ON THE NON-LIFE SOLVENCY Il MODEL

Werner Hirlimann
IRIS integrated risk management ag
Bederstrasse 1
P.O. BOX, CH-8027 Ziirich
E-mail :werner.huerlimann@irisunified.com
URL : www.geocities.com/hurlimann53

Abstract

We present a simple actuarial rationale ttoe non-life economic capital formula
proposed for Solvency Il in QIS3. On the statidtgide we improve on the methodology in
QIS3 by defining company specific estimators fomalantities of interest including premium
risk and reserve risk volatilities as well as clatien coefficients at the granularity level of
lines of business.

We develop the non-life Solvency Il econormapital formula applying both the value-
at-risk (VaR) and conditional value-at-risk (CVaRyk measures under a log-normal
distribution of the portfolio combined ratio, which defined as the ratio of incurred claims
inclusive “run-off’ to the premium and reserve vole. We determine confidence levels
under which both methods yield approximately ideaitpractical results. Moreover, we point
out that economic capital modeling should neitheréstricted to a log-normal distribution
assumption nor to the VaR and CVaR risk measurdsrefier to the actuarial literature for
various extensions on this. The portfolio combingtib is decomposed in a weighted sum of
the premium risk ratio and the reserve risk rasosaggested in QIS3. Based on the basic
portfolio risk ratio model summarized in the Appendwe propose simple weighted
estimators for all volatilities and correlation @o®ents of interest. A numerical example
illustrates the use of the proposed estimators.
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1. Introduction

The present note fulfils a two-fold modedliand statistical purpose. On the modelling
side it offers a simple actuarial rationale for #mnomic capital formula proposed in QIS3
(2007). On the statistical side it improves on thethodology in QIS3 (2007) by defining
company specific estimators for all quantitiesraerest including premium risk and reserve
risk volatilities as well as correlation coefficterat the granularity level of lines of business.
A more detailed account of the content follows.

Section 2 develops the non-life Solvencgdbnomic capital formula applying both the
value-at-risk (VaR) and conditional value-at-risfMaR) risk measures under a log-normal
distribution of the portfolio combined ratio, whiéh defined as the ratio of incurred claims
inclusive “run-off’ to the premium and reserve vole. We determine confidence levels
under which both methods yield approximately ideaitpractical results. Moreover, we point
out that economic capital modeling should neitherdstricted to a log-normal distribution
assumption nor to the VaR and CVaR risk measurdsrefier to the actuarial literature for
various extensions on this. In Section 3 the pboatfoombined ratio is decomposed in a
weighted sum of the premium risk ratio and the meseisk ratio as suggested in QIS3
(2007). Based on the basic portfolio risk ratio mlodummarized in the Appendix, we
propose simple weighted estimators for all volasi and correlation coefficients of interest.
Finally, Section 4 illustrates the use of the psgmbestimators.

2. The Non-L ife economic capital formula

Suppose an insurance risk portfolio over a fixedetiperiod, say over a one-year time
period [0,1] between the times=0 and t = 1 is described by the following quantities:

P : the (netyisk premiumof the portfolio for the time period
S : the randonmaggregate claimsf the portfolio over the time period

While the risk premium is supposed to be knowrhatlieginning of the period, the random
aggregate claims are not. Ttedom losf the portfolio at the beginning of the time joeti

is described by the difference between aggregaimsland risk premium and defined by the
random variable

L=S-P. (2.1)

In non-life insurance the aggregate claims overtime period are taken exclusive of the
“run-off” and include the claimsy paid out during the time period and the changdams
reservesAR=R - R, where R denotes thelaims reservesat time t, which consists of
the total reserves for outstanding claims or RBR8prted But Not Settled) claims and the
reserves for IBNR (Incurred But Not Reported) clainTherefore one has the equality
S=Y +AR. Attime t=0 the claims reserveR, is known while R is unknown. The

volumeV =P+ R, of the portfolio, which is defined as the suntleé risk premium and the

claims reserves at the beginning of the periotnmvn at time t = 0 Consider the ratio of
the random loss to the volume, which can be wriaen



