Optimal strategiesfor ruin probabilities and expected gains

Tsai, Cary Chi-Liang" and Parker, Gary®

Department of Statistics and Actuarial Science
Simon Fraser University
8888 University Drive, Burnaby, BC V5A 1S6, CANADA

Topic of paper: Risk models (Topics 1: Risk Management of an Insurance Enterprise)
Abstract

This paper studies ruin probabilities based on the classical discrete time surplus process. The
individual claim size random variables come from one of nine combinations of tail types (heavy,
neutral and light) and frequency/severity (low/high, mid/mid and high/low) distributions.

We consider strategies to reduce the ruin probabilities and enhance the expected profits or gains.
First we analyze a pricing method where the renewal premiums are based on Buhlmann’s credibility
theory. Then we add two policy provisions, a deductible and a policy limit.

We also propose two criteria, an index and avalue at risk measure, which can be used to select

optimal strategies.

Keywords: Surplus process; Time of ruin; Probability of ruin; Buhlmann credibility theory;

Deductible; Policy limit, Value at risk.

1 (TEL) 1-604-2687044 (FAX) 1-604-2914368 (Email) cltsai @sfu.ca
2 (TEL) 1-604-2914818 (FAX) 1-604-2914368 (Email) gparker@sfu.ca



1. Introduction

Consider the surplus process of theinsurer at timen,n= 0, 1, 2,..., in the classical discrete time risk
model,

U,=u+nxc-S, Q)
where u = Ug istheinitial surplus, ¢ isthe amount of premiums received each period, and S, isthe
total claimsin the first n periods. We aso assume that

S, =W, +W, +---+W,, (2
where W, isthe aggregate claims in period i, and Wy, W, ..., W, are non-negative independent and
identically distributed random variables with the same distribution as W which can be expressed as

W=X,+X,++ Xy. (3)
In equation (3), N is arandom variable representing the number of claimsin one period, and the
individual clam sizes X3, X,, ..., are non-negative independent, identically distributed random
variablesidentical to X. Moreover, ¢ = (1+60)xE[W] = (1+60)xE[N]XE[X] where ¢ isthe relative
security loading. Then{Un: n=0, 1, 2, ...} iscalled the discrete time surplus process, and the time
of ruin (the first time that the surplus becomes negative) isdefined as T = min{n: U,< 0} (T =0 if
U, > 0 for all n). We denote W(u) = Pr{T <o | Up=u} asthe probability of ultimate ruinin this
context; the probability of ruin before or at time n (that is, the distribution function of T) is denoted
by W(u, n) = Pr{T <n |Up= u} which is more intractable mathematically than ¥(u). Obviously, both

¥(u) and ¥(u, n) are decreasing in u, and ¥(u, n) is non-decreasing in n with limY¥(u,n) = ¥(u)< 1,

implying that the distribution function of T, W¥(u,n), is defective.

The probability of ruin W(u) is one of many questions of interest in classical ruin theory. There
have been many papers discussing the probability of ruin W(u), for example, Dufresne and Gerber
(1988), DeVylder and Goovaerts (1988), Dickson and Waters (1991, 1992), and Cardoso and Egidio
dos Reis (2002). For the continuous time surplus process, an explicit expression can be obtained if
the individua claim size random variable X comes from some distribution families. However, there
isno explicit expression for the probability of ruin for the discrete time surplus process.

Credibility isaform of insurance pricing that is widely used, particularly in property and casualty
insurance. It is atype of experience rating that employs a weighted average of claims experience and
apreviously developed price to determine a new price for each class under consideration. Credibility
theory has been studied in the actuarial literature; see Frees (2003), Herzog (1999), Hickman and
Heacox (1999), Klugman, Panjer and Willmot (2004), and Water (1993) for more details.

Ruin is avery important issue for insurance regulators, policyholders and shareholders. From the

insurance regulator’s and policyholders’ viewpoints, ruin is @ major concern; sufficient fund is
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required to keep the ruin probability at alow and acceptable level. The shareholders are not only
concerned with the ruin probability, but also with the gain or profit over aperiod of time. Thaganis
defined as the difference between the surplus at the end of a study period and theinitial surplus. In
this paper, in addition to studying ruin probabilities based on the classical discrete time surplus
process (1), in which the premium received in each period is assumed to be a constant, we will apply
the Buhlmann credibility theory to calculate the so called Buhlmann credibility premium as the
renewal net premium received in each period. Unlike level premiumsin life insurance, renewal
premiums charged in property and casualty insurance are usually adjusted based on past experience.
Intuitively, when the insurer has unfavorable past experience (larger actual claims than expected),
then he charges policyholders higher premiums for the next period. This tends to lower the ruin
probability compared to charging constant premiums. On the other hand, if the insurer getsa
favorable claim experience, then he reduces the renewal premium as an experience refund, which
tends to increase the ruin probability compared to charging constant premiums.. In addition to the
dynamic premium scheme (Buhlmann credibility premium), we also impose a deductible and/or a
policy limit on theindividual claim size random variables. Here we are interested in dynamic
credibility premium schemes, deductibles and policy limits that can significantly reduce the
probability of ruin. The probabilities of ruin are calculated by Monte Carlo simulations.

The remainder of the paper is organized as follows. In section 2, the traditional and modified
Buhlmann’s credibility methods are applied to the surplus process for the purpose of reducing the
probability of ruin. Section 3 analyzes the simulation results and discusses strategies that can
significantly reduce the ultimate ruin probability. Since minimizing the ruin probability can result in
small expected gains, we propose an index for selecting the optimal strategy in section 4. The index
for a strategy combines its associated ultimate ruin probability and expected gain. Section 5 uses a
different criteriato determine the optimal strategy. First, value at risk is used to determine theinitial
surplus given a specific confidence level. Then an annualized rate of return from the gains and the
initial surplusis calculated. The best strategy is the one which yields the largest annualized rate of

return. Finally, the conclusion in Section 6 summarizes our main findings.

2. Credibility premiums

In this section, we apply Buhlmann’s credibility theory to the surplus process to alow the premium

received in each period to vary depending on the past experience. The constant premium of the

classical model is replaced by two types of premiums, the traditional credibility premium and a

modified credibility premium, both with a security loading included. We study three mixtures of

frequency and severity, and each severity is associated with three distributions of heavy, neutral and
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light tailed, respectively. The deductible and policy limit imposed on the individual claim amount are
also introduced in this section.

First from equations (1) and (2), we have the following recursive formula:
u,.,=U,+c-W_,, n=0,1,2,..,, 4
with theinitial value Ug= u. Note that in the classical model, the amount of premiums received at
each period is a constant c. If we let the amount of premiums received in period (n+1) be c,.1, then
eguation (4) becomes

U,,=U +c,,-W,, n=0,1,2, .. (5)

n+1?
where cn+1 IS to be determined based on the Buhlmann’s credibility theory. First, we want to estimate
the expected value of the random variable W for period n+1, given the redlizations Wy = wy, W, =

Wa, ..., Wh = Wy, From Klugman, Panjer and Willmot (2004),
o, = EW,, W, =W, W, =W,,. W, =w ]=Z xWa+@A-Z)xpu, n=0,1,2,.... (6)

n+l —
wherew, = lZvvi Is the mean of the past observations, u = E[W] isthe overal hypothetical mean,
N

Z,=n/(n+v/a)isthe Buhlmann’s credibility factor, a is the variance of the hypothetical means,

and v is the expected process variance. Thus, ¢p+1= (1+ )X @, , . Let

n+l*

Onet = EMW,, W, W, W] = Z, xWa + (1=Z,)x g, n=0,1,2,...,

whereW, :EZV\/i . Sinceu = E[W], we haveE[cgnﬂ] =Z xu+@A-Z)xpu=pu,thatis, C:)n+l is
L

an unbiased estimator of u. Figure 1 illustrates a sample path for the surplus processes based on

constant and credibility premiums, respectively.

Figure 1: A sample path for the surplus processes based on constant and dynamic premiums

Un
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Because Var[Wj] =v + a and Cov[W W] = afor i # | (see Klugman, Panjer and Willmot (2004)),
we have

Zn”22 [Zn:Var(VVi) + ZZCOV(\/\/i W)l = Zn”22 [n(v+a)+n(n-1a] =aZ,

2

A 2 n
Var[na] = 22 -Var[ W] =
n i-1

Notethat Z,=n/(n+v/a) 1 1 as h— oo, implyi ngVar[g)n+1] ) aandc:)ml ~W, (the sample mean)
asn — oo. Therefore, if nislarge, thereisvery little change from c?)n tog)ml when one more

. . . " " W, — . n . . .
aggregate claim W, is observed (in fact, ona— on = n” joa ), which implies that the renewal
+V

premium c,.1 IS very stable and the credibility impact disappears for large n. So, we would like to
adopt a more dynamic and volatile premium approach which is also based on the concept of
Buhlmann’s credibility theory which can reflect recent observations more quickly for renewal
premiums. The idea comes from property and casualty insurers that only consider the most recent k
periods of claim experiences when setting renewal premiums. We may apply the approach in
Klugman, Panjer and Willmot (2004) to obtain

O = EIW, .y [W, =W, W, =W, ] = Z, 0 X Wam + (L- Z, ) x 12, N =0, 1,2,..., (7)

wherem=min (n, k), h=max(n-k,0)+1=n-m+1, Z,,=m/(m+v/a) (caled amodified

credibility factor) and Wnm =lZWi . If we denote
mizy

O = EW, . (W Wy, W] = Z, o x Wi+ (1= Z, )< i1, n=0, 1,2,...,

whereW , m = lZV\/i : thenvoml,m isaso an unbiased estimator of u Withvar[C/l\)n+l,m] =aZ,  <alp=

n,m—
i=h

Var[g)n+1] (“=" holds when n <K); alsoVar[cgml,m] = aZ,m= ka?/(k a + v) isindependent of n when
n > k. Note that equations (6) and (7) areidentical for n < k. Alsowhenk=0thenm=0and Z,m=0,
and the modified credibility premium becomes constant; when k = «o then m=n and 2, = Z,, and
the modified credibility premium reduces to the Buhlmann credibility one.

