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Abstract

This article analyzes the optimal deductible level of insurance on durable consump-
tion goods with a positive premium loading in a continuous-time economy. Assuming
financial assets and durable consumption goods can be traded without transaction
costs, we provide an explicit solution for the optimal insurance coverage of durable
consumption goods together with optimal trading strategies for the amount of the
durable consumption goods and financial assets. Using the solution, we show that
an increase in premium loading decreases both demand for insured assets and their
insurance coverage. We also show that an increase in premium loadings can affect
optimal investment strategies through the effects on the optimal amount of durable
consumption goods held. Moreover we show that there exist unique parameter values
of the loss process such as when no insurance is optimal. Numerical examples help us
understand how the risk of financial investment and the risk aversion measure affects
an agent’s optimal insurance coverage.
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1 Introduction

Insurance markets have advanced social welfare over time. However providing insurance
requires positive premium loading to cover the costs linked to monitoring policies and the
management of an organization. Therefore the insurance premiums received by an insurance
company are always larger than the expected loss. When insurance is costly, the choice of
insurance coverage is not simple. Arrow (1971) and Mossin (1968) were the first to examine
optimal insurance. Mossin (1968) showed that full insurance coverage is not optimal when
the premium includes a positive loading. Arrow (1971) showed that it is optimal to purchase
a deductible insurance on aggregate wealth when a positive loading premium is charged. The
benefit of reducing coverage comes from the reduction of the positive insurance cost. Such
classic literature is concerned with the case of a single insurable asset without consumption
in a static model. Therefore the agent implicitly transforms the corresponding loss into
the reduction of consumption or savings, and cannot hedge against the shock of loss by
reducing his consumption over time. To study the interaction between the risk of loss and
consumption, we should use a continuous time model.

In a dynamic setting with consumption, an agent faces competing objectives. Insurance
improves welfare by absorbing a large loss, however it is costly and reduces the utility of
consumption. This allows the agent to follow a self-insurance strategy by accumulating
buffer wealth. In other words, the agent can formulate a strategy that reduces consumption
to provide against future loss. It follows that when the agent’s wealth is diversified into risky
and risk-less securities, the investment strategy of the agent can be affected by the premium
loading of insurance through the reduction of consumption.

Since Merton (1969), a considerable number of studies have been conducted on intertem-
poral consumption and investment strategy in a continuous time economy. We note that
in Merton (1969), the optimal portfolio is equal to the tangency portfolio which is given
under a static model (Capital Asset Pricing Model). However Merton (1973) showed that
when future investment opportunities are time-varying the optimal portfolio differs from the
tangency portfolio. To our knowledge, Briys(1986) first approached optimal insurance using
the methods of Merton (1969). For power utility functions and considering the full loss of
wealth, the optimal insurance decision is independent of wealth and of all consumption deci-
sions even if the premium loading is positive. The results were consistent with static models.
Moore and Young (2006) extended Briys(1986) and showed numerical analysis in which op-
timal insurance is inconsistent with static models. They showed numerical examples where
an agent has an exogenous wage which means investment opportunities varies over time. In
these cases, the parameter of loss affects the optimal investment strategies. Gollier (2002)
studied the agent with liquidity constraint using a numerical solution. Although studies have
been made on optimal insurance in a dynamic setting, the interaction between investment
and insurance decision is still controversial.

In this paper, we consider a durable consumption good as a case where insurance de-
cisions are inconsistent with static models. The reason for inconsistency with the static
model is as follows. When a durable consumption good is insured and provides utility, the
loss process can affect the policy for holding durable goods just as the policy for perishable
consumption goods. And when durable goods can be traded and drive time-varying invest-
ment opportunities, the change in the amount of durable goods held affects the investment
strategy for financial assets. Insurable assets are often durable consumption goods such as
housing and motorcars. Then it is necessary to investigate the insurance demand for durable
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consumption goods. However little attention has been given to the research of optimal insur-
ance coverage of durable consumption goods. On the other hand various literature has been
published that studies optimal consumption and investment which includes durable con-
sumption goods. These include Hindy and Huang (1993), Detemple and Giannikos (1996),
Cuoco and Liu (2000), Cocco (2004), Cauley, Pavlov and Schwarts (2005) and Grossman and
Laroque (1990). We follow Damgaard, Fuglsbjerg and Munk (2003) that extend Grossman
and Laroque (1990) to include a perishable consumption good and a durable consumption
good in the model. In our model, we take into account the following features of a durable
good: (1) A durable good can be stored and provides utility to its owner over a period of
time. (2) A durable good can be resold and acts as a physical asset. (3) The stock of a
durable good can be changed continuously without cost. (4) The unit price of durable goods
follows a geometric Brownian motion and is partly correlated with the price of a financial
risky asset. (5) The stock of a durable good depreciates at a certain physical rate over time.
Beside these basic features, we assume a durable good can be insured against damage or
loss.

