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Abstract

In this paper we suggest a model to classify and order portfolios and just in-

sured unities of risks that are managed by a property–casualty insurance company.

The examination of these risks is provided through what we define the “actuarial

business” of the company, that is, the couple made by the distribution function

of the total claim amount of the portfolio together with the set of constraints and

rules that the insurance company must follow to manage such portfolio. Under this

new approach, the classification and the ordering we have performed are made with

respect to such actuarial business through some suitable measures. The results may

be used for reinsurance purposes.

Key words: Classification, ordering, actuarial business, state of the business, operative
structure.

1 Introduction

The classification and the ordering of risks are so far two topics widely discussed in the
actuarial literature. Classification is used to group individual risks to which it must be
applied the same premium. On the contrary, when two risks belong to two different classes,
the ordering is used to establish to which one it must be applied a greater premium.

As remarked in [1] and [17], any risk classification should possess certain standards in
order to achieve its primary purposes, such as the protection of the insurance system’s
financial soundness.

As regards the ordering of risks, in the monograph [12], Kaas et al. gave a survey of
the principal mathematical tools for comparing risks.

Both the classification and the ordering of risks need some suitable measures. Indeed,
risk measures aim at quantifying risks, providing a criterion to determine whether they
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are “acceptable or not” [7] and transforming “risky situations into risk–free equivalent
ones” [3]. The problem of defining an adequate risk measure seems still to be far from
finding an ultimate solution. Important contributions are contained in the discussion by
Garrido [8], in the paper by Ramsay [15] and in the seminal work by Artzner et al. [2].
Recently, in Goovaerts et al. [3], it has been examined the problem of the selection of the
measures that are more relevant for the analysis of risks and what properties they have
to hold to reflect the basic economic underlying reality: under this approach, new classes
of “consistent risk measures” have been introduced [9].

In the present paper we propose the operations of classification and ordering after
the risk has been insured by a property–casualty insurance company (briefly, i.c.). The
scope is to suggest a new approach to the “quantification” of actuarial portfolios run by
the i.c. and of unities of risks just insured by the same i.c. The model we introduce
basically consists on taking the couple (portfolio, operative structure) into account, that
is, on considering the distribution function of the total claim amount of the portfolio
together with the set of constraints and rules that the i.c. must follow for the portfolio’s
management (Definition 2.6). The above–mentioned couple, that we call the actuarial (or
technical) business (briefly, business) of the i.c., is the main object of our analysis, since it
represents the “tool” by which we quantify the “position” of the company, and classify and
order the portfolios and the unities of risks. The definition of the business is performed
through the following steps: a) we consider only two subsets of the set containing the
real random vectors, that represent portfolios and unities of risks, and we assume that
all the distribution functions of the total claim amounts corresponding to such vectors
are known; b) we define the operative structure by introducing a set of constraints and
rules such that results to be both simple and sufficiently consistent with the practice in
insurance; c) we assess the business of the i.c. by analyzing its state. All these aims have
been realized in a static setting, more precisely considering a fixed time horizon of one
year.

As concerns the point a) basically, any i.c. has to deal with: i) the portfolio, say Y ,
constituted by a very large number of independent risks; ii) the unity of risk, say X, that
consists in either a single risk or a set constituted by dependent risks.

The second point describes in detail the operative structure Θ(·) (Assumption 2.3 and
2.4). As regards the third point, we impose that the “authorized states” of the business
are the acceptable state, characterized by a non negative capacity (eq. 7)) and the more
restrictive stable state, characterized by a strictly positive capacity (eq. 8)). Furthermore,
step c) is performed introducing six vectors whose components depend on the operative
structure relative to the portfolio and that are linked together by the three basic equations
that express the “state of the business” (eq. (15)). We emphasize that such vectors, which
represent the “state variables” of our model, are established in order to define different
complete ordering criteria (Definition 2.9) through their measure (eq. (16)) and all these
criteria let to introduce a partial order which is relative to the business (Definition 2.10).

Having fixed (Y, Θ(Y )), the ordering of X is performed similarly to the ordering of Y
with the measures of the new state variables which heavily depend on the variation that
is realized in the passage from the “old” state of the business to the new one (§3.4).

As regards the classification, assuming that a fair price for insuring the portfolios and
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the unities of risks has already been done by the i.c. following other premium calculation
principles, we classify Y according to the authorization, or not, of the business related to
it (Definition 2.8) and the classification of X is made considering the variation it produces
to the business as we pass from Y to the new portfolio {Y ; X } . In particular, as concerns
X, our classification is provided before any reinsurance strategy is realized and whether
the new state of the business is authorized or not provides a first distinction between the
normal risks and the dangerous risks (Definition 3.4). The decomposition of these classes
into the subclasses of capacity generator risks, capacity risks (Definition 3.5) and great,
catastrophic, mega–catastrophic risks (Definition 3.6) is based on the variation of some of
the dependent variables that define the operative structure.

Furthermore, both the classification and the ordering, as performed here, may be used
for reinsurance purposes.

