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EM Algorithm for Bivariate Phase Distributions
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Phase distributions

- arenice to handle.

- allow for explicit formulas,
e.g. densities, higher moments , ruin probabilities.

- areclosed under convex combinations, convolutions.

- Compound variables are phase variables, if the counting and the
size variables are phase variables.

- allow dependent multivariate distributions.
- Matrix exponentials are nowadays easy to calculate.

- Simulations of Phase variables can be done directly by using the
underlying homogeneous Markov process.
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Phase distributions

- aredensein the class of distributions on [0,)
in the weak topology

however,

- have exponentially decreasing tail distributions;
they can not be used for large- or extreme-value problems.

Seee.g.:
- Encyclopedia of Actuarial Science, 2004, “Phase type distributions” and “Phase method”
- Rolski et al.: Stochastic Processes for Insurance and Finance, 2000.

- Hipp, Ch.: Lectures in Strasbourg, 2000-2005
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Definitions (continuous case)

Let X(t) be a homogeneous Markov chain with finite state space D’'=D ({0},
D={1,.,d},
having 0eD as an absorbing and attracting state . The ‘life time’
T=inf {t=0, X(t) £ D}
IS a phase variable.

We call the complement C of an absorbing subset of D’ inaccessible
(e.g. D).
If (C,,..., C,) are inaccessible subsets, then (T,,..., T,) with

T, =inf { 20, X(t) Z C,}

Is a multivariate phase variable. 4
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Common distributions

Let L = (ljk)o<j r<a Pe the stationary generator of X (¢) where [j), >
0 is the intensity of the transition from state j to k, 7 # k,

Li=—> lik,

J#k

L = (ljk)<; p<q the submatrix of L and 7 = (mo, 71, ..., Ta) = (7o, )
be the starting distribution. Then
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Theorem 1. For0 < pu<mand0<t; <..<t,_, . we get

P(Ty=..=T,=0and Ty, > t, forv=1,..,m — p)

ﬂﬁil{#:lELtL&fj;;+leL“2 tl)-&ﬁ;¢+2 L EL(tm. i?rt J.jl - 3(:‘171?}.

where
. d
7 = (L,.,1)€R
1 ifp=gecC
&E& — Jp=4q and
0 else
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Corollary 2. Form =2 ,C ={C,,Cy} and v = 1,2 , we have
(?) for 0 <t; <ty

P(ﬂ; > tl : TI‘.}.—H ~ tl) — Eﬂ-h i jlf::” i EL-{fz t1) A{jﬂ—u -1,
(ii) for 0 <t
P(Ti=Tedt)y=—m- elt. ACNC2 . 7-dt .
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Example

Let Z, and Z3> be two independent exponential variables with in-
tensities A\; > 0 and A; > 0, set

Tl = .Zl and Tg = 1113&{(21, Zg) -

(T1,T5) are two phase variables with D' = {0,(1,1),(1,0),(0,1)}

and transition intensities
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¢y = {(1,1),(1,0)} and Co = D = {(1,1),(1,0),(0,1)} are inac-
cessible subsets of D',
—A = AN
L = 0 - 0
0 0 —As
and
e~ Mtz 4 gmhat2 (emhihl _ gt} if () < 8 <ty

P(Ty > t1,Ta >t) = { ~ A1ty ifo<t, <t
2 1

[

with marginal distributions

Fi(t;) = P(Ty <t;))=1—e M and

F(ty) = P(Ta <ty )= (1 —e "‘1”) : (1 —e "‘m) .
In the special case Ay = Ay, the copula has the explicit form

C (u,v) = (u- 1}1-’}2) Av.
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EM algorithm for bivariate phase variables (continuous case)

The EM algorithm is based on the entropy inequality

9xu(T) Z 93(T)

for the marginal density

9T) = [ £48) (e |T(€) =T)

of a random variable £ whose density f,(§) with respect to some

o-finite measure p(d¢) depends on some parameter set v, and where

X1 = arg 1113&{ Eyo (log £ (| T(€)=T) .

10
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Let (D' ={0,.,d},C ={C;,Ca},L,7,) .
be the characteristics of the process X(t) where C', are inaccessible
sets of D, kept fixed in the sequel, and the parameter set y = (L, 7).
A trajectory is given by & = (J1,t1, ja, T2y =y jomns tm ), Where 71 is the
initial state, t; the time X(#) spends in j;, then X(¢) jumps to j»
and stays there a time t,, and so on.

