.



192 SAMUEL H COX, JOSEPH R. FAIRCHILD AND HAL W. PEDERSEN

9.

Cox, S.H., FarcHiLD. J.R. and PeperseN, H.W. (1998) Financial economics of
securitization and alternative risk transfers, Working paper, Georgia State University,
Center for Risk Management and Insurance Research submitted to Insurance: Mathematics
and Insurance.

. D'ARcY, S.P. and FrRaNCE, V.G. (1992) Catastrophe futures: A better hedge for insurers.

Jowrnal of Risk and Insurance L1Y 4, 565-601.

. Darcy. S.P. and FrRANCE, V.G. (1993) Catastrophe insurance futures. Journal of the

Society of CPCU, 202-213.

. EMBRECHTS, P. and MEISTER. S. (1995) Pricing insurance derivatives, the case of cat futures.

Securitization of Insurance Risk (Schaumburg, lllinois) Society of Actuaries Monograph
Series, May 1995, Bowles Symposium, Georgia State University.

. Froot, K.A., MuUrprHY, B.S., STERN, A.B. and USHER, S. (1995) The emerging asset class:

insurance risk. Securitization of Insurance Risk (Schaumburg, Illinois) Society of Actuaries
Monograph Series, May 1995, Bowles Symposium. Georgia State University.

CLANE. M. (1995) The perfume of the premium ... or pricing insuraice derivatives.
e, ) &

Securitization of Insurance Risk (Schaumburg. lllinois), Society of Actuaries Monograph
Series, May 1995, Bowles Symposium, Georgia State University.

. LUENBERGER. D.G. (1998) luvestment science. Oxford University Press, Oxford.
- Markowirtz, H. (1959) Portfolio selection: Efficient diversification of investments. John

Wiley & Sons, New York.

. MaYERs, D. and SMrrH, C.W. Jr. (1982) On the corporate demand for insurance. Journal of

Business 55, no. 2, 281-296.

. MONROE, A. (1997) Natural disaster bonds don’t pay off — yet. Investment Dealers Digest 63,

no. 11, 28.

. NIEDZIELSK I, J. (1997) Securitization continues to evolve. Narional Underwriter 101, no. 28.

19, 28.

. NiEpzIELSKI, J. (1997) Swiss Re in cat bond mkt for Calif. National Underwriter 101,

no. |1, 6.

. ScHMOCK. U. (1999) Estimating the value of the wincat coupons of the winterthur insurance

convertible bond. Astin Bulletin 29, no. . 101-163.

. ScisMm, L. (1997) Investors in USAA “disaster bonds’ could get the idnd knocked out of them

if storm strikes. The Wall Street Journal, June 18, p. C21.

. SHIMP1, P. (1997) The context for trading insurance risk. The Geneva Papers on Risk and

Insurance 22, no. 82, 17-25.

. SKIPPER, H. (1998) International risk management, Irwin, New York.
25. Tu.LEY, J.A. (1995) The latest in financial engineering- Structuring catastrophe reinsurance as

a high-vield bond. Tech. report, Morgan Stanley, New York, October 1995.

. TILLEY, J.A. (1997) The securitization of catastrophic property risks. ASTIN Proceedings.

vol. XXVIII, ASTIN-AFIR Joint Day Procceding, 13 August 1997. Cairns, Australia,
pp. 499-549.

. ZOLKOS, R. (1997) Hurricane bond issue takes market by storm. Business Insurance, June 17,

1997, p. 1.

. ZOLKOS, R. (1997) Swiss Re issues cat bond. Business Insurance, July 28, 1997, pp. 2, 21,
. ZoLKOS, R. (1998) Aon storms markets with typhoon cat bond. Business Insurance, June 29,

pp. 3. 7.

SAMUEL H. Cox AND HAL W. PEDERSEN

Actuarial Science Program,

Deparnment of Risk Management and Insurance,

Georgia State University,

Atlanta, Georgia, 30302 USA

E-muail address, Samuel H. Cox: samcox@gsu.edu

E-mail address, Hal W. Pedersen: inshwp@panther.gsu.edu



SECURITIZATION OF RISK 193

JosePH R. FAIRCHILD
Ziirich Centre Group,
One Chase Manhattan Plaza, 39th Floor,
New York, NY 10005
E-mail address: joe fairchild@zurich.com






PORTFOLIO OPTIMIZATION

By
RENE SCHNIEPER

Zurich Insurance Company, Reinsurance

KEYWORDS

Reinsurance, retentions, non linear optimization, insurance risk, financial
risk, Markowitz’s portfolio selection method, CAPM.

ABSTRACT

Based on the profit and loss account of an insurance company we derive a
probabilistic model for the financial result of the company, thereby both
assets and liabilities are marked to market. We thus focus on the economic
value of the company.

We first analyse the underwriting risk of the company. The maximization
of the risk return ratio of the company is derived as optimality crilerion.
It is shown how the risk return ratio of heterogeneous portfolios or of
catastrophe exposed portfolios can be dramatically improved through
reinsurance. The improvement of the risk return ratio through portfolio
diversification is also analysed.

In section 3 of the paper we analyse the loss reserve risk of the company.
It is shown that this risk consists of a loss reserve development risk and of a
yield curve risk which stems from the discounting of the loss reserves. This
latter risk can be fully hedged through asset liability matching.

In section 4 we derive our general model. The portfolio of the company
consists of a portfolio of insurance risks and of a portfolio of financial risks.
Our model allows for a simultaneous optimization of both portfolios of
risks. A theorem is derived which gives the optimal retention policy of the
company together with its optimal asset allocation.

Some of the material presented in this paper is taken from Schnieper,
1997. It has been repeated here in order to make this article self contained.
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1. INTRODUCTION

The profit and loss account of an insurance company typically details the
following income items:

- earned premiums (net of premiums for outwards reinsurance),

— investment income,

— realized capital gains,

and the following expenditure positions:

— incurred claims (net of reinsurance recoveries),

— expenses,

— dividends to policyholders,

— dividends to shareholders.

We assume that the accounts of the company are on an accident year basis.
Any other commonly used basis (e.g. underwriting year) can be dealt with
after some minimal changes. We shall some times refer to the financial year
which is the period covered by the company’s accounts.

We split the premium into its different components;
— pure risk premium,

— loading for expenses,

— loading for profit.

We split incurred claims into the following two components:

— incurred claims pertaining to the current accident year

‘— changes in claim amounts in respect of claims pertaining to previous
accident years.

We also take unrealized capital gains into account as an income item.
We make the following simplifying assumptions:

— expenses and loading for expenses are identical and therefore cancel out;

— dividends to policyholders are accounted for as claims,

— we are interested in the change in value of the surplus of the company
before dividend to shareholders. We therefore ignore this item,

— the period under consideration is the financial year of the company. This
1s an arbitrary assumption. We could take any other period e.g. a quarter
or a multi year period corresponding to the planing horizon of the
company,

— payments pertaining to a given period are made at the end of the period,

— the premium written in a given period is earned in that period, i.e. the
company has no unearned premium reserves. (This assumption can be
dropped at the cost of a slight increase in the model complexity. The
interest rate risk pertaining to the unearned premium reserves would be
treated in a similar way as the interest rate risk pertaining to the loss
reserves. Since the former is much less material than the latter, we have
chosen to ignore it.)
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We make the following model assumptions:

1. All random variables appearing in the model have finite second order
moments.

2. The pure risk premium is the present value of the expected loss payments.

3. The loss reserves are equal to the present values of expected future loss
payments.

4. The discount factors used to assess the pure risk premium and the loss
reserves are based on the yield curve as defined by the bond market.

5. The assets of the company are valued at market value.

We introduce the following notation, where random variables are denoted by

a tilde:

S total claims amount pertaining to the current accident year

E(S)  the mathematical expectation of the above random variable; this is
the pure risk premium

¢ the profit loading for assuming the underwriting risk S

AL increase in claim amounts in respect of claims pertaining to previous
_ accident years

AA investment income plus realized capital gains plus unrealized capital

gains

u capital (economic value) of the company at the beginning of the
_ financial year

Au increase in capital (in economic value) during the financial year,

return of the company during the financial year.

The following relation holds true
Au=ES)+¢-S—AL+AA

S — E(S) is referred to as the underwriting risk, AL — E(AL) as the
loss reserve risk, A4 — E(AA) as the asset risk and Au— E(Au) as to
the total risk of the company.

2. UNDERWRITING RisK

2.1. Simplified Model

We split the assets of the company between a liability fund and a capital
fund 4 = A, + Ay. This means that some of the assets (4,) are earmarked
to cover the liabilities of the company and the rest of the assets (A4;) match
the equity of the company. Since in this section we focus on the underwriting
risk, we assume that there is no loss reserve risk and no asset risk. To be
more specific, we make the following
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Assumptions

— There is no loss reserve risk, i.e. amount and time of payment in respect
of outstanding losses are perfectly known to the company.

— The liability fund, i.e. those assets which cover the liabilities, perfectly
match the amounts and maturities of the liabilities. The liabilities are
discounted with the discount factors corresponding to the liability fund.
As a consequence any change in the yield curve will have a perfectly
offsetting effect on AL and —AA4,.

— The capital fund is invested in the risk free rate of return: Ady = pold.

The total return of the company now is

Au=FES)+6—S—AL+AA, +AAdy=E(S)+¢— S+ pou

2.2. Optimality Criterion

The objective of the present article is to provide a method to optimize the
portfolio of the company. We first define and discuss the optimality
criterion. The owners of the company are interested in the excess return on
equity provided by the insurance portfolio
= Au — pou
6(u) = SUT Aol

u
Let

ES)—t-8=> EX)+t-X,
i=1
be a breakdown of the portfolio into m individual risks (policies, lines
of business, customer segments, etc.). The company manages its portfolio
by deﬁmng for each risk X, — E(X;) the share «; € [0,1] it wants to
retain and by ceding (1 —a,)(X E(X))) to its reinsurers. It is assumed
that the company also cedes a proportional share of the corresponding

profit (I — «;)¢; to its reinsurers. The return of the net retained portfolio is
thus

m

Aty = Za,-(E( )+l — ) + pou

i=1
and the corresponding excess return on equity is

5 Aty — "moOE(X) 40— X
5(1(“) _ U (Iu Pol _ Za’- ( 1) + i i

) u
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We introduce the following notation

fro(u) = E{bq(u)) o2 (u) = Var(ga(u)).

We have now to define the criterion according to which the company

optimizes its portfolio. The approach is the same as Markowitz’s mean

variance method. (See H. Panjer et al., 1998.) It is assumed that the owners

of the company have two objectives:

— maximization of the expected value p,(u)} of the company return on
equity

— minimization of the risk as measured by o2 (u).

According to their preferences, the owners put weights on these conflicting
objectives and maximize

271 (1) — o2 (1), with 7 > 0.