2 The model for classifying and ordering portfolios

Let V be the set of real random vectors characterized by l ≥ 1 components, say Y =
{Y1, . . . , Yl }. In order to introduce a model to classify and order the elements Y ∈ V,
we suppose, for simplicity, that the i.c. is operating over a fixed time horizon of one year
which starts from t = 0−. Now, let denote by V1, the subset of V constituted by real
random vectors of l ≫ 1 independent components1, which, from now on, we refer to as
“portfolios”, and by V2 the subset of V constituted by “unities of risks” that are real
random vectors of l ≥ 1 dependent components.

To classify and order the elements of V1, we assume that any other risk will be intro-
duced during the time interval [0, 1].

We begin by describing the framework of this model, when we consider V1, through
the following essential points.

2.1. The portfolio Y run by the i.c. at time t = 0−.

2.2. The description of the business.

2.3. The state of the business and its graphic representation.

2.4. The classification and the ordering of Y .

2.1. The portfolio Y run by the i.c. at time t = 0−. Let Y be a generic element
of V1. We start with the following assumptions.

Assumption 2.1. The composition of Y ∈ V1 (i.e. both the number and the distribution
functions (d.f.’s) of its components Y1, . . . , Yl) does not change over the whole year. The
total claim amount in one year is denoted by the r.v. SY whose d.f. FSY

is known and
defined on [0,M(SY )], M(SY ) ∈ (0,∞).

1This includes the case in which some of the components may be unities of risks.
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Assumption 2.2. The i.c. operates out of a continuous–time economic environment, that
is the model does not include: (a) expenses, taxes, commissions; (b) investment incomes;
(c) dividend payout to shareholders; (d) inflation.

The premium income over one year, that we suppose to be collected at time t = 0−, is
given by P (Y ) = E[SY ] + c(Y ), where c(Y ) is the safety loading. In particular, indepen-
dently of the principles used to assess the single pure premiums P (Yi), i = 1, . . . , l, it is
always possible to set c(Y ) = ηE[SY ], where η = η(Y ) =

∑l

i=1 θiη(Yi), θi = E[SYi
]/E[SY ].

2.2. The description of the business. The business of the i.c. is based on the
portfolio Y , that it runs from time t = 0−, and on the operative structure Θ(·), namely,
on the set of constraints imposed on the portfolio’s management, that is: a) the insurance
market’s constraints, b) the criteria adopted by the i.c., and c) the conditions imposed
on the i.c. by an external regulatory authority. In particular, the business relative to
portfolio Y , B(Y ), is defined by the couple (Y, Θ(Y )). Now, we express the above points
in detail.

a) Mη(> 0) is the maximum for η due to the competitive insurance market.
b) As regards the criteria adopted by the i.c., they basically derive from its risk

aversion, its commercial politics (with respect to the policyholders) and the maximum
capital it chooses to invest as free reserve in function of E[SY ].

Assumption 2.3. (i) The i.c. fixes ε0 ∈ (0, 1) as the maximum acceptable probability of
ruin per year.

(ii) The i.c. selects the premium calculation principles.

(iii) Having expressed the free reserve proportional to the pure premium P (Y )2, that is,
u(Y ) = αP (Y ), α = α(Y ) > 0, the i.c. establishes that the optimal value for α must
be depending on the risk Y through a given formula, say α(Y ) = f(P (Y )) where f
is fixed, and chooses the maximum for α, say Mα(> 0).

Obviously, the value Mα(> 0) is lower than a maximum, say MM , linked to the
insurance market as a whole and that will be defined later (see eq. (23)).

c) We list all the conditions imposed by the regulator into the following assumption.

Assumption 2.4. (i) The insurer must operates within the “maximum acceptable ruin
probability per year” ε∗ ∈ (0, ε0].

Relating to ε∗, the maximum acceptable loss for portfolio Y is the value MAL∗(Y )
satisfying

MAL∗(Y ) < M(SY ),

∫ M(SY )

MAL∗(Y )

dFSY
(x) = ε∗. (1)

For the second point of the assumption, we follow the model introduced in [4].

2Because of the ‘standard rules’ of Solvency I, the free reserve must be determined in relation to either
the pure premium or the mathematical average of the liability due to the claims of the last three years.
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(ii) In order to minimize the shortfall (or insolvency) risk, measured by the expected value
E[(SY − P (Y ) − u(Y ))+], the regulatory authority imposes on the i.c. a minimum
free reserve, the solvency capital requirement, to be used to cover future policyholder
claims3 and takes the cost due to this capital into account by the term ε∗u(Y ). The
solvency capital requirement, u∗, must be a solution of the following minimization
problem

min
u(Y )

{E[(SY − P (Y ) − u(Y ))+] + ε∗u(Y )}. (2)

We introduce h(α, η) = (α+1)(1+η), which we call the actual actuarial capitalization
factor, and we denote by (α∗, η∗) ≡ (α(ε∗; Y ), η(ε∗; Y )) a pair (α, η) such that u∗ =
α∗(1 + η∗)E[SY ] and h(α∗, η∗) = (1 + α∗)(1 + η∗) < M(SY )/E[SY ]. We call h(α∗, η∗) the
minimal acceptable actuarial capitalization factor (see also Remark 2.5). Furthermore,
taking into account the maxima Mα and Mη, we introduce the minimum of α, denoted
by mα, and the minimum of η, denoted by mη, that is,

mα =
h(α, η)

1 + Mη

− 1, mη =
h(α, η)

1 + Mα

− 1. (3)