Assuming durable goods and all other assets can be traded without transaction costs,
we provide an explicit Merton-type solution for the optimal strategies of financial risky and
risk-less assets, perishable consumption goods, and durable consumption goods and their
insurance coverage. In our model, the optimal deductible level is independent of the stock
price process however actual coverage depends on the stock price process. Therefore, factor
loading of insurance can affect the investment decision.

Following on from the introduction, Section II sets up our model and provides a solution.
Section III presents comparative statics on premium loading, the intensity of the damage
and the loss proportion of insured assets. Section IV shows numerical results. Section V
concludes this article.

2 A Model

2.1 Set up

We consider an infinite-horizon, continuous-time stochastic economy with a perishable con-
sumption good, a durable consumption good and two financial assets. One of the financial
assets is a risk-free security paying a constant continuously compounded interest rate . The
other is a risky security i.e. stock whose price process follows a geometric Brownian motion
%%) = pdt + ogdwy (), t>0 (1)

where (w;(t),we(t)) is an uncorrelated two dimensional Wiener process and where p and og
are constants.

We now make several assumptions about the market:
(a) Financial securities and durable goods can be bought in unlimited quantities and are
infinitely divisible.
(b) Financial securities can be sold short but durable goods can not be sold short.
(c) There are no transaction costs.

The unit price of a durable good P(t) also follows a geometric Brownian motion

dP(t)

0) = ppdt + oprdw;(t) + opadws(t), t>0 (2)
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where pp, op; and opg are constants and where
2 _ 2 2
Op = 0p; + Ops.

We should note that the unit price of the durable good is partly correlated with the price of
the financial risky asset.

We assume that the stock of the durable consumption good depreciates at a certain rate
0 over time. We also assume that durable consumption goods can be damaged by an insured
event represented by a Poisson process N(t) which is independent of (w;(t),ws(t)). We
denote by A the intensity of the events and by ¢ the constant loss proportion of the durable
good when the insured event occurs. Letting K (t) be the number of units of the durable
good held at time ¢, then K (t) follows

dK (t)

K@) - (=6 + M)dt — dN(t), t>0 (3)
where 0, ¢, A are constants. We require K (t) > 0 from the assumption that the agent can
not take a short position on durable goods.

The agent can purchase an insurance contract to cover the risk of loss. We denote by
q(t) the indemnity paid by the insurer at time ¢. The payment must be positive then the
constraint is

q(t) = 0. (4)

Assuming that the insurance premium is payable continuously and includes a positive loading
represented by a factor ¢, the premium to be paid and denoted by p(t) is given by

p(t) = Adq(t)

where ¢ > 1. We assume that the premium loading is sufficiently small to satisfy the solvency
condition.

We denote by 6y(t) and 0(t) the amount held in the risk-free and risky security at time
t. We define the wealth of the agent as the sum of his investments in the risk-free and risky
assets and the value of his current amount of durable goods K (¢) multiplied by the current
price of durable goods P(t). Therefore the wealth X (t) is given as

X(t) = 0o(t) + 6(t) + Kt)P(t), t>0. (5)
Under the assumption that the agent follows a perishable consumption strategy C(t) and
self-financing strategy (6o(t),0(t), K(t)), the wealth process X (t) evolves as
dX(t) = (r(X(t) — K(t)Pt) +0(t) (1 — 1) + (up — 6 + M)K () P(t) — C(t) — p(t))dt
+(0(t)os + K (t) P(t)op: ) dw (1) + K () P(t)o pacuwy(t)
+(qt=) = CP(OK(t=))dN(t), > 0. (6)

At the time 7 when an insured event occurs, there is a jump in his wealth due to the
damage of the durable goods. We require that the consumption and trading strategies satisfy
the solvency condition of the agent and that his total wealth is always positive although an
insured event has occurred:

X(n) = X(n=) = LP()K(n—) +q(t) >0, =0, (7)
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A policy S; = (0(t), K(t),C(t), q(t)) is admissible if the policy satisfies (4), (7) and K (t), C(t) >
0. We denote by A(x, k,p) the set of admissible policies where z = X (0), kK = K(0), p =
P(0). We assume A(x, k, p) is a non-empty set.

