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Problem

o Summarise the Motor Third Party Liability
excess of loss rates of different layers (and for
different cedents) in one Market benchmark

model
e Avalilable data:

— Belgium market: 4 years (2000-2004)
172 layers

— Swiss Market: 3 years (2001-2004)
31 layers
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Way of working

» Describe the rates with a (commercial) Compound
Model (loading & discounts included)

« Describe the (transformed) severity with a Pareto
and/or Burr model (hierarchical structure)

o Estimate & judge the unknown parameters within the

framework of Generalized (non-) Linear Models
(GLIM) by quasi-likelihoods

 Apply this approach on the rates per individual layer
Instead of the cumulative rates (independency condition
— successive layers are not always know)

« Select the ‘best’ sub-model (some parameters constant
over the years) with a F-test based on the ratio of the
scaled deviance
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Advantages

» Statistical framework to select sub-models (GLIM — Deviance - Hierarchical
structure)

» Answer to the observed heteroscedasticity in the residuals (GLIM)
* No need to describe the underlying model for the residuals (quasi-likelihood)

» Theoretical framework versus simple & practical interpretation: Deviance
minimisation versus Weighted or Generalised Pearson Residuals
minimisation. (GLIM - quasi-likelihood)

» Rates are divided in 2 components that are related to number of claims and
(transformed) severity.
This helps to judge the outcome of the parameters; to make indirectly general
conclusions about expected number of ceded claims and/or Market
behaviour). (Commercial Compound Model)

» Better motivation to choose some hypothesis (e.g. motivation of Variance
function to describe the observed heteroscedasticity; motivation of the
Benchmark function: fitting versus modelling

» Describing rates instead of Rate on Line (more general) (Compound
Model)
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Model

« Aggregate claims of a portfolio of insurance risks S=igo><i
(number of claims N and  x;~x for all ;
o The excess of loss risk after a priority R and an upper limit L is

equal to: xrL) :igo[xi v (R, L)}: igo[(xi -R), /\(L—R)}Z igo[(xi —R) . —(X;— L)+}

with E[N(R,L)]=E[N]-{E[X AL]-E[X AR]}

e Assume loading is partially incorporated in the transformed
severity x of x

* The market rate can be described as:
b(R,L)=v-(@+1)-E[N]-{E[X A L]-E[X AR]}/PI
=d-{E[X AL]-E[X ARJWith0<R<L <o
Discount, prop. loading & underlying premium income  v,1,pi
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Model

« Transformed severity is assumed Pareto(2) or Burr
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bP(R’L):a—l'KuR/sj _(1+L/l9j } a1

1 1
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Burr(4 = fixed,y =1)

Model

= Pareto(1)

A

A

Burr(9 = fixed,y = Cst)

Burr(4 = fixed)

LogGamma(4 = fixed,y =1)

A

Burr(19 Cst,y
Burr(y =1) \
Burr($=Cst,y =Cst
= Pareto(2) ( 4 )
'-B _ __

——————————————————————————————————————————————————————

_______________________________________________________

LogGamma(y = \ \ M

|

LogGamma(d, $,a,7,7)
F(x)=T|r,a-In(+ (x/9)]
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IBurr(d 9, a,y)l

Generalised Pareto(d, %, «,7)

o~

Transformed Beta(d, %, «,7,7)
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GLIM

 refer to McCullagh & Nelder (1985), Hardin & Hilbe (2001),
McCulloch & Searle (2001) or Dobson (2002)

e The rates r:(R;.L) of the XL contractsi of the year j=1.
priority (retention) R;; upper limit L;; assumed to be independent
observations.

e To describe the heteroscedasticity we make use of a Variance
function SUCh that Var[rj,i(Rj,i’Lj,i)]:¢'/uj,ik

» The expected value #,=Elr,(R;.L;)] is supposed to be equal to
be (R, L;.d5,%,a;) OF bg(R;;,L;.d,.6,,a,.7;)

J

« We will make no assumption about the distribution function of
the observed rates => quasi-likelihood.
Maximising quasi-likelihood is equivalent with minimising the
Deviance but also to weighted least squares minimisation
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GLIM

« The quasi-likelihood involves a sum of n contributions
"wy) =2 1"(w;y)  and the individual components satisfy the
differential equation a1 («;y:)/ou = (y, —uIN (w)
For v(u)=¢-4*4>0 we have that:
19, 6, y) = (Y — 12)? /(29), Gaussian case (¢ =c?) if k=0

=(y-In(e) - 12)/9, Poisson case (¢ =1) if k=1
=(—y/u—In(x))/¢, Gamma case (¢ = 1/scale parameter) if k =2

= (- y/@-K) - 12 /2-K))/ (gud"), if k= 1or 2
e Scaled deviance Is LogLikelihoods ratio of the model under
Investigation and the saturated model: sou.4,y) =-21°(n.4,y) - 1°(y.4.y)]
e The deviance D is defined as D(u,y) =¢-SD(u.4,y)

 Maximising !°(xy) is independent of 4 & is equivalent with
minimising D
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GLIM

To examine the parameters B,.B, p>a>0 of 2 nested models,
each estimated in their corresponded models, one has that the
distribution of the deviance fulfils the relation

D(B,.B,)=D(n(B,).y)-D(u@®,).y)~¢- x>, +0,(n"?)