Then we introduce the capital structure of the company for portfolio Y ,

CS(α, η; Y ) = u(Y ) + P (Y ) = h(α, η)E[SY ], α ∈ (mα,Mα], η ∈ (mη,Mη], (4)

the corresponding actual probability of ruin per year ε = ε(Y ),

∫ M(SY )

CS(α,η;Y )

dFSY
(x) = ε, (5)

and the minimal acceptable capital structure

CS(α∗, η∗; Y ) = MAL∗(Y ) = h(α∗, η∗)E[SY ]. (6)

(iii) The regulator establishes that the only authorized states of the business are the “ac-
ceptable state” and the “stable state”. This means that the i.c. must have at its
disposal a capital structure CS(α, η; Y ) satisfying the following constraint:

CS(α, η; Y )

CS(α∗, η∗; Y )
=

h(α, η)

h(α∗, η∗)
≥ 1, (α, η) ∈ [mα,Mα] × [mη,Mη], (7)

3The solvency capital requirement is the minimum amount of capital needed for the risk inherent to
the insurer’s portfolio. We emphasize the fact that the present study is concerned only with the technical
risk carried by the insurer: our aim is neither to analyze the overall solvency problem nor to take into
account the Solvency II project’s rules for assessing the overall financial position of the i.c. and any other
capital requirement, necessary for all the different risks involved in the operation of the whole insurance
business (see, e.g. [14]), is not take into account.
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for the acceptable state,

h(α, η)

h(α∗, η∗)
≥ (1 + ψ0), ψ0(> 0) independent of Y , (8)

for the stable state.

Remark 2.5. 1. Eq. (4) and (6) suggest a comparison with the basic formula of
the interest rate theory, with E[SY ] to be intended as the original amount (the
principal), h(α, η) and h(α∗, η∗) as the capitalization factors. We point out that,
differently from the economic setting, where the capitalization factor is charged to a
single “individual” (for instance, the bank), both h(α, η) and h(α∗, η∗) results from
the product of two factors: one is charged to the policyholders and the other one is
charged to the shareholders.

2. The constraint (7) is equivalent to condition CY ≥ 0, having introduced the capacity

CY ≡ CY (α, η) = {h(α, η) − h(α∗, η∗)}E[SY ]. (9)

3. Having defined the V aR at the probability level 1 − ε∗ by

V aR1−ε∗ [SY − P (Y )] = inf{u > 0 : Pr{SY ≤ u + P (Y ) } ≥ 1 − ε∗ }, (10)

then in [4] it has been showed that V aR1−ε∗ [SY − P (Y )] is a solution u(Y ) = u∗ of
eq. (2). Then the minimal acceptable capital structure (6) is explicitly expressed
by

CS(α∗, η∗; Y ) = V aR1−ε∗ [SY − (1 + η∗)E[SY ]] + (1 + η∗)E[SY ]. (11)

We remark that α∗ and η∗ are linked together by the following equation

α∗ =
V aR1−ε∗ [SY − (1 + η∗)E[SY ]]

(1 + η∗)E[SY ]
(12)

which explicitly shows that the more η∗ increases, the more α∗ decreases (and vice
versa).

Now we can formally define the operative structure Θ(·).

Definition 2.6. The operative structure Θ(·) expresses all the constraints and rules listed
in Assumptions 2.3 and 2.4 which synthesize all the basic features of portfolio’s man-
agement. Thus, it can be formally represented by the following set of parameters and
dependent variables:

Θ(·) = { ε∗,Mα,Mη, ψ0; α(·), η(·), h(α(ε∗; ·), η(ε∗; ·)), ε(·) ∈ (0, ε∗] }. (13)
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In particular, the values assumed in Y by the dependent variables appearing in (13)
are the ones defined by (4), (5), (6), and (8).

Remark 2.7. Definition 2.6 emphasizes that the riskiness of the economic situation of the
i.c. depends heavily on the portfolio and on all the parameters and dependent variables
concerning the management of Y : it may differ considering the same portfolio of risks
but two different operative structures, and, in the same fashion, considering the same
operative structure but two different portfolios. Furthermore, this suggests an interesting
comparison with the classical utility theory. Any decision maker, having an initial wealth
w, needs a “procedure” for ranking random future cash flows and uses an utility function
U for comparing them, by means of the expected utility values E[U(w; ·)]. Before a risk
is insured, the i.c., in the role of decision maker, uses the utility function for the premium
calculation and orders the risks through the expected utility. After the insuring has been
realized, it uses the business (·, Θ(·)) to “weigh” the portfolios and/or the unities of risks
and, therefore, to order them by means of some measures we will introduce later (see
§2.3.).

2.3. The state of the business and its graphic representation. For
the graphic representation of the business B(·) = (·, Θ(·)) we need some pre-
liminaries. To any portfolio (·), that is, to each d.f. FS(·)

, corresponds a
loss exceedance probability (briefly, LEP ) curve which can be depicted on the
(total claim amount per year, 0, ruin probability per year)–plane (see [5] for details). Any
operative structure Θ(·) defines on the LEP a couple of points P ∗ = (CS∗(·), ε∗) and
P = (CS(·), ε). Now, for defining suitable measures for the ordering we have in mind,
we need to introduce an a–dimensional real random variable (r.v.) H = S(·)/E[S(·)], the
relative total claim amount, whose outcomes are denoted by h. On the (H, 0, ε)–plane,
correspondingly to P ∗ and P , we can depict two points, say A and B, respectively.