We assume that the utility function exhibits constant relative risk aversion, i.e.:

Ule, k) = (cﬁkl‘ﬁ)l_v, 0<fB<1l 0<~v<l1

1 -7~

where ¢ denotes the perishable consumption rate and k denotes the stock of durable goods
held. The agent’s objective is to find the policy S; € A that maximizes his time 0 expected
utility:
JS(z.p) = E [ [ eruc), K
0

where p is time preference parameter. Therefore the value function of agents is given by

V(z,p)= sup J°(z,p). (8)

SteA, t>0

From the dynamic programming principle, the value function satisfies

7

Vi) = swp B[ ['en U, K@)+ emvXm, Pa)]. o)
SeA, t>0 0

Then the Hamilton-Jacobi-Bellman (HJB) equation corresponding to this problem can be

written as

ov

L (@R (r(a = pk) + 01— 1) + (up = O)kp — ¢ = Adg) 5 (.p)

1 -7~

pV(x,p) = Sup{
SeA
2

l/o o 995 0*V ov
+§<9 og+ kpiop + 20050p1k:p) w(x,p) + ,uppa—p(zv,p)

1, ,0*V 9 0*V
0P G (2,p) + (0050p1 + ophkp)p 9200 (z,p)
ov
AV (@ = thp+ 4.p) = V(w.p) + thp(2.p)) . (10)

2.2 An explicit solution

We introduce some auxiliary parameters and a nonlinear equation. After giving an assump-
tion and a lemma, we show a solution. Constants are defined as follows:

p 1—x 1 2
Moo= L =g+ 5= B+ (1= B0 = )led)
o= = (1= 9)(1 = Ao’ (1)
V70%s
M= A=)kt g (r e 6+ (=) 2 (12)
Y l—x 2
Ag = (m—FT) 0 po (13)

as in Damgaard, Fuglsbjerg and Munk (2003). Define the nonlinear equation
F(Oék) =0 (14)
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where
A _ 14 14 .
A0+A1ak+A2az+ ;{(1—50&16) K <1+ fjﬁak) — <1+ 1’150414)}, ap < Qy
F(Oék) =
Ay + (Al + A(ff—ﬁl)f) ok + AzOéz, ag = Qy,
and where
1— ¢
o= 0 (15)
Mo —1 _1
N = M+~§%—2+AM ) (16)

It is noted that the argument «; will represent the optimal holding policy for durable
consumption goods.

Under the assumption below, the nonlinear equation (14) has a unique positive root,
which is stated as Lemma 1.

Assumption 1 If ay < &y then
ho < —5 (1= bl + 5 {14 (L ta) (-1 + b}
and if ag > &y then
Ny < 5 (1 =730
Lemma 1 The nonlinear equation (14) has a unique positive root under Assumption 1.

The optimal solution for problem (9) is given as follows.

Theorem 1 Under Assumption 1, the value function for problem (9) is given by
_ 1
V(r,p) = a0 (1)
-

and the controls are given in feedback form as

0(t) = apX(t), Oo(t) = aX(t), K(t)=aX(t)/P(t), C(t)=acX(t), q(t)=a,X(t)

) (1)
where X (t) is the wealth process generated by these controls and where constants o, oy are
written by

ay, = acﬂ(l—v)—lak(ﬁ—l)(v—l)ﬁ (19)
= op1

g = +(—(x+pB—-1)y—1)— 20

’ V0% ( (e ) )705 (20)

Qg = 1 — Qg — Qg (21)

and where oy, is a root of the equation F(ay) = 0 and where constants oy, o are given by as
follows:

aq:{fak—<1—¢_7), ar < ap < o0 (22)

0, 0 < ap < ag,
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1
—BAy — 55(1 —y)oi,az, ap < ag <00
ac = 1 )\ﬁ
—BAo — 55(1 — 7)opaf — o {(1 — o) (1 = byou) — 1} 0 <ag < .

