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1 Introduction

We introduce a distinction between risk measures and decision principles, such as premium
principles, capital allocation principles and solvency capital principles. The difference
between risk measures and decision principles comes from the different “levels” at which
they operate. That is, there is a hierarchy between the two concepts.

A risk measure is a functional that assigns a real number to a random variable (the
risk). Justifications of risk measures are generally based on axiomatic characterizations,
imposing a set of axioms, which we denote henceforth by S. A risk measure is appropriate
if and only if its characterizing axioms are. Axiomatic characterizations can be used to
justify a risk measure, but also to criticize it.

The particular set of axioms must reflect the risk perception of the economic actors
or agents involved in the situation under consideration. The economic relevance of the
axioms thus depends on the actors involved as well as on the specific situation under
study. The axioms should be formalized such as to be representative for all the actors in
the evaluation of any “feasible” risk.

A useful meaning of the numerical value of a risk measure is given by the certainty
equivalent. For a given risk measure and a given random variable, the certainty equivalent
is the real number that is equally risky (equivalent).

A decision principle is a “derived” functional assigning a real number to a random
variable. The derivation is generally based on an optimization procedure, e.g., by min-
imizing the total risk as measured by a risk measure. Notice that both risk measures
and decision principles are functionals mapping random variables to the real line. Hence,
mathematically they are similar concepts. Though, justifications and derivations differ
fundamentally.

The explicit distinction between risk measures and decision principles has important
consequences for the management of risk in the insurance and financial industry.

By using different sets of axioms, reflecting different perceptions of risk, e.g., for dif-
ferent actors (management, regulator), or for different economic situations, appropriate
decision principles can be derived.

Let us quote Markowitz (1959, Chapter 10) in this respect: “We might decide that in
one context one basic set of principles is appropriate, while in another context a different
set of principles should be used. We might find that some patterns of preferences are
consistent with a set of preferences while other patterns are not.” Here, “principles”
mean “axioms”.

We think that a “two level” procedure in which risk measures determine the risk



of an economic transaction, and decision principles are derived in a second stage, is a
proper approach and a valuable tool to demonstrate what are the essential parameters or
concepts to be determined. For example, the assumption of expected utility is justified by
the belief that for the economic situations considered, monotonicity and the so-called sure-
thing principle (which amounts to the independence axiom when probabilities are known
and given) are reasonable assumptions. These axioms, jointly with continuity, axiomatize
expected utility and clarify the validity and limitations of it. Then, in a second stage, the
particular functional form of e.g., the exponential premium principle and the role of the
absolute coefficient of risk aversion are derived; see Section 2 for further details.

In this approach the “selection” of appropriate preference axioms takes place on the
first “level” of measuring the total risk of an economic operation, while properties of
decision principles follow as consequences.

In actuarial science, for many years, risk measures have been important objects of
study; see e.g., Biihlmann (1970), Gerber (1979) and Goovaerts, De Vylder & Haezendonck
(1984) for early accounts.

Recent developments aiming for international convergence of solvency capital princi-
ples, both in insurance and finance, have further increased the importance of the topic.
In this context, we refer the interested reader e.g., to the Basel Capital Accords.

In what follows, we will elucidate the concepts of risk measures and decision principles
in different economic situations encountered in practice. To fix our framework, we state

the following definitions and remarks:

Definition 1.1 We fiz a measurable space (2, F). A risk is a random variable defined
on (2, F) and is denoted by X. It represents the final net loss of a position (contingency)
currently held. When X > 0, we call it a loss, whereas if X < 0, we call it a gain. The
class of all random variables on (2, F) is denoted by ®.

Definition 1.2 A risk measure 7 is a functional assigning a real number to any random

variable defined on (2, F). Thus, 7 is a mapping from ® to R.

Remark 1.1 In general, no integrability conditions need to be imposed on the elements
of ®. This may cause the problem that a functional 7, though finite on finite measurable
spaces, becomes infinite on more general measurable spaces. Therefore, some authors prefer
to extend the range in the definition of a risk measure to RU{+oc}. Then, in case n[X] =
+00, we say that the risk is unacceptable or non-insurable. Though, for the purposes of
this paper, we can restrict to finite measurable spaces and leave such extension out of

consideration.



