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Accident Development Year £

Year ; 0 1 2 3 4 5

1001 1855 2423 2988 3335 3483
1113 2103 2774 3422 3844

1265 2433 3233 3977

1490 2873 3880

1725 3261

1889

whn K~ W N = O
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Accident Development Year £

Year ; 0 1 2 3 4 5

1001 1855 2423 2988 3335 3483
1113 2103 2774 3422 3844

1265 2433 3233 3977

1490 2873 3880

1725 3261

1889

whn K~ W N = O
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Accident Development Year £
Year ¢ 0 1 2 3 4 5
0 1001 1855 2423 2988 3335 3483
1 1113 2103 2774 3422 3844
2 1265 2433 3233 3977
3 1490 2873 3880
4 1725 3261
5 1889
3335 3483
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Accident Development Year £
Year ¢ 0 1 2 3 4 5
0 1001 1855 2423 2988 3335 3483
1 1113 2103 2774 3422 3844
2 1265 2433 3233 3977
3 1490 2873 3880
4 1725 3261
5 1889
3335 3483
1.044
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Accident Development Year £
Year ¢ 0 1 2 3 4 5
0 1001 1855 2423 2988 3335 3483
1 1113 2103 2774 3422 3844 4013
2 1265 2433 3233 3977
3 1490 2873 3880
4 1725 3261
5 1889

3335 3483

1.044
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Accident Development Year £

Year ¢ 0 1 2 3 4 5
0 1001 1855 2423 2988 3335 3483
1 1113 2103 2774 3422 3844 4013
2 1265 2433 3233 3977

3 1490 2873 3880

4 1725 3261

5 1889

1.044
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Accident Development Year £
Year ¢ 0 1 2 3 4 5
0 1001 1855 2423 2988 3335 3483
1 1113 2103 2774 3422 3844 4013
2 1265 2433 3233 3977
3 1490 2873 3880
4 1725 3261
5 1889

6410 7179

1.044
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Accident Development Year £
Year ¢ 0 1 2 3 4 5
0 1001 1855 2423 2988 3335 3483
1 1113 2103 2774 3422 3844 4013
2 1265 2433 3233 3977
3 1490 2873 3880
4 1725 3261
5 1889
6410 7179
1,120 1.044
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Accident Development Year £
Year ¢ 0 1 2 3 4 5
0 1001 1855 2423 2988 3335 3483
1 1113 2103 2774 3422 3844 4013
2 1265 2433 3233 3977 4454
3 1490 2873 3880
4 1725 3261
5 1889

6410 7179

1,120 1.044
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Accident Development Year £
Year ¢ 0 1 2 3 4 5
0 1001 1855 2423 2988 3335 3483
1 1113 2103 2774 3422 3844 4013
2 1265 2433 3233 3977 4454 4650
3 1490 2873 3880
4 1725 3261
5 1889
6410 7179
1,120 1.044
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Accident Development Year £
Year ¢ 0 1 2 3 4 5
0 1001 1855 2423 2988 3335 3483
1 1113 2103 2774 3422 3844 4013
2 1265 2433 3233 3977 4454 4650
3 1490 2873 3880 4780 5354 5590
4 1725 3261
5 1889
8430 10387
1,232 1,120 1.044
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Accident

Development Year £

Year ; 0 1 2 3 4 5
0 1001 1855 2423 2988 3335 3483
1 1113 2103 2774 3422 3844 4013
2 1265 2433 3233 3977 4454 4650
3 1490 2873 3880 4780 5354 5590
4 1725 3261 4334 5339 5980 6243
5 1889
9264 12310
1.329 1,232 1,120 1.044
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Accident Development Year £
Year ¢ 0 1 2 3 4 5
0 1001 1855 2423 2988 3335 3483
1 1113 2103 2774 3422 3844 4013
2 1265 2433 3233 3977 4454 4650
3 1490 2873 3880 4780 5354 5590
4 1725 3261 4334 5339 5980 6243
5 1889 3587 4767 5873 6578 6867
6594 12525
1.899 1.329 1,232 1,120 1.044
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Accident Development Year £

Year ¢ 0 1 2 3 4 5
0 1001 1855 2423 2988 3335 3483
1 1113 2103 2774 3422 3844 4013
2 1265 2433 3233 3977 4454 4650
3 1490 2873 3880 4780 5354 5590
4 1725 3261 4334 5339 5980 6243
5 1889 3587 4767 5873 6578 6867
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Run-off triangle of observable aggregate claims:

Accident Development Year

Year 0 1 k n—1 n—1 n

0 So,0 So,1 S0,k S0,n—i Son—1 So,n
1 S1,0 S1,1 S1.k S1,n—i S1,n—-1

i S0 Si,1 Si,k Si,n—i

n—k Sn—k,O Sn—k,l Sn—k,k

n Sn,0
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Individual Development Factors:

Si k
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Individual Development Factors:

Si k

F; k= :
" Si k-1

Chain—ILadder Factors:
n—=k
SCL Zj:O Sjak
Fk — y
ijo J,k—1

n—k

B Sik-1 F-
o z : n—Fk J:k
=0 2h=0 h.k—1

(for k > 1)

Multivariate Chain-Ladder - p.6/44



Identity for aggregate claims:

k
Sik = Oin—i H Fii

[=n—1+1
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Identity for aggregate claims:

k
Sik = Oin—i H Fii

l=n—1+1
Chain—Ladder Estimators:
k
oCL . ~CL
Sivo= S || B
k=n—i1+1

(for k > n — 1)
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Chain—Ladder estimation 1s recursive since

oCL
S@ J1—1 — S’ian—’i
and
oCL CL
S@',k — Sz J— 1

fork=n—1+1,
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Chain—lLadder Factors:
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Chain—lLadder Factors:

n—=k

~ S .

by = Z n—Fk Fjak
j=0 Z2h=0 Shok—1

Modified Chain—Ladder Factors:
F\k L= Z Wjjk Fj,k

with Y0701, =1

(for kK > 1)
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Chain-ILadder Estimators:

k
oCL . ~CL
S@',k T Si,n—i H £

k=n—i1+1

Multivariate Chain-Ladder - p.10/44



Chain-ILadder Estimators:

k
oCL . ~CL
S@,k T Si,n—i H £

k=n—i+1
Modified Chain—-Ladder Estimators:
k
Sik = Sin—i H F
k=n—i+1

—> Competition !!!

(for kK > n —1)
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Accident Development Year

Year 0 1 k—1 k

0 50,0 So,1 oo Sok—1 S0,k

1 S1,0 S1,1 v ST k-1 S1,k
n—k Sn—k,0 Sn—k,1 v Sn—kk—1 Sn—k,k
n—k+1 | Sp—k+10 Sn—k+1,1 o Sn—k+1k—1 SOn—k+1,k
n—1 Sn—1,0 Sn—1,1 v Sn1 k-1 Sn—1.,k

n Sn.,0 Sn—1,1 v Snk—1 Sn.k

We denote by G;._; the information

provided by development years 0,1, ...,k — 1.
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Assumption:

Foreachk=1,...,n
there exist random variables F). and V. such that

E(Six|Gr-1) = Sip-1 L

holds forall: =0,1,...,n.
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Assumption:

Foreachk=1,...,n
there exist random variables F). and V. such that

E(S; k| Gr-1) Si k-1
var(S; x|Gr-1) = Sip-1 Vi

holds forall: =0,1,..., n.
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Assumption:

Foreachk=1,...,n

there exist random variables F). and V. such that

E(Six
var(.S; 1
COV(S@]{, Sj)k

holds forallz,7 =0,1, ..

Gr-1)
Gr-1)
Gr-1)

Sik—1 Lk
Sik—1 Vi
0

., n such that 5 # 1.
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Assumption:

Foreachk=1,...,n

there exist random variables F). and V. such that

E(Six
var(.S; 1
COV(S@]{, Sj)k

holds forallz,7 = 0,1, ..

Gr-1)
Gr-1)
Gr-1)

Sik—1 Lk
Sik—1 Vi
0

., n such that 5 # 1.

A slightly less general model 1s the Model of Mack
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Equivalent formulation of the assumption:

Foreachk=1,...,n
there exist random variables F). and V. such that

E(F;;|Gr-1) F,
var(Fix|Gi-1) = Vi/Sik—
cov(Fix, FirlGr—1) = 0

holds for all 2, 7 = 0,1, ..., n such that ;7 # 1.

Multivariate Chain-Ladd
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Admissible estimators:

with random variables
Wors Wik, o, Wh_ii € Gp—1 satisfying

—k
Z?:o Wik =
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The Chain—Ladder Factor

n—=k
j=0 Zsh=0 *~hk—1

1s an admissible estimator.
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The Chain—Ladder Factor

n—k
~CL . Z Sj,k—l .
j=0 Zash=0*hk—1

1s an admissible estimator.

Every admissible estimator 1s a Modified
Chain—Ladder Factor.
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The Chain—Ladder Factor

n—k

~CL . Z Sj,k—l .
j=0 h=0 “h,k—1

1s an admissible estimator.

