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Abstract

In this paper we present a model for pricing credit risk protec-
tion for a limited liability non-life insurance company. The protection
is typically provided by a guaranty fund. In the case of continuous
monitoring, i.e., where the market values of the company’s assets and
liabilities are continuously observable, and where the market values
of assets and liabilities follow continuous processes, the regulators can
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liquidate the insurance company at the instant the market value of its
assets equals the market value of its liabilities, making the protection
worthless. When jumps are included in the claims process, the pro-
tection provided by the guaranty fund has a strictly positive market
value. We argue that the ability to continuously monitor the equity
value of a company can be a new explanation for why jump processes
may be important in the study of credit risk.

Keywords: credit risk for non-life insurers, guarantee fund, continuous mon-
itoring, barrier options.

1 Introduction

This paper deals with credit risk. We propose a framework for valuing and
analyzing the credit protection provided by a guaranty fund. Our main focus
is on a limited liability non-life insurance company, although our approach is
applicable to all limited liability corporations. We demonstrate that under
our definition of bankruptcy the seminal Merton (1974) bankruptcy model
breaks down if we assume that the market value processes for the assets
and liabilities of the company are continuously observable. Continuously
observable asset price processes are parts of the standard set-up in the con-
tinuous time finance model of Merton (1974), where the arbitrage argument
depends on the possibility to continuously in time (i.e., at any time!) rebal-
ance portfolios in order to replicate payoffs of contingent claims.

Supervision or regulation of the insurance industry is common in most,
if not all, countries. It is considered desirable for a society to be able to
trust its insurance industry. Regulation is imposed in order to to avoid
hazardous management which again may lead to unwanted defaults. In
most industrialized countries insurance policyholders are protected through
a guaranty fund from losses in the case of insurance company insolvencies.
The exact implementaton of such funds seems to vary from one country
to another, e.g., in the USA the insurance industry itself, rather than the
government, is the ultimate guarantor.

Cummins (1988) analyzes guaranty funds. The analysis is based on the
seminal Merton (1974) model, which includes a fixed time horizon - inter-
preted by Cummins as the time when the guaranty fund audits the insurer.
A guaranty fund typically audits the insurance companies at given points
in time, for instance once a year. A possible bankruptcy is both detected
and declared after an audit has taken place. Furthermore, Cummins (1988)
argues that because of the physical characteristics of insurance risks, it is
natural to include jumps in a realistic model of the claims against the insur-
ance company. The use of risk based premiums for the bankruptcy protec-
tion from the guaranty fund is strongly advocated in his paper. Charging
the insurers “correct” premiums is important because different insurers rep-
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resent different risks. Not differentiating among the level of risk can lead to
moral hazard and unwanted economic behavior through unreasonable risk
taking.

Instead of only letting the guaranty fund audit the insurer at a fixed
point in time, we allow the guaranty fund to declare the insurer bankrupt
the first time the market value of the assets are less than the market value of
the liabilities. This is a natural definition of bankruptcy in our setting. For
a general, non regulated company, our definition of bankruptcy is consistent
with the use of bond covenants, i.e., the bond holders of a company have
the right to declare the company default under certain conditions, the typ-
ical example is that the value of the company is below some threshold, see
e.g., Black and Cox (1976). Similarly, a guarantee fund also represents the
liability owners of the company. The alternative to let the liability owners
determine default is to let the equityowners determine the default of the
company. We do not consider this alternative realistic in the case of the
insurance industry.

As Cummins (1988) we also use jump-diffusion processes to model the
value of the insurer’s assets and liabilities, but our starting point is somewhat
different from Cummins’ in that we use the EBIT approach of Goldstein,
Ju, and Leland (2001). By the EBIT approach the market value of the
liabilities is calculated as the market value of all future discounted claims,
and the market value of the assets is the market value of all future discounted
premium income.

If there are no jumps in the price processes for the assets or the liabilities,
our proposed monitoring mechanism completely eliminates the credit risk.
Cummins’ argument for including jumps is that jumps represent natural
characteristics of insurance risk. The results of this paper therefore provide
an additional argument for why it is important to include jumps in models
of credit risk.

