With the World Cup in full swing, it is time to apply some
actuarial mathematics to the analysis of the Group Phase
of the World Cup. For the first phase of the tournament,
all teams are put into groups of four. Each team in the
group plays every other team in the group one time.
A team gets 3 points for a win, 1 for a draw and zero
for a loss. The two teams with the highest point totals
after these three games move on to the next phase of
the tournament. The other two teams in each group are
eliminated. Any ties based on points are broken based on
goal differential (goals scored less goals allowed) in all
three games combined and then total goals scored in the
three games combined.
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Results for any one team

First let’s look at the range of possible

results for any one team in the group

phase over the course of its three

games. All ten possible outcomes are

shown in the table on the right.

Win Draw Loss Points
3 0 0 9
2 1 0 7
2 0 1 6
1 2 0 5
1 1 1 4
1 0 2 3
0 3 0 3
0 2 1 2
0 1 2 1
0 0 3 0




The best outcome is 3 wins and a total of 9 points. It is impossible to get 8 points.
Two wins and a draw, the second best result, is only 7 points. All other point totals
from 6 down to zero are possible. There is only one combination of wins, draws and
losses that produces each point total with the exception of 3 points. Either 1 win and
two losses or 3 draws will produce a total of 3 points. Also note that in the win, draw
and loss columns respectively, there are 4 combinations with a result of zero, 3 with
a result of one, two with a result of 2 and only 1 with a result of 3.

Once a game or round of games has been played, the number of possible combinations
changes. For example, a team that loses its first game no longer has 10 possible
outcomes. Now there are only six possible outcomes for the series of three games.
All outcomes with zero losses must be eliminated and the best possible point total for
this team is now 6 points. The table below shows the remaining possible combinations
after losing the first game.

Win Draw Loss Points
2 0 1 6
1 1 1 4
1 0 2 3
0 2 1 2
0 1 2 1
0 0 3 0

If the team wins or draws its first game, 4 possible outcomes are still eliminated. If
the team wins, the 4 combinations with no wins are eliminated and if the team draws,
then the 4 with zero draws are eliminated. No matter what the result of game one,
the number of possible outcomes drops from 10 to 6.

Similarly, after a team has played its second game, the range of possible final results
will drop to three. The only remaining variable is whether the team wins, draws or
losses its final match.



Results for all four teams in a group

In this part we will look at the full range of possible results of the group phase for all
4 teams in the group. Analysis is easier if we base it on the score of the team with
the most points in the group. First we will discuss all possible results assuming the
top team has 9 points (wins all three of its games), and then results if the top team or
teams have 7 points (2 wins and a draw) and so on.

Top team has 9 points (3 wins)
We start with the situation where one team wins all three of its matches and ends with
9 points. There are a few obvious consequences.

e The team with 9 points moves to the next round. Only one team can have
9 points since it is impossible for 2 teams in the group to win all 3 of their
games. Since this team finishes first, it must go through to the next round

e Every other team has at least one loss. Therefore, no other team can have
more than 6 points. 7 points is impossible, since it requires 2 wins and a draw

e [fateam has 6 points, they are guaranteed to go to the next round, since it is
impossible for one team to win 3 games and 2 other teams to win two games
each. If one team wins three and another wins 2, that is a total of 5 wins.
Since there are only six games in the group phase, no other team can have
more than one win

The full range of possible unique scores is shown below. We have listed results from
the highest score to the lowest score. However, this is not the full range of possible
results. The first score of 9630 can be achieved in 24 different ways — 9630, 9603,
9360, 9306, etc. We will discuss this issue in much more detail later on. For now,
we only want to identify the full range of possible unique scores.
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As can be seen, there are 7 possible outcomes, assuming one team has 9 points. If a
second team wins two games (6 points), then the game between the other two teams
can only result in either a win or a draw.

If the second best team has a win and a draw (4 points), then there are more possible
outcomes. Note that a team with 4 points can fail to move to the second round, and
conversely, a team with only two points can move on if each team (other than team A)
draws all their games against each other! This is the only instance in which a team with
2 points can move to the next round and one of the very few instances when a team
with 3 points can go to the next round. When one team wins all its games and the other
teams “split” their games with each other, it allows teams with low scores to go through.