NON-LIFE SOLVENCY Il MODEL 3

L_Y+R-(P+R)_y , y_Y*R (2.2)
Y P+R, P+R, '

where X represents aombined ratioof the portfolio (ratio of incurred claims inclusi
“run-off” to the premium and reserve volume). By thctuarial equivalence principle or fair
value principle, the random loss vanishes in theragye, that is E[L] =0. This implies that

the expected target of the combined ratio is oneEbX] =1. The Solvency Il model assumes
that the random combined ratio is log-normally rilistted, say with parameterg:, and
o, (see QIS3 (2007), 1.3.236, p.81). Tpertfolio volatility parameter J:\/Var|x| is

defined to be the standard deviation of the combiratio of the portfolio. By (2.2) it
identifies with the standard deviation of the raifdhe random loss to the volume, that is one
has alternatively

o’ :Var[\%] (2.3)
Since X is log-normally distributed with mean one, ons i@ equalities
E[x]=e~"% =1, o2 =var[X]=e% -1 (2.4)
which imply the relationships
U, =-10, o} :In(1+ 02). (2.5)

The economic capitabf the insurance risk portfolio to the confidence level is supposed
to depend only on the random loss and is denotedElﬁy,[L]. In the standard Solvency Il

approach, the economic capital is defined to be theevatiuisk (VaR) of the random loss
taken at the confidence levelr = 99.5%, that is ECL,[L] :VaR,[L]. Using (2.2), the log-

normal assumption onX and (2.5) one obtains the non-life economic capitahfda (QIS3
(2007), 1.3.235, p.81) as follows:

EC,[L]=VaR [L] :VaR{H W = (VaR,[X]-1) v

(2.6)
= (exdo, @ (@) -3 02}-1)v = p, (0) v
with the volatility dependent function
a exdcb In|L+ o? }—1, 27)
\/1+ o’

where CD'l(a') denotes the a -quantile of the standard normal distributiorP(x).
Alternatively, and as first suggested in the CEIGf®8sultation paper CP20 (2006), 5.309,
p.137, one can instead define the economic cajpithe the tail value-at-risk (TailVaR) or
conditional value-at-risk (CVaR) of the random l¢aken at the confidence levet =99 .%
With this choice of risk measure, one obtains tilWwing economic capital formula:
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EC,[L]=CcVaR[L]= CVaF{H v =(CvaR [X]-1) v

1 (2.8)

1-

- (vaR [x] ;25 Ellx ~vaR [X]).]-1] v = p, (o) v

with the volatility dependent function

p.(0)= a-olo(a)- “In[lwzj), 2.9)

a 1-a

which is obtained by noting that for a log-normastdbution with parameters (2.5) one has

El(x -var [x]),] = 7 m»[“x ~IntvaR [x) +a—xj-VaR,[x]@(ﬂx -'ng,vaaixbj

= o(o, - 0*(a))- (- 9 (a)) VaR,[X] =1- CD(CD’l(a) ~JinfL+ o2 ’)— (1-a)waR,[X].

It is interesting to compare numerically the forami(2.7) and (2.9). The QIS3 VaR proposal
(2.7) with @ =995% is an implementation of the rule of thump, (¢) =3[o (for another
explanation see Hurlimann(2004), Example 7.1, p.®8y a=9% the CVaR method
requires only slightly more economic capital. TaBl& provides a numerical comparison of
the quotients pa(a)/a and determines confidence levels under whicth buethods
coincide approximately up to the third decimal plégreen and yellow columns).