Remark 1.2 In the classical sense, it is assumed that risks with identical distribution
functions lead to the same value of the risk measure, that s, if for two risks X,Y we have
that Fx(x) = Fy(x) for all real x, then n[X] = w[Y]. In general this assumption need not

be imposed.

Remark 1.3 Though the units of the elements of ® (the risks) are considered to be mon-

etary units (e.g., Dollars, Euros), the units of m are not necessarily monetary.

Remark 1.4 A risk measure establishes a complete ordering within the class of random
variables ®. In this paper, risk measures are exclusively used to compare (order) the “risk-

iness” of elements of P.

Definition 1.3 A risk measure is S-consistent if it is characterized by imposing the set

S of axioms on the elements or on a subclass of the elements of P.

Remark 1.5 [t should be noted that some decision principles derived in this paper can
also be ariomatized directly. A direct ariomatic characterization need not be inferior as
long as the axioms are well-chosen and undeniable. Though, in this paper, the term “de-

ciston principle” 1s exclusively used for a “derived” functional.

1.1 A note on the literature

The academic research on risk measures has recently experienced a revival. As is well-
known, the study of risk measures has a long history in Actuarial Science and Probability
Theory. Furthermore, functionals representing preferences have been the object of study
of Economic Theory, in particular the realm of Decision under Uncertainty, for almost a
century.

It is inevitable that a revival leads to the restatement (or reinvention) of known results,
perhaps in a slightly different framework. Examples of such restatements are listed below
(without being exhaustive). We hope that this short list will enhance careful citation in

future research.

o Distortion risk measures were developed in the economics literature; see Schmeidler
(1989), Quiggin (1982) and Yaari (1987). In fact, an axiomatic characterization of
the Choquet expectation (of which a distortion risk measure is a particular example)
was already in Greco (1982) (see Denneberg (1994) for a translation of the main
results into English); see also Theorem 3 of Anger (1977).



e An axiomatic characterization of the upper (lower) expectation (also known as co-
herent risk measure) was established by Huber (1981). Related results in an eco-

nomic environment are in Gilboa & Schmeidler (1989).
e Convez risk measures were studied already in Deprez & Gerber (1985).

e A particular example of a spectral risk measure was characterized axiomatically by
Gerber & Goovaerts (1981); see also Section 6 of this paper for further remarks in

this direction.

e Worst case risk measurement was studied already by De Vylder (1982, and subse-
quent papers); see also Laeven, Goovaerts & Kaas (2005) and Section 7 of this paper
for further details.

2 Premium principles

A main example of a decision principle in an insurance context, is an insurance premium
principle. When deriving a premium principle, two viewpoints can be taken, the one of the
insurer and the one of the insured. In the former case, the premium principle reflects the
minimum premium for which the insurer is willing to sell the insurance, while in the latter
case the premium principle reflects the maximum premium that a individual is willing to
pay to cede the risk.

From the viewpoint of the insurer, a premium principle can e.g., be derived such that
the probability of ruin is sufficiently small (see e.g., Gerber (1974), Biihlmann (1985) or
Kaas et al. (2001), Section 5.2, for further details in this direction).

Another well-known approach following Von Neumann & Morgenstern (1944), is to
specify a utility function u : R — R and consider the expected utility E[u(w + p[X]|— X)],
where w denotes the initial wealth of the insurer and p denotes the premium principle,
assigning a real number to any random variable (risk) in a particular class ®. In the
Von Neumann-Morgenstern framework, the utility function u is subjective, whereas the
probability measure is assumed to be objective, known and given. In the more general
framework of Savage (1954), also the probability measure can be subjective. In the latter
framework, the probability measure need not be based on objective statistical information,
but may be based on subjective judgements of the decision situation under consideration,
just as w is.