(23)

The proof is presented in the Appendix. We show it is optimal to have either no coverage
or partial coverage insurance. The threshold level a; does not depend on state variables
(X(t),P(t),K(t)). Therefore when no coverage is optimal, the policy of no insurance will
not be changed in the future. And when positive coverage is optimal, the coverage level (22)
is given by the feed back form as shown in Briys (1986) and Moore and Young (2006). It is

noted that optimal deductible level (1 — gb_%) X (t) is independent of the stock price process
and durable goods price process. However, the actual amount of coverage depends on the
holding strategy of durable goods. It follows that investment decisions are affected by the
loading factor of insurance premium ¢ as presented in Section 3.

Remark 1 (a) The constant proportion ay given by (20) is the same form as shown in
Damgaard et al. (2003) although we introduced the risk of damage and its insurance. The
first part of (20) represents a mean-variance tangency portfolio and the second part represents
a hedged portfolio used for holding durable goods. (b) When ¢ =1 or, A =0 or £ = 0, our
model is reduced to thato of Damgarrd et al. (2003)

Remark 2 The constant a,. given by (23) can be written as:

1
0 = B~ 0(1 ~ 7)okl

{Aﬁ(cb -1 AB
g

— min +)\ﬁ¢(¢_% —1),7{(1—€ak)_7(1—€'yak) — 1}}

The first term of the equation above is implied in Merton (1969). The second term is
intertemporal protection for an undiversified risk of durable goods. This term is given by
Damgaard, et al. (2003). The last term is given by the minimum of two components: the
first is the reduction of consumption caused by using insurance with positive loading, the
second is precautionary saving for self-insurance.

3 Analytical Results

In this section, we first analyze the effects on durable consumption goods from the loading
factor ¢, the intensity of damage A and the loss proportion ¢. We then investigate the effect
on investment, insurance and consumption policies.

Effects on durable consumption goods

The optimal solution for «y is given by a root of (14). This provides us with the following
proposition from the theorem of implicit function.

Proposition 1 Assume ¢ > 1 then
(i) a < VOék < 00
aOék aOék aOék

a—¢<0, ﬁ<0’ W<O’
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(ii) 0< VO&k < Gy,

ooy Oay oy,

— =0, — <0, — <.

0o o\ ol

The proof is given in the Appendix. When partial coverage is optimal i.e. ay > &y, an

increase in factor loading ¢ decreases demand for durable consumption goods, while ¢ does
not affect the holding policy of durable goods when no insurance is optimal. We can see
that an increase in A and ¢ decreases demand for durable consumption goods where partial
insurance and no insurance is optimal. It is noted that the threshold &; is an increasing
function of ¢.

Effects on investment policies
Using Proposition 1, the effects on investment policies are given in the following:

Proposition 2 Assume ¢ > 1 then
(i) ap < ap < 00

dag __9m day, _J (), op >0, day _0p1—0s oy, _J (=), op1—0s>0,
a¢ gs a¢ (_)7 op1 < 07 ’ a¢ gs 6¢ (‘|‘), op1 —og < 0.
(ii) 0< VO&k < Q.
Oag _ O _
¢ 7 09

The proof is given in the Appendix. The optimal investment policies are influenced by
loading factor ¢. This is because ¢ affects the amount of durable consumption goods held and
the fact that durable consumption goods act as physical assets. From the derivative day/0¢
when «y > Gy, we can see the effect of correlation between the processes S(t) and P(t).
When the stock price process and the durable good price process are positively correlated an
increase in premium loading increases investment in stock. This is caused by hedging against
durable goods as referred in Remark 1 (a). From the derivative y, we can see that the effect
on holding risk-less securities from an increase in ¢ depends on the difference between op;
and og. When the volatility of a durable good’s price is larger than the volatility of the stock
price, an increase in premium loading decreases investment in risk-less securities. When no
insurance is optimal, ¢ does not affect the investment policies at all.

