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Abstract

Bayesian approach is applied to calculate the prediction error in chain ladder claim
reserving. The philosophy of Bayesian approach to prediction error isfirst introduced
and compared with Frequentist approach. All parameters in the model are then
estimated by Bayesian approach, where three types of prior distributions are used.
Posterior distribution could be standard student t-distribution and inverse Gamma
distribution under non-informative and conjugate prior distribution. Finally, theory is
illustrated by numerical examples. It concludes that prediction error by Bayesian

approach is much higher than that by Frequentist approach.

Keywords. Bayesian approach; Prediction error; Chain ladder; Reserving; Student t

distribution; Inverse Gamma distribution.
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1. INTRODUCTION

The prediction error of chain-ladder claim reserving has been widely studied in the last
twenty years. Based on three key assumptions, a close-form formulais derived in[1]. In
[2] a recursive formula solution is provided, however it gives different results to [1]
under the same three key assumptions. [3] and [4] present a nice picture of stochastic
claim reserving but the formula used to calculate prediction error is same as [1].
Recently [5] derives a close-form formula based on time-series model, which gives same
numerical results as[2]. The debate on which formula gives most accurate estimation of

prediction error attracts lots of interests [6]-[8].

The approach taken so far to derive prediction error is classified as Frequentist
approach in statistical point of view. Typically prediction error split into process error
and parameter error. The maximum likelihood estimation (MLE) is used to estimate all
parameters in the model and the process error is calculated based on these MLE
parameters. Then by assuming al MLE parameters are random variables, the parameter

error is considered by calculating the variance of MLE parameters around its true values.

Paralleling to Frequentist approach, Bayesian approach is another approach in
statistics. The debate between Frequentist and Bayesian has been lasting for two century
without clear outcome. However, in the context of prediction error for chain ladder
claims reserving there is little study on Bayesian approach. So Bayesian approach is

applied in this paper to prediction error.

There are different models and assumptions about stochastic reserving [3], [4].
However, Mack’s model is one of most widely used model. So this paper focus on this

model, but apparently the general theory could be applied to other models.

Bayesian approach is mentioned and studied in [3], [4], [8] and [9]. However, not all
parameters are analyzed in a Bayesian approach: for example, although the parameter o

[1] in Mack’s model is defined as unknown, it was aways assumed that thisis known [§]
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or use the MLE variance as a “plug-in” parameter [3], [4]. These approaches are termed
as a semi-Bayesian approach in this paper. 1n [9], although this parameter is included in

Bayesian analysis, it largely uses simulation techniques by the nature of paper.

The remainder of the paper proceeds as follows. Section 2 introduces the basic claim
reserving model and the Bayesian approach to prediction error. Section 3 illustrates
assumptions of the model. Section 4 calculates the prediction error under assumption of
Mack’s model. Section 5 estimates parameters in the model by Bayesian approach.
Numerical examples are presented in Section 6 and finally conclusion are made in
Section 7.

2. BAYESIAN APRROACH TO PREDICTION ERROR

Let X, ; be the random variables of accumulated claim amounts of the accident year
i (1<i<N)and development year j (1< j<N). By the end of N " year, the left-up

triangle of X;; have been observed, that is

Xl,l )(1'2 Xl,N
X2,1 X2,2 U X2,N—l
XN 1

which are denoted in lower case as al are observed and therefore fixed. The whole
observed triangle is denoted as x. The task of claims reserving is to project the ultimate

claim amounts based on this observation. In this paper it is assumed that the claim

amount of 1% year has fully developed and therefore X, (2<i<N) are considered the

ultimate claim amounts to be estimated.

Among various reserving methods, chain-ladder method is the most widely used.

Given x, the development factor f; isestimated by
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It is important to note that, at least from Bayesian point of view, given the observation x
(2.1) and (2.2) are deterministic in nature.

Having the estimated ultimate claim amount, it isimportant to know how accurate this
estimator is and what the prediction error is. One measure for this purpose is the mean
square error (MSE), which is used in this paper. For each individual year, MSE is
defined as

MSE, = E[(im Xy ) x} , (2.3)

and for aggregation of all years, MSE is defined as

where the summation starts from 2™ year because the ultimate claim amount of 1% year
has already been observed.