The parameter 7 is called the risk tolerance.
Note that the total investment constraint of the Markowitz Model

ni
(Z a; = 1} is meaningless in the present framework and has been dropped.
i=1

We first assume that the amount of equity of the company, u is given. The
set of all points in the (u,o) diagram, which correspond to efficient
portfolios is called the efficient frontier. The efficient frontier is convex, and
piecewise hyperbolic. Because there exists a riskless investment, the first
piece of the efficient frontier is linear. (See H. Panjer et al., 1998.)

Example
We assume that there are two uncorrelated risks with expected profit ¢; and
Z, respectively and standard deviation o, and o3 respectively. We introduce
the following notation

f,- g

/\,'=— and TP = — 1:1,2
u u

We have
fa(t) = a1 Al + a2)s
oo (u) = qTl + a7}

The objective is

27pa(u) — o (1) = max!  with 8= {a|ay, 0z €[0,1]}

a€p
which leads to the following unconstrained optimum

/\i .
o0 =T i=1, 2.
TP



PORTFOLIO OPTIMIZATION 201

Without any loss of generality we assume

X A
=23
’Tl 7'2

and we nzuake the following case distinction:
T
1. 7 < 1

Al
In that case a; and oy are as above and

A M, oA A
by =T| S5+, 0, =T |—=5+—=5]).
. (T? T%) ” T

Hence (p,,04) describes a straight line as 7 varies.

2 2
T T
2. 7€ [—‘—,—2}
Al A
2 /\% 2 2 2 /\%
In that case oy =l and ap =75 and pp =\ +75, 0, =01+ 7" =
7'2 Ti 7'2'
and (u,,0,) describes a hyperbole as 7 varies.
2
3. 7> -2

!
In that case o) =ay; =1 and p, = A+ Xy, 02 =0 +03 and this

ad

segment of the efficient {rontier degenerates to a single point.

We now let the amount of equity of the company, v vary. We have

4

ngi
pa (1) = E(b,(u)) == — R(a)

U

u
v
Za,aja,-j

i

o2 (u) = Var(6(u)) = _ Mo

@ 12 u?

- . R
where U%J = Cov(X;, X;). Hence pq(u) = _(g_)’ oau) =
u

Thus if P is a point on the efficient frontier as defined above — i.e. on
the basis of a fixed amount of equity — any point on the straight line OP
can be reached through a proper choice of the amount of equity «. It is
therefore natural to start the optimization process with the following
requirement

. —FR(Q) = max! with 8 = {a|a; € [0, 1] all 7}
() =€

the above requirement amounts to a maximization of the risk return ratio
or, in the terminology of financial economics, of Sharpe’s ratio. In
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general, the above ratio is maximized for a whole set of admissible values
of a. Let B denote the set of those values. It is reasonable to make the
following additional requirement

m

=1

This amounts to maximizing the net expected profit.
Let a4, denote the net retentions for which the above requirement is
satisfied. Let

R = R(ay) and V="V(ay).

The optimal amount of equity is now defined by the following
requirement

R
2. 27— — — = max!
uoou u
which leads to the following optimal amount of equity
u=71"! d
R
Remarks

1. Whilst the present optimization method is based on the same objective
function as Markowitz’s mean variance method, there are however major
differences between the two methods. First, the portfolio to be optimized
consists of a set of insurance risks rather than financial assets. (Later we
shall optimize a combined portfolio of insurance risks and financial
assets.) This leads to a different set of constraints. In particular the total
investment constraint (3 «; = 1) is meaningless and has been dropped.
Second, in addition to optimizing the composition of the portfolio, the
company can also decide on the amount of equity it needs to support the
business. This additional degree of freedom leads to a different efficient
frontier than in the Markowitz framework.

2. One of the drawbacks of the above method 1s that it only takes into
account the first two moments of the distribution of the risks in the
portfolio. In the case of insurance risks which are typically skewed and
leptocurtic, this is a serious limitation. In the remainder of this section we
shall nevertheless analyze a few insurance optimization problems with the
help of the above method. Tt is felt that this parallel between insurance
and finance is of interest in spite of the above mentioned limitations.
Within the framework of our general model (introduced in section 4) we
optimize a combined portfolio of insurance risks and of risky financial
assets. Since the insurance risks entering into the portfolio are net of
reinsurance, it i1s not unreasonable to assume that the distribution of
returns is close to multivariate normal.
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We now turn to the problem of allocating capital to individual risks. Let
Au = S X; be any split of the total risk of the company into individual
risks. The capital is proportional to

Var( Au Z Cov(X;, Au)

i=1

It is thus fair to allocate to each risk X,- an amount of capital u;, which is
proportional to the contribution of that risk to the overall volatility of the

result of the company: u; = k - Cov(X;, Au). Since u = Y u; we obtain
I i=|
y Cov(X;, Au)
Var(Au)

The exgess'return which the company expects to achieve for assuming the
risk o(Au) is equal to (p — po)u, where py denotes the risk (ree rate of return.
[t is fair to split the excess return proportionally to the capital.

i=

Definition 3
The fair loading of risk X, is

Cov(/\-’,-, Au)
Var(Au)

It is equal to the cost of the capital needed for assuming risks X;.

(p—=po)ui=(p—po) u

We assume that the company is a price taker, the fair loading is thus not a
way to compute prices but a way to define benchmarks. In general there will
be cross-subsidies. Certain risks well have a higher expected profit than the
fair loading, others will have a lower expected profit. Later we show that if
the portfolio of risks is optimized in an unconstrained way, the actual
loading of each risk is equal to the fair loading. This is a further justification
for our way of allocating capital to individual risks.

We now turn to the problem of maximizing the underwriting risk return
ratio. Assuming that the loadings of individual risks are given there are two
main possibilities to increase the above ratio: combining risks in a portfolio
and buying reinsurance. We illustrate the impact of reinsurance and the
portfolio effect on the risk return ratio.

2.3. Portfolio Heterogeneity

Let X,, X, ..., X, be the uncorrelated risks of a portfolio S = ZX’,. Let
_ i=
¢; denote the loading of risk / and 077 its variance. We have thus

¢=% ¢ and oS (Zal)

No—



204 RENE SCHNIEPER

Let us assume that for each individual risk / the company keeps a share «;
for its own account and cedes a share (1 — ;) to its reinsurers.

Theorem
Under the above assumptions, the choice of «, ..., a, which maximizes the
net underwriting risk return ratio

Z ol
(X afa?)

Fnet =

O

¢
Q; = 0—2
i

where ¢ is some norming constant which must be chosen in such a way that
0 < < 1

for all /. With the so defined set of retentions we have

1
2\?
Foer = <Z ?)
Proof

Deriving r,., with respect to ¢; and setting the derivative equal to 0 we obtain

e,<2a%o%>%—<2ae (5 afet) o

=0
Z ajo}
6(Loie) = (L ot)oe]
&= —13 '20'2 = Cija
o Leibi o
and the value of the optimal r,,, is obtained by plugging the above value of
oy into the expression defining ry,,. O

Special case
Let

¥ = L; with probability p
71 0 with probability i —p

and

E,‘ = E()—(,))\ = [)L,’/\
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we now have
Var(X;) = p(1 — p)L} ~pL? for p<<|
and the optimal retention becomes

o Z,- CpL,'/\ 1
= 2 = —

i

= o;L; = ¢A

CA

and the retention of each risk is such that the net monetary amount retained
is the same for all risks i.e. the reinsurance arrangement which maximizes the
underwriting risk return ratio is a surplus treaty, where the retention is equal
to the smallest sum insured.

On a gross basis the risk return ratio is

n n
ZL,‘[)/\ z L,‘
r=—=l A\

Ee) (E9)

2\?
Vet = (Z ’0'_'5> = /\\/p_rl

i 1

[TE

and on a net basis

It is seen that ry,,, > r. The inequality is strict unless all L;’s are equal.

Numerical Example
Let us assume that there are two types of risks

5, = {1 with probability 1073
'~ 10 with probability  0.999
and
7. — J 100 with probability 103
7271 0 with probability  0.999

There are n = 103 risks of the first type, and # = 10° risks of the second type.
The profit loading is A = 3% of the pure risk premium. We have

o(S) ~ /10-3(105 + 107) = 100.5, ¢=6.0, r=0.060
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According to the above theorem, the reinsurance arrangement which
maximizes the underwriting risk return ratio is a surplus treaty with a
retention of 1. On a net basis we have

o(Suer) = (/1072 (105 +10°) = 1005, €=303,  r=030l

The net underwriting risk return ratio is much higher than the gross.

2.4. Catastrophe Exposure
Let S = > X;bea portfolio of individual risks where each risk is the sum of
=1
an ordinary risk and of a catastrophe risk:
/?i = o/\}i + (‘/\71'-
We have thus

H n
S = 20A~/i+ ZIC/\;,'.
i= =

It is further assumed that

Cm,(o,{fl.’ofj) = é;05 for all i, j, where §; = {(]) :;j

and that
CO"(c/\}i7(-/\~’j) = of for all 7,/

i.e. ordinary risks are uncorrelated and catastrophe risks are perfectly
correlated. It is further assumed that

Cov(, X, X)) =0 for alli,j.
It follows that

Cov(X’,-, /\71) = Cov(,,/\7,- + X, (,/\7j + c/\7j) =6

Sho
+
f‘qlu

and
Var(S) = nol + n*o?.

Let us now assume that the catastrophe exposure is reinsured through a per
event excess of loss reinsurance with retention x

Sher = i()/\;, + (i c/{,i> AX

=1 i=1

where x A y denotes the minimum of x and y.
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(i c/{/i) N x
i=1

as a function of x we would need to make distributional assumptions on the
catastrophe risk. We make the extreme assumption that the catastrophe risk
is fully reinsured, i.e. x = 0.

As a consequence we have

To compute the value of

Var(S',,c,) = 11020.

Let i, and p. denote the pure risk premium of an ordinary risk and of a
catastrophe risk respectively. Let A, and A, denote the premium loading of
an ordinary risk and of a catastrophe risk respectively. We have
. € n(podo + peAe)  frodo + peA

- Sy T 1
T ekt ()

Assuming that the loading of the reinsurance premium for the catastrophe
risk is the same loading as for the original catastrophe risk, we obtain

1200
Fret = \/’—7

a9

which is usually much larger than r.

Numerical Example

7. ] 100 with probability 10-3
0% = 0 with probability  0.999

ja 5 with probability 1073
T 10 with probability  0.99
oX; could be a fire claim and .X; an earthquake claims from a given fire

policy.
We have

' 3
o =0.1, pe=0.05, 0o~ 1072-100=3.16, 0. ~ 107" - 5=10.5
Let us assume that

Ao = 5%, A\ =20% and n = 10°.
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We obtain

a(S) = 50'010 ¢ =1500 r=0.030
U(S"L)[) = 1'000 e = 500 Fuer = 0.500

The net underwriting risk return ratio is much higher than the gross.
Assuming 7 = 0.25 we obtain the following amount of required equity

-1 0.2 ( ~uel)
g”('/

which leads to the following optimal risk, excess return pair

= gﬂ =625%, o= 7 (Sher)
u u

= 8'000

=T

= 12.5%.