Unlike the situations in the classical Buhlmann’s credibility theory, the modified credibility factor

Znm=m/(M+v/a) 1kl (k+v/a)<l (aso Z,misincreasing in k) andVar[c?)ml,m] =aZ .rak/(k

+v/a) <a=limVar[mn1] asn — «. Therefore, wn.1 ~ W (the sample mean) asn — o in the case of
n—oo

the classical Buhlmann’s credibility theory does not hold any more. In fact,



A
Wn —Mn
A A )
WDn+lm— Onm = n+v/a
Wn _Wn—k
k+v/a

n=12,...Kk,

n=k+1k+2,..

Thus, C/(\)n+1,m_ 2>n,mdepends largely on W, - Wi« for n > k.

Here we assume k = 3 (cred3) and k = 10 (cred10) to represent the short- and long-term past
experiences, respectively. Figure 2, illustrates a quite volatile claims process and corresponding
renewal premiums. We observe that method cred3 quickly reflects claims’ fluctuation over time
while premiums o, m based on the classical Buhlmann’s credibility method (cred) quickly converge
to 100 (the constant net premium for the classical surplus process). Since method cred3 (k = 3) can
provide a quicker response to premium adjustment than the classical Buhlmann’s credibility method,
can it produce lower ruin probability as well? To investigate the question, we perform Monte Carlo
method simulations based on a variety of assumptions and strategies.

Figure 2: A sample path for claims and ®,m for m = O(classical), 3(cred3), 10(cred10) and n(cred)
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First, we study three types of insurance business with equal expected aggregate claim (E[W] = E[N]
x E[X]) in each period. The first is a business with claims of low frequency (E[N] = 1) and high
severity (E[X] = 100). The second has mid frequency (E[N] = 10) and mid severity (E[X] = 10)
claims. The third one has claims of high frequency (E[N] = 100) and low severity (E[X] = 1). These



three types of business are abbreviated as LF/HS, MF/MS and HF/LS, respectively. The number of

claims, N, follows a Poisson distribution with parameter A .

To observe whether tail behavior of a distribution will produce different results, we investigate three
kinds of tail distributions based on the criteria of the hazard rate function (see Klugman, Panjer and
Willmot (2004)): light-tailed (Weibull(a, 6) with o > 1), neutra-tailed (Exponentia(f)) and
heavy-tailed (Pareto(z, 6) with 7> 1) distributions (abbreviated as LT, NT and HT, respectively) with
the same mean E[X] for the individual clam size random variable X. Table 1 lists the underlying
severity distributions and associated parameters.

In practice, the insurer may manage higher risks by imposing a policy limit or by transferring
claimsin excess of aretention limit to areinsurer. To lower administrative cost and consequently
insurance premiums, the insurer may also set up a deductible below which claims are assumed by
the policyholder. We study whether imposing a deductible or a policy limit, or both, will reduce the
probability of ruin aswell. Let the deductible D = E[X] / M and the policy limit L =M x E[X] where
M >0 is called DL size modifier. Then Y = [(X~ L) - D]+ = max (min(X, L) - D, 0) = (X"~ L) - (X" D)
is aper-loss random variable. In this case, equation (3) becomes W =Y, +Y, +---+Y,, and E[W] =

E[N] x E[Y]. Note that the policy limit L increasesto infinity (no policy limit) and the deductible D
decreases to zero (no deductible) as M goesto infinity, which reducesto thecase Y = X, i.e. al
claims are covered. From the point of view of the policyholder, the claims coverage should be broad
enough to make the insurance product worthwhile. Since the insurer wantsto sell as many policies
as possible, it seems reasonable to require that P(D < X < L) is not too small. From Table 2, we
observethat P(D < X< L) < 0.5 for M = 2 when X has an Exponential or a Pareto distribution.
Therefore, we adopt M = 3, 4 and 5 for our study.

Table 1: underlying severity distributions

Severity distribution for X | Light-tailed Neutral-tailed Heavy-tailed E[X]
Low severity Weibull (2, 1/T(1.5)) Exponentia (1) Pareto (3, 2) 1
Mid severity Weibull (2, 10/T(1.5)) Exponentia (10) Pareto (3, 20) 10
High severity Weibull (2, 100/T°(1.5)) Exponentia (100) Pareto (3, 200) 100

Table 2: probabilities below the deductible, above the policy limit, and within these two quantities

Probabilities M=2 M=3 M=4
Distribution X | P(X<D) | P(D<X<L) | P(X>L) | P(X<D) | P(D<X<L) | P(X>L) | P(X<D) | P(D<X<L) | P(X>L)
Weibull 0.178 0.779 0.043 0.083 0.916 0.001 0.048 0.952 0.000
Exponential 0.393 0.471 0.135 0.283 0.667 0.050 0.222 0.760 0.018
Pareto 0.488 0.387 0.125 0.370 0.566 0.064 0.298 0.665 0.037

3. Ultimate ruin probabilities



In this section, we will show by simulation that the traditional and modified credibility methods can
reduce the ruin probability except for small initial surpluses. The ruin probability further decreases if
adeductible and/or policy limit isimposed. We a so propose an optimal strategy which can
significantly reduce the average ultimate ruin probability.

First for each of nine combinations of tail type (HT, NT and LT) and frequency/severity (LF/HS,
MF/MS and HF/LS) risks, we investigate forty strategies specified by three factors. The first factor
isthe premium scheme where 1 is used for a constant premium, 2 for regular credibility premium, 3
and 4 for modified credibility premiums for k = 3 and 10, respectively. The second factor isthe DL
indicator where 1 is for no deductible (D) and policy limit (L), 2 for deductible only, 3 for policy
limit only, and 4 for both provisions. The third factor isthe DL size modifier M (avalueof 1is
assigned to this factor when there is no deductible or policy limit, or equivalently when M equals
infinity). Table 3 summarizes these definitions and the codes that are used or the strategies studied in
this paper. For example, (1, 3, 5) corresponds to the strategy using constant premium with a policy
limit L =5 E[X], and (4, 1, 1) corresponds to the strategy using modified credibility premium with k
= 10 but without the deductible and policy limit imposed.

Table 3: definitions of factors

Factors Codes
1- premium scheme | 1: constant 2: cred 3: cred10 | 4: cred3
2- DL indicator I:noDorL 2Donly |3:Lonly |4 DandL
3- DL size modifier | 1: M=o (noDorL) | 3: M=3 4: M=4 5:M=5

Next for each strategy, we study eleven initia surpluses: 0, 2,..., 20 for HF/LSrisk; 0, 20,..., 200
for MF/IMSrisk; and 0, 200,..., 2000 for LF/HS risk. For each initial surplus, we create 1000 paths
by Monte-Carlo simulation, and the numerical ruin probability by time nis defined as ¥(u, n) =
number of {Uy< 0for somek<n|Ug=u} / 1000. Also, let the numerical ultimate ruin probability
P(u) = ¥(u, 100). The reason for setting different scales for the initial surplus for these three
mixtures of frequency/severity of risksisthat, for agiven ruin probability, alarger initial surplusis
needed for lower frequency and higher severity risks.

From Table 4, we have the following findings for the NT risk by comparing %1, 1, 1)(U), ¥, 1, 1)(u),
¥, 1, 1(U) and P4, 1, 1y(u) (the same holds for HT and LT risks):

(A) The ruin probability for LF/HS risks is larger than the one for HF/LSrisks. That is, for afixed
strategy and initial surplusu, ¥(u) wr 1y > P(U) (e, Mg > P(U) HE Ly eventhough they have the
same mean E[W]. Equivalently, to maintain alow ruin probability, the insurer needs alarger
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initial surplus for LF/HS risks than for HF/LS risks.

(B) A credibility premium scheme cannot reduce the ruin probability unless u islarge enough. When
theinitial surplusuissmall, ¥, 1, 1y(U) > ¥, 1, 1H(u) wherek = 2, 3 and 4. However, ¥, 1, 1y(U)
decreases in u faster than ¥(1, 1, 1)(u) does, and ¥, 1, 1y(u) eventually becomes smaller than ¥y, 1,
1(u). That is, there exists avalue U such that ¥ 1, 1y(U) < P, 1. 1(u) for al u>u” and P 1. 1)(u)
> Y, 1,9(u) foralu< u and k=2, 3, 4. Also, we need alarger u” for the LF/HS risk.

(C) For the same initia surplus u, credibility-based ruin probability with longer period of past
observations is bigger than the one with shorter period, thet is, %2, 1, 1y(U) > ¥z 1, 1(U) > P4, 1, 1)(U)
for al three mixtures of frequency and severity and in fact all three tail types of risks except for
some larger initial surplusu for HT and LF/HS risk, (2, 1, 1)(U) > P4, 1, (1) > ¥(3, 1, 1y().

Since cred3 method can reduce the ruin probability the most, we now focus on this method, and
study the impact of deductible and policy limit on the ruin probability. For the case that cred3 is
adopted and the DL size modifier M = 3, we compare ¥4, 1, 1)(U), ¥4, 2,3)(U), (4,3, 3(u) and
P(a, 4,3(U).