From the expected utility expression, an equivalent utility principle (also known under

the misnomer zero wutility principle) can be established as follows: for a given random



variable X in some class ® and a given real number w, the equivalent utility premium

p~[X] of the insurer is derived by solving
Blu(w + o [X] - X)] = u(w) (1)

Under the assumption that v is continuous, a solution exists. If the insurer is risk-averse,
one easily proves that p~[X]| > E[X]. Obviously, the insurer will sell the insurance if and
only if he can charge a premium p[X| that satisfies p[X]| > p~ [ X].

Next, we consider the viewpoint of the insured. An insurance treaty that for a given
random variable X in some class ® leaves the insured with final wealth @ — p[X], will be
preferred to full self insurance, which leaves the insured with final wealth @ — X, if and
only if a(w—p[X]) > E[u(w— X)|, where @ denotes the utility function of the insured. The
equivalent utility premium p*[X] is derived by solving for the maximal premium in the
above inequality. Clearly, the insured will buy the insurance if and only if p[X] < p™[X].
One can easily verify that a risk-averse insured is willing to pay more than the pure net
premium E[X]. An insurance treaty can be signed both by the insurer and by the insured
only if the premium satisfies p~[X] < p[X] < pT[X].

Notice that the properties of an equivalent utility premium are determined by the
properties of the utility function. That is, the properties that the decision principle satisfies
are determined by the risk measure that it is derived from.

It is well-known that if the utility function is non-decreasing, which is implied by
the monotonicity axiom that is imposed to axiomatize expected utility, then X <gq YV
implies both p"[X] < p*[Y] and p [X] < p [Y]. Here and in the following “<g(s)osa”
denotes “is smaller in first (second) order stochastic dominance than”. If moreover the
expected utility maximizer is risk-averse, which is equivalent to concavity of the utility
function, then —Y < g —X implies both pT[X] < p*[Y] and p~[X] < p~[Y].

An interesting problem, which is related to the problem described above, is the problem
of how to distribute between individual policies the aggregate premium income of an
insurer. Taking into account the “specific nature” of insurance pricing, the mechanism that
distributes the aggregate premium income can to some extent be rather arbitrary, because
the premium of an individual policy reflects two types of randomness: on the one hand, it
reflects the randomness of the single random variable (the risk) under consideration and
on the other hand it reflects the randomness of the aggregate insurance portfolio, as well
its heterogeneity and the subsidisation that takes place within the portfolio.

For the case of mutually independent policies, Biihlmann (1985) proposes to distribute

to policy j, 7 = 1,...,n with n denoting the total number of policies, the premium

] = =~ log Elexp(aX;)], )
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which can be regarded as the equivalent utility premium of an insurer with a negative
exponential utility function with coefficient of absolute risk aversion equal to a. It is well-
known that (2) is additive for independent random variables. In Bithlmann (1985), the
allocation (2) arises not as an equivalent utility premium but rather in a ruin theoretic
framework when the probability of ruin is bounded from above by ¢ and the insurer has
a negative exponential utility function. In this case, it turns out that « takes the value of
10%, with w denoting the initial wealth of the insurer.

In a recent paper, Goovaerts et al. (2004) present a new axiomatic characterization
of risk measures that are additive for independent random variables. The risk measure
characterized there is of the same form as the premium in expression (2), though mixed

with respect to the parameter .

3 Solvency capital principles

In the insurance and financial industry, solvency capital serves as a buffer against the
contingency that assets turn out to be insufficient to cover future liabilities. Several types
of solvency capital need to be distinguished, namely regulatory capital, economic (or
management) capital, rating capital and book capital. The discussion below focuses on
economic capital; for further details we refer to Laeven & Goovaerts (2004) and Dhaene
et al. (2005).

We argue that the optimal amount of economic capital should be derived in a tradeoff
between risk exposure on the one hand and the cost of economic capital on the other hand.
A rather similar tradeoff is encountered in mathematical statistics when determining the
appropriate confidence level for the testing of hypotheses. Hypothesis testing is not a one
dimensional problem (with one criterion) but it is a problem where two possible errors
are to be considered: the so-called type I error of rejecting a true null hypothesis and the
type II error of failing to reject a false null hypothesis.

