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Probability space

pf

(Q,3,P) F=(3 3, =3

Doeter

The filtration satisfies the usual hypotheses of
e completeness
e right continuity



Insurance risk process

e Collective risk model

J (1) = Z iNzit)Yi

e N (t) Poisson process with intensity A
e (Y, i e N} sequence of positive iid random variables

Jo vip(dy) <o EY, =4

e The process J(t) is F-adapted, RCLL



Insurance risk process

e Poisson stochastic integral

J() = [ [ ym (ds . dy)
M (t,A) =#{0 < s<t,AJ(t)e A}
AJ(t) = J(t) - J(t-)

e M(t,A) random variable, Poisson distributed with Atp(A)
e The proces M(t, A) = M(t, A) — Atp(A) is a martingale



Financial market

e Risk-free asset

dB (1)

0 =rdt, B(0) =1

e Risky assets i=12,..,n

ds , (1)
S (1)

=adt + ) oy dW (1), $;(0)=s5; >0

W (t) = (W, (t),...W,(t))" standard Brownian motion,
F -adapted



Insurer’s wealth process

0. fraction of available wealth invested in the risky asset |
0, fraction of available wealth invested in the risk-free asset

ds; (t)

S (1)

dX (t) = X (t=)8(t) " zdt + X (t=)0(t) ' =dW (t) +
+X (t=)rdt —dJ (t), X (0) = x,

-3 60X (- )dB(t) dJ (t)

dX () =Y 6, ()X (t-) 50



Admissible strategies

{0.(t),.... 0,(1),0 <t <T} predictable process with
respect to filtration F

P(f, 0;(t)* X (t-)%dt <o) =1, i=1,.,n

P(jc)T O,(t) X (t—)dt < ©o) =1

The process {X(t),0<t<T} is an F -adapted
semimartingale, RCLL



Insurer’s wealth process

Levy-type stochastic integral

dX () = (x ()0 7+ X ()= [ yzp(dy))dt "
+ X (=)o) =dW (t) jyﬂ yM (dt, dy) +
- yM (dt,dy), X (0) = x,

O<y<l



Reserve

Insurer’s risk profile

NOE E“T eg(“)dj(t)\st}, 0<t<T

Jy=S"0Y

R(t) = ﬁg/{ (1_ e—é(T_t)) 0>

o)
=
SR




Wealth path dependent disutility
optimization

Find an investment strategy which minimizes the
quadratic loss function

EL[ {(R(s) ~ X ()" +a (R(s) ~ X (5))fds +
+ B(X(T)? = aX (T))]



Dynamic Programming Principle

V(t.x)= inf E[[ {(R(s) = X (5)) +a(R(s) ~ X (s)) Jds +

0()eR"

s A(X M) —aX (M) X M) =x], 0<t<T

V(t—,x) = inf {(R(t-)-x)"dt +a(R(t-) - x)dt +

f(t)eR

FE[V X)X (t-) = x ]}



Ito’s formula

dV (t, X () = %(t, X (t-))dt +%(t, X (t-)) X (t)0) 7+ X (t=)r jdt +

1% oV

+ . (t,X(t—))X(t—)ze(t)TZZTQ(t)dt+&(t,X(t—))X(t—)@(t)TZdW(t)+

+ [ AVEXE) ) -Vt X () M (dt.dy)



If there exists a function V(t,x) e C**([0,T],R) satisfying Hamilton-Jacobi-
Bellman equation

0=(R(t)—x)* + a(R(t) = x)+V, +V, xr + f{v(t, X—y)=V(t,) }Ap(dy) +

fcR"

+ inf [Vxxé’% + %VXXXZQTZZTQ}

with the boundary condition V(T,X) :ﬁ(x2 —ax), such that the processes

[TV (8. X (s5) ~ y) =V (5. X (s-)) M (ds,dy)

(S EXENXEIBOMS,  ii=Ln

are martingales, and there exists an admissible control 8" () for which the
infimum is reached, then

V(t,x) = inf EU: {(R(s) = X (8) +a(R() - X (s)) Jds + B(X (T)? = aX (T))| X (1) = x}

6(-)eR"

and & (-) is the optimal control for the problem.