In potential applications of our model the main argument against contin-
uous monitoring may be the cost of frequent audits. However, abstracting
from jump risk, we show that the value of the equity of the insurer, which
normally is a convex function of the value of the company, becomes linear
under continuous monitoring. Thus, the value of the equity is simply the dif-
ference between the market value of the assets and the liabilities. Auditing
a stock-listed insurer is therefore unnecessary. Financial analysts audit the
insurer for free, and the guaranty fund only has to monitor the value of the
insurer’s equity, a quantity that can be observed on any Reuter screen. In
the case of jump risk we show that increasing monitoring frequency severely
reduces the cost of bankruptcy protection, although this cost is not com-
pletely eliminated as in the case without jumps.

The paper is organized as follows: In section 2 we present an EBIT based
model of the insurance company. In section 3 we analyze the special case of
our economic model without jumps. The analysis is extended in section 4
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to also include jumps in the claims process. Section 5 concludes the paper.

2 A Model of a Property-Liability Insurer

We consider an insurance company whose only liabilities are the potential
insurance claims to its policyholders. We further take as given an equiv-
alent martingale measure Q where the discounted price processes for the
company’s assets and liabilities are martingales. The risk free interest is
denoted r and is assumed to be a constant.

Let xs be the rate of new claims filed against the insurer at time s > t,
t represents a fixed, initial point in time. Under the measure Q xs is given
by

xs = xte
(µx−γm− 1

2
||σx||2)(s−t)+σxWs

Ns∏
i=1

Yi. (1)

Here Ns is a Poisson process with constant intensity γ, Ws a two-dimensional
vector of independent, standard Brownian motions, µx is a drift parameter,
σx = (σ11, σ12), where the σij ’s are constants, is the volatility vector of the
continuous part of the process. Here the Yi’s represent a sequence of jump
magnitudes and are independent and identically distributed. In addition,
the Yi’s are independent of Ws and Ns, and Ws and Ns are independent.
In particular we assume that ln(Yi) ∼ N (a, b2). Also, m = E[Yi] − 1 =
ea+ 1

2
b2−1. Every time a jump occurs, the level of xt is permanently changed.

Observe that E[
∏Ns

i=1 Yi|Ft] = eγm(s−t), so E[xs|Ft] = xte
µx(s−t). The

initial values Wt = Nt = 0. Finally, Ft is a filtration, interpretable as the
information available at time t, and the notation ||·|| represents the standard
Euclidean norm.

The time t market value of the stream of claims is calculated as the
expected discounted value under the equivalent martingale measure Q, i.e.,

Lt = E

[∫ ∞

t
e−r(s−t)xsds|Ft

]
=

xt

r − µx
, (2)

where by assumption µ < r. Expression (2) is some places known as Gor-
don’s formula.

At the future fixed time T > t the random value of the liabilities is given
by

LT = Lte
(µx−γm− 1

2
||σx||2)(T−t)+σxWT

NT∏
i=1

Yi,

where Lt is given by (2).
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In a similar manner, we let the rate of premium income at time t be
given by

ps = pte
(µp− 1

2
||σp||2)(s−t)+σpWs , (3)

where µp is a constant and σp = (σ21, σ22), with constant σij .
The time t market value of the future stream of premium income is the

insurer’s assets and is given by

At = E

[∫ ∞

t
e−r(s−t)psds|Ft

]
=

pt

r − µp
. (4)

At the future time T > t the random value of the assets is

AT = Ate
(µp− 1

2
||σp||2)(T−t)+σ>p WT .

Note that both future asset and liability values have similar probability
distributions as in the model in Cummins (1988).

3 The Diffusion Case

In this section we assume that Yi = 1 for all i (equivalently that a = b =
0, so m = 0), i.e., there is no jump risk in the model and it is therefore
equivalent to a pure diffusion model where the processes for the value of
both assets and liabilities have continuous sample paths.

