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How do actuaries use interest rate models? 

Interest rate models are applied to construct interest rate stochastic generators 

What are Interest Rate Stochastic Generators? 

They generate random scenarios of government bond andlor other yields in 
multiple scenarios (iterations) over time. 

What are they used for? 

Pricing contracts, such as derivatives 
Fair Value of Insurance Liabilities 
Fbsk analysis 

What is generated in addition to interest rates? 

Equity index prices 
Inflation 
Unemployment 

What does arbitrage free mean? 

It means that one can not invest 0 dollars down and have some probability of gain 
and no probability of loss. 

What is an arbitrage free model? 

An arbitrage fiee model is one that trading at the model prices, there are no 
arbitrage opportunities. 

What about initial market prices? 

If we add to the set of model prices at all possible future states and at time 0, the 
quoted prices of market instruments, we get an enlarged set of prices to which we 
can apply the notion of arbitrage fiee to. 

It is sometimes important to require that this larger set of prices is arbitrage free. 
This is particularly true when pricing a derivative instrument. When pricing a 2 
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year cap on 3 month LIBOR, then fitting the yield curve korn 3 months to 2 years 
exactly is often considered important in getting an accurate price for the cap. 

What is risk neutral probability? 

For arbitrage kee models only, there may exist a risk neutral probability, which is 
an altered set of probabilities for the same scenarios as the model can produce, but 
where systematic risks for the economy as a whole are given greater probability. 

Thus the stock market is more likely to fall under risk neutral probability. 

Short term rates are more likely to go up. 

Yield curves are more likely to be inverted. 

In practice, how is risk neutral probability implemented? 

For the prices of market instruments, e.g. a stock price or index, the expected rate 
of return from holding the instrument is the short term risk free rate in the risk 
neutral probability, but the volatility and correlation are unchanged. 

For interest rates, the expected change in the short term rate and of variables that 
affect it are altered. In practice, this is based on fitting the model to the current 
yield curve, although some historically based parameters may be used as well. 

What is risk neutral probability used for? 

Pricing an asset or other financial contract that can be dynamically replicated in the 
financial markets. 

Determining a replicating portfolio for the asset. 

How is risk neutral probability used to price an asset or 
financial contract? 

The short term interest rate and other economic state variables and contract 
specific variables are generated. 

The cashflow of the contract is determined at each point in time. 

These cashflows are discounted back at the short term rate in those scenarios. 

These discounted values from each scenario are averaged over scenarios. 
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How are the hedge ratios determined for a replicating 
portfolio? 

The change in price for the contract with respect to a change in each economic 
state variable and contract specific variable are calculated. (i.e. derivative of 
contract price with respect to each variable). 

The hedge portfolio must have the same net derivative for its elements. This 
means it must have instruments with market prices which have some exposure to 
each variable that affects the casMow or discounted value of the contract. If that 
is not possible, a replicating portfolio does not exist and there is no uniquely 
defined risk neutral probability measure for that set of variables, and possibly not 
at all. 

What is real probability? 

Real probability is the true probability of the movement of interest rates and other 
variables according to some model. 

What is real probability used for? 

Real probability is used for all other applications. This includes 

Asset allocation 
Investment strategy 
Expected return and profitability analysis 
h s k  analysis 
Capital allocation 

What are some models that actuaries have used in the past for 
interest rates? 

Wilkie Model 
Generators included in ALM system vendor software 
Cox, Ingersoll and Ross (CIR) 
Binomial Interest Rate Model 
Lognormal 

What is wrong with these models? 
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The Wikie model and many ALM vendor system models are not arbitrage fiee. 

The CIR, Binomial and Lognormal are not very robust models and are often 
implemented only for risk neutral scenario generation. 

What does it matter that a model is not arbitrage fiee? 

First, if it is not arbitrage fiee, then there is no risk neutral probability, so the risk 
neutral probability algorithm can't be used. 

Second, there are arbitrages that can be taken advantage of in the investment 
strategy. This means there are zero investment strategies that produce profits and 
some scenarios and losses in no scenarios. 

Loading up on these strategies will therefore create a distorted picture of the 
distribution of profit and losses under the different scenarios. 

An arbitrage ridden model can't be used for 

Asset allocation 
Investment strategy 
Expected return and profitability analysis 
Risk analysis 
Capital allocation 

What if the model is arbitrage fiee, but is simplistic? 

What does it matter? 