(D) A deductible does not significantly reduce the ruin probability, and even increasesit for most
initial surplusfor the HF/LS risk. However, policy limit can significantly lower the ruin
probability further. We note that the strategy with both deductible and policy limit produces the
smallest ruin probability, ¥4, 4, 3)(u), for most initial surpluses for the mid frequency and severity
risk and the low frequency and high severity risk .

Next we study the impact of the DL size modifier M on the ruin probability by comparing

P(4,4,3(U), Y4, 4,4(U) and P, 4, 5(u).

(E) The strategy with both policy limit and deductible imposed associated with the smallest DL size
modifier M (M = 3) produces the lowest ruin probability, ¥4, 4, 3)(u), except for very few low

initial surpluses.

Let theinitial surplus equal to the mean of the aggregate |oss in one period, that is, u = E[W] =
100; then for the MF/M S risk, the ruin probability reduces to 8.9% from 29.5% if cred3 method is
adopted, and it is lowered further to 2.5% if both deductible and policy limit with modifier M=3 are
imposed. See Table 4 and Figures 3, 4 and 5 for more details.



Table 4: ruin probabilities for neutral tailed case

ruin probabilities ¥(u) for the HF/LS risk

u 0 2 4 6 8 10 12 14 16 18 20

Yo 19(U) | 332% | 29.5% | 25.7% | 22.4% | 19.5% | 16.6% | 14.3% | 12.0% | 98% | 7.8% | 6.6%

Yo 1) | 30.8% | 27.0% | 22.6% | 18.2% | 151% | 11.9% | 91% | 7.3% | 56% | 4.6% | 2.9%

Yo 1,1(U) | 30.8% | 27.0% | 22.6% | 18.2% | 151% | 11.9% | 91% | 7.3% | 56% | 4.6% | 2.9%

Yu11U) | 30.1% | 26.5% | 22.2% | 17.8% | 14.8% | 11.7% | 8.8% | 7.1% | 55% | 45% | 2.8%

P23 (U) | 36.5% | 30.5% | 25.7% | 21.7% | 17.1% | 13.4% | 10.6% | 8.0% | 59% | 41% | 2.9%

P33 (U) | 29.8% | 24.0% | 19.3% | 14.1% | 10.8% | 88% | 7.0% | 56% | 3.2% | 23% | 1.6%

Y a3(U) | 33.8% | 27.5% | 22.6% | 16.8% | 129% | 93% | 7.3% | 43% | 26% | 1.7% | 1.1%

P, a,4(U) | 346% | 27.6% | 23.6% | 18.9% | 158% | 11.4% | 91% | 6.3% | 43% | 3.2% | 1.6%

Paa5(U) | 331% | 27.7% | 23.6% | 19.1% | 15.9% | 12.3% | 9.3% | 6.9% | 49% | 3.7% | 2.6%

ruin probabilities ¥(u) for the MF/MS risk

u 0 20 40 60 80 100 120 140 160 180 200

Y1) | 70.2% | 60.2% | 50.3% | 42.6% | 34.8% | 29.5% | 23.8% | 20.1% | 16.6% | 13.7% | 11.1%

Po1n(U) | 95.1% | 83.3% | 66.1% | 48.7% | 33.2% | 23.6% | 16.3% | 11.3% | 85% | 6.3% | 51%

Porn(U) | 91.3% | 76.1% | 57.7% | 40.1% | 25.2% | 16.1% | 9.3% | 56% | 3.7% | 1.7% | 1.1%

Y 1,1(u) | 8L8% | 62.9% | 43.8% | 27.9% | 165% | 8.9% | 46% | 1.8% | 08% | 03% | 0.1%

P23 (U) | 80.9% | 62.8% | 44.4% | 26.7% | 15.3% | 86% | 41% | 1.6% | 0.7% | 03% | 0.0%

P33 (U) | 82.3% | 61.3% | 38.6% | 19.8% | 10.2% | 4.1% | 1.4% | 03% | 0.1% | 01% | 0.1%

Y a3() | 8L1% | 60.3% | 33.0% | 16.8% | 69% | 25% | 0.7% | 01% | 0.1% | 01% | 0.0%

Paa4(U) | 8L9% | 61.6% | 39.8% | 21.8% | 11.3% | 4.8% | 20% | 04% | 0.1% | 01% | 0.0%

P a5 () | 8L2% | 62.8% | 42.2% | 24.6% | 13.7% | 6.4% | 25% | 08% | 03% | 01% | 0.0%

ruin probabilities ¥(u) for the LF/HS risk

u 0 200 400 600 800 1000 | 1200 1400 | 1600 1800 | 2000

Ya1,1(u) | 83.6% | 66.0% | 52.0% | 40.1% | 31.8% | 25.2% | 20.3% | 16.2% | 12.5% | 85% | 6.2%

P21,1(U) | 100.0% | 94.4% | 71.2% | 49.6% | 34.9% | 24.4% | 15.6% | 10.4% | 7.0% | 45% | 2.3%

Po1,n(U) | 99.8% | 855% | 51.8% | 23.2% | 89% | 3.3% | 09% | 03% | 0.0% | 0.0% | 0.0%

Vi 1,y(U) | 97.1% | 69.1% | 32.1% | 11.3% | 3.6% | 0.8% | 0.1% | 0.0% | 0.0% | 0.0% | 0.0%

P23 (U) | 946% | 653% | 32.3% | 13.2% | 47% | 14% | 03% | 0.1% | 0.0% | 0.0% | 0.0%

P33 (U) | 985% | 623% | 202% | 25% | 0.4% | 0.0% | 0.0% | 0.0% | 0.0% | 0.0% | 0.0%

Y 43(U) | 95.6% | 54.0% | 16.5% | 2.7% | 0.3% | 0.0% | 0.0% | 0.0% | 0.0% | 0.0% | 0.0%

P, 4,4(U) | 955% | 625% | 25.0% | 65% | 1.6% | 03% | 0.0% | 0.0% | 0.0% | 0.0% | 0.0%
P, 45(U) | 95.6% | 654% | 28.6% | 8.7% | 24% | 06% | 01% | 0.0% | 0.0% | 0.0% | 0.0%

Table 5 compares the two best strategies, strategy (4, 1, 1) (cred3 method only) and strategy (4, 4,
3) (cred3 plus deductible and policy limit with M = 3), with the original strategy (1, 1, 1) for the nine
combinations of tail type and frequency / severity risks. Here, W ¢ j ) (U) denotes the average ruin

probability for strategy (i, j, k) over the ten positive initial surpluses with equal weight for u. Among

these three tail types, HT risks always cause the largest average ruin probability which can be
10



reduced (W a1y (U) - ¥ (.43 (U) ) most significantly, and LT risks always cause the smallest average

ruin probability which can be reduced (W a1y (U) - ¥ (4,03 (U) ) least significantly for all three

combinations of frequency and severity.

Also, we note that credibility premium is a more effective way of reducing the ruin probability for

NT and LT risks, i.e. Wi (U)- ¥ @y (U)) > (W ay (U) - ¥ 423 (U) . Deductibles and policy limits

are more effective for HT risks, i.e. W a1y (U) - W a1n (U)) < (W an (U) - W .43 () .

Figure 3: ruin probability for the NT and MFE/MS risk without D/L case
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Table 5: Strategies and corresponding average ruin probabilities

Frequency | Tail type/| _ _ _ P () | ()
, Va1 (U) | Y@y (U) [Vaagy(u)| _ _
Severity | Strategy - (U) |- @ag (U)
Heavy 0.3439 0.2620 0.0892 0.0819 0.1728
LF/HS | Neutra | 0.2788 | 0.1170 | 0.0735 0.1618 0.0435
Light 0.2012 | 0.0616 | 0.0379 0.1396 0.0237
Heavy 0.4597 0.3675 0.1255 0.0922 0.2420
MF/MS | Neutra 0.3027 0.1676 0.1205 0.1351 0.0471
Light 0.2017 | 0.1032 | 0.0730 0.0985 0.0302
Heavy 0.2988 0.2640 0.1123 0.0348 0.1517
HF/LS | Neutra 0.1642 0.1217 0.1061 0.0425 0.0156
Light 0.0862 | 0.0628 | 0.0563 0.0234 0.0065

4. Ruin ratio, gain ratio and index

In Section 3, we proposed an optimal one among forty strategies for each combination of frequency,
severity and tail type based on the purpose of reducing the average ultimate ruin probabilities. Although
the insurer and its shareholders prefer alower ruin probability, they also prefer strategies that produce
larger expected gains. In this section, we would like to seek strategies which have relatively small ruin
probabilities and large expected gains. Since the strategies studied tend to affect these objectivesin
opposite directions, we propose an index which is the product of aruin ratio and again ratio that appear
so be areasonable comprise to identifies optimal strategies.

First, we introduce some notation. Let
S the set of forty strategies{(i, j, k) |i,] =1, 2, 3,4and k=1, 3, 4, 5} (see Table 3);
Us (u,n) : the average surplus at time n over 1000 simulations for theinitial surplus u and strategy

seS
és(n) = Us(u, n) —u: the average gain at time n over 1000 simulations for strategy se S,

é(n) = max{és(n) :se S} : thelargest average gain at time n over 1000 simulations among se S
W (u,n) : the average ruin probability by or at time n over 1000 simulations for the initial positive
surplus u and strategy se S

Es(n) = %zgs(u, n) : the average ruin probability by or at time n over 10 positive initia surpluses

for strategy se S
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W(n)=min{¥s(n):se S} : the smallest average ruin probability by or at time n over 10 positiveinitial
surpluses among se S

Gs(n)

5( ) =1:againratio for the study period n and strategy se S, and
n

GR,(n) =

RR,(n) = El(n) =1:aruinratio for the study period n and strategy se S

Ys(n)

Note that sinceU s(u, n) is an increasing function of u, and G (n) isindependent of u, usingGs(n) asa
measure can remove the effect of theinitial surplus, and thusGs(n) is better thanU s(u, n) . Also, the

gain ratios, GRy(n), preserve the order of Gs (n), while the ruin ratios, RRg(n), reverse the order of ¥ (n).
Recall that strategies with lower average ruin probability (bigger RR(n)) and larger average gain (higher
GR(n)) are preferred. Therefore,
Indexg(n) = GRy(nN) X RR(N)=1, se S (8)

is areasonable and appropriate measure for ranking the forty strategies. The best strategy is the one with
the largest index value.