3.1 Audit only at time T

In the model in Cummins (1988) a guaranty fund will evaluate the insurer
at some future point in time T , and if the insurer is insolvent, i.e., AT < LT ,
the insurance company is dissolved and the policyholders are compensated
for their claims against the insurer. The shortage of funds, i.e., LT − AT

is supplied by the guaranty fund. Thus, the payment at time T by the
guaranty fund is

πT = max(LT −AT , 0). (5)

Since both the assets and the liabilities follow stochastic processes, the con-
tingent cashflow in (5) can be interpreted as an exchange option and has
time t market value (see e.g., Fischer (1978) and Margrabe (1978))1

πt = Lte
(µx−r)(T−t)Φ(d1)−Ate

(µp−r)(T−t)Φ(d2),

where Φ(·) is the standard normal distribution function,

d1 =
ln(Lt

At
) + (µx − µp + 1

2 ||σx − σp||2)(T − t)

||σx − σp||
√

T − t
,

1Note that this is a slight extension of the Fischer (1978) and Margrabe (1978) formula
in that both the assets and the liabilities have a drift rate different from the risk free rate.
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and

d2 = d1 − ||σx − σp||
√

T − t.

The guaranty fund covers the policyholders’ economic losses in case the
insurer is declared bankrupt at time T , but is not in a position where it
can take any actions against the insurer to limit its losses if the insurer’s
financial situation becomes difficult prior to time T . Action can only be
taken at time T . A possible real world explanation for this model may be
that the values of the assets and liabilities may not be readily available in
real life. Detailed information about these values is only available after a
closer revision of the insurer. This explanation may seem somewhat extreme,
but is not necessarily unrealistic. However, it contradicts the assumption of
continuous observable price processes inherent in the Merton model (which
is implicitly used here).

3.2 Continuous auditing

Consider now the opposite extreme case, i.e., continuous monitoring. If
the values of the assets and liabilities are more easily available, continuous
monitoring can be performed. We suppose this is the case and that the
insurer will be liquidated the first time As ≤ Ls, s ∈ (t, T ]. We also assume
that the policyholders’ claims have higher priority than the equity at the
time of bankruptcy. Define τ as

τ = inf
s∈(t,T ]

(
Ls

As
≥ 1),

i.e., τ is the time the insurer is insolvent and therefore will be declared
bankrupt. The cashflow from the guaranty fund is now

πτ = max(Lτ −Aτ , 0)1τ≤T .

Note that this casflow is identical to the cashflow from a barrier exchange
option. The first time Ls hits As from below, the option expires immedi-
ately. Thus, the guaranty fund has issued a barrier exchange option expiring
at whatever comes first of the random stopping time τ or T . Because the op-
tion matures the first time Ls = As, it must always be the case that πτ = 0,
and the option issued by the guaranty fund must therefore be worthless.2

Thus, by invoking continuous monitoring of the insurance company’s bal-
ance sheet and liquidating the insurer the first time his assets and liabilities
have the same market value, the guaranty fund will never have to pay money
in case the insurer is declared bankrupt. In the case of only time T auditing,

2For a discussion of this kind of barrier exchange options, see e.g., Lindset and Persson
(2006).
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the guaranty fund is a vehicle providing financial security for the policyhold-
ers. Under continuous monitoring the guaranty fund will never have to pay
money and has now changed its purpose into a vehicle for surveillance of an
insurance business with insolvency risk.

Cummins (1988) says that insurers are subject to a revision once a year
with more detailed revisions every three to five years. Revisions are costly
and are therefore not performed more frequently. However, we argue that in
the diffusion case this is not necessarily a problem for stock listed insurers.
To see this, let us take a closer look at an insurer’s equity.