Suppose that we axiomatize a risk measure 7, imposing a set of axioms that is repre-
sentative for all the economic agents in the specific situation under study. Furthermore,

let p denote an economic capital principle. Clearly,
X = min(X, p[X]) + (X = plX])1,

with (X — p[X])s = max(X — p[X],0). In the insurance and financial industry, the
“lower layer” min(X, p[X]) can be regarded as the risk borne by the shareholders. When
X < 0 (hopefully the usual case), a profit is made (and typically a dividend is paid

out). When X > 0, the shareholders experience a loss. Because the loss experienced by
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the shareholders can never exceed the total amount of solvency capital invested, the loss
is capped at p[X]. The risk min(X, p[X]) will be evaluated by the shareholders and an
opportunity cost of capital will be charged.
Let 7 denote the opportunity cost of capital (in excess of the risk-free rate of interest).
Then we consider
71X oy + i0[X] + (X = p[X]) ], 3)

where, as usual, 14 denotes the indicator function of event A. One easily verifies that if
7 is an expectation operator, the optimal solvency capital principle that minimizes (3) is
given by

pIX] = F'(1—i).
Here, as usual, we denote by Fy' the left-continuous generalized inverse distribution
function of the random variable X. That is, the optimal solvency capital principle is the
Value-at-Risk at level 1 — 1.

4 Reinsurance principles

A particular example of risk transfer is reinsurance. The reinsurance market is a mar-
ket with a restricted number of players and a large though limited financial capacity.
Therefore, the mechanisms in this market follow their own paradigms.

We consider an insurer that wants to cede “the tail” of its risk and performs an analysis
of the optimal retention in a stop-loss reinsurance contract. In such a contract, the insurer
transfers the risk (X —d), to the reinsurer, while retaining the risk X — (X —d),, with d
the retention (level) of the contract. Let the price of a stop-loss reinsurance contract for a
given risk X and a retention d be denoted by p(X;d). Furthermore, let 7 denote the risk

measure of the insurer. Then, the insurer faces the following optimization problem:
irc}fw (X — (X —d)y + p(X;d)]. (4)

Given 7 and p, the optimal retention can readily be derived.

It is well-known that stop-loss reinsurance is optimal from the viewpoint of the insurer.
That is, if  : R — R denotes the payoff function of a reinsurance contract, assuming
0 < r(z) < z since gains on insurance are generally forbidden, then for any r the equality
E[r(X)] = E[(X — d).] implies

Elu(r(X) - X)] < E[u((X - d)4 — X)],

with u non-decreasing and concave. This says that stop-loss reinsurance is preferred to any

other form of reinsurance by all risk averse expected utility maximizers. Notice however



that this conclusion crucially depends on the silent assumption that if E[r(X)] = E[(X —
d) ], then the price charged for contract r is the same as the price p(X;d) charged for the
stop-loss contract. Clearly, this will generally not be the case in practice. To verify this,
reconsider (1). Since —(X — d)y <gosa —7(X) whenever E[r(X)] = E[(X — d)4], we find
that for all risk averse expected utility maximizers

Efu(w + p - r(X))] > Elu(w + p - (X - d).)].

Hence, the equivalent utility premium for r(X) is smaller than the equivalent utility
premium for (X —d),.

In the framework of the previous section, the insurer might also consider a more general
problem. Let the risk X be decomposed as follows:

X =X+ Xy + X3+ Xy,
with

X = Xl{x<oy : the profit layer;

Xy = min(X1{xs0},¢) : the reinsurance layer with retention 0 and cap c;
X3 =min((X1{xs0} — ¢)4, p[X]) : the economic capital layer;

Xy = (X — p[X])+ : the residual risk layer.

We note that the random variables X, Xo, X3, X, are comonotonic (which is an abbrevi-
ation of common monotonic); we defer until Section 6 a formal definition of this strong
dependence notion. By specifying the cost of economic capital, the stop-loss reinsurance
pricing principle and the risk measure of the insurer, an optimal retention policy can be
derived. We leave this to the reader. We note that the different layers of the risk X are

measured or priced by different agents and thus by different principles.