Tables 6, 7, and 8 list the top four gain ratios, ruin ratios and indices, respectively, for n =5, 20 and
100 representing short, mid and long terms, respectively.

(A) From Table 6 we conclude that to maximize the average gal nGs (n) (or to maximize the gain ratio
GRy(n)) for n=5, 20 and 100, strategies without deductible or policy limit imposed (that is, (i, 1, 1)
fori =1, 2, 3, and 4) should be adopted for all three mixtures of frequency and severity risks. Further,
the classical credibility strategy (2, 1, 1) isthe overall best. In fact, strategies without deductible and
policy limit, (i, 1, 1), or strategies with policy limit imposed only, (i, 3, k), produce higher gains than
strategies with deductible imposed only,

(i, 2, k), and strategies with both deductible and policy limit, (i, 4, k), fori =1, 2,3,4and k=3, 4, 5.

(B) From Table 7, minimizing the average ruin probability W s(n) (or maximizing the ruin ratio RRy(n))
for n =5, 20 and 100 can be done by adopting a modified credibility premium (cred3). The best DL
indicator and DL size modifier depends on the type of risk and tail distribution.

Overdl, strategy (4, 4, 3) isthe best one for minimizing the average ruin probability. Note that none
of strategies (k, 1, 1) for k=1, 2, 3, and 4 (that is, without deductible or policy limit imposed)
producing the highest expected gains (see Table 6) ranks in the top four for minimizing the ruin
probabilities.
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(C) By Table 8, from the viewpoint of maximizing Indexs(n) (that is, achieving a balance between ta

high average gainG:(n) and alow average ruin probability Ws(n)), strategy (4, 3, 3) is the overall

best choice since it has the largest Indexy(n) values for most cases. We note some exceptions
however, for example strategy (4, 3, 3) ranks fourth for LT and MF/M S risks and for n = 20, 100,
and is not even in the top four for LT and LF/HS risks. Note that among the strategies (k, 1, 1) for k

=1, 2, 3,4, strategy (4, 1, 1) isthe only one in the top four.

Table 6: Top four Gain Ratio(n) for n =5, 20 and 100

Tail and Years

High Frequency / Low Severity

Mid Frequency / Mid Severity

Low Frequency / High Severity

HT | Strategy

(1,1,1)(2,1,1)((3,1,1)|(4 11

(1,1,1){(4,1,1)|(2,1,1[(3.1,1)

(2,3,95)|((3,3,5((4,3,5[(2, 3,9

5yrs |GanR.

1.0000 0.9929 0.9924

1.0000 | 0.9904 0.9781

1.0000 0.9888 1 0.9780

HT | Strategy

(1,1, 1)((41,1)[3 11211

(2,1, 1)((3,1,1){(4,1,1)|(1,1,1)

(2,1, 1)((3,1,1D|(1,1,1)|41,1

20yrs | GanR.

1.0000 | 0.9957 | 0.9918 | 0.9913

1.0000 | 0.9997 | 0.9847 | 0.9751

1.0000 | 0.9586 | 0.9307 | 0.9260

HT | Strategy

(1,1,1)((411)[3 11211

(2,1, 1)((3,1,1){(4, 1, 1)|(1,1,1)

1,112,114 1,1(5,11

100 yrs| Gain R.

1.0000 | 0.9959 | 0.9937 | 0.9913

1.0000 | 0.9990 | 0.9975 | 0.9915

1.0000 | 0.9526 | 0.9478 | 0.9353

NT | Strategy

(2,1,1)((3,1,1)((41,1)|(2,3,5

(1,1,1)((1,3,5)(41,1)|(4,3,5)

(2,1,1)|(3.1,1|(1,1, 1|(1, 3,4

5yrs |GanR.

1.0000 0.9984 | 0.9923

1.0000 | 0.9936 | 0.9935 | 0.9882

1.0000 0.9955| 0.9949

NT | Strategy

(2,1, 1)((3,1,1)|(4 1,1)|(2,3,5)

(2,1, 1)((3,1,1)(1,1,1)|(4,1,1)

(1,3,4)((1,3,3((4,1,1)|(1,3,5)

20yrs | GanR.

1.0000 | 0.9979 | 0.9952 | 0.9929

1.0000 | 0.9999 | 0.9990 | 0.9968

1.0000 | 0.9985 | 0.9979 | 0.9971

NT | Strategy

(1,1,1)((411)[3 11211

(2,1, 1)((1,1,1)((2,3,5((4,1,1)

(2,1, 1)((2,3,9((3,1,1|(1,1, 1)

100 yrs| Gain R.

1.0000 | 0.9959 | 0.9937 | 0.9913

1.0000 | 0.9956 | 0.9937 | 0.9933

1.0000 | 0.9924 0.9843

LT |Strategy

(2,1,1)(3,1,1)((23,4)|(33,4

(2,1,1)((3,1,1)|(2,3,4((3.3, 4

(4,1,1)(4,3,9(4,3,5|4,3,3

5yrs |GanR.

1.0000

1.0000

1.0000 0.9995

LT |Strategy

(2,1, 1)|(2,3,5)](2 3,4)|(2,3,3)

(3.1,1)((3,3,95((3,3,9|(3,3,3

(4,1,1)({(4,3,5)|(4,3,4)((4,3,3)

20yrs | Gan R.

1.0000 0.9999

1.0000 0.9999

1.0000 0.9999

LT |Strategy

(1,1,1)((1,3,5)(1,3,4)|(1,3,3)

(2,1, 1)((2,3,5)(2,3,4)|(2,3,3)

(2,1, 1)|(2,3,95((2,3,9|(2,3,3)

100 yrs| Gain R.

1.0000 0.9999

1.0000 0.9999

1.0000

Table 7: Top four Ruin Ratio(n) for n =5, 20 and 100

Tail and Years

High Frequency / Low Severity

Mid Frequency / Mid Severity

Low Frequency / High Severity

HT |Strategy

(4,3,3)((3,3,3)[(2,3,3)|(4,4,3)

(4,4,3)((2,4,3)((3,4,3)|(4,3,3)

(4,4,3)((2,4,3)((3,4,3)|(1,4,3)

5yrs |RuinR.

1.0000 0.9961 0.9079

1.0000 0.9869 0.8652

1.0000 0.9862 0.8166

HT |Strategy

(4,3,3)((3,3,3)[(2,3,3)|(4,4,3)

(4,4,3)((4,3,3)((4,3,4)|(4,4,4)

(4,4,3)|(4,3,3)](3,4,3)|(4,4, 9

20yrs | Ruin R.

1.0000 0.9845 0.9038

1.0000 | 0.9507 | 0.7836 | 0.7797

1.0000 | 0.8217 | 0.7924 | 0.7485

HT | Strategy

(4,3,3)((3,3,3)[(2,3,3)|(4,4,3)

(4,4,3)((4,3,3)((4,3,4)|(4,4,4)

(4,4,3)|(4,3,3)((4,3,9|(3,4,3

100 yrs| Ruin R.

1.0000 0.9845 0.9038

1.0000 | 0.9654 | 0.7953 | 0.7785

1.0000 | 0.9867 | 0.7866 | 0.7763

NT | Strategy

(4,3,3)((3,3,3)[(2,3,3)|(4,4,3)

(4,4,3)((2,4,3)((3,4,3)|(4,4, 4)

(4,4,3)((2,4,3)((3,4,3)|(1,4,3)

5yrs |RuinR.

1.0000 0.9949 0.9175

1.0000 0.9818 0.8232

1.0000 0.9879 0.7625
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NT
20 yrs

Strategy

(4,3,3

3,33

(2,3,3)|(4,4,3

(4,4,3)((4,3,3

(4,4,4)|(4,3,9

(4,4,3

(4,3,3)

(4,4,4))(3,4,3)

Ruin R.

1.0000

0.9877

0.9114

1.0000 | 0.8794

0.8494 [ 0.7926

1.0000

0.7641

0.7600 | 0.7206

NT
100 yrs

Strategy

(4,2,3)

(3,3,3)

(2,3,3)|(4,4,3)

(4,3,3)((3,3,3

(2,3,3)|(4,4,3)

(4,4,3)

(4,3,3

(4,4,%)((4,3,9

Ruin R.

1.0000

0.9845

0.9038

1.0000

0.9877

0.9114

1.0000

0.8607

0.7664 1 0.7372

LT
5yrs

Strategy

4,2,3

(4,4,3)

(2,2,3)/(3,2,3)

(4,4,3)|(4,2,3

(2,4,3)((3,4,3)

4,2,3

(4,4,3)

(2,2,3)/(3,2,3)

Ruin R.

1.0000

0.9964

0.9929

1.0000

0.9703

1.0000

0.9930

0.9658

LT
20 yrs

Strategy

(4,2,3

(4,4,3)

(4,2,4)|(4,4,4)

(4,4,3)((4,2,3

(4,2,4)|(4,4,9

(4,4,3

4,2,3)

(4,2,4)|(4,4,4)

Ruin R.