Table2.1: Comparison of the standard non-life Solvency Il \@il CVaR formulas

VaR Method CVaR Method

confidence level 0.99 0.995| 0.99624 |confidence level | 0.98675 0.99 0.995

percentile 2.326]  2.576| 2.673|percentile 2.219] 2.326|] 2.576

volatility volatility
12.0%| 2.594] 2.925 3.056 12.0% 2.923| 3.054( 3.366
12.5%| 2.605] 2.940| 3.073 12.5% 2939 3.071 3.387
13.0%| 2.617 2.955 3.090 13.0% 2.954| 3.088 3.408
13.5%| 2.628] 2.970| 3.106 13.5% 2.969| 3.105 3.429
14.0%| 2.639 2.985 3.123 14.0% 2.985| 3.122 3.450
14.5%| 2.650f 3.000 3.139 14.5%| 3.000f 3.139 3.471
15.0%| 2.661 3.015 3.156 15.0% 3.015] 3.156 3.492
15.5%| 2.672 3.030f 3.173 15.5% 3.031| 3.173 3.514
16.0%| 2.684| 3.045 3.190 16.0% 3.046] 3.190 3.535
16.5%| 2.695] 3.060f 3.206 16.5% 3.062| 3.207 3.556
17.0%| 2.706 3.075 3.223 17.0% 3.077| 3.224( 3.578
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At this stage, it must be pointed out thham an actuarial viewpoint, economic capital
modeling should neither be restricted to a log-radrdistribution assumption nor to the VaR
and CVaR risk measures. In general, it is posdibbleonsider Gamma and elliptical type
distributions (e.g. Hurlimann(2001), Landsman analdéz(2003), Valdez(2005), Furman
and Landsman(2005/07)), compound Poisson distabstie.g. Hurlimann(2003)) or even
distribution-free methods (e.g. Hurlimann(2002))n @e other side, different economic
capital models can be designed and other risk mesmstan be considered (e.g. Dhaene,
Goovaerts and Kaas(2003), Hirlimann(2004)). Thisnoghe way to a wide variety of
flexible internal models for Solvency Il.

3. Estimation of the volatility parameter

To estimate the volatility parameter, histatidata on the risk portfolio and insurance
market information can be used. In contrast toi6e@, the time horizon for estimation is
not restricted to the current one-year time horifmyreconomic capital evaluation, but it may
include past observation periods or even simulétede periods. LetV, denote the risk
premium volumey, the claims reserve volume, ad =V +V, the portfolio volume of

the current risk portfolio at timeé = .0’he combined ratio (2.2) can be rewritten as

oS
X =|-2 D(p+(—’)D(’, (3.1)
Vv Vv

_R

where XP° =% represent the random ratio of paid claims to pgmiums and X' —E

the random ratio of end of year claims reservdsetginning of year claims reserves, which in
the Solvency Il terminology are callg@temium riskratio respectivelyreserve riskratio
(QIS3 (2007), 1.3.226-1.3.229, p.79). The corraaticoefficient between the premium risk

and the reserve risk, denoted kpy, , is defined by the covariance relationship

CO\:{X P, X r] =p0,0,0,, 0,= \/Var|x P | o, = \/Var|x’ | (3.2)

Using (3.1) and (3.2) one obtains the relationship

1
o= \7\/ (0'pr F+(ov, )+ 20, 0,0V, . (3.3)
According to (3.3) the portfolio volatility depends thepremium volatility o,,, thereserve
volatility o,, the correlation coefficient p,  and appropriate volumes. To estimate

volatilities of random ratios, we apply the genarathod presented in the Appendix. For
this, suppose the following portfolio data over>1 (past) years is available:

R . (net) risk premiums ovem years,k =1,...,m
Y, : paid claims during the time perioc[k -1 k], k=1..m
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R, : claims reserve at the beginning and end of theyears,k =0,...,m
AR, =R, —R_, : change in claims reserves during the time peri[id—], k], k=1...m