Because X, , isafixed number given x, (2.3) becomes

|

MSE, = E[()A(i’N Xy )
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If X isanun-biased estimate of X, , that is

i,N?
)A(LN‘X: E(Xi’N‘x)

which isthe case for chain ladder reserving method [1], MSE is further simplified as

MSE, = E[(Xi,N ~E(X))

x}=var(Xin‘x), (2.4)

If X\ is biased, (2.4) only gives a lower bound of MSE. An additional bias error is

necessary to calculate the total MSE [10]. Similarly, the minimum MSE for aggregate

ultimate claims amount is

MSE, = var(i Xy x} . (2.5)

A comparison with Frequentist approach is necessary at this stage. In the Frequentist
approach, MSE split into two parts, that is

MSE, :var(Xi'N‘x)+(E(XiYN‘x)—>A(i'N)2, (2.6)

which is exactly copied from [1] but denoted in current definition of symbol. Comparing

(2.4) with (2.6) plausibly indicates that Bayesian approach misses one term. However,
this is not the case because of the different meaning of var(Xin‘x) . In Frequentist
approach, var(Xin‘x) is actually the variance of X, conditiona on the MLE of all

parameters. So stringently it is better to express (2.6) in thisway

~

MSE, = var (X, ,|MLE parameters)+(E(Xi’N‘x)— %y )2.

By contrast, Bayesian approach includes all uncertainty in var(Xi’N‘x). The key to

Bayesian approach is to calculate the posterior distribution of all parameters, which

contain uncertainty of parameters, and therefore posterior distribution of ultimate claims
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amount.

3. MODEL ASSUMPTIONS

To proceed with this analysis, a particular model has to be chosen. The Mack’s model
is used in this paper, but the methodology can be applied to other models. The key

assumptions are

E (X ] Xigooo Xi ) = £X055

Xigreen Xin ts 1 X100 Xy, { areindependent; (31)
X X b { X X §

and var(xi,j+1 xi,l,...,xi'j)zafxi'j .

Mack’s model is claimed to be distribution free, that is, the results from Mack’s model

doesn’t depend on the assumption of the conditional distribution of X; ;. However to

make this model comparable to other models and make simulation possible, it was often

dightly changed to assume that X, ; is Normal distributed with mean f X;, and

variance o? X, [3], [8], that is

X

(Xigoe Xy )~ N(,X

1]

i j+l i,j’ajzxi,j)' (3.2

LetY,; =X, ,,,/X; , then this assumption is equivalent to

]
Yol (Xinn Xi ) = N(f1.07 /X))

Lower case y, ; isalsodefined as x, ,, /X ; if both x; ; and x,;,, are known.

i,j+1

Apparently Normal distribution is not the only assumption that can be made. Actualy,
it is also not a theoretically good one as Normal distribution could take negative value
while accumulative claims amount never could. However, as one of the ams of this

paper isto compare the analytical results with Frequentist approach, the same distribution
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assumption is made for consistency [3], [4], [8].
To simplify further denotation, these vectors are defined

f=(f,f.. fu)

and 6’

2 2 2
(0'1 O ,...,GN_l) .

4. CALCULATION OF PREDICTION ERROR

To calculate (2.4), the first step of Bayesian approach is to calculate the posterior
distribution of all parameters by

p(f,oz‘x)oc p(x|f,02)- p(f,cz) (4.2)
where p(f,¢?) is the joint prior distribution of f and ¢*, and p(f,sz‘x) is the joint

posterior distribution. p(x|f,6*) is determined by assumptions of model.  Using

independency in (3.1) and (3.2), this probability is

p(x|f,02)=

N
i=1

p(xi,l’ Xi 210w Xi Ncina f’cz)

=lﬁ[[p(xiyl f,cz)'ﬁl p(xi,j‘xiyl,xiyz,...,xi,j_l,f,oz)}
=2

i=1

]

N N [N-j+1
:{11[ p(xi,l f,c* ):| _2{ H p(Xm—‘Xiyj_l,Xiyj_z...,Xiyl,f,(r2 )}

i=1

. 2
ocﬁ Nﬁl 1 p{(xw?lxwl) ]
J

i2 | i \/Zz(afflxi'jfl) = 2(07 1% 1)



Bayesian Approach for Prediction Error in Chain-Ladder Claims Reserving

(Vi - fi)z

“Hﬂﬁ { <,/x.,>} ' “a

There are several options for the prior distribution, which will be discussed in details

in Section 5. However, to make analysis tractable one common assumption is made for

all these prior distributions: pair ( f;,07) isindependent to other pairs, i.e.