This leads to a chi-squared test: Z([1)= D(ﬁ;’ﬁ ) - 2, (p-q)

If we estimate ¢ by ¢=(-m"-V () -(y-m)/(N-p)=X*/(n-p)
|_eads this to a first F-test F(1):%~ F(p-q,n-p)

A second F-test  F2)- D(B,.B,)/(p-a) _SD(B,.B,)/(P-0q) _

rei _>PF,.P F(o—an_
D(B,.B,)/(n-p) SDE,.B,)/(n-p) (p—g.n—p)
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Belgian Motor Third Party Liability data

Reinsurance Years 2001|2002 | 2003 | 2004 | Total
Number of layers| 34 | 48 53 37 | 172
Number of unlimited layers| 15 19 20 16 70
Number of cedent| 15 19 20 16 70
Number of layers per 2001|2002 | 2003 | 2004 | Total
program
4 layer program | 4 8 4 16
3 layer program | 12 24 | 39 27 | 102
2 layer program | 16 14 8 6 44
1 layer program | 2 2 2 4 10
Total| 34 | 48 | 53 | 37 | 172
Number of cedent 2001 | 2002 | 2003 | 2004 | Total
4 layer program | 1 2 1 4
3 layer program | 4 8 13 9 34
2 layer program | 8 7 4 3 22
1 layer program | 2 2 2 4 10
Total | 15 19 | 20 16 70
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Burr full model & heteroscedasticity
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Burr full model & heteroscedasticity
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Heteroscedasticity — Variance function k=2
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Heteroscedasticity — Variance function k=2
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GLIM = weighted least squares regression

« Parameter estimation: minimising the deviance or a weighted
least squares regression

J Nj J N
ZZWj,i '(bj,i - rj,i)z :Zzwj,i '[b(Rj,i, Lj,ildjilgjiajsyj)_ rj,i(Rj,i’Lj,i)]Z
j

j=1 i=1 j=1 =l
with the weights Wi =" R L.d9alr)
evaluated at the (unknown) optimal parameter values {d".9 .o .7

U [b(R',i’ Lj,i’djilgj’aj!yj)_ rj,i(R',i’Lj,i)]Z

J ]

* Not the same solution minimising 22 (R L d .9 .7)

j:l |:1 J

e Lower rates (= higher XL-covers) become more weight
(fitting from the right instead of left)

« The first minimisation will give the same solution as obtained by
minimisation of the corresponding deviance

e The second Is focussed on the minimisation of the Generalised
Pearson Residuals (direct practical interpretation)
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Independency of the rates n®i..L)?

o Estimation of the correlation between the residuals of the rates of
successive layers of the reinsurance program for a cedent per
year.

The residuals are obtained by correcting with the full Burr model.
The estimated correlation is equal to “~0.0196 and the 95%

confidence interval is equal to (-0.213260 , 0.175546).
(estimation is based on 102 couples).
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Model selection F(2) test
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Model selection

Burr(4 = fixed,y =1)
= Pareto(1)
LogGamma(4 = fixed,y =1)

A

Burr(9 = fixed,y = Cst)

Burr(4 = fixed)

A
A

Burr(19 Cst,y
Burr (7 =1) \
Burr($ =Cst, y =Cst
= Pareto(2) ( Y )
"B rr( ‘Burr(9=Cst);  iBurr(a =Cst) ‘Burr(d = Cst)

_______________________________________________________

LogGamma(y = \ \ M

[Burr(d,d,a,y)| Generalised Pareto(d, 4, «, )

LogGamma(d,$,«,z,7) \

F(x) = F[z',a In(L+ (x/9)7] Transformed Beta(d, 9,a,7,%)
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Best Pareto(2) sub-model

8 parameters

141

Model selection F(2) test
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Model selection F(2) test

Best Pareto(2) sub-model Best Burr » -constant sub-
8 parameters model: 9 parameters
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Annex: the XL-rate variance hypothesis

A simple estimate for the rate for an excess of loss layer (without

loading) S[X, v (RL)]
F(R,L) =—Z:j =

fori1 &j x,;~Xand PI;=PI
The variance of the estimated rate is then equal to:
|8, + B, -CoVZ(X v (R,L)] r*(R,L)

One can expect that k lies in the interval [0,2]
Variance not only comming from random fluctuations
Analysis of the residuals has to confirm the final choise
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Annex: relation size company & XL retention

e From practice one knows that:
retained priority R T if P1I=x7T (non-proportional)
rule of thumb: 1<g|n,, |<4

E[N oy, J= EIN]-F[R(O] = d - x- F[R() 0

B
e For Burr: R(X):g{(%j -1 =la-x"+bf

o For Pareto(2) R(x)=a-x"+b
« For Pareto(1) R(X)=a-x’ = standard power function

« Graphical check for the Belgian MTPL data, with a standard
power function => seems to confirm the rule of thum
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Annex: relation size company & XL retention
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Annex: relation size company & XL retention

 Indirect estimate of the average number of claims (biased with
the discounted loading factor) ceded to the reinsurance market

2004 2003
(a) Estimated number of ceded claims with best » model
Mean 2.615 2.330
Median 2.576 2.047
)) Estimated number of ceded claims with best ) model & pro rata corrected with individual rate in respect of Market rate

Mean 2.211 2.053

Median 2.397 2.127

Average of (a) & (b)
Mean 2.413 2.191
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Annex: Rate on Line method

 Rate on Line RoL(R,L):a-{E[XI/\IL]_E[XIAR]} a=v-(1+1)-E[N]

@E[X'/\R]:a.E(R)

Rate on line intensity  RoL(R)=limitRoL(R,L)=a-

For Burr RoL(R)=B-(R" +67) B=a.0%
For Pareto(2)  RoL(R)=B-(R+0)" B=a-0"
For Pareto(1) RoL(R)=B-R"™
e Approximation in practice
RoL(R,L)=RoL(P)With P=vR-L ~Or P=p-R+(-p)-L (0] B=Y2o0r=13

In practice one will use a standard power function for RoL(P) =>
Pareto(1)
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