The purpose of the guaranty fund is to protect the policyholders from the
credit risk of the insurer. In the case where the insurer has unlimited liability,
there is in principle no credit risk for the policyholders. The value of the
equity of the insurer at time s is then As−Ls. In practice most insurers have
limited liability. In this case the guaranty fund pays πT = LT −AT in case of
bankruptcy and zero otherwise. This guaranty is a state contingent claim for
the insurer, and the value at time t < T , πt, increases the value of the equity
by the same amount, compared to the case with unlimited liability. When
the guaranty fund instead uses continuous monitoring, we saw above that
πs = 0, thus, even though the insurer may have limited liability, the value of
the equity is the same as when he has unlimited liability, i.e., Es = As−Ls.
Publicly traded companies are subject to “continuous” scrutiny by investors
and financial analysts afraid of loosing their money and that are looking
for new investment opportunities. The guaranty fund does therefore only
have to look to the financial market and see how they value the shares of
the insurer. If the value gets low, this is evidence that Ls is approaching
As, and closer monitoring must therefore be implemented. Even though
the guaranty fund may use continuous monitoring, the financial market can
probably perform most of the monitoring, severely reducing the monitoring
costs for the guaranty fund and almost eliminating the costs from insolvency.

The difference between Cummins’ monitoring only at time T and our
proposed continuous monitoring has the same effect as including a covenant
in a debt contract, a feature frequently discussed in corporate finance. In
the model by Cummins (1988), the value of the guarantee provided by the
guaranty fund is convex in the difference Ls − As. From the discussion
above, it is clear that this also means that the value of the equity is convex
in this difference. By increasing the number of monitoring points, the value
of the equity becomes less convex, and in the limit (i.e., under continuous
monitoring), the value of the equity is linear in Ls−As. Thus, our proposed
monitoring scheme represents a “de-convexification” of the equity.

7



4 The General Case

4.1 Audit only at time T

Jump-diffusion models have been proposed in the finance literature as a
possible extension by Merton (1976) in the pricing of options and have
found some empirical support in Jorion (1988). The importance of jumps is
quite intuitive for a property-liability insurer; earthquakes, hurricanes, and
changes in judicial interpretations can all lead to sudden shifts in the value
of an insurer’s liabilities. Cummins (1988) therefore proposes to model the
market value of the liabilities by a jump-diffusion model.

As mentioned in section 2, we assume, for some constants a and b that
lnYi ∼ φ(a, b2), i.e., the jumps are lognormally distributed. Let n be a
counter which counts the number of jumps in the claims process. Following
the lines in Merton (1976), it can be shown that Πt, the initial market
value of the guarantee provided by the guaranty fund, is given by (a related
formula is derived in Lindset (2007), where a proof can be found)

Πt =
∞∑

n=0

e−γ(T−t) (γ(T − t))n

n!
πn

t , (6)

where

πn
t = Lte

(µx−r−γm)(T−t)+n ln(1+m)Φ(dn
1 )−Ate

(µp−r)(T−t)Φ(dn
2 ).

Here the functions dn
1 and dn

2 are defined as

dn
1 =

ln(Lt
At

) + (µx − µp − γm + 1
2σ2

n)(T − t) + n ln(1 + m)

σn

√
T − t

and

dn
2 = dn

1 − σn

√
T − t,

respectively. The volatility σn is defined as

σn =
√
||σx − σp||2 + nb2/(T − t).

Notice that the formula in (6) is close to a weighted sum of exchange
options in a diffusion model. The inclusion of the jumps has affected the
terminal distributions for the asset and the liability values, but the timing
of the jumps does not affect the cost for the guaranty fund. Much of the
generality that is gained by including the jumps could therefore have been
gained by adjusting the input parameters in the diffusion model, for instance
by using an “implied volatility approach”.
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4.2 Continuous auditing

When we allow for more frequent monitoring of the insurer, the inclusion
of jumps becomes very important. In the case with continuous monitoring
as analyzed above, we found the guaranty fund to have issued an exchange
option that is worthless and the value of the equity is simply the difference
between the value of the assets and the liabilities, i.e., the option element
of the equity is worthless. The insurer is declared bankrupt immediately
when the ratio Lt

At
hits one from below. Because the sample paths for the

stochastic process {At}t∈[0,T ] are discontinuous in a jump-diffusion model,
we have that P ({Lt−

At−
< 1} ∩ {Lt

At
> 1}) > 0. In words, the guaranty fund

can observe a solvent insurer and in an instant of time later observe that
the ratio between the value of the liabilities and the assets makes a jump
so that the insurer becomes insolvent. The associated cost for the guaranty
fund is Lt −At > 0, yielding a strictly positive value of the issued exchange
option.