The state of the business B(Y ) can be graphically represented on the (H, 0, ε)–plane,
where the LEP curve relative to portfolio Y has been traced, through the points A =
(h∗, ε∗), B = (h, ε), where h = h(α, η) and h∗ = h(α∗, η∗), and by means of a third point
Q = (0, ε∗), which does not belong to the LEP . We remark that Q can be considered
as a “reference” point since it does not depend on Y . Then, the state of the business is
defined by three points and by the following six two–dimensional vectors (see Figure 1),





−→v 1 =
−→
QA = (h∗, 0),

−→v 2 =
−→
AB = (h − h∗, ε − ε∗),

−→v 3 =
−−→
QB = (h, ε − ε∗),

−→v 4 =
−−→
EQ = (0, ε∗ − ε),

−→v 5 =
−−→
CB = (h − h∗, 0),

−→v 6 =
−−→
EB = (h, 0),

(14)

The components of the aforesaid vectors are the basic features of the operative struc-
ture Θ(Y ): in this sense we refer to them as state variables and the equations that link
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ε∗

ε

0

LEP

H

A

BC

Q

E

−→v 1

−→v 3

−→v 2−→v 4

h∗ h

Figure 1: The state of the business B(Y ).

them together as state equations. It can be easily state (see Proposition 4.1 in the Ap-
pendix) that a system of “basic” state equations of the business B(Y ) can be provided
by considering the following three independent equations:

−→v 1 + −→v 2 −−→v 3 = 0, −→v 2 + −→v 4 −−→v 5 = 0, −→v 3 + −→v 4 −−→v 6 = 0. (15)

2.4. The classification and the ordering of Y . The classification of Y is relative
to the state of the business and it is “graphically” expressed only through the vector −→v 4.
In the following we write sgn−→v 4 > [<] 0 when ε∗ > [<] ε.

Definition 2.8. We say that the management of portfolio Y is authorized if either
sgn−→v 4 > 0 or | −→v 4 |= 0, not authorized if sgn−→v 4 < 0. Thus, the i.c. is authorized
to manage portfolio Y if either condition (7) or condition (8) is fulfilled. If the reverse of
condition (7) holds, we say that the i.c. is not authorized to manage portfolio Y .

Figure 1 represents a case in which the state of the business is authorized.

Now, the ordering criteria for portfolios can be realized using the measures of the
vectors −→v i, i = 1, . . . , 6, and we will denote such criteria by oci, respectively. More
precisely, to each −→v i, i = 1, . . . , 6, we associate a measure, say ρ(−→v i), defined by





ρ(−→v i) =| −→v i |, i = 1, 6,
ρ(−→v i) = sgn(−→v 4)· | −→v i |, i = 2, 3, 4, if either sgn(−→v 4) > 0 or < 0,
ρ(−→v 5) = sgn(−→v 5)· | −→v 5 |,
−→v 1 = −→v 3 = −→v 6, −→v 2 = −→v 5 =

−→
0 , if | −→v 4 |= 0,

(16)

where sgn−→v 5 > [<] 0 when h > [<] h∗.

We then denote by Y1 and Y2 two different portfolios and we simplify the nota-
tions by writing hY1 = CS(α1, η1; Y1)/E[SY1 ], h∗

Y1
= CS∗(α∗

1, η
∗

1; Y1)/E[SY1 ], hY2 =
CS(α2, η2; Y2)/E[SY2 ], h∗

Y2
= CS∗(α∗

2, η
∗

2; Y2)/E[SY2 ]. We emphasize that, on the (H, 0, ε)–
plane, the two states of the business are determined by five points A1, B1, A2, B2, and
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Q, which define the twelve vectors −→v i(Y1), −→v i(Y2), i = 1, . . . , 6, representing the state
variables of B(Y1) and B(Y2), respectively. The ordering of the portfolios depends on all
the ordering criteria oci = oci(Θ(·)).

Definition 2.9. We say that Y1 precedes Y2 in the “oci(Θ(·))–order”, i = 1, . . . , 6, and
we write Y1 ≤oci(Θ(·)) Y2, if and only if ρ(−→v i(Y1)) ≤ ρ(−→v i(Y2)) for i = 1, . . . , 6.

In the present paper we do not provide an economic interpretation to the positions
of the risks based on the above–mentioned orderings. Such orderings, that result to be
complete, let us to introduce the following partial order.

Definition 2.10. We say that Y1 precedes Y2 in the “Θ(·)–order”, and we write Y1 ≤Θ(·)

Y2, if and only if Y1 ≤oci(Θ(·)) Y2 for all i = 1, . . . , 6.

Now, using (16) and Definition 2.9, it is easy to check that if Y1 precedes Y2 in both the
oci(Θ(·))–order, i = 4, 5, then Y1 precedes Y2 in the oc2(Θ(·))–order, whereas for i = 4, 6,
the oci(Θ(·))–order yield the oc3(Θ(·))–order. Thus, the following result holds.

Proposition 2.11. If Y1 ≤oci(Θ(·)) Y2 for i = 1, 4, 5, 6, then Y1 ≤Θ(·) Y2.