Example: Cox, Ingersoll and Ross Model 

r = instantaneous interest rate 

Real Probability: 

r[t] - r[t-1] = k (theta- r[t-I]) Delta t + sigma r[t-1IA1/2 z[t] 

Risk Neutral Probability 

r[t] - r[t-1] = k' (theta' - r[t-1 I) Delta t + sigma r[t-1]"1/2 z[t] 
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where z[t] is normally distributed with mean 0 and variance 1 

These differ only by the parameters k and theta in the real probability and k' and 
theta' in the risk neutral probability measure. 

How bond prices are calculated in CIR: 

Simulate short term rates under the risk neutral probability and discount at the 
short term rate in that scenario. 

This gives a discounted value in each scenario 

Average over scenarios and get a starting price. 

Solution of the CIR model 

The CIR model can be solved for the zero coupon bond price, to get 

where t is the current time and T is the maturity date of the zero coupon bond and 
A(t,T) and B(t,T) can be found in standard texts such Duffie, Dynamic Asset 
Pricing Theory. 

The yield of a zero coupon bond is 

y(r,t,T) = -(log P)/(T-t) = (log A - r B)/(T-t) 

What is the problem with the CIR model? 

The problem with the CIR model is that the yield curve model is too simplistic 

All the yields change based only on the change in the short term rate 

Stated another way, any two yields have a correlation of 100 percent. 

The model does not exhibit the right variety of shapes, nor do these occur with the 
same frequency as historical ones. 
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How can we get a model that behaves reasonably? 

We need some criteria on a model that will tell us that the model is reasonable. 

Qualitative Stylized Facts 

Interest rates do not go to 0 or positive infinity but stay within a reasonable range. 

Interest rates persist in ranges for periods of time and then the ranges switch. 

Short and Long term rates are correlated but not perfectly. 

Short term rates have higher volatility than long term rates. 

Yield curves can have a variety of shapes. 

The higher the level or rates, the higher the absolute level of interest rate volatility. 

Quantitative Stylized Facts 

Histogram of interest rates 

Frequency of Yield Curve inversions, e.g. 15 percent in the U.S. from mid 50's to 
mid 90's. 

Other key measures that are important 

Double Mean Reverting ProcessTM 

r = instantaneous interest rate 

u = log (r) 

Real Process 

u[t] - u[t-I] = k (theta[t-I] - lambda-1 - u[t-I]) Delta t + sigma z[t] 

theta[t] - theta[t-1] = k (theta-2 - lambda-2 - theta[t-I]) Delta t + sigma-2 z_2[t] 

rho = corr(z[t],z_2[t]) 
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Double Mean Reverting ProcessThf 

k s k  Neutral Process 

u[t] - u[t-11 = k (theta[t-1] - lambda-1 - u[t-11) Delta t + sigma z[t] 

theta[t] - theta[t-I] = k (theta-;! - lambda2 - theta[t-11) Delta t + sigma-2 2-2[t] 

rho = corr(z[t],z-2[t]) 

Problems in working with international economies 

Interest rate history is very dependent on the specifics of each country, although 
there are some common movements. 

Switzerland for example has had rates between 3 and 8 percent, except for recent 
low rates for an extended period. Does that mean high rates are less likely there in 
the future? 

Frequency of yield curve inversions depends on the points on the yield curve 
selected and is very dependent on specific episodes and how long they last. 

Simulating interest rates in two economies 

Stochastic Interest Rate ParityTM (SIRPTM) 

Can generate risk neutral scenarios such that prices of all securities have the same 
price whether calculated in one currency as numeraire or the other. 

Expected rate of change of the exchange rate is the difference in short term rates in 
the two currencies. 

For real probability measure, not as strict an issue. 

Uniform Valuation System (UVS) in the U.S. 

Use real probability to find initial amount of assets to defease liabilities under 
some percentage of scenarios. 
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Fair Value of Insurance Liabilities 

Discounted present value under risk neutral probability is one approach. 

Convergence problem in applying these models: 

Need many scenarios. Need 100's or 1000's. 

Low Discrepancy Sequences 

A method to reduce the number of scenarios. 

Consider the DMRP model, monthly for 30 years. Have 720 points. Trasnform 
each z[t] or z_2[t] to a uniform variable u[t] or u_2[t] between 0 and 1 by using 
the cumulative distribution function for the normal distribution for each month. 

A scenario corresponds to a point in a unit hypercube in 720 dimensions. 

A point in the hypercube corresponds to a scenario. 

Conventional Monte Carlo produces points that are bunched in the hypercube. 

LDS is a way of avoiding this bunching. 
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