2.5. Portfolio Diversification

Let Xy, X3, ..., X, denote the different insurance portfolios of our company
(e.g. homeowners, private automobile, commercial multiperil, commercial
automobile, assumed reinsurance business, etc.).

Let

7T(/\~/,') = E(X,') + ¢

denote the premium of portfolio X;, ¢ is thus the corresponding loading.
We use the following notation

UU = COV(/\?,', /\;j) Z = (UU)

We assume that the company keeps a share o, of portfolio X; for own
account and cedes a share (I — «) to its reinsurers.
The combined net portfolio of the company is thus

S,m, = 011/\71 + a2/\72 + ...+ a,,/{/,,
and its combined net profit loading is

bpor = 1) + ey + ... + v,y

Theorem
We assume that 5 ~' exists.
1. The vector o' = (e, &2, ..., o) which maximizes the net underwriting

risk return ratio
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is given by
a=c-57".¢

where ¢ = (4, fa, ..., £,) and ¢ is a scalar which is chosen in such a way
that max a; = 1.

i=1,.,n

The optimal risk return ratio is equal to

|
Fner = (€57'0)2

2. o maximizes the risk return ratio if and only il the net loadings
(ail; i=1, ..., n) are equal to the fair loadings.
Remark

The solution « provided by the theorem is only meaningful if o; > 0 for all /.
It is indeed unrealistic to assume that the company can take a short position
in any of the insurance portfolios X;. To find a solution & which always
satisfies the condition o >0 is a convex optimization problem with
restrictions. It is a standard problem in finance theory, see for instance
W.F. Sharpe (1970).

Proof

We have to maximize the following expression

;— ally +oxby + ..+ b,

I
2
2 oy
i

deriving with respect to ¢y, oo, ..., a, and equating the expression to 0,
we obtain

J=1

€,0(Sne) = rerdor (Sner) ™! (2 > ao ,-)
=0

b
by 02 (Sner)

dr
bo al(snrl)

[,,U(‘k,,,,)—f,,‘,,%o'(._,,,,)_l <2 Z Ojan/>
J=1 =0
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and after some straightforward rearrangement of terms

glo-z(gm’l) = gnelj Z ;0|

J=1

_ n
f,,UZ(Sue/) = enelj 2 G Tnj
J=1

or in matrix notation

This proves the first part of the theorem. (Note that by definition ¢ is
only defined up to a norming constant ¢.)
We now prove the statement about r,,,.

Var(S) = o/Sa = 8788 W = (¢f)(c27'0) = L a

44 1 1 1
VYpet = LI = (ng)z = £ IE)Z
N ‘/—
1
et = (EIE_IE)i
2. o048 i=1,..,n are the fair loadings if and only if
ail; = ¢ Cov(a;X;, Sper) =1, ..., n for some constant ¢. This in turn

is equivalent with the following system of equations

n
CE,'@,':C' E (48 31ed7} i = 1, 2, oy R
=

n
€,-=c- E giity; 1= 1, 2, ey R
J=1

{= Yo
a=c'z7

which is equivalent with ¢ maximizing the risk return ratio.

Numerical Example
There are three portfolios with

oy =1 4, =0.2 = =20%

on =4 £,=0.2 =
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We think of X} and X; as of a motor portfolio and a homeowners portfolio
respectively. We assume that both portfolios are exposed to the same natural
peril (e.g. storm), which is only reinsured in excess of a substantial retention.
The correlation between the two portfolios is therefore positive. Let us
assume that it is equal to 0.20.

The third class of business consists of industrial risks with

4
NGEY

o33 =9-(1.5=2025 =18 = = 40%

The interpretation is that for the same premium income as the homeowners
portfolio, the industrial portfolio has a standard deviation of 3, instead of 2
for the homeowners portfolio. The industrial portfolio has 50% more
volume than the homeowners portfolio. It is assumed that the industrial
portfolio and each of the personal lines portfolio are uncorrelated. We have
thus

I 04 0 0.2
Z: 04 4 0 . =106
0 0 2025 1.8

From our theorem we obtain that the optimal retentions are
o = (1, 093, 0.61)
yielding

o(Sper) =3.57 ¢

=net

=185 r, =0.518

Thus the optimal risk return ratio is much higher than each of the risk return
ratios of the individual classes. o
Let S be the gross combined portfolio § = X} + X3 -+ X3 we have

’__€1+€2+£3_ 2.6
- [ |
1 (2605
(%)
ij

which is nearly as high as the optimal risk return ratio. To achieve the
optimal ratio the company must cede 7% of its homeowners business and
39% of its industrial business. It must thus forgo an expected profit of 0.75
out of a total expected profit of 2.6. It is questionable whether in this case the
slight improvement in the risk return ratio is worth this sacrifice.

Let us assume that for given R = E(Au) and V = Var(Au) the company
chooses the amount of equity u in such a way as to maximize

o(S)=5.10 ¢=2.60 = 0.509
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This is tantamount to utilizing Markowitz’s objective function to determine
the optimal amount of capital for a given risk and return. The optimal
amount of equity is

vV
u=rtT - .
R
For 7 = 0.25 and utilizing the notation

= E@6w), o= Var%(g(u))

we obtain

Portfoli

ortfolio , o u "

number
1 0.200 5% 1% 20.0
2 0.300 7.5% 2.25% 26.67
3 0.400 10% 4% 45.0
4 0.509 12.75% 6.5% 40.0
5 0.518 12.95% 6.71% 27.56

where portfolio number 4 is the combined portfolio and portfolio number 5
is the optimal portfolio.

This example illustrates that combining portfolios results in substantial
capital savings and improvements of the risk return ratio. This example also
illustrates the fact that, when we combine portfolios in a non optimal way,
there is a cross subsidization between portfolios: Let S denote the gross
combined portfolio. The fair loadings are

e,—p,-ll Cov(X,iS)
Var(S)
thus
¢ =6.5%-40.0 L4 =014 ¢,=044 {¢;=2.02
1 =0.07% . 2605— 2 = 0. 3= 2.

whereas the actual loadings are
6, =020 ¢,=060 ¢3=1.80

There is a subsidization of X3 from X; and X,.
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3. Loss RESERVE Risk
3.1. Individual Accident Year

Since we only consider one accident year, we can assume that the
development year ¢ of risk X is also the financial year ¢ of the company.
This amounts to a renumbering of the financial years. We first analyze the
problem on an undiscounted basis. Later we introduce discounting.

Let X denote a risk, or a portfolio of risks pertaining to a given accident
year. Let 7(X) and ¢ denote respectively the premium and the loading of
risk X. We have

m(X) = E(X) + ¢

As with all other random variables we assume that E(X?) is finite. Let us
assume that X is paid out over w development years.

¥=3 5,
=1

P, denotes the payment made in development year ¢ in respect of risk X.
Let H, denote the information of the company on risk X in development
year 1. Hy is the information on the risk prior to underwriting it and we have
thus E(X) = E(X|Hy).
We further introduce the following notation
X, = E(X|H,)

X, is the company’s estimate of risk X in development year 7.
We assume that Hy, H,, ..., H,, ... 1s an increasing sequence of
o-algebras. It is easily seen that X, is a martingale. Let

[41 = E(PH_] + P1+2 + IH{)

be the loss reserve of the company at the end of development year ¢ in respect
of risk X. _

Based on the pure risk premium E(X), the contribution to results
produced by risk X in the successive development years are as follows

R=L_-P—-L 1=12 .
and the following relation holds true
R, = E(X|H,\) - E(XIH,) =12, .

R, is the difference process of a martingale (i.e. of E(—X|H,)).
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Note that according to our terminology, R, is the underwriting risk and
Ry + ...+ R, is the loss reserve risk. R

Since —X, = —E(X|H,) is a martingale and R, is the corresponding
difference process, the following holds true

E(R)=0 1=1,2, .., Cov(R,R) =0 145,
Var(X) = Z Var(R,).
=1

Let ¢ denote the loading for profit pertaining to risk X. We make the
assumption that ¢ is earned over the whole development period of risk X.
The amount earned during development year ¢ is
6=t Var(R)
Var(X)

w
The above ensures that ¢, = ¢.

. =1 . g .
We now introduce discounting. Let §(u), a random variable, denote the
interest rate intensity at time u. The present value at time s of one monetary
unit paid at time 7 is then

- .5(11)1/11
o(s, 1) =¢e !

Let G, denote the cumulative information on the interest rate intensity up to

the end of financial year ¢ (which is also development year 1 of risk X). It is

assumed that Gy, Gy, ..., G,, ... is an increasing sequence of c-algebras.
We have now

X =500, 1)- Py +0(0, 2)- Py + ... + 5(0,w) - P,
Let
[” = E(Z D(I’l + S)[)I+A\'|Hl;gl>
s=1

be the loss reserve of the company in respect of risk X at the end of
development year 7. As a special case we have Ly = E(X).
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The loss development risk in development year ¢ is

R/ :[Jr—l —131'_[4/

w—1+1
R, =E< P EINES +s)P,-|+.\-|H,_,,g,-.> - P,

s=1

w—1{

s=1

w1 ’
-——[E( ot — ],’+.V)ﬁ1+s|Hl—lug1—l>
s=0
E

w—t

( 1}([— l,f+S)P/+.v|H17gl—l>
s=0

E

( . D(’ - lal+‘q)pl+s|Hl7gl—l>

(1,1 + S)f’,+.\.|7'{,, gr)}

’ ’+5 PH\|HI’gl)

|
!

> LML
o]

Assumption 6
The interest rate process and the claims process are stochastically
independent.

Under the above assumption we obtain

R, = - E(@(1 = 1,0 +)Gi—1) - (E(Prs|Hiz1) — E(Pris|H))

R}

€

I
=

| R, is the loss reserve development risk. It is seen at once that E(;R,) = 0. In.
addition the company will earn a profit loading ¢, as defined above, for
assuming the risk | R,.
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We also have

2Ry =S BBl - (B = 1,1+ 9)[G11) — B(5(1, 1+ )[G)
s=0

»R, = Y E(P|H,) - (E(®(t = 1,1 4+ 5)|Gi_y) — E(0(t = 1,1+ 5)|G)
s=0
+ E@(t = 1,14 8)|G) — E@(1,1 + 5)|G)))

SR, = S E(Ps[H) - (E@(t = 1,0+ 8)|G=)) — E@(1 — 1,1+ 5)|G))
s=0

+ wz_l E(PosHy) - E(@(t = 1,0+ 5)[G) - (1 =57 (1= 1,1))
s=0

and it is seen that the first term is the yield curve risk stemming from the
discounting of the loss reserves and the second term is the unwinding of the
discount.

—2R, can be viewed as the yield in financial year ¢ of a bond portfolio
with the amounts E(P/|H,), E(Pyi|H,), ..., E(P,|H,) maturing at time
f, t+1, .., w respectively. The risk R, can therefore be perfectly hedged
through asset liability matching.