Top team(s) has 7 points (2 wins and a draw)

Assuming no team in the group wins all three games, the next best score is 7 points
with 2 wins and a draw. This situation produces a much wider range of possible
outcomes. There are 14 possible unique results.

e A team with 7 points will always move to round 2

e [t is possible for two teams to have 7 points, if those two teams had a draw
against each other. Otherwise, it is impossible.

e Ateam with 6 or 5 points will always move through to the second round

e A team with 4 points has a good chance to go through to the next round, but
is hardly guaranteed to go through to the next round

e A team with 3 points has a very remote chance of going through. In the last
instance, team B draws with everyone, while C and D lose to A and draw with
B and each other.

The full range of possible outcomes is:
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Note that there are twice as many possible outcomes when the top team has 7 points
instead of 9 points. When the top team wins all its games, then the other three teams
must have a minimum of one loss each. This limits the range of possible outcomes.
However, when the top team has 7, it’s possible to have another team without a loss,
so the total number of possible combinations is higher.

Also note that if after the first two rounds there are two teams with two wins each,
those two teams are guaranteed to move on. This can only happen if those two teams
have not yet played each other. When they do play in the third round, either one will
win and the top two teams will finish with 9 and 6 points, or they will tie and both
will finish with 7 points. Either way, both teams must advance.




Top team(s) has 6 points (two wins and a loss)

The third best score is 6 points and occurs when a team has 2 wins and a loss.
Remember, for purposes of this discussion, we are assuming that the best score in
the group is 6. Those situations where the top team has 9 or 7 points have already
been discussed. This is the last point total for which the top team has 2 or more wins.
Some observations:

e There is one combination in which three teams have 6 points and one of them
is eliminated!

e There are several situations when both of the top two teams have 6 points
e A team with 5 points will always go through

e Teams with 4 points will be very nervous. Only 35% of them will go through
to the next round

e Teams with three and two points are eliminated. As the scores become more
balanced, the chances of a team with a low point total going through become
much lower.

There are 7 possible unique scores, all of which are shown in the table below.
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Top team has 5 points
With 5 points, the top team will not have a loss. It will have a win and two draws.
There are 9 possible outcomes in this situation.
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Note the large number of situations where both the top teams have 5 points. Teams
with 4 points have a 50% chance of going through to the elimination round. Note that
it is also possible for a team with just 3 points to go through while this is impossible
when the top team has 6 points.

Top team(s) has 4 points

While much less likely, it is possible for the top team to have only 4 points or even 3
points. The situation where the top team has 4 points is fairly straight-forward. This
team will have 1 win, 1 loss and 1 draw. The only possible outcomes are 4444 and
4443. If the final result is 4444, then every team will have 1 win, 1 loss and 1 draw.
All teams have the same results, so the teams that go through will be those with the
greatest goal differential. If two teams are tied for goal differential than total goals



and other tie breakers will determine who goes on to the next round. Since some
teams may win or lose their games by bigger margins than others, there is a good
chance that goal differential and total goals will determine which teams go to the
elimination round. If the final score is 4443, one team had a draw in all three of its
games and the other three teams had one win and one loss against each other. Again,
a tie breaker will be needed to determine first and second place.

All teams have 3 points

It is remotely possible for a team with 3 points to finish first (and second) in its group.
This happens when all 6 games are drawn and all teams finish with three points.
In this case, every team will be equal on goal differential (zero, of course). Those
teams with the highest scoring draws will go through. If there are any ties for the
first or second position on this basis, then all other tie breakers will not determine a
winner. The issue of who goes through to the next round will have to be settled by
drawing of lots! The chances of 6 draws in a group, however, is extremely remote —
approximately 0.14%

Score Frequencies

If we now summarize the information from the previous section, we find that there
are 40 different possible unique scores. However, there are actually 729 possible
results for the group stage taking into account all the different combinations in which
each unique score can occur. Where does the number 729 come from? Each group
phase consists of 6 matches and each match can have 3 possible outcomes (win, lose
and draw). Therefore, the total number of distinct outcomes is 3¢ (three raised to the
sixth power) or 729 possible results.