N-1

p(f.6?)=> p(f;.07). (4.3)

=

Note that non-informative prior used in [3], [4] and [8] sdtisfies this assumption.
Substitute (4.2) and (4.3) into (4.1), thereis

p(f.0%[x) <] | H f { (y(‘ /i))] p(f1.0) (44)

which shows that the joint posterior distribution can be factorized. This gives an
important conclusion that if the prior is believed to be independent, the joint posterior

distribution of pair (fj,ajz)‘x is also independent to others. And each pair has asimilar

formation as

So the analysis on (4.4) can be done individually on each component.

The second step of Bayesian approach is to calculate the marginal posterior

distribution p(fj‘x) and p(aﬂx). This could be calculated by integrating out the
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unwanted variables in the joint posterior distribution as
p(fi|x)=], p(t|o}.x)p(of[x)dor
=], p(f;.0f]x)do] (4.6)

and similarly
pofx)=[, " p(ef];.x) p(f|x)df,
Z.l.;wp(fj,ajz‘x)dfj. (4.7)

In cases where the integration in (4.6) and (4.7) cannot be analytically calculated,
numerical simulation techniques have to be used to calculate the posterior marginal
distribution. However, as will be shown in section 5, these two integrations are possible
for Mack’s model under some prior distributions, which leads to interesting standard
statistics distribution.

Having derived the marginal posterior distribution, the final step is to calculate the

variance in (2.4). In this paper, this is done in a recursive way. Because any pair

(fj,af)‘x is independent to another pair (fk,akz)‘x (i#k) , (fj,af)‘x is aso

] X (for

independent to Xi'm‘x if j=k. Using this independency, the mean of X

j>i)is

E(X

x)=E(f,X,;[x)=E(f|x)E(X,]x) (4.8)

i, j+1

and the second central moment is
x)= E{[( fjxi,j)2+afxi,j}

So thevariance of X, .,

E(x2

i,j+1

x| £ (17]x)E(x [x)+ E(oi]x)E(x, |x).

X IS
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x)

=E(7x)E(X7]x)+E(of|x)E( X, |x)-E*(F|x)E*(X,|%)

x)=E(X?

i,j+1

x)-E?(X

i,j+1

=var( f]x)E* (X, | x)+E(f7[x)var(X ;|x)+E(cF|x)E(X;|x). (4.9)

The value of E( fj‘x), var(fj‘x) and var(aﬂx) can be calculated from the posterior

distribution in (4.6) and (4.7). As for the first term X in the recursive formula,

N+
because thereis
Xinciaa| X =X nign s
themean of it is
E(Xinoia]X) = Xnoia (4.10)
and the variance is
var (X, s.a|x)=0. (4.12)

So by recursive formula (4.8), (4.9) and initial value (4.10), (4.11), MSE in (2.4) can be
calculated for any i .

A comparison with the results from MLE approach is very interesting. One difference

is the value of sz, which is due to the different philosophy between Frequentist and
Bayesian approach. In Frequentist approach, the MLE &jz Is used while in Bayesian
approach the mean of ajz x isused. As will be shown in Section 5, this difference

between MLE and mean is very large when there are few data available, such as in the

tail of reserving triangle.

Another isthat MSE of Bayesian approach is larger than that of Frequentist approach.
Because Frequentist approach always splits the total MSE into process error and

10
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parameter error, for comparison purpose (4.9) is artificially split into process component
and parameter component, denoted as varpm(xi,j‘x) and varpar(xiy j‘x), respectively,

that is
var (X ;|x) = var,, (X ;[ %)+ var,, (X [x) (4.12)
Substitute (4.12) into (4.9), (4.9) becomes
var, (X, jafx)+var, (X, ;%)
= var (1,[x) E?(X,|x)+ E(07]x)E (X, |x)+ B (£7]x)| var,, (X, [x) + var,., (X, %) |

(4.13)

If it is assumed that the process component follows the same recursive formula of process

risk asin Frequentist approach, thereis [2], [10]
var,, (X, ja|x) = B2 ( f,]x)var,, (X, |x)+ E(o7]x)E(X; ]x). (4.14)
Substituting (4.14) into (4.13) gives the recursive formulafor the parameter component
var,, (xiy j+1\x)
=var( f;|x)E?(X, j|x)+var( f|x)var,, (X, ;|x)+E(£7]x)var, (X, ]x). (4.15)
The equivalent recursive formula for Mack’s formulais [10]
var,, (X, a|x) = var(f[x)E? (X, |x) +E?(f|x)var, (X, ;]x),  (416)

which doesn’t have the term var(fj‘x)var(xi’j‘x) compared with (4.15). Murphy’s

formula[2], which is the recursive formula underlying BBMW’ s formula[5], is

var,,, (X, a|x) = var(f|x)E?(X | x) +E( f7]x)var,, (X |x), (4.17)