3.2. Different Accident Years

Let Xy, X3, ..., X, denote a risk or a portfolio of risks pertaining to accident
years 1, 2, ..., w. Let P,; denote the claims payment made in respect of
accident year ¢, in development year s. It is assumed that each X, is paid over
w development years. We have

w—i+1

Xo= " o(t=1,0=1+5)P,

s=1

where v(s, 1) is defined as the preceding subsection. H, (s =1, 2, ..., w) is
the g-algebra generated by {P.,, P,5, ..., P,s}. G is the o-algebra generated
by {6(11)|u < 1}. The loss reserve held by the company in respect of accident
year ¢ at the beginning of financial year w is

L,yw_,=E( > a(w—1,s+r—1)13,,:|H,,w_,,gw_|>.

S=w—1+1

At the end of financial year w it pays P,,_,+1 and puts up a reserve

L,‘w_[+| = E( Z 7}(&}, s+1t—- l)ﬁ,)s|H1}w_,+[7gw> .
s=w—1+2
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The risk materializing during financial year w in respect of accident year ¢ is
Rl,u.)—l+l = Lr,w—l - Pl,w—l+| - Lt,u)—H-l-
And the overall loss reserve risk is thus

w=1

AL = - Z Rr‘w—l+l .

=1

Note that Rw:l is the underwriting risk in respect of accident year w and is
therefore not part of the loss reserve risk.
Upon rearranging terms, we obtain

w

Riiin :E( > dw—ls+1— 1)13,.5|H,,w_,,gw_.>
S=

w—1+1

~-E Z @(Wa S+ — l)i)t,.slH/.u—/Hagu)

(w —l,s+t- 1)131.5|H/,w—17gw—l>

y

SN
(e !
dl

[wg}

(LU - l,S+ 1 — l)i)l.x|Hl,w——l+l;gw—l>“
+ [E D((A} - l,S —+ 1 — l)i)['_ng[,u—H-],gw_])
s=w—1+1

_E< Z Olw, s+ 1 — 1)}3,,5|H,,w_,+,,gw)}

S=w—t+1

Rl,u—H—l :|R1,w—l+| + 2Rl,w—l+l

Using assumption 6 we obtain

w

Ripmrpr = D> E(@w—1,s+1=1)|G1)

s=w—1+1

’ (E(ﬁl,lel.w~/) - E(P1,5|Hl.u—1+l))

w
2Rl,u)—l+l = Z E(Pl,s|Hl,w—1+l)
s=w—i+1
(E@(w=1,s+1=1)|Gur) — E(O(w, s+t = 1)|G,))
~ - - - w—1
Let AL = AL+ ALy with AL; =5 ;R i=1, 2.

=1
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ALy is the loss reserve development risk and AL is the yield curve risk
combined with the unwinding of the discount.
_ Itis easily seen that E(AL|) = 0. In return for the assumption of the risk
AL, the company earns a profit loading

w=1
Zl = Z el,w—l+l
=1

where ¢, -+ is the profit loading pertaining to accident year s in
development year w — 1 + 1 (see section 3.1).
Upon rearranging terms we obtain

w—1
AL2 = - Z RI.w——H—l
=1

w=1 w
ALy =" > E(Py|Hiwersr) - (E(B(w,s+ 1= 1)|G.)

=1 s=w—1+1

- E('D(w— I,S+ | — l)lgw—l))

w=2
ALy =Y k(E(B(w,w + 5)|Gu) = E(®(w — 1,w + 5)|Gur1))
=0

with
ky = ,i;n E(Pgotsi1=| Hiwmrpr) -
Thus |
AL =S K (E@wow+ 916 - B 1w+ 6.)
:OE(ﬁ(w — Lw+9)|Gy) — E@(w = 1,w + 9)|Gut))
B =S B~ L+ 98] (57 0 1)

+ Zk,\.(E(@(w — Lw+5)|G) — E@(w—1,w+5)|Gurt))

where the first term is the unwinding of the discount and the second term
is the yield curve risk stemming from the discounting of the loss reserves.
We have thus

AL, =R, - L
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w=—2
where L= Y kE(O(w— l,w+5)|G,—y) is the total discounted loss

reserves at fvﬁg beginning of financial year w and R, is the yield for
financial year w of a bond portfolio with the amounts &, maturing at the
end of financial year w+s (s=0, I, ...; w—2). R, is the rate of return
of a bond portfolio with the same maturities as the liabilities of the
company. Al; can thus be perfectly hedged through asset liability
matching.

In summary the loss reserve risk consists of two parts

ALZ(ALl —€|)+RL-L

a loss reserve development risk (AL;) and a yield curve risk (R, - L).

4. GENERAL MODEL INCLUDING ASSET RISK

4.1. Optimality Criterion

We have obtained the following representation for the return of the
company during the financial year

ALIZ (E(§)+€—§)+(€| —AL|)—RL'L+AA

The first two terms are insurance risks (underwriting and loss reserve
development risk), the last two terms are financial risks (yield curve risk and
asset risk). 5

It is assumed that there are n different categories of assets. R;, a random
variable, denotes the return of asset category j. A; denotes the amount
invested by the company in assetl category j. We have

n
Aa=) "R 4.
=1

Let pp denote the return of the risk free asset. We obtain the following
representation for the excess return of the company

Au— pou = (E(S')-i—@—g) + (¢4 —ALl)—(RL—PO)'L-l-i(Rj_PO)'Aj
=1

where we have used the fact that the sum of the liabilities of the company is
equal to the sum of its assets

H
L+u= ZAJ
j=1
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Let

and

be a split of the underwriting risk, the loss reserve development risk and the
yield curve risk into individual risks (e.g. lines of business, market segments,
etc.). We assume that company keeps a share «; (o €[0,1]) of each
individual underwriting risk and cedes | — ¢, via quota share reinsurance.
Similarly the company retains a share f; of loss reserve development risk and
of the yield curve risk j. The excess profit of the company now reads

m '

Au—pou=ai- (EX)+6-X)+> 6 ((e; — X = (R = po) - LJ-)
i= j=1

+ (R = po) - 4
i=|

And it is seen that portfolio optimization amounts to an ‘optimal’ choice of
the o’s, 8’s and 4's. We now define the optimality criterion.
Let

§(u) = M, ) = E(g(u)), ot (u) = Var(g(u))

u

* The objective of the company is to maximize
2ru(u) — o*(u), with 7> 0.

(For a discussion of the above objective function see section 2.2). As in
section 2.2 we have

pe(u) :;u_;’ (1) :V(Q+é_3aﬁ_)‘
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Thus the same arguments apply and it is seen that the efficient frontier is
defined by maximizing the risk return ratio (Sharpe’s ratio).

je(u) _ L{a, B, 4)

(V(g_, 8, A))%

=r(a, B, 4)

Hence the following

Definition
A portfolio is optimal if and only if the corresponding risk return ratio
r(a, B,A4) is maximal. In addition o and g are such that the net retained
insurance profit is maximized.
Usually r(a, 8, A) is maximized under certain constraints such as a; € [0, 1]
and §; € [0, 1] and, if the company is not allowed to issue securities 4; > 0.
Once the company portfolio has been determined, the risk return ratio
and the efficient border of the company are given. The company still has to
choose a specific point on the efficient frontier. This choice is equivalent to
the choice of the amount of capital of the company which in turn is deﬁned
by the risk tolerance T (see section 2.2).

Let Au= ZZ be any split of the total risk of the company into

individual risks. Smce the amount of capital required to assume the total risk
Au is proportional to

Var Au ZCov Z,.Au)

i=1

We allocate to each individual risk Z;, an amount of capital u;, which is
proportional to the contribution of that risk to the overall volatility of the
result of the company
;= k- Cov(Z;, Au).
n
Since > u; = u, we obtain
i=1 - o~
Cov(Z;, Au)
Var(Au)

The excess profit which the company expects to achieve for assuming the risk
(Au) (p — po) - w. It is fair to split the excess profit proportionally to the
d“OCdlCd capital. Thus

Uy = u -

Definition _
The fair loading of risk Z; is

Cov(Z;, Au)

- = (p— - u =
(p = po) (p— po) Var(An)
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Remark

If the Zis are uncorrelated the fair loading amounts to the variance principle.
The multiple of the variance, which must be loaded, is derived from the
company portfolio, capitalization level and return objective:

(p—po) - u- Var~ (Au).

If in addition the amount of equity is optimal

_, Var(Au)
=7 ——
(p— po)u

the loading factor is equal to (7u)™"

4.2. Portfolio Optimization

The excess profit of the company is

m

Au ~ OLI—ZQ, AR )

n'

+Z@-(<e;—/\7,>—<é;—po)-q)
+Z = po)

and our objective is to maximize the risk return ratio of the company.

In a first step we have to maximize the risk return ratio of the
underwriting and loss reserve subportfolio through reinsurance buying. This
leads to more homogeneous and less catastrophe exposed portfolios and
hence to higher risk return ratios of the subportfolios. It also leads to
distributions which are close to multivanate normal. This process is
discussed in section 2.

We now turn to the second step which consists in the optimization of the
global portfolio, i.e. in maximizing the risk return ratio as a function of the
o's, s and A's.

Let

X =(al, .y am Bi, oy By, Al oy An)

ﬁ/ =, oy by, & = (R =) Ly, ..., €, — (R, — po) - Ly,
Ry = po, ..y Ry —/)0)

S =Cov(=X\, .., =X, =X} = R\Li, ..., =Xow = R, Loy, Ry, ..., R)
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The optimization problem now reads

X
F=—————— =max!
s

- T-xp  *

with the conditions

xi=a; €[0, 1] i=1, .., m
xi= 0 €0, 1] i=m4+1, ..., m+nm

and if the company is not able to issue securities

xi=A4,>0 i=m4+m' +1, ., m+nm +n

This is a standard mathematical programming problem. The solution of
which can be derived through standard algorithms.

Remarks

1.

We restrict the reinsurance agreements to genuine quota shares. The
company is not allowed to take a short position in any insurance
subportfolio — which would be unrealistic — or to increase its share of any
insurance subportfolio beyond 100% — which would attract important
acquisition costs.

In order for any portfolio to be feasible the amount of labilities must
exceed the amount of assets

m H

u -+ ZCMIL,' > Z A_/'
i=1 i=1

If this is a true inequality, the assets corresponding to the excess liabilities
can be invested in the risk free asset. This amounts to a restriction in the
choice of the amount of capital

m

u Z iAj_ ZCY,‘L,‘
i=1 i=1

We refer to the right hand side of the inequality as to the amount of net
invested assets.

Within the framework of our model we can simultaneously optimize the
reinsurance policy and the investment policy of the company. The model
allows for a symmetrical treatment of the insurance risks and of the asset
risks.
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Theorem
We assume that ¥ is a regular matrix
1. The unrestricted optimum, i.e. the vector x which maximizes

WX

)

r=

(¥'%;

-
-

is given by

X=c- E_IH
(By definition x is only defined up to a constant factor c.)
The unrestricted optimal risk return ratio is equal to

- 2
Fmax = (E/E IE)

2. x is the unrestricted optimum if and only if all the actual loadings are
equal to the fair loadings.