5 A bridge between actuarial and financial pricing
principles

A versatile tool to unify actuarial and financial pricing principles is the time-honoured Ess-

cher transform; the interested reader is referred to Bithlmann (1980), Goovaerts, DeVylder

& Haezendonck (1984), Gerber & Shiu (1996), Bithlmann et al. (1996) and Goovaerts &
Laeven (2005) for various contributions in this direction.
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The Esscher transform was originally introduced in Esscher (1932), who suggested to
use this transform instead of the original distribution function, to apply the well-known
Edgeworth approximation to.

We will show that the Esscher transform also appears in an optimal premium problem
when the risk measure is exponential-like. We consider the expected utility framework,

assuming the utility function v : R — R to be negative exponential, i.e.,
u(zr) = —aexp(—ax), a > 0. (5)

It is well-known (see e.g., Kaas et al. (2001), Chapter 1) that the corresponding equivalent
utility premium principle is the exponential premium principle. Gerber (1974) proved that
the equivalent utility principle is the exponential premium principle if and only if it is
additive for independent random variables; see also Goovaerts et al. (2004) in this respect.

Now suppose that, rather than adopting the equivalent utility principle, we use ex-
pected utility maximization with a negative exponential utility function in an optimal
premium problem that, for any random variable X in some class ®, only allows premiums
of the form E[p(X)X], with ¢(-) a real-valued, continuous and strictly increasing function
satisfying E[¢p(X)] = 1. Premiums of this form can be expressed as expectations under a
transformed probability measure and hence can be regarded as financial pricing principles,
consistent with a no arbitrage setup. The random gain of an insurer charging a premium
E[¢(X)X] is given by E[p(X)X] — X. Let ® be the class of all random variables with
support [a, b], a < b. Henceforth, we denote by ¥ the class of all functions ¢ that satisfy

the aforementioned conditions. Then, we state the following problem:
max —aE [exp (—a(E[p(X)X] — X))], X e (6)

Problem (6) has been solved by Goovaerts, De Vylder & Haezendonck (1984), though
their proof contains some inaccuracies. Below we solve it again.

For notational convenience, we write p(X) = Y, hence X = ¢ 1Y), and f(y) =
¢ 1(y) for all real y, hence X = f(Y'). Our proof, as is the one in Goovaerts, De Vylder
& Haezendonck (1984), is based on variational calculus. For any real-valued, continuous

and strictly increasing function f (we do not restrict ourselves here to functions f that
satisfy E[f~}(X)] =1 for all X € ®) we write

FY)=fHY)+efi(Y)+2f(Y)+ ...,

with f;, 2 =0,...,n, real-valued, continuous functions. Necessary and sufficient conditions
for fy to give rise to an optimum are given by
d

7= (ToE [exp (—a(Elfo(V)Y] + E[AN)Y] +... = fo(Y) = efi(Y) = .. ))])eze = O,
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and

j—; (—aB[exp (—a(E[fo(Y)Y]+ eE[L(Y)Y]+ ... = fo(Y) = e/s(Y) = .. ))]) .o < O,

which have to hold for any Y. The first order condition can be cast into the form
E [e*P®) (f,(Y) = E[Y fi((Y)])] =0,

or equivalently
E [(e2P0) — E[e2MY) f,(V)] = 0.

Because of the arbitrariness of fi, this reduces to
efoly) — 1[4_4“3[6041"0(5/)@7 (7)

for any real y, and hence
e** = E[e**Jp(x),

for any = € [a,b]. Notice that (7) implies that fo must satisfy E[f, *(X)] = 1 for any
X € &, which guarantees that E[p(X)] = 1 for any X € ®.

To verify that for this particular function ¢ a maximum is obtained in problem (6),
one may substitute the right-hand side of (7) into the second order condition. This proves

that

E[p(X)X] = %

is the optimal premium that solves (6).

6 Spectral risk measures

It was noticed already in the introduction of this paper that an important tool to justify
(or criticize) a risk measure is an axiomatic characterization. In this section we will outline
a general method to axiomatize mixtures (i.e., probability weighted averages) of distri-
bution characterizing functions (that have a one-to-one correspondence to a distribution
function).