11
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which doesn’t havevar(fj‘x)varpm(xi‘ j‘x) compared with (4.15). So the parameter

component of Bayesian approach is always larger than parameter error of Frequentist
approach. However, because this separation of process component and parameter
component is artificial for Bayesian approach, the only conclusion that can be made is

that the total MSE of Bayesian approach is higher than that of Frequentist approach.
However, in case of var(fj‘x)« Ez(fj‘x) or var(Xi’j‘x)« EZ(Xi’j‘x), the difference

isvery small.

To calculate the variance of aggregate claim amount in (2.5), a new sequence of

random variables Z; are introduced to express the aggregate ultimate claim amount in

another way. Z; isdefined as

Z; =Xy ja;t D> X (4.18)

i=N-j+2

It is apparent that Z, isthe aggregate ultimate claim amount. Based on (3.2), it is shown
in Appendix A that

z

(XN—j+2,j ! XN—j+3,j ""XN,j ) ~N ( ijj + XN_j,j+1,JJ.ZZJ.) . (419)

j+1

Then the total risk can be calculated in the same way as individual year claims amount.

Because Z, = x,,,, Which isfixed, the mean and variance of Z, is
E(Z,]x)=x,,

and
Var(Zl|x):0.

The recursive formulaabout mean of Z;,, is

E(Z

x)z E(ijj + Xy

x) = E (%) E(Z;]x)+ Xy 1 (4.20)

j+1

12
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and about varianceis

var(Z

x)=E(Z;

j+1

x)-E*(Z,4]x)

=E(17x)E(Z?]x)+E(of|x)E(Z;]x)-E*(;|x)E*(Z)]x)

j+1

=var( f;|x)E?(Z,|x)+ E( f7|x)var(Z,|x)+ E(of|x)E(Z,]x), (4.21)

which is exactly same as the recursive formulafor individual year.

5. PARAMETER ESTIMATION

As shown in last section, each pair of parameter (f;,o7) can be calculated

individually and the posterior distribution in (4.5) takes a similar formation for different

j. To make denotation in further analysis more concise, the analysis in this section

focus on thisterm

p( f ,cyz‘x)oc(az)_w2 exp{— 2<1y2 ZKllxi (y, - f)z] p(f.0%). (5.1)

In this paper, f isaways assumed unknown, while o could be known or unknown.

5.1 Known o

This was aready done in [8]. But for completeness of the whole picture and make
comparison, thisis briefly analyzed in this section. In the case that o is known, (5.1) is
simplified to

1
20?2

p(f|x)ocexp{—

K

Sx(s-17 | o(1) 52
i=1

Onetypical non-informative prior distribution is

p(f)=1. (5.3)

13
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Note that actually (5.3) is not a distribution as the integration over f is infinite, which

gainsits name ‘improper’ prior distribution. By substituting (5.3) into (5.2), thereis

p(f|x)ocexp{— 2; iZ::xi(yi - f)z}

ocexp{—ziz(f _f“)z _IlXi]

where

fz_ZK:xiyi/_ZK:xi. (5.4)

So the posterior distribution of f isNormal distribution

f|x~N(]€,0'2 ixi], (5.5)

i=1
and themeanis
E(f|x)=f (5.6)

and the varianceis
var(f|x)=0" ZK:xi (5.7)
i=1

If thereis prior knowledge of f , it isuseful to use informative prior distribution. One

common option is the Normal distribution, i.e.

f oY
p( f ) - \/% ap{_%} (5.8)

where g, is the prior knowledge of f and o indicates confidence about the prior

knowledge; larger means lower confidence. By this prior, the posterior distribution in
(5.2) becomes

14
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< 1

p(f|X)ocexp{—2i2 in(yi - f)z_zo_g(f _1”0)2}

i=1

B A~ 2

f K
BN Pl
)

O a1

+Ho

2

ex 9 4 %
ocp[ -
2
O

which shows that posterior distribution is Normal distribution

1? K
KLY
flx~N EAE 1
1& 171& 1
*ZZ t Z t
=1 o =1 0
5.2 Unknown o&?