Proof
1. We have to maximize

WX
r=—=

(E'El)%

equating to derivatives with respect to x; to zero, we obtain

! 1
(XX —plx - S (XEX) 22 Y oy,
dr - < 7 o
d.\',' - IIZX —
i=1, .., m+n where (g;) = L.

After rearranging terms

i(xX'Ex) = (Ell) Z oy, alli
J

w=kKk-x-x
and since ¥ is regular

x=c- 7'

Plugging in the above definition of x we obtain

=

C'EIZ_IE

Fmax =

= (#="'u)

=

(st 2 ez
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2. All the actual loadings are equal to the fair loadings if and only if the
following equations are satisfied

ai(6; + €) :k-Cov(—a,—(/\?,-%—/\},v),[lu) i=1, ..., m
(Ay — L)(Ry — po) = k - C0v<(A| . L)R,,Au)
A;(R; — po) = k - Cov(A;R,, Au) j=2, .., n
Using the above notation, this is equivalent to
xipi = k - Cov(x:Z;, Au) i=1, .., m+n

for an appropriate choice of Z,.
Hence

u,-:k-ZZ,-jxj i=1, ..., m+n
J

which proves the 2nd statement of the theorem
g.e.d.

Remarks

1. The 2nd statement of our theorem is a further justification for our capital
allocation formula.

2. The theorem is a generalisation of the theorem of section 2.5.

Example 1

We now turn to a numerical example. The company has two underwriting
risks and two loss reserve risks which correspond to the different customer
segments of the company. The risks and returns are as follows

Underwriting portfolio Risk 4 o E

o
Private customers ,\71 4.5 15 30%
Industrial customers X, 14.4 30 48%

Note that we do not give the premium income since it is irrelevant.
Let Corr(X;, X)) = 6; where §; is the Kronecker Symbol

1 ifi=g
6U_{0 else
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Loss Reserve Portfolio Risk L 4 o ¢
g
Private customers X 400 0.5 5 10%
Industrial customers ,\—’2 600 1.6 10 16%
1’000

with Corr(X}, X)) = 6;  and Corr(X;, X}) = 6, - 0.40.
Note that both in the case of the private customer and of the industrial
customer portfolio the ratio between loading and variance is the same for the
underwriting and for the loss reserve risk.

There are four different asset categories with risks and returns as defined
below

Asset Category Risk R: — po o Ri—
g

Bond portfolio with medium

term duration (R, = R;) R 1% 4% 25%
Bond portfolio with long term

duration Ry 2% 6% 33%
Equity portfolio R; 10% 20% 50%
Rcal Estate portfolio R, 8% 20% 40%

The correlation matrix of the different asset categories is as follows

1 09 04 04
Corr(R,, Rj) = l (1)'4 gj
1

It is assumed that insurance risks and asset risks are uncorrelated
Corr(X’,-,RJ-) =0 for all i,j.
Without any loss of generality we assume

R=R i=1,2

This amounts to choosing bond portfolios with maturities matching the
expected maturities of the respective liability portfolios.
We have

Hl = (4.5, 144, -3.5, —10.4, 0.01, 0.02, 0.10, 0.08)
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and
COV(A;,',X,I') COV(X:aXJ') 0
T = | Cov(X}, X)) Cov(X:,XJ’)-}-LL Cov(R),R;)) —L;-Cov(R, R)
0 —L;- Cov(R,, RJ’) Cov(R;, R))
(225 0 30 0 0 0 0 0 ]
0 900 0 120 0 0 0 0
30 0 281 5184 —-0.64 —-0.864 —1.28 —1.28
v 0 120 518.4 1396  —-1.296 -2.16 —-2.88 -—2.88
0 0 —0.64 —1.296 0.0016 0.00216 0.0032 0.0032
0 0 —0.864 —2.16 0.00216 0.0036 0.0048 0.0048
0 0 —1.28 ~2.88 0.0032 0.0048 0.04 0.016
| 0 O —1.2 —2.88 0.0032 0.0048 0.0l16 0.04

The unconstrained solution is
x=c-S7" p=(1,08, —0.23, —0.18, —568.1, 245.1, 94.8, 54.4)'

which is not admissible because it entails taking a short position in the two
loss reserve risks and issuing the short term bond portfolio for an amount of
568.1 monetary units. The constrained optimization problem is

¢ X p—x 7" x = max!
[ A

with
X3 =x4 =Xx5=0.
The associated objective function is
Z=c X p—x-2 x+Xx3+ Axg+ Asxs = max!

where A3, Ay and As are the Lagrange multipliers associated with the above
constraints. To solve the constrained optimization problem we must find

X1, <y Xy (N=m+m' + n) such that
0z 0Z 0Z 0Z
— = =1, ... N d —=—=——=0.
8.\',- 0 ¢ ' ' an 8/\3 8)\4 8/\5 0

This leads to the following set of equations

N 5
—-C'M;+ZZUU'Xj—Z/\j(5[J=O
Jj=! J=3

x3=x3=Xx5=0
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In matrix notation

oo o
OO O
[e i R
O - O

or

and the solution is

2y

RENE SCHNIEPER

0 0
0 0
-1 0
0 -1
0 0
0 0
0 0

0

0 0

0

¥al=cu'

Xk = C(Z*)—IH*

-«\'l -
0 7 X2
0
0
0

—1
0
0

Xg

A3

J A
\./\5 i

The optimal constrained portfolio of the company is thus

Contribution to

derwriting Risk Cocefficient a, A Expected Profit .
Underwriting Ris oefficient a, B or xpected Profi overall variance
X, + 6 + E(X) 1 4.5 225.00
—Xo 4+ 0 + E(X2) 0.80 11.52 576.00
Loss Reserve Risk
—X\ 4+ € — (R, — po)- Ly 0 0 0
—X+ 86— (R —m) - L 0 0 0
Asset Risks
R| - po 0 0 0
Ry — pg 82.30 1.65 82.30
Ry = po 94.14 9.41 470.68
Ry — o 52.47 4.20 209.88
31.28 1563.86
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The optimal amount of capital is
v
R

with R and V are the expected profit and the contribution to overall variance
respectively (see section 2.2.). Assuming T we obtain w = 199.98.

u=r

The salient features of the optimal portfolio are the following

— The company cedes a 20% quota share of its industrial business.

— The company fully reinsures the loss reserve risk. As a consequence its
balance sheet is not leveraged at all. The liability side of the balance sheet
consists of equity only, there is no debt.

— The total amount of net invested assets is 228.91 which compares with an
optimal amount of equity of 199.98. The optimal policy is only feasible if
the company can raise an amount of debt of 28.93 monetary units at the
risk free rate.

~ The company invests a substantial part of its nets invested assets in shares
and real estate (64%). The contribution to the expected profit and to the
overall volatility from asset risks is substantial (49%).

— The optimal risk return ratio is r = 0.791.

— For the unconstrained risks (i.e. all the risks except x3, x4 and x5) we have

expected profit

—— - = constant = 0.020.
contribution to overall variance

For the constrained risks the above quantity is irrelevant.

Example 2

Based on the result of the section on loss reserves, the model assumes
that the loadings ¢, and ¢ are ~proportlondl to the variance of the
corresponding risks al(X) and o?(X?). In practice however a loss portfolio
transfer (8; = 0) would probably command a much higher loading. Since
there is no liquid reinsurance market for loss portfolio transfers we make the
following

Assumption 7
m=m, Bi=a; =1, .. m
In addltlon we sxmphfy the notation
X+ X! is replaced by X;, and
¢; + ¢ is replaced by ;.
The model now becomes

n n

All — pPpoU = ZCY.,‘(E(/\.},‘) + Z,- - /\7,' - (R: - p()) 4 L,) + Z (Rj - /)0) . Aj
i=1 j=1
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We now reanalyze the preceding example. We have

Insurance Portfolio ' Risk L [4 g ﬁ

a
Private customers X, 400 5 17.61 28%
Industrial customers X, 600 16 35.12 45%

The other model parameters remain unchanged and we have

¢ = (1, 4, 0.01, 0.02, 0.10, 0.08)

5= COV(/\‘./,', /\7]) + L’{‘]C?V(R:’ le) —L,'COV~( ~:~, RJ)
—L,'COV(RJ', R:) COV(R,’, RJ)
[ 566 5184  —0.64 -0.864 —1.28 —1.28 ]

518.4 2536 -1.296 -2.16 -2.88 —2.88

s = —0.64 —1.296  0.0016 0.00216 0.0032 0.0032
—-0.864 -2.16 0.00216  0.0036 0.0048 0.0048
—1.28 —2.88 0.0032 0.0048  0.04 0.016
—1.28 —2.88 0.0032 0.0048 0.016 0.04

The unconstrained solution is )
x=c-T7'u=(1, 08, —208.7, 935.3, 121.2, 69.6)

which entails a short position of 208.7 monetary units in the medium term
bond (in addition to the 400 monetary units of loss reserves with the same
return R} = R)). Within the framework of this model this is not admissible.
We therefore introduce the side condition

X3 = 0
which leads to the following objective function

Z=c¢ X p—XxXTx+ Ax; = max!
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Deriving with respect to x; and A3, we obtain the following matrix equation

X1 ] [ 1417
_ 01 . .
0
2y —1
0 =c-
0
0
_00[0000_‘_6 /1'6
L As L O J

which is easily solved yielding the following optimal constrained portfolio

. . Expected  Contribution to
Insurance Risk Coefficients a; L p

profit overall variance
X+ 8 (R - ) L I 400 I 57.95
—Xy+ 6 — (R —po) - Ly 0.75 450 2.99 173.35

850
Asset Risks Invested E.rpec-rcd Contributi(fn to
Amounts A; profit overall variance
Ry —po 0 0 0

Ry~ po 776.2 15.52 899.64
Ry — po 112.1 11.21 649.50
Ry —po 63.8 5.10 295.70
952.1 35.82 2076.14

Assuming 7 = 0.25, the optimal amount of equity is

14
=7 = =23183
U T R

The salient features of the optimal portfolio are the following

— The company cedes a 25% quota share of its industrial business.

— The company keeps most of its loss reserves (850 monetary units out of a
gross amount of 1000) thus leveraging its balance sheet.

— The total amount of net invested assets is 102.1 which compares with an
optimal amount of equity of 231.83. The optimal policy is thus feasible
without borrowing.
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— The contribution to the expected profit and to the overall volatility from
asset risks is much higher than the corresponding quantities from
insurance risks (89% vs 11%). This is in particular due to the fact that the
short position in yield curve risk acts as a hedge.

— The optimal risk return ratio r = 0.786.