Every admissible estimator 1s a Modified
Chain—Ladder Factor.

Every admissible estimator 1s unbiased 1n the
sense that

E<F\k ‘ gk—l) = E<sz ‘ Qk—1)

Multivariate Chain-Ladder - p.17/44



Optimization problem:

Minimize
~ 2
E((Fk - Fiy) g“)

over all admissible estimators.
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Optimization problem:

Minimize
~ 2
E((Fk - Fiy) g“)

over all admissible estimators.

Solution: The optimization problem has the
unique solution
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Admissible estimators:

AN P

S’i,n—i—l—l — Si,n—i Fr_it1

with an admissible estimator £,_;;1 of F; ,_iy1.
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The Chain—Ladder Estimator
oCL L ~CL
Sijn—wrl . Si,n—i k. —i+1

1s an admissible estimator.
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The Chain—Ladder Estimator
oCL L ~CL
Sijn—wrl . Si,n—i k. —i+1

1s an admissible estimator.

Every admissible estimator 1s a Modified
Chain—Ladder Estimator.
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The Chain—Ladder Estimator
oCL L ~CL
Sijn—wrl . Si,n—i Fn—z’+1

1s an admissible estimator.

Every admissible estimator 1s a Modified
Chain—Ladder Estimator.

Every admissible estimator 1s unbiased 1n the
sense that

E(gfi,n—i—l—l gnz’) = E<Si,n—i+1 | anz)
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Optimization problem:
Minimize

. 2
E (Si,n—i—l—l_si,n—i+1) On—i

over all admissible estimators.
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Optimization problem:

Minimize

2
n—i+1 Sfé,n—i—l—l)

over all admissible estimators.

Solution: The optimization problem has the
unique solution

aCL
Sijn—H—l

e . - CL
T SZ,TL—Z Fn—H—l

— (Chain—-Ladder 1s the Winner !!!
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Proof:

i) ( (gz',n—i—l—l — Sz’,n—i—i-l) 2 gné)

R 2
— E((Sz,nanz—i—l — S’i,n—in',n—i—i—l) gn@)

~ 2
— SZQ,N—Z . E((FnH—I o E,n—i+1) gnz)
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As a consequence of the previous result,
the chain—ladder estimators are optimal 1n a sequential

SCINSC.
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In the present section we consider the
loss—development for . = 2 correlated lines of
business.
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In the present section we consider the
loss—development for . = 2 correlated lines of
business.

All definitions and results can be extended to
arbitrary m.
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Accident Development Year

Year 0 1 k . M —1 n—1 n
1 1 1 1 1 1

0 e S5 o S§Y o S8 s s§h
1 1 1 1 1

1 s s o8t oS s

: (1) (1) (1) 1

i S S oSy s
(1) (1) (1)

n—k Sn—k,o Sn—k,l Sn—k,kz

n—1 57(7,1—)1,0 57(11_)1,1

n Sg%
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Accident

Development Year

Year 0 1 k n—=1 n—1 n
2 2 2 2 2 2
0 S S S5 Ssen_i o SEh 88
2 2 2 2 2
1 si o s ¢ S SP
. (2) 2 2 2
t Si,O Sz'(,l) Sz(lc) Si(,rz—i
(2) (2) (2)
n—k Sn—k,o Sn—k,l Sn—k,kz
n—1 57(7,2—)1,0 57(7,2—)1,1
n Sﬁf%

Multivariate Chain-Ladder - p.27/44




Accident

Development Year

Year 0 1 k n—=1 n—1 n

0 So0,0 So,1 So.k S0,n—i Son—1 So,n
1 S10 S11 S1.k S1,n—i S1n-1

i Si.0 Si1 Sik Sin—i

n—k Sn—ko0 Sn—k1 Sn—k,k

n—1 Sn—1,0 Sn—1,1

n Sn.0
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Accident Development Year

Year 0 1 k—1 k

0 S0.0 So,1 o Sok—1 So,k

1 S1.,0 S1.1 A S1,k
n—k Sn—k.0 Sn—k.1 ceo Sp_k k-1 Sn—k,k
n—k+1|Su_k+r10 Sn—k+1,1 -+ Sn—kt1,k—1  Sn_k+1k
n—1 Sn—1,0 Sn—1,1 e Sp1k—1 Sn—1,k

n Sn.0 Sn—1,1 Sn. k-1 Sk

We denote by G;._; the information

provided by development years 0,1, ...,k — 1.
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Assumption:

For each kK = 1, ..., n there exists
a random vector ¥ .. and a random matrix V ;. such
that