1.0000

0.9964

0.9912

1.0000 | 0.9986

0.9068

1.0000

0.8549

LT
100 yrs

Strategy

(4,2,3)

(4,4,3)

(4,2,4)|(4,4,9)

(4,4,3)|(4,2,3)

(4,2,4)|(4,4,4)

(4,4,3)

(4,2,3)

4,2,4)((4,4,9)

Ruin R.

1.0000

0.9964

0.9912

1.0000 | 0.9986

0.9068

1.0000

0.8713

Table 8: Top four Index(n) for n =5, 20 and 100

Tail and Years

High Frequency / Low Severity

Mid Frequency / Mid Severity

Low Frequency / High Severity

HT

Strategy

(4,3,3

3,33

(2,3,3)((4,3,9

(4,3,3)[(3,3,3

(2,3,3)|(4,3,9

(4,3,3

3,33

(2,3,3)((4,3,9

5yrs

Index

0.8298

0.8285

0.7376

0.7290

0.7185

0.6542

0.7341

0.7215

0.6238

HT

Strategy

(4,3,3)

(3,3,3)

(2,3,3)((4,3,4)

(4,3,3)|(4,3,4)

(4,3,9)](3,3,3)

(4,3,3)

(4,3,4)

(4,4,3)(3,3,3)

20 yrs

Index

0.8360

0.8194

0.8191 | 0.7416

0.7879 | 0.6877

0.6223 | 0.5707

0.6276

0.5385

0.5044 | 0.4843

HT

Strategy

(4,3,3)

(3,3,3)

(2,3,3)((4,3,4)

(4,3,3)|(4,3,4)

(4,3,5)|(4,4,3)

(4,3,3)

(4,3,4)

(4,3,5)((4,4,3)

100 yrs

Index

0.8344

0.8202

0.8180 | 0.7403

0.8115 | 0.7075

0.6373 | 0.5754

0.7514

0.6366

0.5497 | 0.5235

NT

Strategy

(4,3,3

3,33

(2,3,3)((4,3,9

(4,3,3)[(3,3,3

(2,3,3)|(4,3,9

(4,4,3

(3,4,3)

(2,4,3)|(4,3,3)

5yrs

Index

0.9468

0.9428

0.8580

0.7695

0.7492

0.7182

0.6846

0.6786

0.6457

NT

Strategy

(4,3,3)

(2,3,3)

(3,3,3)((4,3,9)

(4,3,3)|(4,3,4)

(4,3,9((4,1,1)

(4,3,3)

(4,4,3)

(4,3,4)|(4,3,5)

20 yrs

Index

0.9450

0.9375

0.9355 | 0.8561

0.8299 | 0.7738

0.7480 | 0.7118

0.7342

0.6796

0.6553 | 0.6162

NT

Strategy

(4,3,3)

(2,3,3)

(3,3,3)((4,3,9)

(4,3,3)|(4,3,4)

(4,3,9((4,1,1)

(4,3,3)

(4,3,4)

(4,3,5)((4,4,3)

100 yrs

Index

0.9463

0.9367

0.9351 | 0.8572

0.8358 | 0.7780

0.7514 | 0.7142

0.8358

0.7100

0.6607 | 0.6570

LT

Strategy

(4,3,3

3,33

(2,3,3)((4,1,1)

4,3,3)((4,1,1)

(4,3,5)|(4,3,9

4,2,3

(4,4,3)

(4,2,4)|(4,4,9

5yrs

Index

0.9001

0.8974

0.8902

0.6907

0.6900

0.6824

0.6770

0.6268

LT

Strategy

(4,3,3)

(2,3,3)

(3,3,3)((4,1,1)

(4,1,1)|(4,3,5

(4,3,9)|(4,3,3)

(4,2,3)

(4,4,3)

(4,2,4)((4,4,4)

20 yrs

Index

0.8980

0.8946

0.8907 | 0.8881

0.7061

0.7060

0.6746

0.6744

0.6436

LT

Strategy

(4,3,3)

(2,3,3)

(3,3,3)((4,1,1)

(4,1,1)|(4,3,5

(4,3,9)|(4,3,3)

(4,2,3)

(4,4,3)

(4,2,4)((4,4,4)

100 yrs

Index

0.9013

0.8940

0.8932 | 0.8914

0.6997

0.6996

0.6506

0.6504

0.6318

5.Valueat risk

In this section, we propose another measure for selecting an optimal strategy. First, we apply value at

risk to determine the initial surplus Up; then we calcul ate the rate of return, and select an optimal

strategy which resultsin the highest rate of return.

Vaue at risk (VaR) has been widely used in finance and insurance as arisk measure. The value at risk
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of arandom variable X at aconfidencelevel 1-a,0<a <1, isdefinedasVaR(a ) =inf{t: Sx(t)= a} =
100(1- « )™ percentile of X where Sy is the survival function of X. Obviously, VaR(« ) is non-increasing
in . Inthe continuous time surplus process, the ultimate ruin probability P(u) = S(u), the survival
function of the maximal aggregate loss Z. In our discrete time case, we similarly define

VaRy(a, n) =inf{u: ¥(u,n)= a}
for the confidence level 1- o, study period n and strategy se S. Given a specific level confidence 1- « =
90% or 95% and a study period n =5, 20 or 100 years, we can find aVaRy( «, n) (initial surplus) for

each strategy se Ssuch that the corresponding ruin probability W¢(u, n) is kept at 10% or 5%. Also,
denote the total and annualized rates of return for initial surplus u and n years as

TRR, (u,n) = @ ©)

and

ARR_(u,n) =1 ~1=¢TRR (u,n) +1-1, (10)

U(u, n)
u
respectively. Note that both TRRy(VaRy( a, n), n) and ARRy(VaR( « , n), n) are increasing functions of
asince@s(n) is independent of u and VaRg( ., n) isdecreasing in « Then the optimal strategy is the

one which yields the largest TRRy(VaRs( ., n), n) or ARR{(VaR(a, n), n). That is, givena and n, we

want Max{U (VaR,(a,n),n)-VaR (a,n)

} for each of nine combinations of tail, frequency and severity
seS VaR(a,n)

types.
From the simulations, we found that for a = 5%, 10%, n =5, 20, 100, and eachs= (i, j, K e S

(A)ARRy(VaRy(a, n), n) is decreasing in n for most types of risks. Exceptions are that ARRy(VaRy(5%,
5), 5) < ARRy(VaRy(5%, 20), 20) for seven strategies and HT/LF/HS risks.

(B) HF/LS and LF/HS risks produce the largest and smallest annualized rates of return (that is,
ARR{(LF/HS) < ARR(MF/MYS) < ARRJ(HF/LYS)), respectively, for all three tail types.

(B)LT and HT risks yield the biggest and smallest annualized rates of return (that is, ARR(HT) <
ARR(NT) < ARR4(LT)), respectively, for all three mixtures of frequency and severity except that
ARR{(NT) < ARRy(HT) < ARRY(LT) for s= (2, 3, 3), n = 100, a = 5%, 10% and LF/HS risks, and for
s=(2,4,3),n=100, a = 10% and LF/HS risks.
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(D) summarizing statements (B) and (C) above, we have the following ARR ordering relationships for
different risk attributes except the three cases mentioned in (C):

HT/LF/HS < HT/MF/MS < HT/HF/LS

N AN N

NT/LF/HS < NT/MF/MS < NT/HF/LS

N N N

LT/LF/HS < LT/MF/MS < LT/HF/LS

By the relationships above, we conclude that LT/HF/LS and HT/LF/HS risks lead to the largest and
smallest annualized rates of return, respectively, among these nine risk attributes.

Tables 9 and 10 list the top four strategies based on the ARR measure for a = 5% and 10%,

respectively; and goves the correspondi ng@s(n) , Uo . No doubt, strategy (4, 3, 3) isthe overall best for
all cases. The rankings between Tables 8 and 10 are quite similar, which shows that Index measure is
consistent with the ARR one for « = 10%. Note that we cannot compare strategies among these three
mixtures of frequency/ severity risks due to different initial surplus scales. However, for ARR measure,
we may conclude that strategies (2, 3, 3) and (4, 3, 3) yields the largest annualized rates of return for all
cases (al strategies for n =5, 20, 100, and for all tail types and all mixtures of frequency/severity risks)
for a = 5% and 10%, respectively. Surprisingly, the rates of return of the top four strategies for n = 5
and HF/LS risks are very high, ranging from 29.716% to 44.860% for « = 5%, and from 37.749% to
56.722% for a = 10%. Also, none of the top four strategies adopts a deductible (that is, there is no code
2 or 4 appearing in the second entry of all top four strategies) for HF/LS risks on which the insurers
usually impose a deductible to eliminate small clams and reduce administration work. This situation
occurs for MF/MS and LF/HS risks as well. In fact, strategies imposing a deductible tend to reduce the

expected gains (see statement (A) of section 4), and therefore, do not rank very high.
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Table 9: Top four ARR(u,n) for o =5% and n=5, 20, 100

Tail and Years

High Frequency / Low Severity

Mid Frequency / Mid Severity

Low Frequency / High Severity

Strategy [ (3, 3, 3)[(2, 3. 3)[(4, 3, 3)[(4, 3, H[(4, 3, 3)[(3, 3, 3)[(2, 3, 3)[ (4 3. ) [(4, 3, 3)[(3, 3. 3)[(2. 3, 3)[ (4, 3, 4)

HT [ Gains 42.24 4214 | 44.68 | 4155 41.57 4384 | 37.39 37.35 38.82
5yrs [ U 13.9 167 | 90.1 92.0 101.2 4470 504.0
ARR 32.234%  [32.186%429.7169 7.879%|  7.744% | 7.464%|1620%| 1.618%  |1.495%
Strategy [(4, 3, 3)[(3, 3, 3)[(2, 3, 3) | (4, 3, 4)| (4, 3, 3) [ (4, 3, 4)[(4, 3, 5)| (3, 3, 3)|(4, 3, 3)|(4 3, 4)[(3, 3, 3)[(4, 3, 5)