— For unconstrained risks, we have

ted fit
expected profi = constant = 0.017

contribution to overall variance

Example 3
So far we have assumed that the company may not issue securities, or in
other words that A; > 0i=1,...,n

We now make the following

Assumption 8
The company may issue securities, i.e. 4; i = |,...,n are unconstrained.
Without loss of generality we also assume n > m and

R=R i=1,.,m
and we introduce the following notational simplification
szAj—aij _/: 1,

The model can now be rewritten as

m

AL{—pg-leZa;(E( Y+ 4 - X, +Z

i=1 =1

We have
EI = (5, 16, 0.01, 0.02, 0.10, 0.08)
5= Cov(X;, X)) 0
0 Cov(R;, R))
310 0 O 0 0 0 i
1240 0 0 0 0
o 0 0.0016 0.00216 0.0032 0.0032

0.00216  0.0036  0.0048 0.0048
0.0032 0.0048 0.04 0.016
0.0032 0.0048 0.016 0.04

OO O
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The unconstrained solution

x=c- T 'u=(1,08, —608.7, 455.3, 121.2, 69.6)

is now admissible and the optimal portfolio is

Contribution to

icients a; nected
Insurance Risks Cocfficients a Expected profit overall variance

E(X)+¢ — X | 5 310

EX2)+ 06— X, 0.8 12.8 793.6

Financial Risks  Net invested Amounts B;

Ri—pm -608.7 —6.09 -3774
Ry —po 4553 9.11 564.5
Ry — po 121.2 12,12 751.7
Rs — po _69.6 5.57 345.1

: 37.4 38.51 2387.5

Assuming 7 = 0.25, the optimal amount of equity is

V

-1
= — = 247.
Uu=r R 247.99

The salient features of the optimal portfolio are

The company cedes a 20% quota share of its industrial business.

The gross invested amounts in asset category | and 2 are respectively
—208.7 and 935.3 which are identical with the corresponding amounts
pertaining to the (inadmissible) unconstrained solution of the preceding
example.

The amount of net invested assets is 37.4 which compares with an optimal
amount of equity of 231.83.

The contribution to the expected profit and to the overall volatility from
financial risks (including short position in yield curve risk) is higher than
the corresponding quantities from insurance risks (54% vs 46%).

The optimal risk return ratio is r = 0.788.

The ratio of expected profit to contribution to overall variance is the
same for all risks (0.016).

Discussion of Assumption 8

A comparison between the last two examples shows that dropping the
constraint 4; > 0 (for all /) leads to a higher risk return ratio and to a lower
amount of net invested assets. In practice insurance companies are allowed
to issue preferred shares or — through a holding company — obtain bank
loans or issue corporate bonds. The amount of debt they are able to raise is
usually limited and commands a spread over the risk free rate.
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Generalization of Theorem 4.2
From the above example it is seen that the constrained optimum is obtained
by computing the unconstrained solution

x=c¢-X7p

and by choosing ¢ in such a way that the retained insurance profit is

maximized (i.e. max ;= 1).
i=1,...,m+nt

Let iy, ..., ir be those indices for which x; < 0. The constrained optimum
is obtained by maximizing the following objective function

Z=Mp = XX = Nx - A,

where A, ..., A, are the Lagrange multipliers associated with the
constraints

Xi =0 (]= I, cey /\')

J

This leads to the following set of equations

0z £
8__\',- = —/\u,- + 2 ;UU.YJ — Z(S,‘J]/\j =0

J=1
Xp) = ... =X, = 0

In particular for unconstrained variables x;, we have
2
A D00 = i
J
which translates into
6 =k - Cov(—X;, Au)
O — (R~ po)Li =k - Cov(=X, — R, - Lj, Au)
Ri~py=k- Cov(li’,-, Au)

i.e. the loading pertaining to unconstrained variables is equal to the fair
loading. This is a further justification for our capital allocation and pricing
formula.
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4.3. Insurance Risk and Financial Risk

We consider the expression for the excess profit of the company which we
have derived at the beginning of section 4.

Au—pou=ES)+0+8 —(S+AL) — (R, — po)L + Z (Rj — o)A
7=

=Z+ (R~ po)4
where
Z=ES)+e+6 - (S+AL)
SR A= Ry L ]
R=-1 y with A= 4;-L

j=

Z is the insurance risk, i.e. the sum of the underwriting risk and of the loss
reserve development risk. R is the rate of return of the financial risk and A4 is
the amount of net invested assets. We introduce the following notation

b.=E(Z)=0+1, o2 = Var(Z)

6r = E(R) — po, 0% = Var(R), K = Corr(Z, R)

The following theorem expresses the overall risk return ratio as a function of
the insurance risk return ratio and of the financial risk return ratio.

Theorem
Let X # £1. The overall risk return ratio

E(Au) — pou _ £, + 6pA

r(A4) = =
o'(Au) \/Ug + (O'RA)2 + 2/C(T;(URA)

is maximized for the following amount of net invested assets

2
[ ()
R —K & CR
f; (UR) K(T:OR

" bk (5;)2_,Cug

T: o0k

and the corresponding risk return ratio is

D=

(223 TR a- 0Rr

1 - K?

o (&) e
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Proof
We have

E(Au) —pou=20;+6g A, al(Au) = 03 + U%QAz +2Ko.0p - A
it follows that
l, +6pA . 6(A)
\/ag + (O'RA)2 +2Ko.0rA VV(4)

where §(A) is E(Au) — po - uand V(A) is o?(Au) considered as function of A.
Putting the derivative of r with respect to 4 equal to zero, we obtain

r(A) =

F(A4) = §(A) - V(A)é _;/5((/,;1))% V(A)‘%V’(A) _ 0

§'(A)V(A) —%6(A)V’(A) =0

6R(0”_3' + UZRA2 +2Ko.0rA) = (L. + (SRA)(O%A + Ko-oR)

- 820% - ,C(SRO’ZO'R N 6R (L)z—}CLé&

which proves the first statement of the theorem. In order to evaluate r(A4), we
introduce the following notation
2 _6g

ro=— ry =
ORrR

z

and we restate the expression for 4
O, r — ICr;

orri — Krp

Thus obtaining

N2 _
V(A):af_+of<r2_§"> poxor =K

ry —Anr 'rl—,CI'z

o?
M) = s (r = Kr2)? + (2 = 1Y + 202 = ) (1 — Kr2))
ry — r
C’? 2 2, .2
V(A) Zm(l —’C ) . (rl +r2 —2/Cr1r2)
1 — A
r(A)zr] —}Cr2 es+6R§;:l:E:2 — r%—l—r%—2l€r|r2
1 —K?

%= KB - 2Kn)

which proves the theorem.
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Remarks
1. From the proof of the theorem it is easily seen that for £ = £1 we have
A= :{:ﬁ and V(A4) =0 i.e. the risk if fully eliminated.
ORr
2. For K =0 we have

o)
")

and it is seen that the assumption of assel risk leads to a considerably
higher risk return ratio. In practice we have X ~ 0 and the statement is
thus true for all practical situations.

and r(A4) =

4.4. Realistic Example

We now turn to a more realistic example. The insurance portfolio of
the company is broken down into four subportfolios corresponding to
different lines of business and to different customer segments. The risks and
returns of the combined underwriting and loss development risks are as
follows

Insurance Subportfolio Risks P L o £ 4
o
Motor X 50 75 2.5 0.5 20%
Homeowners X, 20 10 32 0.8 25%
Industrial Fire X; 10 5 4 1 25%
General Third Party Liability Y 10 20 4 L5 37.5%
90 110 3.

L denotes the amount of loss reserves.

The premium volume is given for purely illustrative purposes. It is
not used below. The ratio between standard deviation and premium
volume as well as the ratio between loss reserves and premium are chosen
in a realistic way. It is assumed that the motor and the homeowners
portfolio are both exposed to storm and are therefore positively
correlated.

Corr(X;,X%,) =0.20

The other correlations between insurance risks stem from the influence of the
economic cycle and are treated below.
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The different asset categories are as in the example of section 4.2,

Asset Category Risk Ri—po o Ri—po
a

Bond portfolio with medium
term duration (R, = R;) R 1% 4% 25%
Bond portfolio with long
term Ry 2% 6% 33%
duration
Equity portfolio Ry 10% 20% 50%
Real Estate portfolio Ry 8% 20% 40%

The correlation matrix of the different asset categories is as follows

1 09 04 04
COfI'(R[,Rj)z I 014 g:

I

During a boom phase of the economic cycle interest rates and therefore
investment income from bonds are high, but so is the inflation rate which
leads to an increased loss amount of the motor and of the general third party
liability portfolio. Therefore we assume

Corr(—/\~’|,f€|) = Corr(—X,,R;) = —0.2
Corr(—/\~’4,ﬁ|) = Corr(—X,, Rz) =-02
and
Corr(X), X4) = 0.2

When the economy goes into recession, equities and real estate depreciate,
industrial fire results worsen — due to arson — and motor results improve —
because people drive less. Thus

COrr(—/\7|7R3) = Corr(_j/l’R“) =02
Corr(—X3, Ry) = Corr(— X3, R3) = 0.2
and

Corr(X,, X3) = —0.2
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In summary we have the foliowing correlations

239

-X -X; -X; -X, R, R, R R,
b'e ! 0.2 -0.2 0.2 -0.2 -0.2 -0.2 —0.2
-X, 0.2 1 0 0 0 0 0 0
-X; -0.2 0 1 0 0 0 0.2 0.2
- X, 0.2 0 0 1 -0.2 -0.2 0 0
Thus
' = (05,08, 1, 1.5, 0.01, 0.02, 0.10, 0.08)
[ 625 1.6 -2 2 -0.02 -0.03 -0.1 -0.1 1
1.6 10.24 0 0 0 0 0 0
-2 0 16 0 0 0 0.16 0.16
5 2 0 0 I6 ~0.032 —-0.048 0 0
T 1-002 0 0 —0.032 0.0016 0.00216 0.0032 0.0032
-003 0 0 —0.048 0.00216 0.0036 0.0048 0.0048
-0.1 0 016 0 0.0032 0.0048 0.04 0.016
| 0.1 0 016 0 0.0032 0.0048 0.016 0.04

and it is easily seen that the unconstrained solution
X = Cz_lﬁ

is a solution which satisfies the conditions «; €

[0, 1] for i=1,2,...,4.

Choosing ¢ in such a way as to maximize the amount of business retained by
the company we obtain the following optimal solution

Insurance Subporifolio Retention o;

Expected Profit a;f;

Contribution to overall
Variance Cov(—a;X;, Au)

Motor 1 0.5

Homeownecrs 0.54 0.43
Industrial Fire 0.44 0.44
GTPL 0.81 1.21

4.47
3.87
393
10.82

Asset Category Amount invested A;

Expected Profit AjR;

Contribution to overall
Variance Cnv(A,-k, Au)

Medium bond —-69.3 —0.69
Long bond 779 1.56
Equities 15.9 1.59
Real estate 8.5 0.68

5.72

—6.20
13.92
14.21

6.04

51.07
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The risk return ratio is 0.80, the amount of net invested assets 1s 33.0 and the
amount of net loss reserves is 98.3.