Table 1 shows how the market value of the exchange option issued by
the guaranty fund varies when the continuous monitoring of the insurer is
approximated by different numbers of monitoring points.3 It is clear that
a high number of monitoring points is required for the value of the issued
guarantee to converge to zero, i.e., the value when the insurer is monitored
continuously in the diffusion model.4 Although the convergence rate is also
slow in the jump-diffusion model, we can clearly see that the value does not
converge to zero, demonstrating that even when the insurer is monitored
continuously the guarantee has positive value. No matter how the volatilities
and the initial values of the assets and the liabilities are changed in the
diffusion model, this result cannot be obtained since the value is always
zero.5 Explicitly modeling the jumps is therefore important in this case.

The market values of the guarantee provided by the guaranty fund re-
ported in Table 1 contain more information than the convergence rate to
continuous monitoring. They also show that less frequent monitoring re-
duces the market value of the guarantee. For instance, two monitoring
points a year reduces the market value of the guarantee to 0.463 and 0.707
for the diffusion and the jump-diffusion case, respectively. Auditing the in-
surer quarterly further reduces the market values to 0.408 and 0.614. If
the guaranty fund finds it difficult to rely on information from the financial

3The calculations are performed using Ox, see Doornik (1999).
4Faster convergence can be obtained if the insurer is declared insolvent the first time

Lt

At
= e−0.5826||σx−σp||

√
dt,

where dt is the time between each monitoring point (see e.g., Broadie, Glasserman, and
Kou (1997)).

5The uninteresting case where the insurer is insolvent at the begining of the period is
disregarded here.

9



Table 1: Time zero market values of the guaranty issued by the guaranty
fund in the diffusion and the jump-diffusion model. Parameter values are:
x0 = 10, σ11 = 0.2, σ12 = 0, µx = 0.05, p0 = 12, σ21 = 0.1, σ22 = 0.05,
γ = 1, a = −0.00125, b = 0.05, r = 0.1, µp = 0.05, and T = 1. Monte Carlo
simulations with 100,000 runs estimate the market values. The continuous
monitoring of the insurer is approximated with a finite number of monitoring
points, ranging from 100 to 105.

Monitoring 100 101 102 103 104 105

points
Diffusion 0.503 0.307 0.124 0.044 0.014 0.005
Model
Jump-diffusion 0.780 0.478 0.228 0.124 0.089 0.057
Model

market and they know the cost of revising an insurer, an optimal frequency
of audits can be estimated.

Although the focus in this paper has been on property-liability insurance,
the main idea in this paper, i.e., the benefits of more frequent monitoring,
has a much wider field of applications and implications. It is also common to
have guaranty funds protecting holders of life insurance policies. Much of the
same reasoning as we have done for the guaranty fund for property-liability
insurance also applies for the guaranty funds used in life insurance. This
is also true for deposit insurance used to protect customers from (savings)
bank default. Even banks themselves try to get a better understanding
of their loan customers. This basically requires two things; more frequent
monitoring of the customers and better ways to evaluate each customer at
each monitoring point. For a bank it is relatively easy to locate the least risky
borrowers and the most risky borrowers. The difficult part is to distinguish
between the different customers in the middle. The bank that has the best
system to also categorize these customers clearly has an edge when it comes
to setting competitive borrowing rates to the above average solid customers.
This requires both good and frequent monitoring.

5 Conclusions

In this paper we present a framework based on the EBIT approach and
Cummins (1988)’s jump-diffusion model for valuing the credit protection
provided by a guaranty fund. We show that if jumps are not included in
the model and the insurer can be monitored continuously, the credit risk
vanishes, clearly demonstrating the importance of including jumps. We ex-
plain in which sense more frequent monitoring represents de-convexification
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of the equity. Monitoring costs may be reduced by exploiting the monitoring
that already takes place for stock-listed companies in the financial market-
place. Most of the information needed by the guaranty fund is present in
the quoted stock price of the insurer.
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