This means that each of the 40 unique outcomes occur more than once, with different
teams finishing 1%, 2", 37, and 4, Most important, each outcome does not occur the
same number of times. Each of the 40 unique scores does not occur the same number
of times. The frequency at which each possible score occurs ranges from 1 to 48.



The tables below show the frequency with which each of the 40 outcomes occurs and is
organized from those with the lowest frequency to those with the highest. The combination
3333 istherarestscore and occurs only 1 time inthe 729 possible combinations. Surprisingly,
the outcome with the highest number of occurrences is 7441 with 48 and 6443 with 36.

Score
A 3 9 5 7 4 9 6 4 9 9
B 3 2 5 7 4 3 6 4 6 4
C 3 2 5 1 4 3 6 4 1 4
D 3 2 0 1 4 3 0 3 1 0
Frequency 1 4 4 6 6 8 8 8 12 12

N

Percent | 0.14% | 0.55% | 0.55% | 0.82% | 0.82% | 1.10% | 1.10% | 1.10% | 1.65% | 1.65%

Score
A 7 7 6 6 5 5 5 5 9 9
B 7 3 6 5 5 5 5 3 6 4
C 3 2 3 2 3 3 2 3 8 3
D 0 2 3 2 2 1 2 2 0 1

Frequency| 12 12 12 12 12 12 12 12 24 24
Percent | 1.65% | 1.65% | 1.65% | 1.65% | 1.65% | 1.65% | 1.65% | 1.65% | 3.29% | 3.29%

Score
A 9 7 7 7 7 7 7 5 7 7
B 4 6 5 4 4 6 5 4 6 5
© 2 3 3 3 3 2 2 4 4 4
D 1 1 1 3 2 1 1 3 0 0

Frequency| 24 24 24 24 24 24 24 24 24 24
Percent | 3.29% | 3.29% | 3.29% | 3.29% | 3.29% | 3.29% | 3.29% | 3.29% | 3.29% | 3.29%

Score
A 7 7 6 6 5 5 6 5 6 7
B 4 4 6 5 5 4 4 4 4 4
© 3 2 4 4 4 3 4 4 4 4
D 1 2 1 1 1 2 2 2 3 1

Frequency| 24 24 24 24 24 24 24 24 36 48
Percent | 3.29% | 3.29% | 3.29% | 3.29% | 3.29% | 3.29% | 3.29% | 3.29% | 4.94% | 6.58%

Keep in mind that all of these results are based on the assumption that for every
match there is a 1/3 chance of a win, 1/3 of a draw and 1/3 of a loss. Since some
teams are stronger than others, this assumption is obviously not true for all matches.

The method of calculating these frequencies is beyond the scope of this paper.
However, as a very brief example, consider the combination 9630. This score occurs
when one team wins 3 games, another wins 2 games, the third wins one game and the
fourth team loses all its games.



To start with, consider the number of different teams that can win all three matches.
It could be either A, B, C or D, so there are 4 possible options for the team that wins
all its games. Having decided which team wins 4 games, there are now three teams
left that can win 2 games. The list of all possible variations of teams winning 3 and
2 games respectively are AB, AC, AD, BA, BC, BD, CA, CB, CD, DA, DB and DC.
Finally, there are now two options for choosing the team that will win one game. The
remaining team must be the one that losses all its games. The number of possible
combinations is equal to 24 (4 times 3 times 2).

For each of the twelve options listed above, there are two variations. Consider the
AB option — A wins three games and B wins 2. Either C can win one and D none,
or D can win one and C none. These combinations could be called ABCD and
ABDC respectively. The same can be done for the other 11 variations shown above,
resulting in 24 unique ways of having a final score of 9630.

The same type of analysis must be done for each of the other 39 unique scores. If
everything is done correctly, the total of the frequencies for all 40 unique scores must
add up to 729.