By perfect asset liability matching and by investing the equity into the
risk free asset one can fully eliminate the asset risk. The vector of expected
returns and the covariance matrix of the pure insurance risk are
respectively

u_6= (0.5, 0.8, 1, 1.5)
and

625 16 =2 2
l6 1024 0 0
-2 0 l6 0
-2 0 0 16

2=

and from the theorem of section 4.2 we know that the maximum risk return
ratio which can be achieved in such a situation 1s

1
b
r= (k> ") = 0.53

which is considerably lower than risk return ratio obtained above. Thus,
in this example too, it is seen that the assumption of asset risk leads to a
considerable improvement of the risk return ratio of the portfolio.

Through quota share cessions the company has reduced the expected
profit of its insurance portfolio from 3.8 to 2.58, i.e. it forgoes a
substantial amount of profit in order to maximize its risk return ratio. As
a comparison, we now look at the optimal portfolio assuming that the
company cedes no quota share. In that case, we have the following vector
of expected returns

1y = (3.8, 0.01, 0.02, 0.1, 0.08)
and covariance matrix

51.69 —0.052 -0.078 0.06 0.06
—0.052  0.0016 0.00216 0.0032 0.0032
¥, =1-0.078 0.00216 0.0036 0.0048 0.0048
0.06 0.0032 0.0048 0.04 0.016
0.06 0.0032 0.0048 0.016 0.04
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And the optimal solution excluding quota share cessions is

. Contribution
a resp. A Expected Profit )
to overall Variance

Insurance Portfolio | 3.8 50.18
medium bond (4, — L) —104.2 —-1.04 -13.75
long bond 114.0 2.28 30.10
equities 21.8 2.18 28.83
real estate 10.8 0.87 11.44

8.09 106.79

The risk return ratio is now r = 0.78 which 1s only slightly lower than the
optimal risk return ratio of 0.80. In practical circumstances an insurance
company may prefer the above solution with the much higher expected
profit of 8.09 (vs 5.72) to the optimal solution even if this entails a slight
decrease of the risk return ratio.

The optimization method we have derived is nevertheless valuable since it
provides us with a benchmark, the optimal portfolio, against which to
measure any given portfolio.

5. COMPARISON WITH OTHER RESULTS IN FINANCE THEORY
5.1. Markowitz’s Portfolio Selection Method

The portfolio selection method presented here is based on the maximization
of the same function as is used in the framework of Markowitz’s mean
variance method. There are however major differences. In the present model
the amount of equity v supporting the business can be chosen by the
company. The consequences of the introduction of this additional degree of
freedom are discussed in section 2.2. The present model allows a
simultanious optimization of a portfolio of risky assets and of insurance
risks. The major difference between insurance and financial risks is that the
latter are easily traded whereas the former are not. Financial risks are
standardized securities for which there exist liquid and (ransparent
secondary markets. The transaction costs are very low, the position of the
company can be frequently adjusted at virtually no costs. (Hence the-
conditions A4; € (—oo,00) or 4; > 0.) Insurance risks once taken on can only
be traded on the reinsurance market which is neither liquid nor transparent.
It is usually not possible to take a short position in an insurance risk.
Increasing one’s share of a risk beyond 100% leads to high transaction costs
related to the acquisition of new blocks of business. (Hence the conditions
OSCY,', 6,5 I, i = l, vy H.)

A further difference between insurance and asset risks is the fact that
the optimization of insurance risks is a two steps process. Whilst it would
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in principle be possible to determine the optimal retention rates «; and 5;
of each policy, this would hardly be a tractable method in practice, given
the fact that even a medium sized company has hundreds of thousands of
customers who often buy more than one policy from the company. One
has therefore to build insurance subportfolios (e.g. along lines of business
and customer segments), to optimize those subportfolios individually (e.g.
via surplus, and excess of loss reinsurance as illustrated in section 2) and
to build an optimal global portfolio via appropriate quota share cessions.
The process is therefore a two steps optimization process and the result
depends on the sub portfolio structure which has been chosen.

Finally, the optimal portfolio of assets within the overall portfolio of the
insurance company strongly depends on the portfolio of insurance risks.
This is especially true since the loss reserve risk entails a short position in a
bond portfolio. As a consequence, the portfolio of assets which pertains to
the optimal overall portfolio is in general very different from the optimal
portfolio of assets on a stand alone basis, as derived from Markowitz’s
method.

5.2. CAPM
5.2.1.

Each insurance company optimizes its overall portfolio of insurance and
asset risks. The optimal portfolio of the company heavily depends on the
gross insurance portfolio which varies considerably from company to
company. As a consequence the optimal asset portfolios of different
companies are not colinear and are different from the optimal asset
portfolio according to the CAPM. Thus the optimal asset portfolio of the
company is not a market portfolio, as in the CAPM, but a company
specific portfolio. Given the weight of insurance companies and pension
funds as institutional investors, the above result may explain why
empirical evidence does not confirm the CAPM (see H.S. Houthakker and
P.J. Wilhamson, 1996).

5.2.2.

A further difference between the CAPM and our general model is the fact
that in our model insurance risks command 4 loading over and above the
expected value of the losses they generate and this in spite of the fact that
those risks are not market risks and can be diversified away. The reason
why individuals are willing to pay such a loading is because they are risk
averse and unable to diversify their risk. Closely held corporations are in
a similar position. The case of firms with diffuse ownership is more
complex. Stockholders and bondholders of such firms can diversify their
claims and do not need to buy insurance. There are however other
stakeholders such as employees, clients and suppliers who cannot diversify
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their claims. In the absence of insurance, employees and managers for
instance would discount their expected future cash flows at a much higher
interest rate to reflect the higher risk. It is therefore worthwhile for the
firm to buy insurance even if the price is higher than the actuanally fair
premium. Different other reasons such as a lowering of expected bank-
ruptcy costs and a lowering of the company’s expected tax liabilities also
explain why the ‘free lunch’ enjoyed by insurance companies is consistent
with finance theory. For a more detailed discussion of the topic see
Mayers and Smith (1982).

5.2.3.

In addition to a free lunch insurance companies also enjoy a free loan. The
assumption of the yield curve risk as part of the loss reserve risk is
tantamount to issuing a bond without having to pay any spread. This allows
the company to achieve a higher risk return ratio than would be possible if it
could not issue securities or if had to pay a spread.

5.24.

Both in the case of the CAPM and of our model the separation theorem
holds true. The composition of the optimal portfolio follows from objective
factors: the expected returns and the covariance between the returns of
individual risks. The decision of how much risk to assume, i.e. the choice of a
point on the efficient frontier is a subjective decision, which is separate from
the selection of the optimal portfolio.

5.2.5.

Within the framework of CAPM, the expected return of asset i (R;) and the
expected return of the market portfolio (Rys) satisfy the following
relationship

COV(R,', RM)

Ri—po =0 (Ry — with P = =
70 =B (Ru = o) g Var(Ru)

Within the framework of our model (see example 3 of section 4.2) the
following formulae hold true for the optimal portfolio

_ Cov(—X,, Au)
Var(Au)

Cov(R;, Au) ~
Var(Au) - (E(Au) - p0u>

i

. <E(Au) - pou)

Ri—po =
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We can rewrite the CAPM formula as

(Ri — po) - B; _Ru—po
COV(R,' . B,‘, R,w) Var(RM)

where B; i = 1,...,n are the coefficients pertaining to the optimal portfolio,
hence

n n -1
Ry = ZR:"B/' <ZB:')
= i=1

On the other hand the formulae in our model can be rewritten as
a;- ¢ (Au) — pou

Cov(—a; X, Au) Var(Au)
(Ri—po) - Bi  E(Au) — pou

Cov(R;B;, Au) Var(Au)

In the special case where there are only asset risks we have

RM =Au- (Z B,-)_l

i.e. the optimal company portfolio and the optimal market portfolio are
identical.
Setting u = > _ B, the second formula can be rewritten as

(Ri — po) - B _Ru—=po
.COV(R,'B,', RM) Var(ﬁ,14)

and it is seen that the formulae of our model are a generalisation of the
CAPM formula. Both types of formulae state that the ratio of expected
profit to contribution to the overall covariance is the same for each risk. In
the case of the CAPM the formula applies to asset risks only, in the case of
our model it applies to asset and insurance risks. In the first case, the
reference portfolio is the market portfolio, in the second case it is the
company portfolio.

5.2.6. Discount Rates

Definition
The rate of return of the company associated with a given value i of net asset
value is
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Thereby « must be at least equal to the amount of net invested assets, i.e.

n n
U2110=§ A,-—E oL
i=1 =1

Theorem
Assuming that the company may issue securities (Assumption 8) and that
insurance risks and financial risks are uncorrelated (Cov(Xj, R;) = 0 all 4, j)
we have

Za,( X)) + 6 - X))

Hop

Ruo = RM + -

where Ry is the market rate of return for financial risks according to the
CAPM and ug is the amount of net invested assets.

Proof
Under the assumptions of the theorem we have

n

Au~p0u=2a,-(E( + 6 — +Z

=
FFor any u > ug (see section 4.2). Hence

Au ZR B Za,( (/\7,-)-+-€,~—/\~’,-)
1o > B; U

sinceug = »_ A; — y_ oyL; = Y B;. And since investment risks and insurance
risks are uncorrelated

(pra) (5e)
Remark

Under the assumptions of the theorem we have

~ uy = Za,( +€— )

R,=—" Ry
U u

R Hi) =

q.e.d.

. . . L= Au .
According to the CAPM, the discount rate associated with R, = 24 1S
U

COV(jéu, RM)

Var(IéM) (RM - ,00)

Rd(u) = po +
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Assuming that insurance risks and investment risks are uncorrelated, we
obtain from the above representation of R,
u N

0 . VCII'(RM)
U

COV(RIH R/\'I) =
We have thus derived the following

Corollary 1
Under the assumptions of the preceding theorem, the discount rate of the
company is

U U
Rd(ll) = ZORM + (l — l—?)po

Corollary 2
The value of the company is

Proof

E(Au) = pou + Z ol + Z Bj(Rj = po)
i J

and since insurance and investment risks are uncorrelated, we have

> Bi(Rj— po) = (Z Bj) (R — po) = uo(Rar — po)
J J
hence
E(Au) =uo- Ry + (u—uo)py + Z a;l;
E(Au) = Rq(u) - u+ Z il

which proves the corollary.
g.e.d.
The vatue of the compgny is thus the sum of its net asset value (at market
prices) and of the goodwill of the company

G = > il _ > ol

~ Ra(w) _U—ORM + (1 —U—O>Po
u u

The goodwill depends on u and it is easily seen that G'(«) > 0 and G~ (u) < 0.
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Remark
The goodwill

G = Z cu,-(f,-
Ry(u)

is the maximum value one should be willing to pay for the access to the
business, i.e. for the distribution network. It depends on the amount of net
asset value which supports the business, since the higher the equity u, the
more valuable the excess return Auw — pou.