HT | Gains | 168.02 | 167.29 | 167.22 | 177.84 | 168.57 | 178.51 | 184.70 | 170.42 | 163.22 | 172.43 | 171.04| 177.75
20yrs [ U, 13.9 168 | 96.0 | 109.0 | 120.0 | 120.7 | 517.0 | 629.0 | 655.4 | 722.0
ARR  [13.7229413.699%413.697%413.031%] 5.200% | 4.969% | 4.769% | 4.500% | 1.381%]| 1.219%]| 1.166%] 1.107%

Strategy [ (4, 3, 3)[(3, 3. 3)[(2, 3, 3)|(4, 3, 4)[(4, 3, 3)|(4, 3, 4) | (4, 3, 5)| (3, 3, ) |(4 3, 3)|(4, 3, 4)|(3, 3, 3)| (4, 3, 5)

HT [ Gains | 840.29 | 839.01 | 836.77 | 889.50 | 840.92 | 889.82 | 919.43 | 842.34 | 844.81 | 897.74 | 859.43 | 929.75
100yrs| U 139 168 | 96.0 | 1104 | 1201 | 121.1 | 554.0 | 682.0 | 725.3 | 806.0
ARR | 4.204%4.203% | 4.200% | 4.069% | 2.304% | 2.228% | 2.182% | 2.096% | 0.931%] 0.844%0.785%] 0.770%
strategy [(2, 3, 3)[(3, 3, 3)[(4, 3, 3)[(2, 3, 4 (4, 3, 3)[ (2 3, 3)[ (3, 3, 3)[ (4 3, 9)[(4, 3, 3)[(2, 3, 3)[(3, 3, 3)|(2, 3, 4)°

NT [ Gains 47.56 4752 | 4918 | 46.97 26.71 4850 | 48.21 48.12 49.83
5yrs [ U 144 161 | 923 946 983 | 415.9 4170 450.7
ARR 33.849%  [33.830%432.333%4 8.576%|  8.355%  |8.351%(2.218%| 2.208%  |2.119%
Strategy [ (2, 3, 3)[(3, 3. 3)|(4, 3, 3) (2, 3, 4)|(4, 3, 3)|(4, 3, 4)[(4, 3,5)| (4 1, D |(4 3, 3)|(4, 3, 4|(4,3,5)|(4, 1, 1)

NT [ Gains | 19051 | 190.10 | 189.69 | 196.89 | 190.52 | 197.08 | 199.61 | 201.23 | 190.13| 194.96 | 196.58 | 197.45
20yrs [ U, 144 161 | 97.0 | 1033 | 1095 | 1156 | 523.0 | 583.0 | 624.0 | 678.0
ARR  [14.187%14.1769414.164%13.789%] 5.583%| 5.482% | 5.326% | 5.170% | 1.562%]| 1.453%]| 1.379%| 1.286%

Strategy [ (2, 3, 3)[(3, 3, 3)|(4, 3, 3) (2, 3, 4)|(4, 3, 3)|(4, 3, 4) (4, 3,5)| (4 1, 1|4 3, 3)|(4, 3, 4)|(4,3,5)|(4, 1, 1)

NT [ Gains | 952.79 | 951.18 | 950.76 | 984.07 | 950.17 | 981.96 | 993.69 | 1000.55| 954.26 | 984.24 | 994.83 [1001.15
100yrs| U 144 161 | 96.8 | 1033 | 1095 | 1152 | 545.0 | 623.1 | 663.0 | 726.0
ARR | 4.295%4.293%| 4.293%| 4.217% | 2.410%| 2.380% | 2.337% | 2.297% | 1.017%]| 0.952%|0.921%] 0.870%

Strategy [ (2, 3,3)[(3,3.3)[(2, 1, 1)[(3, L, 1)[(4, 3, 3)[(4, 1, 1)[(4, 3, 5)[ (4, 3. )[4, 2, 4)[(4, 4, D)2, 2, 5] (3, 2, 4)

LT | Gains 49.97 49.98 4940 | 4941 | 4941 | 4941 | 37.48 | 37.48 | 35.36 | 35.36

5yrs [ U, 93 93 722 773 244.0 2470

ARR 44.860% 44.840%  [10.395%10.3899410.389%410.38994 2.899%|2.899%)| 2.712%] 2.712%

Strategy [ (2, 3,3)[(2, 1, 1)[(2, 3,5)[(2, 3, 4|4, 1, 1)[(4, 3, 5) | (4, 3, 4) | (4, 3, 3)|(4 1, D|(4, 3,5)|(4, 3, 4| (4, 3, 3)

LT | Gains | 200.95 | 200.98 | 200.98 | 200.98 | 200.62 | 200.62 | 200.62 | 200.59 | 200.23 | 200.23| 200.23 | 200.21
20yrs [ U 9.3 93 805 80.5 4377 4377
ARR  [16.879%16.874%416.8749%416.874%] 6.454%] 6.454% | 6.454% | 6.451% | 1.901%] 1.901%]|1.901%| 1.901%

Strategy [ (2, 3, 3)[(3, 3, 3)[(2, 3, 4)[(2, L, 1)[(4, 1, 1) [ (4, 3, 5) | (4, 3, 4) | (4, 3, 3)|(4 1, D|(4 3, 5)|(4, 3, 4)| (4, 3, 3)

LT | Gains [1000.75] 999.86 |1000.91|1000.91|1000.41|1000.41|1000.41|1000.24|1001.64{1001.64/1001.64] 1001.45
100yrs| U, 9.3 9.3 80.5 80.6 438.7 4388
ARR | 4.800%4.800% | 4.800%] 4.800% | 2.632%] 2.632% | 2.632% | 2.630% | 1.196%] 1.196%]| 1.196%| 1.196%

tied with (3, 3, 4)
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Table 10: Top four ARR(u,n) for ¢ =10% and n=5, 20, 100

Yearsand Tail | High Frequency / Low Severity | Mid Frequency / Mid Severity | Low Freguency / High Severity
Strategy [ (4, 3, 3)|(3, 3,3)[(2, 3, 3)|(2, 3, 4)(4, 3,3)[(3, 3, 3) | (2, 3,3) | (4, 3, 4 (4, 3,3)[(3, 3,3)[(2, 3, 3)[ (4, 3, 4)
HT | Gains | 42.14 42.24 44.78 | 41.55 41.57 43.84 | 37.39 37.35 38.82
Syrs Uo 9.4 9.5 113 | 729 74.8 85.3 | 346.0 352.0 396.0
ARR [40.539%  40.351%  [37.7499%4 9.440% 9.242% 8.648% (2.073% 2.037% 1.888%
Strategy [ (4, 3, 3)((3, 3, 3)((2,3,3)|(4,3,4)((4,3,3)|(4,3,4)|(4,3,5](3,3,3) (4, 3, 3)|(4, 3, 4|(3,3,3)|(4,3,5)
HT | Gains | 168.02 | 167.29 | 167.22 | 177.84 | 168.57 | 178.51 | 184.70 | 170.42 | 163.22 | 172.43| 171.04 | 177.75
20yrs| U 9.4 9.5 113 | 80.1 | 93.7 | 104.7 | 98.6 | 469.5 | 538.0 | 555.6 | 607.0
ARR [15.823%15.735%415.733%415.124%) 5.828% | 5.477% | 5.215% | 5.147% | 1.503%|1.400%| 1.351%| 1.292%
Strategy [ (4, 3, 3)((3, 3, 3)((2,3,3)|(4,3,4)((4,3,3)|(4,3,4)|(4,3,5](3,3,3)|(4, 3, 3)|(4, 3, 4)|(4, 3, 5)|(3,3,3)
HT | Gains | 840.29 | 839.01 | 836.77 | 889.50 | 840.92 | 889.82 | 919.43 | 842.34 | 844.81 | 897.74 | 929.75 | 859.43
100yrs| U 9.4 9.5 113 | 80.6 | 94.0 | 1048 | 99.9 | 491.0 | 585.0 | 674.0 | 648.3
ARR |[4.607%|4.594%|4.591% | 4.475% | 2.466% | 2.376% | 2.306% | 2.269% | 1.006%|0.934%|0.871%| 0.848%
Strategy [ (4, 3, 3)|(2, 3,3)[(3,3,3) (4, 3,4) [ (4, 3,3)[(3,3,3)|(2,3,3)| (4 3,4 (4, 3,3)[(3, 3, 3)[(2, 3, 3)|(2, 3, 4)"
NT | Gains | 47.52 47.56 49.12 | 46.97 46.71 48.50 | 48.21 48.12 49.83
Syrs Uo 8.8 8.9 106 | 729 75.7 80.2 | 333.6 333.7 373.0
ARR [44.955%  44.593%  41.2849410.455%10.088%410.088%) 9.921% (2.737% 2.731% 2.540%
Strategy [ (4, 3, 3){(2, 3, 3)((3,3,3)|(4,3,4)((4,3,3)|(4,3,4)|(4,3,5|(4,1,1)|(4, 3,3)|(4,3,4)|(4,3,5)|(4,1,1)
NT | Gains | 189.69 | 190.51 | 190.10 | 196.00 | 190.52 | 197.08 | 199.61 | 201.23 | 190.13 | 194.96 | 196.58 | 197.45
20yrs| U 8.8 9.0 106 | 810 | 838 | 905 | 96,5 | 451.0 | 510.0 | 541.2 | 568.1
ARR [16.859%416.758%416.7469416.004%4 6.235% | 6.020% | 5.998% | 5.795% | 1.774%|1.632%|1.561%| 1.503%
Strategy [ (4, 3, 3)[(2, 3,3)((3,3,3)((4,3,4)[(4,3,3)[(4,3,4)((4,3,5(4,1,1)|(4,3,3)[(4,3,4)|(4,3,5)|(4,1, 1)
NT | Gains | 950.76 | 952.79 | 951.18 | 982.37 | 950.17 | 981.96 | 993.69 |1000.55| 954.26 | 984.24 | 994.83 | 1001.15
100yrs| U 8.8 9.0 106 | 804 | 887 | 904 | 965 | 471.0 | 540.0 | 571.0 | 626.0
ARR |4.804% |4.782%|4.781%| 4.644% | 2.584% | 2.522% | 2.515% | 2.461% | 1.113%|1.043%|1.014%| 0.960%
Strategy [ (4, 3, 3)((4, 1, 1)|(4,3,5)|(4,3,4)((4,3,3)|(4,1,1)|(4,3,5)|(4,3,4)|(4, 1, 1)|(4, 3,5)|(4, 3, 4)|(4, 3, 3)
LT | Gains | 49.80 | 49.81 | 49.81 | 49.81 | 49.40 | 49.41 | 49.41 | 49.41 | 49.30 | 49.30 | 49.30 | 49.27
Syrs Uo 59 6.0 63.3 63.5 293.0
ARR [56.722%56.118%56.118%456.118%412.2309412.200%412.200%412.200%4 3.159% | 3.159%|3.159% | 3.158%
Strategy [ (4, 3,3)[(2,3,3)((4,1,1)|(4,3,5)|(4,1,1)[(4,3,5)|(4,3,4)(4,3,3)|(4,1, 1)|(4,3,5)|(4,3,4)|(4,3,3)
LT | Gains | 199.78 | 200.95 | 199.81 | 199.81 | 200.62 | 200.62 | 200.62 | 200.59 | 200.23 | 200.23 | 200.23 | 200.21
20yrs| U 6.1 6.0 6.0 67.4 67.5 370.7 370.8
ARR  [19.343%019.319%419.315%419.315% 7.143% | 7.143% | 7.143% | 7.142% | 2.183%|2.183%|2.183%| 2.182%
Strategy [ (4, 3,3)[(4,1,1)|(4,3,5)|(4,3,4)[(4,1,1)[(4,3,5)|(4,3,4(4,3,3) (4,1, 1)|(43,5)|(4,3,4)|(4,3,3)
LT | Gains | 999.32 | 999.49 | 999.49 | 999.49 |1000.41|1000.41|1000.41|1000.24|1001.64{1001.64/1001.64| 1001.45
100yrs| U 6.0 6.0 67.4 67.5 378.9
ARR [5.256% |5.251%|5.251%5.251% | 2.801% | 2.801% | 2.801% | 2.800% [1.301%|1.301%|1.301%| 1.301%