When the parameter o is unknown, there are usually three types of prior distributions

depending on different philosophy view of prior distribution.

5.2.1 Classical Bayesian Prior

In Classical Bayesian approach, it always tries to use a prior distribution as ssimple as

possible and provide less information as possible. One option would be
p(f,o*z)oc]/az. (5.9

which is an improper prior distribution. Substitute this prior distribution into (5.1), the

joint posterior distribution becomes

p(1.07(x) < 07) “exp -

As shown in Appendix B, the marginal posterior distribution f is

1 & 2
= iZzl:xi(yi —f) } (5.10)

15
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2 K ~K/2
(f-1)2x
= 5.11
PN | (5.11)
where f isdefinedin (5.4) and
1 & ~\2
sZ:K—_liZ_I:xi(yi—f) , (5.12)

which is the MLE of variance o that widely used in [1]-[8] for Frequentist and semi-
Bayesian approach. The distribution shown in (5.11) is the standard t-distribution [10]

. K
with shift and scale, that is, ( f - ) / /sz/ > X has standard t-distribution with degree
i=1

of freedom K —1. So the posterior distribution of f isthe t-distribution

f|x~tKl(f,sz ixi]. (5.13)
i1
By feature of t-distribution, the mean of f is
E(f|x)=f (5.14)
and the variance is
var(f|x):£:::észj/izl;:xi. (5.15)

So var( f|x) isnot defined for K <3.

Similarly, Appendix C shows the marginal distribution of &2 is

20

p(o7]x) (o) exp{—w} (516

which indicates that o has inverse Gamma distribution with parameter (K —1)/2 and

16
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(K-1)s?/2, that is,
o’|x~ IG((K -1)/2,(K -1)s?/2).

So the mean of o2 is

E[o?|x] (K-9)s* (KD (5.17)

“2[(K-1)2-1] (K-3)

Similar to var(f|x),thisisnot defined for K <3.

5.2.2 Modern Bayesian Prior

In modern Bayesian approach, the philosophy is to choose a prior distribution that
give convenience for calculation. Typicaly the conjugate distribution will be used, that
is the distribution which makes prior and posterior belong to same distribution family.
For the likelihood formation as in (5.1), the conjugate distribution is the Normal-Inverse-
Gamma distribution, which is defined as

p(f.0%)=p(flo?)p(o) (5.18)
where o has inverse Gamma distribution
o’ ~1G(@,/2,03/2)
and f hasNormal distribution with variance related to o
flo® ~ N (to.0%/1)-

@,, o¢, U, and n, are al parameters that can be chosen based on prior knowledge. In

this prior distribution, f are no longer independent of &~.

By these prior distributions, the posterior distribution (5.1) becomes

17
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exp(—%(f _ﬂo)zJ

p( f ,O'Z‘X) oc (0'2 )_K/Z exp{— oo

1 & 2 1
X(f-vy.) |
20'22 '( yl)} N 2762

2

(o) " e -2

(o) el (1 St v | (519

i=1

As shown in Appendix D, the marginal distribution of f is

—(mK+l)/2
f - ) /(o2
p(f|x)oc[l+( ”K)/(GK/wK”K)] (5.20)
Wy
where
K
2% )
p =—2— o+ —L— 1, (5.21)
Mo +in Mo +in
i=1 i=1
K
M =M+ D X » (5.22)
i=1
o, =o,+K, (5.23)
R K
and of =0t +(K-1)s2+ B (f ) Yx,. (5.24)
Mk i=1

S0 (f — 1 )/\Jo? e, hasstandard t-distribution with degree of freedom a, , that is
f|X’“twK (/UK’GE/ZUKUK)1
which giving the mean
E(f|x):,uK (5.25)

18
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and the variance

2
Oy Wy Oy

var( f|x)= : = : 5.26
( |X) T Ty —2 (WK_Z)UK (>.26)

Similarly, the marginal posterior distribution of & is

2

p(o7]x)oe (o) " exp(— ;0) (527)

which is proved in Appendix E. (5.27) shows that o has inverse Gamma distribution

with parameter @, /2 and o7 /2, i.e.
62‘X~ |G(ZD'K/2,J,§/2).

