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"The new system should provide supervisors with the appropriate tools to assess 
the “overall solvency” of an insurance undertaking. This means that the system 
should not only consist of a number of quantitative ratios and indicators, but also 
cover qualitative aspects that influence the risk-standing of an undertaking 
(management, internal risk control, competitive situation etc.). … The solvency 
system should encourage and give an incentive to insurance undertakings to 
measure and manage their risks. In this regard, there is a clear need for developing 
common EU principles on risk management and supervisory review. Furthermore 
the quantitative solvency requirements should cover the most significant risks to 
which an insurance undertaking is exposed. This risk-oriented approach would 
lead to the recognition of internal models (either partial or full) provided these 
improve the undertaking’s risk management and better reflect its true risk profile 
than a standard formula." 

 
European Commission, Internal Market DG, March 2003 
 

important topic here:  
 

recognizing and modeling of dependencies between risks       
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Definition. A copula is a function  of d variables on the unit d-cube  with 
the following properties: 
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1. the range of C is the unit interval ; 
2.  is zero for all  in  for which at least one coordinate equals 

zero; 
( )C u
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3. u  if all coordinates of  are 1 except the k-th one; 
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In other words:  
 

A copula C is a multivariate distribution function of a random vector that has 
uniform margins.  



 Sklar’s Theorem. Let H denote a n-dimensional distribution function with 
margins .F  Then there exists a n-copula C such that for all real ( , )1, , nF " 1 , nx x" , 
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If all the margins are continuous, then the copula is unique, and is determined 
uniquely on the ranges of the marginal distribution functions otherwise. 
Moreover, the converse of the above statement is also true. If we denote by 

1−  the generalized inverses of the marginal distribution functions, then 
for every )  in the unit n-cube, 
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Fréchet-Hoeffding bounds: 
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,1( , )  is generally not a copula for , but inequality is sharp. 

 
Two random variables with copula )  are called co-monotonic (highest 
degree of positive dependence), two random variables with copula )  are 
called counter-monotonic (highest degree of negative dependence). 
 
Wide-spread fallacy: Co-monotonic risks increase total risk, counter-monotonic 
risks decrease total risk (→ diversification effect) 
 

This is wrong in general!   
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Definition. Let  and define intervals , ∈`d n
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for all }n  with  

then the function 1  is the density of a d-dimensional 

copula, called grid-type copula with parameters .  Here 

 denotes the indicator random variable of the event A, as usual. 
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It is easy to see that in case of an absolutely continuous d-dimensional copula C, 
with continuous density  
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c can be approximated arbitrarily close by a density of a grid-type copula. The 
classical multivariate mean-value-theorem of calculus tells us here that we only 
have to choose 
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Lemma. Let U  be independent standard uniformly distributed random 
variables and let 
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This follows e.g. from USPENSKY (1937), Example 3, p.277, who attributes this 
result already to Laplace. 
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Example. 
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with suitable real numbers ].  It follows that the covariance of the 
corresponding random variables 2

, ,
X X  is given by 
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i.e. the risks 2X X  are uncorrelated but dependent. 
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The density and cumulative distribution function of the aggregated risk 
2S X X= +  are thus, by the above Theorem, given by 2 1:
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The following graphs show five different densities  and cumulative 
distribution functions �  for the sum 2  for various choices 
of ( , , ).a b cγ =  

2 (3; ; )f γ� i
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For finding the “worst” VaR scenario in this setup we have to minimize the 
cumulative distribution function 
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The solution of this problem is given by all ) fulfilling the condition (0, ,b cγ =
4
9

. In particular, b c+ = 2
9

b c= =  is a feasible solution, which is among the 

cases shown above (blue line). 
 
In a similar way, we can determine the “best” VaR scenario here, which is 

uniquely determined by the parameter 2 ,0,0
9
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(3; ; )Q γ i

(3; ; )γ i
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 This case is also shown 

above (pink line).  
 
Naturally, it is also possible to express the quantile function for all 
choices of γ in an explicit way, by solving the appropriate quadratic equations in 
the representation of �  above. 2F



For the three cases “worst” VaR scenario, independence and “best” VaR scenario, 
we obtain 
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Likewise, for the Expected Shortfall1, we obtain 
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1 Here we denote u  with )  for  
In the literature, one often finds the complementary notation with  

( )ES ( ; ; ) S VaR≥ uVaR =



 
VaR  and Expected  Shortfall for “worst” case [1],  

independence case [2], and “best” case [3]  

VaR [1]

VaR [2]

VaR [3]
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ES [3]

ES [1]

ES [2]



 
For instance, we obtain 
 
 
 

    worst case independence best case

VaR0,9 1,6838 1,5528 1,4430 

ES0,9 1,7892 1,7019 1,5269 

VaR0,99 1,9000 1,8586 1,5960 

ES0,99 1,9333 1,9057 1,6225 
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Example. Suppose that the risks 1X 2X and  are each uniformly distributed and 
their joint cumulative distribution function is a copula of Clayton or Gumbel type, 
resp., i.e. 
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2 1:S X X= +
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with  θ≥
 
 

We consider the distribution of the aggregated risk 2. The following 
graph shows the calculated densities for  under these copulas, for a grid-type 
copula approximation, with 10000 subsquares of the unit interval of equal area 
each. 

2S

 
 



 

Clayton copula, θ 1=
Clayton copula, 2θ=Gumbel copula, 2θ=

el copula, 3θ=Gumb

approximation of densities for two aggregate dependent risks 
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Example (extension to joint distribution with compact support). We consider five 
dependent risks , ,1 5X X"  with different marginal distributions and joint density 
given by 
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(support of the joint distribution:  disjoint hypercubes in ) 20



 

 
plot of marginal densities 
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density of five aggregated risks, dependent vs. independent case 
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cumulative distribution function, dependent vs. independent case 



Lemma. Suppose that the risks 1X 2X and  follow a Pareto distribution with 
density 
 

(1 )( ) (1 ) ,f x x xββ − += + ≥ ( 0)β>
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each. Then the density g and cumulative distribution function G of the aggregated 
risk 2:S X X= +  can be explicitly calculated in the following cases: 2 1

 
1/ : 

 
Case 1: 1X  and 2X  are independent: 
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Case 2: 1X  and 2X  are co-monotonic: 
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Case 3: 1X  and 2X  are counter-monotonic: 
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VaR’s for the three cases 

Case 1: independence

Case 2:
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Case 1: 1X  and 2X  are independent: 
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Case 2: 1X  and 2X  are co-monotonic: 
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Case 3: 1X  and 2X  are counter-monotonic: 

 
 

23/ 2

2 2( ) , ( ) 2 , 2
(1 ) 22(2 )

zg z G z z
z zz z

−= ≈ = ≥
+ +− +

29

.  



 

Case 1: independence

VaR’s for the three cases 
 

Case 2: co-monotonicity

Case 3: counter-monotonicity
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Case 1: 1X  and 2X  are independent: 
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Case 2: 1X  and 2X  are co-monotonic: 
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Case 3: 1X  and 2X  are counter-monotonic: 
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Case 1: independence

VaR’s for the three cases 

Case 2: co-monotonicity

Case 3: counter-monotonicity
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empirical copula for windstorm vs. flooding, from real data 
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The data can be well fitted to a 4 4× grid-type copula represented by the following 
weight matrix: 
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From this , we obtain the following density f and cumulative distribution function 
F for the aggregated risk  S U
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VaR, depende
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nt 

ndependent case

R, independent case

ES, dependent case
ES, i

Va

Dependence matters!  

VaR and ES, dependence vs. independence 
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