An example of such a mixture is the spectral risk measure. Spectral risk measures
were introduced by Acerbi (2002). They are defined as probability weighted averages of
Tail-Value-at-Risks. Recall that the Tail-Value-at-Risk is defined as follows:

1 1

TVaRh [X] = ﬁ
- h

Fi'(h), he(0,1). (8)
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It is not difficult to verify that the random variables X and Y have the same distribution if
and only if TVaR,[X] = TVaR,[Y] for all A € (0, 1). Hence, the Tail-Value-at-Risk is what
we call a distribution characterizing function. The interested reader is referred to Kusuoka
(2001) for an axiomatic characterization of the spectral risk measure. Using the general
method introduced below, we present a new and different axiomatic characterization of
spectral risk measures.

As a matter of fact, we argue that the term “spectral risk measure” should not be
restricted to probability weighted averages of Tail-Value-at-Risks, but should rather be
used for any mixture of distribution characterizing functions. Examples of spectral risk
measures (in the general sense) include the mixture of Esscher premiums and the mixture
of exponential premiums (both of which in the context of this paper may be called decision
principles rather than risk measures); see Gerber & Goovaerts (1981) and Goovaerts et
al. (2004).

Before we state the main results, we first introduce the notion of comonotonicity. We
state the following (equivalent) definitions for a pair of random variables to be comono-

tonic; we follow Denneberg (1994), Proposition 4.5.

Definition 6.1 We fiz a measurable space (Q,F). A pair of random variables X,Y :

Q — R s said to be comonotonic if
(i) there is no pair wy,wy € Q such that X (w;) < X(ws) while Y(w;) > Y (wsy);
(ii) there exists a function Z : Q) — R and non-decreasing functions f, g such that

X(w) = f(Z(w)), Y(w) = g(Z(w)), for all w € 9)

Comonotonicity is a very strong positive dependence notion. Definition (ii) points out that
if random variables are comonotonic, all multivariate problems are reduced to univariate
ones. The interested reader is referred to Dhaene et al. (2002) for an elaborate study of
comonotonicity and its applications in insurance and finance.

In the remainder of this section, we restrict ourselves to bounded random variables,
unless otherwise stated. For a given random variable X we consider a real-valued distri-
bution characterizing function ¢y : (a,b) — R. We assume that ¢y is non-decreasing and
satisfies p.(h) = ¢ for all real ¢ and a < h < b.

We introduce a continuous random variable Hy with a strictly increasing distribution
function Fy, supported in [a,b] with a < b and having positive jumps at both a and b.
Here, [a,b] is taken such that it coincides with the (closed) domain of ¢y. In the case

where a = —oo and b = +oo, the random variable Hy is defective.
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We consider the random variable ¢x (Hy). Since ¢x depends on the distribution of X
rather than on the random variable X itself, we can assume without loss of generality
that Hy is independent of the indices used.

Then we introduce a functional £ that assigns a real number to any function @px. We

state the following set of axioms that £ should satisfy:
Al. If ox(Hy) < py(Hp) almost surely then [px (Hp)| < &[py (Hy)l;
A2. &[c] = ¢, for all real ¢;

A3. Elex (Ho) + oy (Ho)] = Elex (Ho)| + Elpy (Ho)l;

Then we state the following theorem:

Theorem 6.1 The functional & satisfies the set of axioms AI1-A3 if and only if there

exists some non-decreasing function H : [a,b] — [0,1] such that

Elox (Ho)] = H(a)px (a) + /( A UAH () + (1= H)ex (), (10)

Proof: The proof of this theorem can be established along the same lines as the proof of
Theorem 3 of Goovaerts et al. (2004). O

As an example, we provide a new axiomatic characterization of the spectral risk mea-

sures. We state the following set of axioms that a risk measure 7 should satisty:
Bl. If TVaR,[X] <TVaR,[Y] for all h € (0,1), then 7[X] < n[Y];
B2. 7[c] = ¢, for all real ¢;
B3. 7n[X + Y] =n[X]|+ 7[Y], when X and Y are comonotonic;

First, notice that axiom B1 implies law invariance, that is, if X and Y have the same
distribution, they must be assigned the same value by the risk measure. Notice furthermore
that if X is smaller than Y in first-order stochastic dominance sense, then TVaR,[X] <
TVaR,,[Y] for all 0 < h < 1. Thus, axiom Bl guarantees monotonicity of the risk measure
.