3 Classification and ordering of a new insured unities

of risks

Now we describe the framework of the model when a new unity of risks X ∈ V2 is added
to portfolio Y through the following essential points.

3.1. The new risk X introduced at time t = 0.

3.2. The new portfolio Ỹ run by the i.c. in the interval [0, 1].

3.3. The graphic representation of B(Ỹ ).

3.4. The classification and the ordering of X.

3.1. The new risk X introduced at time t = 0. We start with the following
Assumption.

Assumption 3.1. The state of the business B(Y ) is authorized (in the sense of Assump-
tion 2.4–(iii)).

At time t = 0 the i.c. takes over a new unity of risks X ∈ V2, whose valuation we
suppose starting an instant later the passage from the policyholders to the i.c., namely,
when t = 0+. We remark that such risk may be either a single risk or a unity of risks but,
in both cases, we consider it as it were a single one. We denote by SX the total claim
amount of X per year.

Assumption 3.2. SX has a bounded support [0,M(SX)] and its d.f. FSX
is known.
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3.2. The new portfolio Ỹ run by the i.c. in the interval [0, 1]. From time t = 0

up until t = 1, having introduced only X, the insurer runs a new portfolio Ỹ = {Y ; X}.
As Assumptions 2.1 and 3.2 hold, the total claim amount in one year, given by the r.v.
SỸ , has a bounded support [0,M(SỸ )], M(SỸ ) = M(SY ) + M(SX), and the d.f. FS

Ỹ
is

known. The new premium income over one year is given by

P (Ỹ ) = (1 + η̃)E[SỸ ], η̃ = η(Ỹ ) = η(X)
E[SX ]

E[SỸ ]
+ η(Y )

E[SY ]

E[SỸ ]
. (17)

Since the value Mα is fixed as in Assumption 2.3–(i) and Mη is exchanged with M̃η,

M̃η = Mη(Ỹ ) = Mη
E[SX ]
E[S

Ỹ
]
+ η(Y )E[SY ]

E[S
Ỹ

]
, analogously to eq. (3), we have the new minima

m̃α and m̃η defined using h(α̃, η̃) instead of h(α, η) and M̃η instead of Mη. We introduce

(α̃∗, η̃∗) ≡ (α̃(ε∗; Ỹ ), η(ε∗; Ỹ )) as a pair (α, η) such that h(α̃∗, η̃∗) < M(SỸ )/E[SỸ ] and we

define CS(α̃∗, η̃∗; Ỹ ) = MAL∗(Ỹ ). The capital structure of the i.c. for portfolio Ỹ is now
given by

CS(α̃, η̃; Ỹ ) = h(α̃, η̃)E[SỸ ], (α̃, η̃) ∈ [m̃α,Mα] × [m̃η, M̃η] (18)

and the capacity is defined by

CỸ = CỸ (α̃, η̃) = {h(α̃, η̃) − h(α̃∗, η̃∗)}E[SỸ ]. (19)

3.3. The graphic representation of B(Ỹ ). Let consider the business B(Ỹ ) =

(Ỹ , Θ̃), where

Θ̃ = Θ(Ỹ ) = { ε∗,Mα, M̃η, ψ0; α(Ỹ ), η(Ỹ ), h(α(ε∗; Ỹ ), η(ε∗; Ỹ )), ε̃ = ε(Ỹ ) ∈ (0, ε∗] }.

is the operative structure relative to portfolio Ỹ , which defines on the new LEP curve
the points P̃ ∗ = CS(α̃∗, η̃∗, Ỹ ) and P̃ = CS(α̃, η̃, Ỹ ). Similarly to what made in §2.3, we

simply write h̃ = h(α̃, η̃), h̃∗ = h(α̃∗, η̃∗) and on the (H, 0, ε)–plane we trace the points

corresponding to P̃ ∗ and P̃ , say Ã = (h̃∗, ε∗) and B̃ = (h̃, ε), and we still consider the

reference point Q = (0, ε∗). The description of B(Ỹ ) can now be performed by the points

Ã, B̃ and Q, and the six vectors obtained from the ones defined by (14), namely,





−→
ṽ 1 =

−→
QÃ = −→v 1 +

−→
AÃ,

−→
ṽ 2 =

−→
ÃB̃ = −→v 2 +

−−→
BF +

−−→
BG −

−→
AÃ,

−→
ṽ 3 =

−−→
QB̃ = −→v 3 +

−−→
BF +

−−→
BG,

−→
ṽ 4 =

−−→
ẼQ = −→v 4 −

−−→
BG

−→
ṽ 5 =

−−→
C̃B̃ = −→v 5 +

−−→
BF −

−→
AÃ,

−→
ṽ 6 =

−−→
ẼB̃ = −→v 6 +

−−→
BF,

(20)
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Q

0

Ã

B̃
Ẽ
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LEP

h̃∗ h̃

ε
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Figure 2: The states of the business B(Y ) and B(Ỹ ).

where C̃ = (h̃∗, ε̃), Ẽ = (0, ε̃), F = (h̃, ε) and G = (h, ε̃). Figure 2 illustrates the basic
vectors defined in (20) when we consider on the (H, 0, ε)–plane both the LEP curves

corresponding to portfolios Y and Ỹ .
Arguing as made for the vectors {−→v i}i=1,...,6, it is easy to see that a system of basic

state equations can now be expressed through the following ones:

−→
ṽ 1 +

−→
ṽ 2 −

−→
ṽ 3 = 0,

−→
ṽ 2 +

−→
ṽ 4 −

−→
ṽ 5 = 0,

−→
ṽ 3 +

−→
ṽ 4 −

−→
ṽ 6 = 0. (21)

The variation of the state of the business is defined by the point A, Ã, B and B̃ and
it may be expressed through the following equation:

−→
AÃ +

−→
ÃB̃ −

−→
AB −

−−→
BB̃ = 0. (22)

In the equation of the state variation (22),
−→
AÃ and

−−→
BB̃ represent the variation of the

state of the business,
−→
ÃB̃ is one of the six vectors (20) that defines the new state of the

business and
−→
AB is one of the six vectors (14) that defines the original state.

3.4. The classification and the ordering of X. The classification and the ordering
of X are based on the states of the business B(Y ) (for which Assumption 3.1 holds) and

B(Ỹ ), and on the operative (but not realistic) assumption that X is completely retained
by the i.c.

The classification is developed in two steps: a first distinction is based on the fact that
Ỹ is authorized or not and divide the normal from the dangerous risks (Definition 3.4).
Further distinctions are made inside these two classes: the comparison between h(α̃, η̃)
and h(α̃∗, η̃∗) divides the normal risks between capacity generator risks and capacity risks
(Definition 3.5); the distinction of the dangerous risks in great, catastrophic and mega–
catastrophic risks (Definition 3.6) depends on the belongings of h(α̃∗, η̃∗) to the intervals

]h(α̃, η̃), h(Mα, M̃η)], ]h(Mα, M̃η), h(MM , M̃η)] and ]h(MM , M̃η) + ∞[, respectively.
The calculation of MM in a operative framework would require an additional study

which is beyond the scope of this paper. Hence, we justify the existence of the upper
bound MM with the following (not realistic but) simplifying assumption.
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Assumption 3.3. The insurance market is constituted by k + 1 i.c.’s, the first one our
i.c. We suppose that each of the remaining k i.c.’s is running a portfolio Yi endowed by a
potential increment ∆hYi

= (Mαi
− αi)(1 + ηi), i = 1, . . . , k, that is at the i.c.’s disposal.

Thus, we assume that our i.c. could have a global potential increment at disposal given
by

∑k

i=1 ∆hYi
E[SYi

]/E[SY ], and we suppose that such amount can be expressed in the
following way:

k∑

i=1

∆hYi

E[SYi
]

E[SY ]
= (MM − Mα)(1 + M̃η), MM > Mα. (23)

Adopting also the terminology used in [6] and [16], we provide the following classifi-
cation.

Definition 3.4. X is a normal risk if and only if the i.c. is authorized to manage portfolio
Ỹ (in the sense of Definition 2.8), that is, h(α̃, η̃) ≥ h(α̃∗, η̃∗), (α̃, η̃) ∈ [m̃α,Mα] ×

[m̃η, M̃η]. In this case the risk can be entirely retained by the i.c. X is a dangerous risk
if and only if the reverse holds, that is, h(α̃, η̃) < h(α̃∗, η̃∗). In this case a part of the risk
must be necessarily ceded in reinsurance.

We make a further distinction inside the classes of normal and dangerous risks.

Definition 3.5. Let X be a normal risk.

(i) X is a capacity generator risk if and only if

h(α̃, η̃) > h(α̃∗, η̃∗) + τ(h(α, η) − h(α∗, η∗)), τ =
E[SY ]

E[SỸ ]
. (24)

(ii) Let assume h(α, η) > h(α∗, η∗). X is a capacity risk if and only if

h(α̃∗, η̃∗) ≤ h(α̃, η̃) < h(α̃∗, η̃∗) + τ(h(α, η) − h(α∗, η∗)). (25)

Definition 3.6. Let X be a dangerous risk.

(i) X is a great risk if and only if

h(α̃, η̃) < h(α̃∗, η̃∗) ≤ h(Mα, M̃η), (26)

(ii) X is a catastrophic risk if and only if

h(Mα, M̃η) < h(α̃∗, η̃∗) ≤ h(MM , M̃η), (27)

(iii) X is a mega–catastrophic risk if and only if

h(MM , M̃η) < h(α̃∗, η̃∗). (28)
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Remark 3.7. Eq. (24) and (25) yield CỸ > CY and 0 ≤ CỸ < CY , respectively. It is
also possible to establish a link between the capacity CỸ and the hypothetical premiums
P (X) which should be paid to get that a normal risk X is either a capacity generator risk
or a capacity risk (Proposition 4.2) and how great P (X) should have been in order to get
CỸ ≥ 0 when X is a great risk or a catastrophic risk (Proposition 4.3).

The total orderings on the set of risks X contained in the previous classes depend on
a fixed business B(Y ) = (Y ; Θ(Y )). More precisely, under Assumption 3.1, we suppose
that, at time t = 0, the i.c. takes over either the new risk X1, or X2, so that it manages
either the new portfolio Ỹ1 = {Y ; X1}, or Ỹ2 = {Y ; X2}. The order between Ỹ1 and Ỹ2,
defined similarly to Definitions 2.9 and 2.10, yields the order between X1 and X2.