Assuming that the amount of equity is determined based on the risk
tolerance T of the owners of the company

v

TR

(where V = Var(Au) and R = E(Au) — pou for the optimal portfolio), we
obtain the following discount rate

u

R R
Ry = T7 ~ug Ry + (l - -TVllo>po

and the goodwill of the company is arrived at by plugging this expression
into the above formula. And it is seen that the discount factor is an
increasing function of the risk tolerance. Hence the goodwill is a decreasing
function of the risk tolerance.

Example
Example 3 of section 4.2 satisfies the conditions of the above theorem.
We have

Uy = 374
4
u=r" = 77!.62.00 =248.0, for T=0.25
let po = 5%, we have
20.71
RM = —3-'7—Z -+ 5% = 604%

and we obtain
R,,z%]-RM—l- (1 —l:—())po = 0.151 - 60.4% + 0.849 - 5% = 13.37
]

Hence

ZO’,‘&' 17.8
= = =133.2
G Ry(u)  0.1337 33
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BOOK REVIEWS

M.A. CopPPINI: Incomes Redistribution Through Social Security. Centro
d’informazione e¢ stampa universitaria (CISU) di Enzi Colamartini, Rome,
ISBN 88 7975 201 4.

This is a recently published English transiation (by David Giddings) of a
book originally published in [talian 20 years ago. In spite of the time lapse, it
does not appear to have been revised or updated and the references are all to
work in the 1970s and earlier.

However, notwithstanding the fact that the basic principles of this work
were presented as long ago as 1975 at the 6th ISSA Conference for Social
Security Actuaries and Statisticians in Helsinki, it is likely that the
methodologies will be unfamiliar to most actuaries, even to those working
in the social security area.

The problems addressed are measuring the redistributive effects of a
social security system and quantifying the effectiveness of the system in
achieving redistributive objectives. The study of this sort of problem is
perhaps more often associated with economists than actuaries, but the
author has the advantage of being both an economist and an actuary.

Many readers may find the terminology and definitions somewhat hard
to get to grips with. It may well be that some of the nuances are lost in
translation, but it is often difficult to conceptualise what the notation is
seeking to represent. The mathematics which follows is presented in full
detail but requires careful study because of the definitional complexity.

Measuring the effects of redistribution presents many technical problems
because of the complexity of the transfer of a social security system, which
differ by branch (e.g. pensions, sickness, unemployment, health care, etc.)
and have different impacts when looked at by individuals or by households,
with effects which depend on earnings level, age, sex, duration of period of
study, etc. The mathematics is complicated by the fact that most participants
in the system are both contributors and beneficiaries, although not always at
the same time. The author develops a generalised framework for examining
and quantifying these effects and then elaborates a stochastic methodology,
with conceptual roots in the insurance risk process and classical risk theory,
as a way of providing practical solutions to a problem of rather daunting
complexity.

Even more practical, perhaps, is the alternative approach of simulation
which is offered by the author. However, dominant concerns in the book
about the practicality of full simulation because of computing constraints
more than anything serve to date the presentation. It seems unlikely that the
application of these techniques would be much constrained today by

ASTIN BULLETIN, Vol. 30, No. I, 2000, pp. 249-253



250 BOOK REVIEWS

availability of computing power, although I suspect that availability of raw
data on earnings distributions, contribution density and other factors will
prove more of a constraint in practical applications of the techniques.

The author does present, in a final chapter, some examples of practical
applications in the context of the Italian social security system. Since the
ground-breaking work on this methodology has been developed by the
author and colleagues and students of his in Rome, it is not clear from the
book that any equivalent studies have been carried out elsewhere, and | am
not aware of a wider literature having developed since the presentation of
these ideas at the Helsinki Conference and at a subsequent ISSA meeting in
Rome in May 1984. The author himself points out that this is very much
“work in progress”, rather than a definitive text-book on the techniques. The
proof of whether these techniques can be applied to improve understanding
of redistributive effects in social security (and, for example, to confirm or
rebut charges made by World Bank economists that traditional social
security schemes do not redistribute nearly as much as it might be thought,
for reasons such as differential mortality between high and low earners) will
inevitably depend on further research into practical applications, most likely
using simulation techniques.

CHRIS DAYKIN
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Y. K. Kwok: Mathematical Models of Financial Derivatives. Springer
Finance, Singapore, ISBN 981 3083 255 (hardcover), 981 3083 565 (soft-
cover), 1998.

This book is described on the cover as being suitable for degree programs in
mathematical and computational finance. As one who delivers a masters
level course in derivative pricing to maths graduates I can see that this is
indeed an appropriate audience. At the same time, I suspect that the typical
masters student in finance with a first degree in a less numerate subject
would struggle with this book.

The book is well written and maintains a consistent approach
throughout. Apart from an early mention of the martingale approach to
the pricing of derivatives and risk-neutral valuation the author sticks firmly
with the partial differential equation (PDE) approach. Whether one should
take the PDE approach or the martingale approach is really a matter for
personal preference which often is the result of the what background a
student or researcher comes from (applied maths or applied probability).
However, my own preference is for the martingale approach, not just
because of my personal background but also because the martingale
approach gives much more insight into the subject. In particular, the
martingale approach makes it much easier, at least initially, to tackle any
new problem which is thrown at you. The book also tends to avoid rigorous
technical development and this can leave students less well prepared for new,
perhaps more complex derivative-pricing problems.

My overall impression of the book is, therefore, that it was not one which
I would recommend to students as the core textbook in a course on
derivative pricing. However, it is one which I would happily recommend as
supplementary text. There are a number of reasons why I make this
recommendation. First, the book, throughout, has good descriptive
introductions to each topic. This carries through many of the essentially
more technical sections where the author includes descriptive passages which
turn an abstract problem and analysis into something more understandable.
Second, each chapter ends with a comprehensive set of exercises which,
again, is very useful for students wishing to reinforce what they are learning
about the subject.

Chapter 1 gives a general introduction to the subject of derivative pricing,
and presents essentially model-free results such as put-call parity and lower
and upper bounds for prices. It then proceeds to introduce the models, tools
and concepts used in the remainder of the book.

Chapters 2 to 6 deal with equity options. Chapter 2 works on the basic
European option with the Black-Scholes model and formula taking centre
stage. There is also what is essentially a statement of the Greeks without
much intuitive explanation of what they are or how they should be used.
Chapter 3 looks at multi-asset options. Chapter 4 considers how to price
American options. This includes good non-technical descriptions of the
various issues. Chapter 5 deals with various numerical methods for tackling
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these problems. It is a well written section and, of course, relates well to the
dominant PDE approach in the book. Chapter 6 looks at a number of
different exotic options.

Finally, Chapter 7 gives a short introduction (unfortunately common to
many books in this field) to bond pricing and interest-rate derivatives.

In summary, therefore, this book is not perfect but there are many good
things in it, so it is a worthwhile purchase.

ANDREW CAIRNS
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E. KREMER: Applied Risk Theory.

This book of Erhard Kremer presents some selected chapters of risk theory.
It starts with a nice 20 page summary of the basic results of probability
theory.

Chapter two gives an overview about the common premium principles
and proves their basic properties. Special emphasis is put on the “Swiss
premium principle”.

Chapter three deals with classical credibility theory. The reader might
actually be mislead by the title “‘rating theory”, since beside credibility
theory no other rating methods are discussed.

In the introduction the author mentions that in his view reinsurance is
one of the main and nicest topics in Risk Theory. Unfortunately, my high
expectations raised by these comments were not fully met. Although the
material treated in chapter four covers some important concepts, e.g.
Panjer’s algorithm or optimality of reinsurance covers, the link to practical
applications is fully missing. Beside the classical material I would also have
expected some words on today’s hot topics like extreme value theory or
modelling of correlated risks.

The last chapter gives a short introduction to some methods used in life
insurance, including applications of martingale theory.

In my opinion this book can be of value for actuarial students in order to
quickly get a first idea about risk theory and some important actuarial
principles. I wouldn’t recommend it, however, to a practical actuary, who is
usually interested in quite different types of questions.

PETER ANTAL



BOB ALTING VON GEUSAU
1946-1999

Bob Alting von Geusau died on November 4, 1999, only 53 years old.
Though optimistic to the last, he knew he was terribly ill; with a final effort,
he had given his goodbye lecture as a professor of actuarial science only a
few weeks before. This impressive lecture, aptly called “The survival of the
fittest”, essentially described the plans he had had for the remainder of his
career. It was attended by some 600 of his friends, colleagues and former
students. It was a sad occasion, but endurable because of the way Bob
handled his predicament, making everybody laugh at his stories and
anecdotes.

By students and colleagues alike, he will be sorely missed at the actuarial
department of the University of Amsterdam. Apart from being an excellent
and inspiring teacher and a really pleasant colleague, he was also
outstanding at promoting actuarial science in the Netherlands. He
persuaded many students to choose our profession, by presenting them
with exotic and inspiring tales at their schools while they were trying to select
a career. A recurrent part of these sessions was “Around the world in
80 questions™. A prospective student would be asked to name any country in
the world, and Bob produced an interesting story about insurance relating to
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this particular country. For these, he could draw from his years of
experience. He managed to make actuarial science sound so much more
interesting than accountancy!

Bob has been involved with the department of actuarial science for a
period of around 30 years. First as an assistent of the late Jaap van Klinken,
then, after a period outside the university, as his successor. In the period
between, he worked among others with the reinsurance company NRG, and
later started his own actuarial bureau. He was a former chairman of the
Dutch Actuarial Society. Also, he was the founder and for a iong period the
chairman of the section AFIR.

Apart from being the best PR-officer a university department could wish,
his most important characteristic was perhaps that he was incredibly
versatile: he has made contributions to actuarial science in life and in non-
life insurance, as well as of course in the field in which he was appointed a
professor, social security and pension funds. But he was also a pioneer
promoting AFIR in the Netherlands. While the other lecturers at the
department are mainly scientists of the “ivory tower™ type, Bob has always
maintained close links with actuarial practice; his job at the university was
only part-time. Whenever a journalist needed an impartial and well-founded
academic opinion on some matter newsworthy, Bob was able to give one.
Invariably, he had presided some working group or conference attending
just this matter a few years ago, had supervised a student writing his master’s
thesis about the subject, or had simply found the subject interesting. The
Dutch Actuarial Society asked him to serve a second term as its chairman, in
the period they celebrated their 100th anniversary. He was a really
outstanding public speaker, and great at organizing meetings where he
could display this ability.

Astineers will fondly remember Bob from many ASTIN-colloquia,
presenting a paper or being the chairman of a session. He was not only fluent
in English and French, but also quite at home in Italian and some other
languages. When he did give a talk in English, he pleased the part of the
audience not quite so fluent in this language by using transparencies in
French. One time, giving a talk on an application of compound Poisson
distributions in Lausanne, in the few minutes allotted to him he meticulously
explained to the audience the ins and outs of a traditional Dutch family
game “sjoelbakken™, a variant of shovel-board. In later years, his interests
had shifted from ASTIN-subjects to the topics he was teaching, the Dutch
system of social security and pension funds.

It will be hard to fill his position at our department. Our hearts go out to
his wife Hedwig and their children Karen and Niels.

RoB KaAs
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