Sothemeanis

E [az\ x] = . (5.28)

5.2.3 Subjective prior
The third option is to use any distribution that is * subjectively’ chosen based on prior

knowledge. One commonly used prior distribution is that f and o* are independent

while f hasnormal distribution and o hasinverse Gamma distribution, that is,
p(f.c®)=p(f)p(c?) (5.29)
where
f~N (,uo,eg)
and

o’ ~ IG(zUO/Z,O'g/Z).

19
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This prior is quite similar to conjugate prior distribution in (5.18) but f and o* are

independent. Substitute thisinto (5.1), the joint posterior distribution is

Ziz iZ::xi(f _yi)z]\/z%ggexp[—%J

~(w0/241) o
.(0-2) exp[— 2(;’2). (5.30)

p(f.07[x) e 07) ““exp -

So the marginal posterior distribution is

o(]x) = exp{—%}jj(az)(m%wz exp{_ 2; {ZK: K (f-y) +a§}d02

= exp{—( f _ﬂO)z

which doesn’t follow any standard distribution. And the marginal distribution of o
could be calculated in a similar way, which doesn’t follow any standard distribution

either. However, the mean and variance of f and o* can be calculated by numerical

technique based on marginal posterior distribution. This approach isn’t developed further
in this paper.

6. NUMERICAL EXAMPLE AND RESULTS

The data from Taylor and Ashe [12], which is in Table 1, is used to illustrate the

analytical results from previous sections. Four prior distributions are used; they are:

Prior 1: (5.3) with known variance o*equaling s* defined in (5.12) and last o° use
20
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Mack’ s suggestion [1];

Prior 2:

(5.9);

Prior 3: (5.18) with parameters 4, =0, 7, =0.001, @, =0.001 and &, =0.001.

Prior 4: (5.18) with parameter 1, =0, 7, = 0.001, @, =1.001 and o, = 0.001;

Prior 1 isthe prior used by [3], [4], [8] and served as benchmark in this example. Prior 2-

4 are the priors where o* is unknown. Prior 2 give least information about f ; and af,

which is often called non-informative. Prior 3 is amost non-informative for af, but do

give more information for f; compared with Prior 2 beccause the variance of it could be

very small when af issmall. Prior 4 has same implication for f; asPrior 3, but it gives

more information about ajz.

Table 1. Accumulative claimsamount triangle.

i |j=1 2 3 4 5 6 7 8 9 10
1 |3578481124788173533022182702745596|3319994:3466336(3606286,38335153901463
2 |35211812361392170033(33533223799067|14120063464 78674914039 5339085

3 |290507|1292306{2218525(32351793985995413291846289104909315

4 310608 14188582195047|3757447/4029929/4381982/4588268

5 1443160113635021283332897821/3402672 3873311

6 |13961321333217|2180715(2985752/3691712

7 144083212884632419861/3483130

8 |35948014211282864498

9 (3766861363294

10(344014

First, the mean and variance of parameter f;, and ajz are calculated. Equation (5.4),
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(5.14), (5.25) are used to calculate the mean of f,, which are listed in Table 2. As
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expected, the mean is very similar between different prior distributions.

Table2. Resultsof E( f;|x)

J Prior 1 Prior 2 Prior 3 Prior 4

1 3.4906065 3.4906065 3.4906055 3.4906055
2 1.7473326 1.7473326 1.7473325 1.7473325
3 1.4574128 1.4574128 1.4574127| 1.4574127|
4 1.1738517 1.1738517 1.1738516 1.1738516
5 1.1038235 1.1038235 1.1038235 1.1038235
6 1.0862694 1.0862694 1.0862693 1.0862693
7 1.0538744 1.0538744 1.0538743 1.0538743
8 1.0765552 1.0765552 1.0765551 1.0765551
9 1.0177247, 1.0177247| 1.0177245 1.0177245

The variance of f, is calculated by (5.7), (5.15) and (5.26), which are presented in

Table 3. In the case that var( fj‘x) is not defined, it is estimated by multiplying result of

Prior 1 with a constant factor. This factor is chosen as the ratio of estimator of this Prior

to estimator of Prior 1 at the nearest year where var( fj‘x) isdefined. So for Prior 2, the

factor is the ratio at year 6, which is 3. For Prior 3, it is the ratio at year 7, which is 2.
Table 3 shows that the difference between different prior distributions is quite large,

while Prior 4 gives very similar resultsto Prior 1.