The loss intensity A and the loss proportion ¢ affect the optimal financial investment
strategies in the same way as ¢ shown as follows:

Oy Doy, Oy Doy,
O\ or1 [ O\ O\ op1 —0s | O\
dag |~ a5 | Dow || Do o5 | o |0 T
or or or or

Effects on insurance policies

We present comparative statics on insurance policies with respect to ¢, A and ¢ by the
following proposition.
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Proposition 3 Assume ¢ > 1, then
(i) a < VOék < 00

Oay, Oag, 1 14
— = l————¢ 7 <0,
d¢ 9o v

dag Oy,

o - s

dog Oay,

W = Q +€ﬁ > 0

(ii) 0< VO&k < Gy,
dag  Oay 0oy
dp 0N O
The proof is given in the Appendix. When partial coverage is optimal, we can see that an
increase in ¢ decreases ay in two way: (1) indirect effect represented by the first term; this is
caused by a decrease in demand for durable goods, (2) direct effect represented by the second
term; this is consistent with static models. We can also see that an increase in A decreases
demand for insurance with a decrease in durable goods held. We see that an increase in ¢
increases demand for insurance although demand for insured assets itself decreases.
From the Proposition 1, we can show that there exist unique )\ gb and ¢ such that

=0.

QAS:inf{gb:ak < dg}, X:inf{)\:ak <dag} and f:sup{fzak < dg}
where a4 is given by the root of (14). We state this fact as a proposition.

Proposition 4 There exist critical values to factor loading ¢, loss intensity A and loss
proportion ¢ such that no insurance coverage is optimal.

The proof is given in the Appendix. An increase in ¢ and a decrease in ¢ can terminate
insurance demand. These results are consistent with classic models. However the results in
A are not consistent with classic models. This is because, in our model, the increase in A
decreases demand for insured assets. Then an increase in A can terminate insurance demand.

Effects on consumption policies

For ap > &4, under the assumption ¢ > 1, we can derive following comparative statics
on a:

o, _1

e = e - oA (2-1) (1= 6 =W - (=@ )
. S I e RR | S R SR e
e B~ )k ok = (). (26)

When partial insurance is optimal, each of the first term in derivatives «. is given for
intertemporal protection for holding undiversified durable goods as in Remark 2. An increase
in the parameters ¢, A and ¢ decreases demand for protection with an decrease in demand
for durable consumption goods. Then increases in ¢, A and ¢ partly increase perishable
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consumption. However, from the second term in da./0¢ and Oa./O\ we see that increases
in ¢, A decrease perishable consumption. This is because the second component represents
consumption saving in order to use costly insurance. An increase in loss proportion ¢ dose
not reduce consumption despite positive premium loading.

For oy < a, the marginal effects on a. depend on several parameters. We will show the
effects by way of numerical examples in Section 4.

4 Numerical Results

To further investigate optimal behavior in our model, we present numerical examples. We
assume the following parameter values throughout the numerical part as the base scenario:

r=0.02 p=004, og=0.20, pp=0.03 &=0.02 op =0.07, op=0.07,

v=05 B=05 p=003 A=1/50, (=08, ¢=12 (27)

Impact of risk aversion

We first set ¢ = 1 to study the impact of v when the insurance premium is fair. In this
case, the optimal insurance policy provides full cover and other policies are consistent with
Damgaard et al. (2003). From Figure 1, we see that the effects of risk aversion measure ~y
on perishable consumption is not uniform as implied in Merton (1969). We can see that
also does not uniformly have an affect on holding policies for durable goods. This is because
durable goods act as both physical assets and as consumption goods. Figure 2 shows the
effects of ¢ > 1 varying from v = 0.2,0.5 and v = 0.8. For simplicity we restrict these
variations within the interval while an increase in v will uniformly reduce the amount of
durable goods held (Figure 2 (a)). However, we showed that an increase in v increases the
optimal deductible level by (22). As a result, the impact on the optimal insurance coverage
of v is different from the value of ¢ as shown in Figure 2 (b). An increase in risk aversion
measure can decrease insurance demand with the reduction of demand for insured assets

itself. Such a result can be seen in the changing of A and ¢ as shown in Figure 3 and Figure
4.