Comonotonic additivity as an axiom was first imposed by Greco (1982), Schmeidler
(1989) and Yaari (1986); see also Theorem 3 of Anger (1977).

Then we state the following corollary:

13



Corollary 6.1 The risk measure m satisfies the set of axioms B1-B3 if and only if there
exists some non-decreasing function H : [0,1] — [0, 1] such that
7[X] = H(0) min[X] +/ TVaR,[X]|dH(h) 4+ (1 — H(1)) max[X]. (11)
(0,1)
Proof: The proof of this corollary follows from the result of Theorem 6.1 by defining
7[X] := €[px (Hyp)] and taking ¢x(h) = TVaR,[X]. O

7 Incomplete Information

A drawback of the setup considered so far, is that it presumes the distribution function
of the random variable under consideration (the risk) to be known completely. Clearly,
this is not always the case in practical situations. When only partial (i.e., incomplete)
information on the random variable is available, e.g., mean, variance, one may restrict
oneself to the set of “admissible” distribution functions, satisfying the constraints implied
by the information available, and then maximize the risk measure over this set. Doing so,
one obtains what is often called a “worst case risk measurement”, which can be regarded
as a prudent assessment of the risk.

To illustrate this approach, we consider again the solvency capital problem, now under
incomplete information. In particular, we assume that the mean of the random variable
is available and equal to ¢ and, in addition, we assume that the distribution is unimodal
with given mode m.

For a fixed and given value of p, we then solve

Vi(p;i,m) = sup </b(x — p)+dF(x) +ip | /bxdF(x) =c, /b dF(z) = 1> . (12)

FeGym) a a a

in which G,m) denotes the set of all unimodal distributions with fixed mode m, a and

b are the infimum and the supremum of the distribution, respectively (which can be set

arbitrarily small or large), and i denotes the cost of solvency capital. The value of this

problem at its solution can be derived analytically (see Laeven et al. (2005)) and is given
by )

Vip;i,m) = (c — %(a + m)) G _(bm)(pb)_ 2 + ip. (13)

To derive the optimal amount of solvency capital, which is denoted by p*, V(p; m) must

be minimized with respect to p. It is not difficult to verify from (13) that p* is given by

.(b—m)(b—a). (14)




References

1]

[10]

[11]

Acerbi, Carlo (2002). “Spectral measures of risk: A coherent representation of

subjective risk aversion,” Journal of Banking and Finance 26, 1505-1518.

Anger, Bernd (1977). “Representations of capacities,” Mathematische Annalen
229, 245-258.

Barrieu, Pauline & Nicole El Karoui (2005). “Inf-convolution of risk measures and

optimal risk transfer,” Finance and Stochastics 9, 269-298.

Borch, Karl (1962). “Equilibrium in a reinsurance market,” Econometrica 3, 424-
444,

Biithlmann, Hans (1970). Mathematical Methods in Risk Theory, Berlin: Springer
Verlag.

Biithlmann, Hans (1980). “An economic premium principle,” Astin Bulletin 11,
52-60.

Bithlmann, Hans (1985). “Premium calculation from top down,” Astin Bulletin
15, 89-101.

Biithlmann, Hans, Freddy Delbaen, Paul Embrechts & Albert N. Shiryaev (1996).
“No-arbitrage, change of measure and conditional Esscher transforms,” CWI
Quarterly 9, 291-317.

Denneberg, Dieter (1994). Non-additive Measure and Integral, Boston: Kluwer

Academic Publishers.

Deprez, Olivier & Hans U. Gerber (1985). “On convex principles of premium

calculation,” Insurance: Mathematics and Economics 4, 179-189.

De Vylder, F. Etienne C. (1982). “Best upper bounds for integrals with respect
to measures allowed to vary under conical and integral constraints,” Insurance:
Mathematics and Fconomics 1, 109-130.