Definition 3.8. We say that X1 precedes X2 in the “oci(B(Y ))–order”, and we write

X1 ≤oci(B(Y )) X2, if and only if Ỹ1 ≤oci(Θ(·)) Ỹ2, i = 1, . . . , 6.
We say that X1 precedes X2 in the “B(Y )–order”, and we write X1 ≤B(Y ) X2, if and

only if Ỹ1 ≤Θ(·) Ỹ2.

The following Proposition establishes a link between the vectors
−→
AÃ,

−−→
BG and

−−→
BF ,

as defined in (20), and the oci(B(Y ))–order (for its proof see the Appendix). For this
purpose, we need to introduce the measure of such vectors.





ρ(
−→
AÃ) = sgn(

−→
AÃ)· |

−→
AÃ |,

ρ(
−−→
BG) = sgn(

−−→
BG)· |

−−→
BG |,

ρ(
−−→
BF ) = sgn(

−−→
BF )· |

−−→
BF |,

ρ(
−−→
BF −

−→
AÃ) = sgn(

−−→
BF −

−→
AÃ)· |

−−→
BF −

−→
AÃ |,

(29)

where sgn(
−→
AÃ) > [<] 0 when h̃∗ > [<] h∗, sgn(

−−→
BG) > [<] 0 when ε̃ > [<] ε,

sgn(
−−→
BF ) > [<] 0 when h̃ > [<] h, and sgn(

−−→
BF −

−→
AÃ) > [<] 0 when h̃− h > [<] h̃∗ − h∗.

Proposition 3.9. (i) Ỹ1 ≤oc1(Θ(·)) Ỹ2 if and only if ρ(
−−→
AÃ1) ≤ ρ(

−−→
AÃ2).

(ii) Ỹ1 ≤oc4(Θ(·)) Ỹ2 if and only if ρ(
−−→
BG1) ≥ ρ(

−−→
BG2).

(iii) Ỹ1 ≤oc5(Θ(·)) Ỹ2 if and only if ρ(
−−→
BF1 −

−−→
AÃ1) ≤ ρ(

−−→
BF2 −

−−→
AÃ2).

(iv) Ỹ1 ≤oc6(Θ(·)) Ỹ2 if and only if ρ(
−−→
BF1) ≤ ρ(

−−→
BF2).

Furthermore, if Ỹ1 ≤oci(Θ(·)) Ỹ2 for i = 1, 4, 5, 6, then X1 ≤B(Y ) X2.

Remark 3.10. A sufficient condition for Ỹ1 ≤oc5(Θ(·)) Ỹ2 is given by ρ(
−−→
BF1) ≤ ρ(

−−→
BF2)

and ρ(
−−→
AÃ1) ≥ ρ(

−−→
AÃ2). Indeed, by eq. (16) and (29), we see that if either sgn(

−−−→
ṽ5(Ỹi)) > 0,

or sgn(
−−−→
ṽ5(Ỹi)) < 0, then ρ(

−−−→
ṽ5(Ỹi)) = ρ(

−−−→
ṽ6(Ỹi))−ρ(

−−−→
ṽ1(Ỹi)). Then we use the results of item
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(i) and item (iv). In the case sgn(
−−−→
ṽ5(Ỹ1)) < 0 and sgn(

−−−→
ṽ5(Ỹ2)) > 0, we have immediately

that ρ(
−−−→
ṽ5(Ỹ1)) ≤ ρ(

−−−→
ṽ5(Ỹ2)).

4 Appendix

Proposition 4.1. A system of basic state equations related to B(Y ) is given by the
equations (15).

Proof. The state equations related to B(Y ), namely




−→v 1 + −→v 2 −−→v 3 = 0,
−→v 2 + −→v 4 −−→v 5 = 0,
−→v 3 + −→v 4 −−→v 6 = 0,
−→v 1 + −→v 5 −−→v 6 = 0,

define the associated matrix

A =




1 1 −1 0 0 0
0 1 0 1 −1 0
0 0 1 1 0 −1
1 0 0 0 1 −1


 .

It is easy to see that Rank(A) = 3 and one of the minor different from zero is given
by the first three elements of the first three rows which correspond to the basic state
equations (15).

Proposition 4.2. (i) CỸ ≥ 0 [<] if and only if

P (X) ≥ [<]
CS(α̃∗, η̃∗; Ỹ )

(1 + α̃)
− P (Y ). (30)

(ii) Now let X be a normal risk and (α, η) ∈ [mα,Mα] × [mη,Mη], (α̃, η̃) ∈ [m̃α,Mα] ×

[m̃η, M̃η]. There results:

CỸ

{
≤ CY if 0 < P (X) ≤ {CS(α̃∗, η̃∗; Ỹ ) − CS(α∗, η∗; Y ) − (α̃ − α)P (Y )}(1 + α̃)−1,

> CY if P (X) > {CS(α̃∗, η̃∗; Ỹ ) − CS(α∗, η∗; Y ) − (α̃ − α)P (Y )}(1 + α̃)−1.

(31)

In particular, if CS(α̃∗, η̃∗; Ỹ ) < CS(α∗, η∗; Y ), then we have

CỸ > CY + P (X)(1 + α̃) + (α̃ − α)P (Y ), (32)
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so that, for any choice of P (X) > 0 and α̃ ≥ α, X is a normal capacity generator
risk.