The next table shows the percentage of all outcomes as a function of the number of
points for the team with the highest score in the group.

Highest Percent
Score Number | Chance
9 108 14.8%

7 318 43.6%

6 140 19.2%

5 148 20.3%

4 14 1.9%

3 1 0.1%

2 0 0.0%

1 0 0.0%

0 0 0.0%
Total 729 100.0%

The table shows that out of all the 729 possible outcomes, only 108 of them have a
team with 9 points. There is only a 14.8% chance that a team in the group will have
9 points. By far and away, the most likely top score is 7, followed by 5 and then 6.
The least likely top scores are 3 and 4.



Probability of Advancing

Now the next important question is the probability of advancing to the next round,
given that a team has a particular number of points. To answer this question, we need
to examine all 729 possible outcomes and look at the number of times each point total
occurs and the number of times that point total is sufficient to move to the next round.

The total number of possible “scores” is equal to 729 outcomes multiplied by 4
scores for each outcome for a grand total of 2,916 total outcomes. The table below
shows the number of times each of the point totals occur in those 2,916 outcomes.

Highest Score in the Group
9 7 6 5 4 3 Total
Number

9 108 0 0 0 0 0 108

7 0 336 0 0 0 0 336

6 36 72 192 0 0 0 300

5 0 72 36 216 0 0 324

4 72 240 168 144 48 0 672
3 72 168 60 96 8 4 408

2 36 144 43 96 0 0 324

1 72 180 48 36 0 0 336

0 36 60 8 4 0 0 108
Total 432 1272 560 592 56 4 2,916

In this table, the left-hand column shows each of the possible point totals for any one
team in the group phase. The headings across the top are the score of the team with the
highest point total. The column labeled 9 shows the total number of occurrences of each
point total for those combinations where the highest score is 9, and so on. By looking
at the total column, we can see that by far the most common number of points is 4 and it
occurs 672 times out of a total of 2,916 occurrences, or 23% of the time. The numbers
that occur the least are 9 and zero, with only 108 occurrences each. Perhaps surprisingly,
ones occur more frequently than twos and sevens more frequently than sixes.




For a given number of points, we now look at the probability that a team moves
through to the elimination round based on the score of the team with the highest point
total in the group. The results are shown in the table below.

Highest Score in the Group
9 7 6 5 4 3 Total
Number
9 100.0% 100.0%
7 100.0% 100.0%
6 100.0% 100.0% 95.8% 97.3%
5 100.0% 100.0% 98.1% 98.8%
4 83.3% 60.0% 35.7% 50.0% 58.3% 54.2%
S 1.1% 7.1% 0.0% 12.5% 0.0% 50.0% 8.3%
2 1.1% 0.0% 0.0% 0.0% 1.2%
1 0.0% 0.0% 0.0% 0.0% 0.0%
0 0.0% 0.0% 0.0% 0.0% 0.0%
Total 50.0% 50.0% 50.0% 50.0% 50.0% 50.0% 50.0%

Once again each number of points is show in the left-hand column and the numbers
across the top represents the score of the team with the highest score in the group.
Since there are 4 teams in a group and the top two move on, the percent progressing
to the next round must be 50% in total. Blank cells indicate impossible scores. For
example, if the top score in the group is nine, it is impossible for any other team to
have a score of 7 or 5. The table shows that:

Teams with scores of 9 and 7 must move on

A team with 6 points would have to be very unlucky not to progress. It can
only happen when the final score is 6660

Similarly, teams with a score of 5 almost always progress. Only a final score
of 5550 can prevent a team with 5 points from advancing

Teams with 4 points will progress just over 50% of the time, but this percentage
varies significantly depending on the top score in the group. If the top team
has 9 points, the chance of progressing is greater than 83% while if the top
team has 6 points, the chance of progressing is only 35.7%

Teams with three points will move on less than 10% of the time and teams
with 2 points will very rarely progress. It can only happen if the final score
in the group is 9222.

I hope this adds to your enjoyment of the mathematical mysteries of the World Cup
group phase.