tied with (3, 3, 4)
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6. Conclusions

In this paper we apply the traditional/modified credibility methods and deductible/policy limit to the
discrete time surplus process (single business line) for aternative premium schemes compared with
constant premium. We mentioned in section 3 that strategy (4, 1, 1) (that is, cred3 method only) is better
at reducing the ruin probability of strategy (1, 1, 1) than strategies (2, 1, 1) and (3, 1, 1). When
deductible and/or policy limit are/isimposed, strategy (4, 4, 3) can further reduce the ruin probability
significantly for most risk attributes. In section 4, we state that strategies with deductible imposed (that
is, (i, j, K) for ] = 2, 4) yield smaller gains than those without deductible imposed (that is, (i, 1, 1) and (i,
3, k)). Moreover, strategy (4, 3, 3) is overall the best based on an index measure. The overall good
performance of strategy (4, 3, 3) isalso verified by the ARR measure in section 5.

Table 11 gives the average ruins, Ug( @ = 10%) and associated ranks for strategies (1, 1, 1), (4, 1, 1),
(4,4, 3) and (4, 3, 3). Theoriginal strategy (1, 1, 1) gets very bad ranks for all risks, and strategy (4, 1, 1)
can improve some but not much for HT, NT/LF/HS (5 years), LT/HS/LSand LT (5 years) risks. For all
MF/MS and LF/HS risks, strategy (4, 4, 3) ranks the best for amost all cases; while for HT/HF/LS and
NT/HF/LSrisks, strategy (4, 3, 3) isthe top one except in one case. However, from the viewpoint of
maximizing gains, strategies (1, 1, 1) and (4, 1, 1) are much better than (4, 4, 3) and (4, 3, 3). Strategy (4,
4, 3) ranks best for minimizing the initial surplus or the ruin probability for almost all cases but does
poorly with the index and the ARR measure. Strategy (1, 1, 1) got very bad rankings for producing small
ruin probability for al risks but is the best in some cases. See Table 12 for more details. To consider
maximization of gain and minimization of ruin probability (or initial surplus), we introduce an index and

an ARR measure in sections 4 and 5, respectively. Table 13 illustrates Indices, ARRs (« = 10%) and

associated ranks for these four strategies. Strategy (1, 1, 1) cannot get good rankings because it tends to
produce relatively high ruin probabilities. Strategy (4, 1, 1) reaches better ranksfor NT and LT risks.
Strategy (4, 4, 3) ranks in the top four for only few cases due to its small gainsfor all cases. Finally,
strategy (4, 3, 3) catchesthe first place for aimost all cases because it does relatively well on average
gains and average ruin probabilities (or initial surpluses).

The schemes we have proposed can be applied by property and casualty insurersin avariety of
business lines with individual claims following specific loss distributions. The insurer first identifies the
risk attributes of the nine combinations of tail types, frequency and severity that best corresponds to its
line of business; then decides which strategy should be adopted based on the maximization of gain, the
minimization of ruin probability or both. The resulting surplus process should help the insurer achieve

its long-term goals.
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Table 11: Average ruins, Uy (a = 10%) and associated ranks for four strategies

Yearsand Tail | High Frequency / Low Severity | Mid Freguency / Mid Severity | Low Frequency / High Severity

Strategy  [(L L 1)[(4, 1, )[(4 4,3)[(4,3.3)[(L. 1, D[4 1, 1[4, 4, 3)[(4. 3, 3)[(1, 1, 1)|(4 1, 1)[(4, 4, 3)[(4, 3, 3)
Avg ruin | 26.30%|24.92% | 11.18% | 10.15% | 21.53% | 20.37%| 9.05% |10.46%| 7.22% | 6.56% | 2.85% | 3.65%
HT |andrank | 28 | 25 4 1 40 34 1 4 420 | 36 1 5
5yrs Upfor 1094 30.0 | 268 | 101 | 94 | 167.0 | 1460 | 666 | 729 | 5450 | 509.0 | 306.1 | 346.0
andrank | 34 | 25 4 1 40 34 1 4 420 | 38 3 4
Avg ruin [29.78%] 26.40% | 11.23% | 10.15% | 37.25% | 32.86% | 12.35% | 12.99% | 16.93%| 14.62%| 6.22% | 7.57%
HT |andrank [ 28 | 25 4 1 29 25 1 2 39 | 28 1 2
20yrs|Uyfor 109 37.6 | 280 | 104 | 94 | 307.8 | 2130 | 76.7 | 80.1 |1133.0| 8820 | 429.0 | 4695
andrank [ 37 | 25 4 1 37 25 1 2 0 | 27 1 2
Avg ruin [29.88%] 26.40% | 11.23%| 10.15% | 45.97% | 36.75%| 12.55% | 13.00% | 34.39%| 26.20%| 8.92% | 9.04%
HT |andrank [ 28 | 25 4 1 33 25 1 2 36 | 18 1 2
100yrsUo for 109 381 | 280 | 10.1 | 94 | 4520 | 2326 | 769 | 80.6 |2429.0| 1494 | 509.1 | 491.0
andrank [ 37 | 25 4 1 37 24 1 2 20 | 23 2 1
Avg ruin [15.29%] 12.15% | 10.54%] 9.67% | 15.60%[13.51%)] 9.17% | 11.28%] 5.16% | 4.50% | 2.44% | 3.56%
NT |andrank [ 35 14 4 1 40 30 1 5 420 | 35 1 1
5yrs Upfor 1094 153 | 112 | 96 | 88 | 1123 | 864 | 642 | 729 | 4780 | 401.0 | 290.3 | 333.6
andrank | 40 16 4 1 40 29 1 4 20 | 32 1 7
Avg ruin [16.42%]| 12.17% | 10.61%)| 9.67% |25.09% | 16.75%| 11.96% | 13.60% | 13.47%]| 9.58% | 5.70% | 7.46%
NT |andrank [ 35 13 4 1 39 1 1 2 38 | 13 1 2
20yrs|Uofor109 159 | 112 | 88 | 97 | 1696 | 965 | 722 | 810 | 887.0 | 568.1 | 4114 | 451.0
andrank | 36 16 1 4 40 12 1 2 420 | 13 1 2
Avg ruin [16.42%]| 12.17% | 10.61%)| 9.67% |30.27% | 16.76%| 12.05% | 13.60% | 27.88%| 11.70%| 7.35% | 8.54%
NT |andrank [ 35 13 4 1 34 10 1 2 34 | 10 1 2
100yrgUo for 1094 159 | 112 | 9.7 | 88 | 2101 | 965 | 722 | 80.4 |1703.0| 6260 | 452.1 | 471.0
andrank | 36 14 4 1 40 11 1 2 40 8 1 2
Avgrruin | 8.33% | 6.28% | 5.63% | 6.21% [10.81%| 8.98% | 6.21% | 8.97% | 3.30% | 2.74% | 1.42% | 2.74%
LT |andrank | 38 | 22 2 19 38 22 1 21 | 37 | 25 2 25
5yrs U,for109d 7.8 | 60 | 56 | 59 | 822 | 635 | 50.3 | 63.3 | 350.0 | 293.0 | 226.2 | 293.0
andrank | 37 | 20 7 19 37 20 1 19 | 37 | 23 1 23
Avg ruin | 8.62% | 6.28% | 5.63% | 6.21% |17.80% | 10.32%)| 7.30% |10.32%| 9.71% | 5.53% | 3.24% | 5.52%
LT |andrank | 38 | 22 2 19 38 7 1 10 | 3 | 10 1 9
20yrs|U,for109% 80 | 60 | 56 | 60 | 1263 | 674 | 530 | 675 | 6818 | 370.7 | 290.0 | 370.8
andrank [ 37 | 20 7 19 37 9 2 12 | 37 7 1 10
Avg ruin | 8.62% | 6.28% | 5.63% | 6.21% |20.17%10.32%)| 7.30% |10.32%20.12%]| 6.16% | 3.79% | 6.14%
LT |andrank | 38 | 22 2 19 38 7 1 7 33 8 1 7
100yrgUofor 10 80 | 60 | 56 | 60 | 141.0 | 674 | 530 | 675 |1177.0| 3789 | 3053 | 3789
andrank [ 38 | 20 7 19 37 9 2 12 | 37 7 1 7
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Table 12: Average gains and associated ranks for four strategies