A portfolio based estimator of the premium vol&fils

m P Y 2 ZYK m
g, =y XX -p |, p,=*—, P =)PR. 34
: szﬁﬂ% m] By =5 2R (3.4)

k=1

A similar portfolio based estimator of the resevedatility is

2 i m
JZ&* AJ’% R L *OR=MR. @9

Rea R
2R
AR, _R,-R,_ R _13
Ra R Ra R
technigue, the following estimator of the portfoliolatility is obtained:

2
6:\/Zm:PK+Rk_l Y+t R _/}j
a PP+ R P+ Ry

. Applying the same

which is obtained by noting that

36
CSvedR .
A= e PR LR 2R

Using these estimators, the equation (3.3) yidhdsfollowing compatible estimator of the
correlation coefficient between premium risk anserge risk

1 dovy -y, f-lov.)

PR CAVATS C2V3)

In the current framework of the standard approaxtSolvency Il, the estimation of the
portfolio volatility should be done under the maefined granularity level of lines of
business. Suppose that the portfolio consistsnof lines of business (LoB), for which the
following historical data over then> {past) years is available:

(3.7)

P! :(net) risk premiums of LoB O{1,...,n} inyear jO{3,...m}

Y]  :paid claims of LoBi O{L...,n} during year[j-1,j], jO{s....m}

R!  :claims reserve of LoB Of1,...,n} at beginning and end of yegf1{0,...,m}
AR’ =R - R : change in claims reserves of LoBJ{1,...,n} during year[j -1, ]
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Again, let us apply the general method of the ApljpenFor each line of business
i 0{1,...,n}, let V,; denote its line of business risk premium voluMeg, its line of business

claims reserve volume, an¥; =V ; +V,; its line of business volume at time=0. Then

n n
V, = va,i represents the risk premium volumg, = va the claims reserve volume
i=1 i=1

and V = Z\/i the portfolio volume of the current risk portilat time t =0. Consider the
i=1
premium risk ratio X and the reserve risk ratiX; of the lines of business O{L...,n}.

r

V.. Vv
Let further w” :% be the risk premium weight andv’ = v
p r
weight associated to the line of busingss{l....n}, and let wP=(w’,...w") and
w' =(w,..,w;) be the corresponding weight vectors. The overaimum risk ratio and
reserve risk ratio of the portfolio are definedtbg linear combinations

be the claims reserve

X P =zn:wf’xip, X' =zn:w{x{. (3.8)
i=1 i=1

The parameters of the premium risk ratio are desdritby the mean vector
oP = (..., 1Y), where P = E[Xi"J is the mean premium risk ratio of the-th line of
business, and the covariance matriX® = ijpaipaj") , where o} :1/Var|xip| is the
standard deviation of the premium risk ratio of theth line of business andp is the

correlation coefficient between the premium riskiom X and X, i,j=1..n.

Similarly, the parameters of the reserve risk radi®@ described by the mean vector
ot = (W, 1), Where uf = E[X{J is the mean reserve risk ratio of the-th line of

business, and the covariance matéix = (pufaira}), where g/ = 1/Var|xir| is the standard
deviation of thei -th line of business reserve risk ratio am} is the correlation coefficient

between the reserve risk ratios| and X|, i,j=1...,n. According to (3.8), estimators of

the mean and variance of the portfolio premium reko and reserve risk ratio necessarily
satisfy relationships

i, =0 TWPT, f =0T W,

A

R - - (3.9)
Oy =w EPWT, 67 =w X' W,

where 0P,0",5P, 5" are estimators of the corresponding mean vectnts covariance

matrices, which are obtained as follows. Let us megth the premium risk ratio. Consider

oy - pi m.o
the premium risk ratios X’ :Lj with the weights w"’ :%, P"=)P’, and the
j=1
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R ~ Rit mo
reserve risk ratios X! =% with the weights w"’ =2—,, R =>R™
: : =

i =1...,n, ] =1,...,m. Then one has the following mean and standard tieniastimators

/}ip =iwip,ixip,1'1 5ip =\/iwip,i qxip,i _l[[ip)21
=1 j=1

(3.10)