And the mean of & iscalculated by (5.17) and (5.28). For Prior 1, it isan fixed value
calculated by (5.12). For Prior 2 and 3, if it is not defined then same approach is used as
for var( f, ‘ x) . All results are shown in Table 4, which indicates the difference between
prior distributionsis also quite large.
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Table 3. Results of var( fj‘x) .
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i Prior 1 Prior 2 Prior 3 Prior 4

1 0.04817026 0.06422701 0.05504437| 0.04816468
2 0.00368120  0.00515367| 0.00429406  0.00368071
3 0.00278879  0.00418318  0.00334590  0.00278834
4 0.00082302  0.00137170  0.00102854,  0.00082287
5 0.00076441] 0.00152882  0.00101890  0.00076424
6 0.00051306f 0.00153917;] 0.00076923  0.00051291
7 0.00003505  0.00010514  0.00007011  0.00003507
8 0.00013466/ 0.00040399  0.00026932  0.00013466
9 0.00011650  0.00034951] 0.00023301  0.00027045

Table 4. Results of E(o?]x).

i Prior 1 Prior 2 Prior 3 Prior 4

1 160280.327] 213707.103  183153.093 160261.818
2 37736.855 52831.597 44019.503 37731.901
3 41965.213 62947.820 50348.611 41958.574
4 15182.903 25304.838 18974.230 15180.142
5 13731.324 27462.648 18302.737 13728.197
6 8185.772 24557.315 12273.111 8183.437
7 446.617 1339.850 893.451 446.949
8 1147.366 3442.098 2294732, 1147.379
9 446.617 1339.850 893.233 1036.763

Then the MSE can be calculated. First, three different recursive formulas by Mack
(4.16), BBMW/Murphy (4.17) and Bayesian approach (4.9) are compared under Prior 1,
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which are presented in Table 5. The results are exactly matched to resultsin [1], [3], [4]
and [10], which shows that Bayesian approach by Prior 1 is same as Frequentist approach
[8]. The results also show that the difference between three approaches is quite small, to

the maximum of 0.01% of reserving amount.

Table 5. MSE by Frequentist and Bayesian approach under Prior 1.

Y ear Mack Murphy/BBMW,| Bayesian
2 75,535 75,535 75,535
3 121,699 121,700 121,703
4 133,549 133,551 133,556
5 261,406 261,412 261,436
6 411,010 411,028 411,111
7 558,317 558,356 558,544
8 875,328 875,430 875,921
9 971,258 971,385 972,234
10 1,363,155 1,363,385 1,365,456
Total 2,447,095 2,447,618 2,449,345
Total MSE in % 13.10% 13.10% 13.11%

Finally, the MSE under four different prior distributions are calculated in Table 6.
The MSN under the non-informative prior distribution, i.e. Prior 2, is about 38% larger
than that under Prior 1 or the MSE of the Frequentist approach, which shows that the

MSE is greatly underestimated if the variance in assumed known or fixed.

The MSE is about 3% different between Prior 1 and Prior 4 athough the parameters
estimation in Table 2-4 is very similar between these two prior distributions. This

indicated that M SE is quite sensitive to parametersin the tail.
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Table 6. MSE of different prior distributions.

Y ear Prior 1 Prior 2 Prior 3 Prior 4
2 75,535 130,831 106,823 115,086
3 121,703 210,810 172,120 149,104
4 133,556 231,348 188,890 158,383
5 261,436 452,921 332,284 273,259
6 411,111 641,245 495,957 419,342
7 558,544 816,905 655,425 565,685
8 875,921 1,184,204 995,294 882,037
9 972,234 1,259,424 1,085,789 976,334
10 1,365,456 1,664,613 1,488,920 1,367,860
Total 2,449,345 3,383,619 2,830,505 2,527,166
Total MSE in % 13.11% 18.11% 15.15% 13.53%

7. CONCLUSIONS

The general Bayesian approach to prediction error is first explained and compared
with Frequentist approach. The key difference is that Bayesian approach gives posterior
distributions of the unknown parameters, rather than point estimations as by Frequentist
approach. Because the process uncertainty in Frequentist approach is calculated using
point estimations, there is no corresponding term in Bayesian approach: al uncertainty is
caught in the posterior distribution of ultimate claim amount based on the posterior
distribution of parameters. Due to this different philosophy, it has been shown that the
total prediction error of Bayesian approach is larger than that of Frequentist approach.

However, this difference should be quite small in most real-life situation.