Proof. We write P ∗(Y ) = (1+η∗)E[SY ], u∗(Y ) = α∗P ∗(Y ), ∆P (Y ) = P (Y )−P ∗(Y ),

∆u(Y ) = u(Y ) − u∗(Y ) and we use similar symbols for portfolio Ỹ . Then CS(α, η; Y ) =
P (Y ) + u(Y ), CS(α∗, η∗; Y ) = P ∗(Y ) + u∗(Y ) and we have

CS(α̃, η̃; Ỹ ) = P (Y )+P (X)+u(Y )+∆u, CS(α̃∗, η̃∗; Ỹ ) = P ∗(Y )+∆P ∗+∆u∗+u∗(Y ),

where ∆u = u(Ỹ ) − u(Y ), ∆u∗ = u∗(Ỹ ) − u∗(Y ) and ∆P ∗ = P ∗(Ỹ ) − P ∗(Y ). Hence,
we can write CY = ∆P (Y ) + ∆u(Y ), CỸ = ∆P (Y ) + P (X)−∆P ∗ + ∆u(Y ) + ∆u−∆u∗

and with few algebra we obtain

CỸ − CY = P (X) + ∆u − (∆P ∗ + ∆u∗),

which is equivalent to

CỸ − CY = P (X)(1 + α̃) + (α̃ − α)P (Y ) − (∆P ∗ + ∆u∗), (33)

where ∆P ∗ + ∆u∗ = CS(α̃∗, η̃∗; Ỹ )−CS(α∗, η∗; Y ). After substituting the expression
of CY = (1 + α)P (Y ) − CS(α∗, η∗; Y ) into (33), we also get

CỸ = P (X)(1 + α̃) + (1 + α̃)P (Y ) − CS(α̃∗, η̃∗; Ỹ ). (34)

Item (i) of Proposition 4.2 follows from eq. (34). Item (ii) simply says under which
choice of P (X) there results either CỸ ≤ CY , or the reverse, if inequality ∆P ∗ + ∆u∗ ≥
0 is inserted in (33). In particular, using again (33) when ∆P ∗ + ∆u∗ < 0, that is,

CS(α̃∗, η̃∗; Ỹ ) < CS(α∗, η∗; Y ), there immediately results eq. (32).

Proposition 4.3. (i) If X is a great risk then CỸ ≥ 0 if

P (X) ≥
h(Mα, M̃η)

(1 + α̃)
E[SỸ ] − P (Y ). (35)

(ii) If X is a catastrophic risk then CỸ ≥ 0 if

P (X) ≥
h(MM , M̃η)

(1 + α̃)
E[SỸ ] − P (Y ). (36)

Proof. If X is a great risk there results

CỸ ≥ (1 + α̃)P (X) + (1 + α̃)P (Y ) − h(Mα, M̃η)E[SỸ ],

so that CỸ ≥ 0 when (35) is fulfilled. Similarly, if X is a catastrophic risk then
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CỸ ≥ (1 + α̃)P (X) + (1 + α̃)P (Y ) − h(MM , M̃η)E[SỸ ],

so that CỸ ≥ 0 if (36) holds.

Remark 4.4. Obviously, Proposition 4.3 excludes the mega–catastrophic risk since, in
this case, the only information available concerning the capacity CỸ is that CỸ < (1 +

α̃)P (Y ) + (1 + α̃)P (X) − h(MM , M̃η)E[SỸ ] (see Definition 3.6).

Proof of Proposition 3.9.
item (i)

When sgn(
−−→
AÃi) > 0, i = 1, 2, there results |

−−−→
ṽ1(Ỹ1) |≤|

−−−→
ṽ1(Ỹ2) | if and only if |

−−→
AÃ1 |≤|

−−→
AÃ2 |. On the contrary, in the case sgn(

−−→
AÃi) < 0, i = 1, 2, the same results holds if and

only if |
−−→
AÃ1 |≥|

−−→
AÃ2 |. When sgn(

−−→
AÃ1) < 0 and sgn(

−−→
AÃ2) > 0, it is immediate that

|
−−−→
ṽ1(Ỹ1) |≤|

−−−→
ṽ1(Ỹ2) |.

item (ii)

When sgn(
−−→
BGi) > 0, i = 1, 2, there results |

−−−→
ṽ4(Ỹ1) |≤|

−−−→
ṽ4(Ỹ2) | if and only if |

−−→
BG1 |≥|

−−→
BG2 |. For the other cases, we argue as made in item (i).

item (iii)

We follow the arguments of item (i), with ρ(
−−→
BFi −

−−→
AÃi) instead of ρ(

−−→
AÃi), i = 1, 2.

item (iv)

The proof of this item is the same of that one of item (i), having substituted ρ(
−−→
AÃi)

with ρ(
−−→
BFi), i = 1, 2.

Now, by Proposition 2.11, applied to the present case, we get that if Ỹ1 ≤oci(Θ(·)) Ỹ2 for

i = 1, 4, 5, 6, then Ỹ1 ≤oci(Θ(·)) Ỹ2 for i = 1, . . . , 6, hence, by Definition 3.8, X1 ≤B(Y ) X2.
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