/':[ir :Z\Nir,jxir,j, aA.ir :\/Z\Nir,j qxir,j _[lir)zl
j=1 j=1

To estimate the correlation coefficients, i# j between line of business premium risk

ratios, consider the sub-portfolios with premiurskrratios X, and ij, whose overall
premium risk ratios are determined by the weigtme@n

XP = R XP + il
ij P +P i P, +

[ I

X i# =1 (3.11)

. ]
i

The historical data consists of premium risk rati)zi$*k and weightsvvij"*k defined by

k
X"p,k - I:)ik _P,k + PJ P,k
] F)ik +F)jk i F)ik +F)jk ) 3 12
W= B s k=1..m .
i Pi- +Pj.

Interpreting the Xij"*k 'S as outcomes of XJ with  probability function
Pr(X} = X/*) =wP*, one obtains the following mean and standard dieviestimators of
Xijp:

o I P
P =N WPk pk = ! P+ | b
i kZl: X Pi'+PJ-'/J' P il
(3.13)
5ijp = \/Z\Nijp*(xijp’k _:[Iijp)z'
k=1

A compatible estimator of the correlation coeffitiep; is defined through the relationship

o=l I ol -[rorf -[prof 614
2 (P G°)(PG7)
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Similarly, to estimate the correlation coefficientgj, i# ) between line of business
reserve risk ratios, consider the sub-portfoliothweserve risk ratiosX{ and X{, whose
overall reserve risk ratios are determined by teeghted mean

R

X[ =R X+ X% Q=1 (3.15)
R+R ' R+R

The historical data consists of reserve risk ratix{)§k and Weightswij'k defined by

- k-1
Xijr’k = k—ﬁk : k-1 Xir’k + k—le k-1 XirYk’
RT+R, RT+R
e (3.16)
o ROYRT _
W =———, iZ]j,i,J=L...,n,k=1...m
J R +Rj

Interpreting theX{*’s as outcomes ofX; with probability function Pr(X; = X{*) = w*,

one obtains the following mean and standard deviastimators of X :

m * R
~Aro_ rkyrk — R N 7"
i =2 WX = .+R.,Ui+ -_,_JR-IUJv

m
ﬂ—J}hWWKﬁ—mf.
k=1
A compatible estimator of the correlation coeffitiep; is defined through the relationship

oo Ll® R -[Raf-[Ral

b2 (R )(RF))

(3.18)

On the other side, to estimate the portfolio vétgfia similar technique is applied. LetX;

be the combined ratio of the line of busines8l{1,...,n} with weight w, =\é. Then the

combined ratio of the portfolio is defined by tlmelar combination of combined ratios
X=>wX. (3.19)
i=1

The parameters of the combined ratio are descrdyethe mean vectorv = (4,....4, )
where g =E[X,] is the mean combined ratio of thé-th line of business, and the

covariance matrix :(p.iaia].), where o, :,/Var|xi| is the standard deviation of the

combined ratio of thei -th line of business andp; is the correlation coefficient between the
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combined ratios X, and X;, Lj=1..n. According to (3.19), estimators of the mean and
variance of the portfolio combined ratio necesgadtisfy the relationships

pg=0W", 6%=wZm, (3.20)
where 0,5 are estimators of the corresponding mean vecinds covariance matrices,

: : : _ - J+R! :
which are obtained as follows. Consider the combiragios X/ :u with the

Pl + RJ—l
. . _PI+R™ -
weights  w! :IID? i=1..,n,j=1...m. Then one has the following mean and
standard deviation estimators
= WX/, @=JZWMDQ-AY- (3.21)
j=1 i=1

To estimate the correlation coefficients;, i# j between the line of business combined
ratios, consider the sub-portfolios with combinedias X; and X, whose overall
combined ratios are determined by the weighted mean