Figure 1: Impact of changing v when ¢ =1

3 0.03
2 —5— ox 0.025
1
e 0.02
0.2 0.4 ! 0.015
-1 —k— O —&— ¢
> [0z o oe 0.8

Impact of financial risk on insurance policies

From (22), we see that the optimal deductible level cannot be affected by financial risk
although actual insurance coverage is influenced by financial risk through the amount of
durable goods held. We examined the impact on the actual value of insurance coverage
varying with op; and og from the base scenario (27). To study the analytical results presented
in the previous section in detail, we show numerical examples of changing ¢, A and ¢.
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Figure 2: Impact of changing ¢ and variation in v
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Figure 3: Impact of changing A and variation in ~
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Figure 4: Impact of changing ¢ and variation in
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From Figure 5, we see that an increase in premium loading decreases demand for both
durable consumption goods and insurance when partial insurance is optimal as shown by
Proposition 1 and Proposition 2. We also see that both an increase in the volatility op;
and a decrease in the volatility og decreases demand for durable consumption goods. Such
a decrease causes a reduction of the actual insurance coverage. We can also see that when
os = 0.1, no insurance is optimal even when ¢ = 1.2. This is because a low volatility
of financial security decreases demand for relatively volatile durable consumption goods.
From Figure 6, we see that both an increase in op; and a decrease in og also decreases
demand for durable consumption goods. In this example, no insurance is optimal for all
ap < ag = 0.381944. We see that changes in financial risk can terminate insurance demand.
Figure 7 shows the impact of loss proportion ¢. Proposition 1 predicts an increase in ¢
decreases the amount of durable goods held however we can see that the impact is not large.
We also see that change in financial risks can terminate the demand for insurance.

Effects on preishable consumption

From Proposition 3 and Proposition 4, it is satisfied that da./0X < 0 for A < X (Figure
8 (a)). As in Remark 2, for A\ > X, the increase in A affects consumption in two ways: the
first is protection demand for undiversified risk of durable consumption goods, the second
is precautionary saving for self-insurance. We see that, from Figure 8 (a), da./0\ is also
negative for A > \. It follows that, in the base scenario, effects on precautionary saving for
self-insurance of an increase in A is larger than the effects on the demand for protection.

From Proposition 4 and (26), it is satisfied that de./0¢ > 0 for ¢ > ¢ (Figure 8 (b)).
For ¢ < f, an increase in ¢ also has an effect on consumption in two ways: the first is on
demand for protection, the second is on precautionary saving. We see that the effect on
precautionary savings is larger than the effects on demand for protection under the base
scenario. We note that an increase in ¢ when partial insurance is optimal does not affect
consumption savings due to the use of insurance. The reason for this is that in our model
loading premium is added on the intensity A but not on loss proportion /.

5 Conclusions

We show the optimal insurance policy for durable consumption goods with positive premium
loading in a framework of Merton (1969). Durable consumption goods can provide utility
and can be traded as physical assets without transaction costs. The durable consumption
goods’ price process is assumed to be correlated with stock price process. We then show
that a change in premium loading can affect investment policy through a change in the
optimal amount of durable consumption goods held. We also show that financial risks affect
the optimal insurance policy. We prove that there exist the critical parameter values where
insurance demand will terminate. Numerical examples show that an increase in the risk
aversion can decrease demand for insurance because of a decrease in demand for insured
assets itself. Numerical examples also show that a change in the volatility of both durable
goods price and of stock price has a large impact on the insurance policy.

In future work, we intend to explore the transaction cost problem on durable trading.
Where the durable good is indivisible, in the sense that durable goods trading imply transi-
tion costs, Damgaard, et al. (2003) showed that the optimal policy for durable goods trading



Optimal Insurance Coverage of a Durable Consumption Good

Figure 5: Impact of changing ¢ and variation in op; and og
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Figure 6: Impact of changing A and variation in op; and og
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Figure 8: Impact on perishable consumption

(a) (b)

Q¢ oc

0.0215 0.02185
0.021

0.0218
0.0205

) 1 1 log,,A 0.02175
0.0195

’
019 0.2 0.4 0 0.8

0.0185;\&\&\&\A 0.02165

is represented by impulse control.

This paper was motivated by Gollier (1994, 2002, 2003) that investigated precautionary

saving and time-diversification on the decision to insure the risk or not. In our model, precau-
tionary saving is proportional to the wealth and the decision to follow whether self-insurance
or external insurance is given by a static form. An agent who has dynamic constraint such
as liquidity and leverage will have a dynamic policy for precautionary savings.
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