Optimal investment strategy

o' (t) = (g(t) - X *(t—))x f(t_) (Ex )z
_ b(t)
g(t) = 2a(t)

1+a'(t)+ga(t)=0, a(T)=27
—2R(t)—a —2ula(t)+b'(t)+ @b(t) =0, b(T) = —ap

1

p=2r-7"(=7)"z
O = I’—7Z'T(ZZT)_17Z'



Insurer’'s wealth under the strategy

X" (t)—g(t)—m{gm) xo + [ Z(5)(g'(s) — g (s)r)ds +

+[ [ Z(s)yM (ds, dy)}

Z (t) = exp {— (r 2T (T )%)t ¥ %Hz |t E ) w (t)}

m'(t) = (g(t) —m®))zr " (EX T )z + m(t)r — Ax, m(0) = X,



Optimal investment strategy

e Short-selling the asset
0" (1) <0< X' (t=-)<0v X "(t=) > g(t)

e Borrownig from a bank account

0" (1) >1< 0< X7 (t-) < g(t)2
R

a—r



Optimal investment strategy

e the higher the reserve, the higher the fraction of the
wealth invested in the risky asset (given the same
positive level of available wealth) and the higher the
expected value of the insurer's wealth

e the higher the value of alpha, the higher the fraction of
the wealth invested in the risky asset (given the same
positive level of available wealth) and the higher the
expected value of the insurer's wealth



Simulation study

e One year policy, discretization one week

e |Insurance risk process: 4 =100, Gamma
distribution, expected value 100 and variance
5000

e Financial market r =4%, a=10%, o =20%, o =3,5%
e 1000 simulations



Simulation study

e the higher the risk allowance in the reserve, the lower
the fraction of the wealth invested in the risky asset,
the higher the expected terminal wealth and the lower
the ruin probability

e the higher the value of alpha, the higher the fraction of
the wealth invested in the risky asset, the higher the
expected terminal wealth and the higher the ruin
probability

e the value of beta has only marginal effect on the
results



Simulation study

e the ruin probability is lower and the expected terminal
wealth is higher compared with the situation when the
iInsurer has only a bank account at its disposal

e The distribution of the terminal wealth under the
optimal strategy has lighter left tail (5% percentile) and
heavier right tail (95% percentile) compared with the
distribution of the terminal wealth in the case of the
risk free investment strategy



Reserve=15%, alfa=6000, beta=1
(percentiles 15th,50th,85th)
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Reserve=15%, alfa=6000, beta=1

Percentiles Risk-free+risky Risk-free investment
Investment

5% -619,66 -644,46
15% 420,48 236,66
30% 1183,56 952,05
50% 1735,93 1593,28
70% 2361,60 2269,56
85% 2906,07 2904,24
95% 3723,49 3209,12
Mean 1688,13 1579,77
Deviation 1262,64 1297,11

Ruin probability

0,096

0,116



Reserve=25%, alfa=6000, beta=1
(percentiles 15th,50th,85th)
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Reserve=25%, alfa=6000, beta=1

Percentiles Risk-free+risky Risk-free investment
Investment

5% 632,18 427,53
15% 1364,94 1178,12
30% 1978,17 1817,23
50% 2694,00 2515,11
70% 3225,25 3181,54
85% 3850,07 3816,71
95% 4469,84 4166,16
Mean 2600,06 2498,84
Deviation 1162 1239,28

Ruin probability

0,014

0,016



Reserve=15%, alfa=8000, beta=1
(percentiles 15th,50th,85th)
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Reserve=15%, alfa=8000, beta=1

Percentiles Risk-free+risky Risk-free investment
Investment

5% -600,35 -644,46
15% 569,16 236,66
30% 1294,73 952,05
50% 2039,13 1593,28
70% 2646,94 2269,56
85% 3323,38 2904,24
95% 3931,54 3209,12
\WEET 1886,31 1579,77
Deviation 1462,39 1297,11

Ruin probability

0,114

0,116



Thank you for your attention

t ukasz Delong
Warsaw School of Economics
E-mail: lukasz.delong@sgh.waw.pl
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