P + R Pj' + R} L
Xij i+ . . . .Xj! |¢j,|,J:l...,n.
P +R +P +R Pi+R+Pj +Rj
(3.22)
The historical data consists of combined ratiﬁ# and weightsvvif defined by
- P*+ R Xk 4 P +R™ K
ij Pk + Rk—l + P-k + Rk—l i Pk + Rk—l + P-k + Rk—l j?
' b ' b (3.23)
« _R+RT+PHRT
Wy = - - - —, i#j,0,j=1...,n,k=1...m
PP+R +P +R
Interpreting theXijk 's as outcomes ofX; with probability function Pr(X; = X”) i, one
obtains the mean and standard deviation estimafors;
A > P"+R . P +R )
H; :ZWiTXiJk: . : R S . T H;,
k=1 Pi+R+Pj+Rj Pi+R+PJ+Ri
(3.24)

0= | S0 -

A compatible estimator of the correlation coeffitiep; is defined through the relationship
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5 1E[(p +R +P +R)G, [ - +R)G [ -[Pr + R [

3.25
[(P +R)UJ[(P +R)a] (3.25)

Up to the correlation coefficientp, between the premium risk ratio and the reserste ri
ratio, all parameters have been now estimated.mpetible estimator ofp,, is of the form

(3.7) with volatilities defined in (3.9) and (3.20)

In fact, to estimate the economic capital form@&) or (2.9), it suffices to determine
(3.6) provided overall portfolio information is wkeor (3.20), (3.21) and (3.25) in case
detailed information on the lines of business isilable. However, bear in mind that a
desirable goal of any solvency model consists tcasmee also all possible kinds of
diversification effects, for example diversificatibetween premium risk and reserve risk and
diversification across the lines of business (€BRO Forum (2005)). To determine these
diversification effects precisely, it is clear tladitof the remaining estimators must be used.

Finally, it is important to note that the standagproach to Solvency Il proposes
quite different estimators for the above quantitlesr the premium risk volatilities it uses a
credibility mix between company specific estimatarsed market wide estimators, for the
reserve risk volatilities it prescribes only lineklusiness dependent insurance market based
fixed numerical values, and all required correlataefficients are fixed numerical values
(see QIS3 (2007), 1.3.242, p.82, 1.3.246, p.83,249-250, p.84). Our method proposes
company specific estimators for both the premiusk and reserve risk as well as for the
correlation coefficient between these risk factdrthe granularity level of lines of business.

4, Numerical illustration

We illustrate the use of the estimation method geed in Section 3 to calculate the
economical capital according to Solvency Il inchglivarious diversification effects. Table
4.1 lists the available information for a portfolth m=5 lines of business oven =5
years. A short look at the statistics shows that toB 1 and LoB 3 are relatively small and
stable business segments, LoB 2 looses constais#ty premium volume but has still
important claims reserves, LoB 4 and LoB 5 contebatrongly to the overall slight growing
of the portfolio volume.

The economic capital is calculated according toMB® method (2.7) at the confidence
level a =995% and reported in Table 4.2. At the portfolio letled formulas (3.4)-(3.6) are
applied and at the lines of business level (3.4@)sed. The correlation coefficients between
the premium risk and reserve risk are evaluated avfiormula of type (3.7).

The economic capital of the portfolio cordanrisk is 33'731 and compares with the
sum of the stand-alone lines of business econoapiats for premium and reserve risk of
total amount 65'350. The total diversification effeof amount 31’619 is due to a
diversification effect across the lines of busineds amount 25’824 and a portfolio
diversification effect between the premium risk dhd reserve risk of amount 5'795. The
correlation between premium risk and reserve sgbasitive at the portfolio level and almost
negative at the lines of business level.