Years and Tail High Frequency / Low Severity | Mid Frequency / Mid Severity | Low Frequency / High Severity
Strategy (1,1, 1[4 1, D[4 43[4 3311, 1[4 1,10][@4 42343, 3] 11|41 1|A4 4 3)4 3 3)
HT | Avggain| 50.78 | 50.39 | 29.02 | 42.14 | 49.31 | 48.83 | 28.18 | 41.55 | 29.33 | 34.06 | 23.23 | 37.39
5yrs | andrank 1 4 40 16 1 2 39 15 19 10 29 7
HT | Avggain | 200.99 | 200.12 | 115.22 | 168.02 | 198.34 | 200.30 | 115.56 | 168.57 | 198.88 | 197.88 | 107.80 | 163.22
20yrs | and rank 1 2 38 14 4 3 40 16 3 4 39 19
HT | Avggain |1007.08/1002.95| 575.31 | 840.29 | 991.77 | 997.75 | 575.63 | 840.92 |11109.33|1051.44| 580.69 | 844.81
100 yrs | and rank 1 2 38 14 4 3 39 15 1 3 40 23
NT | Avggain| 49.56 | 50.11 | 33.24 | 4752 | 49.62 | 49.30 | 32.99 | 46.97 | 50.95 | 50.48 | 35.04 | 48.21
5yrs | andrank 7 3 39 15 1 3 38 14 3 9 40 14
NT | Avggain | 199.10 | 199.75 | 132.88 | 189.69 | 201.67 | 201.23 | 133.78 | 190.52 | 197.19 | 197.45 | 134.46 | 190.13
20yrs | and rank 5 3 39 15 3 4 39 14 5 3 38 14
NT | Avggain |1004.73|1000.83| 667.60 | 950.76 | 1002.82|1000.55| 667.00 | 950.17 |1005.89|1001.15| 671.36 | 954.26
100 yrs | and rank 1 4 40 16 2 4 39 14 3 5 38 16
LT Avggain | 49.51 | 49.81 | 33.56 | 49.80 | 4855 | 49.41 | 33.29 | 49.40 | 47.38 | 49.30 | 33.61 | 49.27
5yrs | andrank 13 9 38 12 14 9 38 12 5 1 34 4
LT Avggain | 199.30 | 199.81 | 134.99 | 199.78 | 194.21 | 200.62 | 135.20 | 200.59 | 192.41 | 200.23 | 135.04 | 200.21
20yrs | and rank 13 9 38 12 14 5 38 8 13 1 34 4
LT Avg gain |{1001.63| 999.49 | 675.57 | 999.32 | 987.60 {1000.41| 675.41 |1000.24|1014.90|1001.64| 678.08 [1001.45
100 yrs | and rank 1 13 40 16 14 9 38 12 5 13 40 16

Table 13: Indices, ARR (o = 10%) and associated ranks for four strategies

Years and Tall High Frequency / Low Severity | Mid Frequency / Mid Severity | Low Frequency / High Severity
Strategy 1,1,1)(4,1,1)((4,4,3)[(4,3,3)/(1,1,1)(4,1,1) | (4,4,3)|(4,3,3) |(1, 1, 1)|(4, 1, 1)|(4, 4, 3)|(4, 3,3)
Index 0.3859 | 0.4042 | 0.5189 | 0.8298 | 0.4203| 0.4400 | 0.5714 | 0.7290 | 0.2911 | 0.3721 | 0.5841 | 0.7341
HT | andrank 28 25 13 1 27 23 10 1 30 22 9 1
5yrs |APPfor 10%21.903%423.562%431.106%440.539945.310%| 5.940% | 7.311% | 9.440% [ 1.054%|1.304%|1.474%|2.073%
and rank 28 27 13 1 28 22 10 1 26 22 15 1
Index 0.3408 | 0.3828 | 0.5182 | 0.8360 |0.3233| 0.3701 | 0.5681 | 0.7879 | 0.3419| 0.3939 | 0.5044 | 0.6276
HT | andrank 28 22 13 1 25 21 5 1 24 14 3 1
20 yrs|APPfor 1094 9.679% (11.058%413.419%415.823%42.518%| 3.370% | 4.702% | 5.828% [ 0.812%|1.017%|1.127%|1.503%
and rank 28 25 12 1 34 22 8 1 31 19 10 1
Index 0.3397 | 0.3829 | 0.5163 | 0.8344 |0.2707 | 0.3406 | 0.5754 | 0.8115 | 0.2594 | 0.3227 | 0.5235 | 0.7514
HT | andrank 28 22 13 1 23 19 4 1 20 13 4 1
100 yrsAPP for 10%9 3.367% | 3.672% | 4.143% | 4.607% |1.168%| 1.680% | 2.161% | 2.466% |0.377%|0.534%|0.764%|1.006%
and rank 28 25 12 1 36 21 6 1 35 16 7 1
NT Index 0.6246 | 0.7946 | 0.6077 | 0.9468 |0.5878| 0.6743 | 0.6647 | 0.7695 | 0.4707 | 0.5348 | 0.6846 | 0.6457
5yrs | andrank 17 10 20 1 25 10 1 1 36 20 1 4
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APP for 109433.495%/40.495%434.8729444.955%] 7.593%] 9.449% | 8.646% |10.455%)| 2.046% | 2.400%] 2.305%)| 2.737%
andrank | 28 12 21 1 34 10 13 1 3 | 12 16 1
Index | 0.5842 | 0.7908 | 0.6034 | 0.9450 |0.4762| 0.7118 | 0.6627 | 0.8299 | 0.4217 | 0.5937 | 0.6796 | 0.7342
NT | andrank | 25 10 18 1 23 4 5 1 24 5 2 1
20 yrs|APP for 109413.9119415.8119414.395%16.859%3.995%) 5.795% | 5.381% | 6.235% | 1.009%| 1.503%]| 1.424%] 1.774%
andrank | 28 10 18 1 34 4 6 1 34 4 5 1
Index | 0.5889 | 0.7915 | 0.6056 | 0.9463 [0.3963| 0.7142 | 0.6622 | 0.8358 | 0.2595 | 0.6154 | 0.6570 | 0.8037
NT | andrank | 22 10 17 1 27 4 5 1 24 5 4 1
100 yrdAPP for 1094 4.250% | 4.607% | 4.337% | 4.804% |1.769%| 2.461% | 2.353% | 2.584% | 0.465%|0.960%]0.914%] 1.113%
andrank | 28 10 18 1 34 4 6 1 34 4 6 1
Index | 0.6671 ] 0.8902 ] 0.6690 [ 0.9001 [0.5631] 0.6900 | 0.6723 | 0.6907 | 0.4107 | 0.5146 [ 0.6770 | 0.5143
LT | andrank | 30 4 27 1 33 2 10 1 37 | 19 2 22
5yrs |APP for 10949.0129456.118%447.500%456.722949.726%[12.200%]10.693%|12.230%]| 2.572%] 3.159%| 2.810%| 3.158%
andrank | 25 2 31 1 32 2 26 1 25 1 15 4
Index | 0.6454 | 0.8881 | 0.6693 | 0.8980 |0.3963| 0.7061 | 0.6727 | 0.7060 | 0.3206 | 0.5859 | 0.6744 | 0.5869
LT | andrank | 32 4 26 1 32 1 9 4 27 8 2 7
20 yrs|APP for 109417.673%19.315%417.4779419.343%{4.766%] 7.143% | 6.541% | 7.142% | 1.251%] 2.183%] 1.930%) 2.182%
andrank | 25 3 31 1 32 1 10 4 31 1 10 4
Index | 0.6508 | 0.8914 | 0.6721 | 0.9013 [0.3534| 0.6997 | 0.6679 | 0.6996 | 0.1834 | 0.5911 | 0.6504 | 0.5929
LT | andrank | 32 4 26 1 26 1 9 4 21 8 2 7
100 yrAPP for 104 4.957% | 5.251% | 4.916%| 5.256% |2.102%] 2.801% | 2.656% | 2.800% |0.624%] 1.301%]| 1.177%)| 1.301%
andrank | 26 2 30 1 32 1 10 4 25 1 9 4
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