E(Sik|0r-1) = Sip1Fy

holds forall: = 0,1, ..., n.
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Assumption:

For each kK = 1, ..., n there exists
a random vector ¥ .. and a random matrix V ;. such
that

ESik|Gr-1) = T Fy
var(S; x|Gr-1) = T%f_l VkTif_l

holds forallz =0.1, ..., n.
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Assumption:

For each kK = 1, ..., n there exists
a random vector ¥ .. and a random matrix V ;. such
that

E(Sik|Gr-1) = Tip1 Fj
var(S; x|Gr 1) = T;fq VkTifq
cov(Si % SiklGr_1) = O

holds for all 7, 7 = 0,1, ...,n such that § # .
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Assumption:

For each kK = 1, ..., n there exists
a random vector F';. and a random matrix V ;. such that

ESik|Gr—1) = Tip1 Ly
var(S; x|Gr 1) = T;fq szT;,fA
cov(Sik, SjklGr-1) = O
holds for all 7, 7 = 0,1, ..., n such that j # 1.

A slightly less general model 1s the Model of Braun
[2004].
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Equivalent formulation of the assumption:

For each £k = 1, ..., n there exists
a random vector F';. and a random matrix V ;. such that

E(F;rGr-1) = F;
var(F; ;|Gr 1) = T;,iﬁ Vsz_klizl
cov(F;p, Fr|Gi—1) = O

holds for all 2, 7 = 0,1, ..., n such that ; # 1.
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Admissible estimators:

with random matrices
Work, Wik,-.., Wy € G 1 satisfying

n—k
ijo W, =1
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Admissible estimators:

with random matrices
Work, Wik,-.., Wy € G 1 satisfying

n—k
Every admissible estimator 1s unbiased in the
sense that

E(ﬁk | gn—i) = E(sz ’ gn—i)

Multivariate Chain-Ladder - p.35/44



Optimization problem:
Minimize

E((ﬁk — sz>,(f‘k’ — sz) gkl)

over all admissible estimators.
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Solution:
The optimization problem has the unique solution

—k
CL ._ 1/2 —1m1/2
I?k T E : 7,k— 1 qD]k: 1
7=0

1/2 —1m1/2
:E::,]P]k: 1 ,]F]kj 11?j$7

—1

The unique solution F¢ is said to be the Multivariate

Chain—Ladder Factor of development year k.
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Admissible estimators:

Sin—it1 = L iFn_it1

with an admissible estimator F,,_;; of F; ;1.
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Admissible estimators:
Sin—it1 = L iFn_it1

with an admissible estimator F,,_; ;1 of F; ,,_;.1.

Every admissible estimator 1s unbiased 1n the
sense that

E(gz"n_@q_l ‘ gn—z) — E<Sz’,n—i—|—1 ‘ gn—z)
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Optimization problem:
Minimize

~ 2
E (Si,n—i—l—l _ Si,n—i—l—l)

over all admissible estimators.

gn—i
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Optimization problem:
Minimize

~ 2
E((Si,ni—l—l — Si,n—i—l—l)

over all admissible estimators.

Solution:

The optimization problem has the unique solution

Szn 1+1 F= Tzn ZFn 1+1
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The unique solution §,§L 1s said to be the Multivariate
Chain—-Ladder Estimator of S; ;1.
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Define
S = S

andfork=n—1+1,....n

Tzk 1 = dlag(szk 1)
Si,k Tzk 1F%L

Then SC% 1s said to be the Multivariate Chain—lLadder

Estimator of S; .
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Sequential optimality obtains as in the univariate case.
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In the univariate case,
the method 1s there and a stochastic model had to
be found for its justification.
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In the univariate case,
the method 1s there and a stochastic model had to
be found for its justification.

In the multivariate case,
an extension of the stochastic model of Schnaus
leads to an extension of the method.
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In the univariate case,
the method 1s there and a stochastic model had to
be found for its justification.

In the multivariate case,
an extension of the stochastic model of Schnaus
leads to an extension of the method.

The coordinates of the Multivariate
Chain—-Ladder Estimators usually differ from
the Univariate Chain—Ladder Estimators of the
Coordinates.
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In the univariate case,
the method 1s there and a stochastic model had to
be found for its justification.

In the multivariate case,
an extension of the stochastic model of Schnaus
leads to an extension of the method.

The coordinates of the Multivariate
Chain—-Ladder Estimators usually differ from
the Univariate Chain—Ladder Estimators of the
Coordinates.

The multivariate approach resolves the problem
of additivity.
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