On the other side it is also possible tdwata the economic capital at the portfolio level
using the formulas (3.9) and (3.20). In this sitait is necessary to calculate the correlation
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coefficients between the lines of business for phemium risk, the reserve risk and the
combined risk using the formulas (3.14), (3.18) &2.@5). The Table 4.3 lists the obtained
correlation matrices and Table 4.4 summarizes toma@mic capital evaluation using this
second estimation method. In Table 4.3 we obseogdipe correlation coefficients between
the lines of business for the combined risk andeahiyositive and negative correlation
coefficients for the premium risk and the resersk.r

The economic capitals of Table 4.4 and 4ff2rdslightly: 9’330 compared to 10’021 for
the premium risk, 29’553 compared to 29’505 for thserve risk, and 31’371 compared to
33'731 for the combined risk. In this situationethcreased total diversification effect of
amount 33’979 (compared to 31'619) is due to a rdifieation effect across the lines of
business of amount 26'467 (compared to 25'824) angortfolio diversification effect
between the premium risk and the reserve risk afuarh7°'512 (compared to 5795). The
correlation between premium risk and reserve riskagain positive but smaller, which
explains the increased diversification.

Table4.1: risk premiums, paid claims and claims reservesfoon-life portfolio

Development year 0 1 2 3 4 5| Total years
Risk premiums / LoB
1 1000 800 1200 1000 1000 5000
2 8000 7000 6000 5000 4000 30000
3 2100 1700 2700 2100 2400 11000
4 6000 6000 7500 8000 8500 36000
5 1000 2000 3500 5000 6500 18000
Total LoB 18100 17500 20900 21100 22400 100000
Paid claims / LoB
1 350 200 400 300 400 1650
2 3500 3500 3000 2500 2000 14500
3 800 650 900 600 800 3750
4 2250 1800 2200 2000 2500 10750
5 350 500 500 750 2250 4350
Total LoB 7250 6650 7000 6150 7950 35000
Claims reserve / LoB
1 900 1100 1300 1300 1200 1000 5800
2| 8200 8000 10000 8000 6000 7000 40200
3] 1500 1900 3200 2600 2600 2500 11800
4| 4200 4800 5500 5500 6700 6900 26700
5 600 1100 1300 2500 3500 4500 9000
Total LoB| 15400 16900 21300 19900 20000 21900 93500
A Claims reserve / LoB
1 200 200 0 -100 -200 100
2 -200 2000 -2000 -2000 1000 -1200
3 400 1300 -600 0 -100 1000
4 600 700 0 1200 200 2700
5 500 200 1200 1000 1000 3900
Total LoB 1500 4400 -1400 100 1900 6500
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Table4.2: economic capital and diversification effects gs{8.6) at the portfolio level

economic capital

risk portfolio LoB1 LoB2 LoB3 LoB4
premium risk 10021 646 2201 1010 3756
reserve risk 29505 2501 24766 12024 6213
combined risk 33731 1758 21033 10868 5901
diversification risks 5795 1389 5934 2166 4069

premium risk vs.
reserve risk

correlation coefficient

0.415-0.864 -0.691 0.207 -0.318

diversification

Table4.3: correlation matrices for the premium risk, regergk and combined risk

1
1.000
-0.624
-0.107
0.289
0.579

A~ WNPF

1
1.000
0.836
0.632
0.248

-0.650

O~ wWN P

1
1.000
0.242
0.723
0.769
0.218

ab~ wWwDN P

remium risk

2 3
-0.624 -0.107
1.000 -0.434
-0.434 1.000
0.084 0.912
0.243 0.818

eserve risk

2 3
0.836 0.632
1.000 0.633
0.633 1.000
-0.054 0.490
-0.545 -0.579
onebined risk

2 3
0.242 0.723
1.000 0.555
0.555 1.000
0.122 0.632
0.043 0.043

LoB5 LoB
4818 2410
7414 23414
6160 11990
6072 13834
-0.405
4 5
0.289 0.579
0.084 0.243
0.912 0.818
1.000 0.730
0.730 1.000
4 5
0.248 -0.650
-0.054 -0.545
0.490 -0.579
1.000 -0.541
-0.541 1.000
4 5
0.769 0.218
0.122 0.043
0.632 0.043
1.000 0.090
0.090 1.000