In parameter estimation, the Bayesian approach also takes a different approach. The

analytical distributions of f and o* are derived for different types of prior distribution
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under Mack’s model. Under non-informative and conjugate prior distribution, the
posterior distribution of development factor f has standard t -distribution and o has
inverse Gamma distribution. It has also been shown that if the parameter o is

considered as known and fixed, the Bayesian approach gives same result as Frequentist
approach. This indicates that the widely used Frequentist approach underestimate the
prediction error because it neglects the uncertainty of . This has a great impact on the
parameters estimation in tail and increases the aggregate prediction error by 38% based
on Taylor and Ashe' s data.

This highlights the problem of parameter estimations in the tail of triangle. To have a
reasonably reliable estimation for o2, there are at least 4 years of experience if there is

no prior knowledge. If datais not available, prior knowledge must be used to stabilize
parameters estimation.

Appendix A. Prove of Equation (4.19)

It will be proved in recursive approach. By the assumptions of the model from (3.2),

thereis

(Xpoagro Xpnj )~ N(F, X 1007 X p )

XN—1,1+1

and X

(XN,l""'xN,j)~ N ( fij,J’o-jszyi)'

N, j+1

So the distribution of (X, .., + Xy 1)

(Xpagreor Xy o Xy oo Xy ) 1S
p{(XN—l,j+l+ xN,j+l): X‘(XN—l,l""’xN—l,j’XN,l""’XN,j)}

:J‘M p{XNijﬂ =t]( X100 XNij)}- p{XNymz X=t (X150 XN’J.)} dt

—00

(t- fiXN—Lj)z 1 (x-t- ‘CjXN,j)2 dt

+0 1
= ——=——exp|- exp| —
J._w JZHGJ-ZX,\HJ ZGjZXN—l,j 4/271'61-2)(,\” Zo-jZXN,j
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_ 1 exp _(X_fJ(XN—LﬁXN,J))Z
\/Znajz(XNiﬁXN'j) 2‘712(XN—1,1+XN,1)

which shows that it is Normal distributed with mean fj(XNij +XN‘J.) and variance

o (Xyay+ Xy ) . Recursively, X, , . Xy gjg o Xy_jje CaN be put into

N
is Normal distribution with mean f, > X, and

N
summation and thesum > X, ., j

i=N—j+1 i=N-j+1

N
variance af_ Z X; ;- Soby thedefinitionof Z, , in(4.18), thereis

N N

2
> Xt X0 2 X,
—j+1 i=N-j+1

N
Zj+1=XN—j,j+l+_ z Xi ™ NEfj

~N(f,Z,+Xy_; 11 07Z;). o

Appendix B. Prove of Equation (5.11)
By substituting (5.10) into (4.6), the posterior distribution of f is

p(1]x) [ (07) " o] - 32 (5~ 1) o’
i=1

Il
1
MK
X
—_
—
|
—hy
N —
[N)
+
'Mx
x
—_
<
|
—h)
N—
N
|
~
~
N
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-

-K/2
X;

K
=1

)

ocdly—— L

(K-1)s’

Appendix C. Prove of Equation (5.16)

By substituting (5.10) into (4.7), the posterior distribution is

p(az‘x) oc f:(az )7(K+2)/2 exp{—
_ (02)_(K+2)/2 exp| - 2(];2 iXi (yi ~ f)z - exp{—

= (02)7(}“2)/2 exp - Ziz ZK:Xi (v - f)z

< (o

2 )—(K+l)/2

exp| —

Appendix D. Prove of Equation (5.20)

Substituting (5.19) into (4.6), thereis

p(fx)ec |

( 02)—<K+wo+s>/2 exp{_ %

I[(K+a,+1)/2]

, X , (K+@o+1)/2
,Uo) +in(f_Yi) +0§}}

:|(K+m0+1)/2

! ix(y—f)z df
202 — i i

2{770(f _”0)2+2Xi(f _yi)2+(7§
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= (770+ZK:XJ fZ—Z(noyo+ fZK:xij f +(770,u§+ fAZZK:xi]+ZK:xi(yi - f)2+a§
i i=1 i=1 i=1 i=1

Ty

[ (=) (ot S, )r“””

where x4, , 1., @, and o} are defined in (5.21)-(5.24).

Appendix E. Prove of Equation (5.27)

Substitute (5.19) into (4.7), the posterior distribution of & is

o) [2(07) " e 1 s« s (19 vk o

i=1

(o 2 2
:(Gz)( y/2 /27:0 exp(— O-sz
Tk 20

2
o (07 " exp[_ 20(;2 } |
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