Dhaene, Jan, Michel Denuit, Marc J. Goovaerts, Rob Kaas & David Vyncke
(2002). “The concept of comonotonicity in actuarial science and finance: Theory,”

Insurance: Mathematics and Economics 31, 3-33.

15



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

Dhaene, Jan, Roger J.A. Laeven, Steven Vanduffel, Gregory Darkiewicz & Marc
J. Goovaerts (2005). “Can a coherent risk measure be too subadditive?,” Working

Paper.

Esscher, F. (1932). “On the probability function in the collective theory of risk,”
Scandinavian Actuarial Journal 15, 175-195.

Gerber, Hans U. (1974). “On additive premium calculation principles,” Astin
Bulletin 7, 215-222.

Gerber, Hans U. (1979). An Introduction to Mathematical Risk Theory, Huebner

Foundation Monograph 8, Illinois: Homewood.

Gerber, Hans U. & Marc J. Goovaerts (1981). “On the representation of additive

principles of premium calculation,” Scandinavian Actuarial Journal 4, 221-227.

Gerber, Hans U. & Elias S.W. Shiu (1996). “Actuarial bridges to dynamic hedging

and option pricing,” Insurance: Mathematics and Economics 18, 183-218.

Gilboa, Itzhak & David Schmeidler (1989). “Maxmin expected utility with non-

unique prior,” Journal of Mathematical Economics 18, 141-153.

Goovaerts, Marc J., F. Etienne C. De Vylder & Jean Haezendonck (1984). Insur-

ance Premiums, Amsterdam: North-Holland Publishing.

Goovaerts, Marc J., Rob Kaas, Jan Dhaene & Qihe Tang (2003). “A unified
approach to generate risk measures,” Astin Bulletin 33, 173-191.

Goovaerts, Marc J., Rob Kaas, Roger J.A. Laeven & Qihe Tang (2004). “A
comonotonic image of independence for additive risk measures,” Insurance: Math-

ematics and Economics 35, 581-594.

Goovaerts, Marc J. & Roger J.A. Laeven (2005). “Actuarial risk measures for

financial derivative pricing,” Working Paper.

Greco, Gabriele (1982). “Sulla Rappresentazione di Funzionali Mediante Inte-
grali,” Rend. Sem. Mat. Univ. Padova 66, 21-42.

Huber, Peter J. (1981). Robust Statistics, New York: Wiley.

Kaas, Rob, Marc J. Goovaerts, Jan Dhaene & Michel Denuit (2001). Modern
Actuarial Risk Theory, Dordrecht: Kluwer Academic Publishers.

16



[27]

28]

[35]

Kusuoka, S (2001). “On law invariant coherent risk measures,” Advances in Math-

ematical Economics 3, 83-95.

Laeven, Roger J.A. & Marc J. Goovaerts (2004). “An optimization approach to the
dynamic allocation of economic capital,” Insurance: Mathematics and Economics
35, 299-319.

Laeven, Roger J.A., Marc J. Goovaerts & Rob Kaas (2005). “Worst case risk

measurement: back to the future?,” Working Paper.
Markowitz, Harry M. (1952). “Portfolio selection,” Journal of Finance 7, 77-91.

Markowitz, Harry M. (1959). Portfolio Selection: Efficient Diversification of In-
vestments, New York: John Wiley. (Second edition 1970).

Quiggin, John (1982). “A theory of anticipated utility,” Journal of Economic
Behaviour and Organization 3, 323-343.

Raviv, Artur (1979). “The design of an optimal insurance policy,” American Eco-
nomic Review 69, 84-96.

Savage, Leonard J. (1954). The Foundations of Statistics, New York: Wiley. (Sec-
ond edition 1972, New York: Dover.)

Schmeidler, David (1989, first version 1982). “Subjective probability and expected
utility without additivity,” Fconometrica 57, 571-587.

[36] Von Neumann, John & Oskar Morgenstern (1944). Theory of Games and Eco-

nomic Behavior, Princeton: Princeton University Press. (Third edition 1953).

[37] Yaari, Menahem E. (1987). “The dual theory of choice under risk,” Fconometrica

59, 95-115.

17