The density of such a trajectory is
fr(‘g) = Ty - (_’Ijle} ) exp(tlijljl) 'p(jl,j‘;:) ) (_‘Ejzjz} i e:{p(tﬂszjz) )
: (_Ejrujm-} ) EXp(tmng“jm_) 'Ej(Jm131n+l) .

where j,.1 = 0 and for 7 # &k, p(j,k) = L&/ (—1;;) is the condi-
tional probability of a jump from 5 to &, given that a jump takes

place. 11
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The log-density function is
In(f(£)) = In(m)+ Zt Lvje + Zhl (I.?y.?iu+l
=1
d
= Z]nr- . N; +Z!H Zi+ ) Z Inlj+ N
j=1 j=1 J=1 k=0 (").k#j

'With ﬁ‘a‘rj = 1{3}(31)
Nix = #{(v,jv+1) = (4, k), avec v < m }, number of jumps from j to k

N
|

T
i = Y _t,143(i) , the local time of j .

r=1
For observations T\ = (T11,T12) y vy Ty = (Tn1, T2), the maximiza-

tion problem is

Xlzr}:%}i}E Z]Il?" N; —|—Z:’H Z; —I—Z Z Inlg « Nj| Ty, .-, T,

§=1 k=0 (!),k#j

12
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Starting with some initial parameters y(%) = (L9 7(9)), the maxi-

mization problem boils down to the recursion procedure

At = g, 1"”‘2 E(,z0) (Nl (Ti)for 1 < j < d and
i=1

Tt

Z E(w{v:-,;_,f#:-) (i jk:| ('-Tihﬂz)}
E[z | 1) . =1
> E(ron o) (2] (1))

3= E o 2) (Nl (1)

1

]

k=0 ,k#j 13
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In the case 0 < T}, < T5_,, we get

EI {le (Tlﬂ T‘E))
'.r;j-eL‘Tif-(L-;ﬁcv—QCV~L)-EL'(T3—”_T”]-L~T;I
ﬂ.EL'I':f.(L.&Gu &Gu.LJ.EL'{Tﬂ—U_TP}.L.?}

if 7€ Ci NGy

J
0 else
Ex (Nje| (T1,T2))
v T,
[ mel A k) el (Tv =) (L.ACr —ACv.L).el (T8—v=Tv). [y du
u 1 ". i [
W.EL-T;.—1{L.&GV_&GV},L}EL'(TR—U_TU:I.L.-;:‘ ]f J"k E Cl m O,_,]‘
mel Tv. A(§ k].ef-'{Ta—.J—Tu L-m S
J ifjeC, ke Cs
_ "r'k ) w-elTv.(L.ACv _&Cu.L].EL'[Tﬁ—p—Tv}.L.n ] e Cy, ke 03 v \_ C,;
— J TB—::
i Tr.c-r-"Tu.(L.&Gu &Gu,L)_EL-(u—n)_&(j__k},cb-l[i"y_a u]-L-n-du
Ty ra \
-ﬂ-.EL-TV.(L.ﬂh'r_-ru_&C-ru.LJ.EL'{T3—H_TL'}.L.-]r] if Js ke OS_V \ C"'
\ 0 else

14
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and

Er (JNTjﬂl (Tlﬂ Ti’))

TT-EL'TV'(L'.&C"—.&C"'L)‘ﬁLI{Ta_u_TV}'L']’}’_-]i 'f . CY C
—_ 'FJTD -ﬂ'.EL'II‘FJ'.{L.ﬂ_GU QGU.L].EL'[TH—U_TF}.L.H 17 < 3—#’\ u

0 else

Ex (Zi] (Th, T2))

F' Ti.‘ .
I Tr-i:‘.L'u-:ﬁI:j,j:I-EL'{T"’_u:'-(L*QLV—ﬂC”-L)fL-(Th_”_TVj-L-?}-du
5 e
if 7€ C,NC:
el To (L.ACy —ACv.L).el (Ts—v=Tv).[.p J : :
Ty
—_ < f ﬂ_EL-'I'],.(L‘&C“_&G;_,.ITJ)‘EL'{E—T';;]‘ﬂ{jﬁj]‘ﬂ:-"li’ry 3_“}._{_,.”.d-”.
Ty e -
: _ : S if jeCy_,\C
melTu . (L.-ACy —ACw.L).eL (T3—v=Tv). .y J 30\ Cu
L 0 else
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