Table4.4: economic capital and diversification effects gs{B.9) and (3.20)

economic capital

risk portfolio LoB1 LoB2 LoB3 LoB4
premium risk 9330 646 2201 1010 3756
reserve risk 29553 2501 24766 12024 6213
combined risk 31371 1758 21033 10868 5901
diversification risks 7512 1389 5934 2166 4069
premium risk vs. correlation coefficient

reserve risk 0.198 -0.864 -0.691 0.207 -0.318

diversification

LoB5 LoB

4818 3101

7414 23366

6160 14349

6072 12118
-0.405
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APPENDIX: A basic portfoliorisk factor ratio model

To evaluate the economic capital of portfelad risks in practice, it is often judicious to
express risk factors using random ratios. For exempsurance risk loss ratios are quotients
from claims to risk premiums while financial risksk ratios are just negative returns. In the
general context of risk factors, it is possibled&dine the risk factor ratio of a portfolio as a
weighted linear combination of the risk factor oatbf its components.

Consider a portfolio with random risk facto8s= (S,...,S,) and deterministic vector of

volumes V=(V,,...V,) associated to these risk factors. The vectoantlom risk factor
ratios X=(X,...,X,) is defined by X, :Vi’ i=1..,n.Let V=V, +..+V, be the total

volume of the portfolio, and letw=(w,,...,w,) be the vector of portfolio weights with

W, :\é the weight associated to risk factori =1,...,n. Then the overall risk factor ratio of

the portfolio is defined by the linear combination
X =Y wX,. (A1)
i=1

We assume the existence of the mean veeoter(y4,,...,4, , where p = E[Xi] is the mean,
and the covariance matri¥ = (pijaiaj) such that o? :Var[Xi] is the variance andp; is
the correlation between the risk factor ratio§ and X, i,j=1...n. Moreover, a joint
multivariate distribution  function  F,(x,...x, )  with marginal distributions
F(x), i=1...n, has to be specified, which is compatible with gagameters v,%. In

terms of the defined risk factor ratios, one isiasted in the stand-alone (standard) risk
factors L =V, [(X,-4), i=1...,n, and in the portfolio (standard) risk factor

L=V [(X - ). Using (A.1) the mean and variance of the poufalk factor ratio are
U=0W', og?=wZ' . (A.2)

For practical evaluation, there remains the modelainoice for the joint multivariate
distribution function F,(x,,...,x, ) and the statistical estimation of the parameters: .

Provided historical data is available, the latssktis solved as follows.
Let S'=(9,...S/) and P’ =(P/,..,P)), j=1..,m, represent the risk factors and

_ i
volumes of the portfolio inm past periods. Consider the risk factor ratios :%, and

. ] m.
the weights w/ :%, R =Y PR, i=1..n j=1..m. Interpreting the historical risk
i j=

factor ratios X/ as outcomes of the ratio random variabl¥s with probability function
Pr(X, = X/) =w’, one obtains the mean and variance parameters
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=E[x,]= Y wx/,
- (A.3)
o’ =Var[Xi]=Zwij X! =@)?, i=1..n

To estimate the correlation coefficientg;, i# | between risk factors, consider the sub-
portfolios with risk factor ratiosX; and X;, whose overall risk factor ratios are determined
by the weighted mean

=3
.= o+ ] ) ¢ P = n A4
Xu F,)+P x. P+ P x], | 1] l n ( )

I [ I

The associated historical data consists of ristofa@atios Xi}< and Weightsvvi;‘ defined by

k — I:)ik k ij Xk
I pk g pk T pRypR T
| ] i j
A5
W"—Pik+ij i#j,0,j=1...n,k=1...m )
ij - F’i. +PJ. 1 Jl lJ - saaylly - saay .
Interpreting thexi}‘ 's as outcomes ofX; with probability function Pr(X; = X”) i, one
obtains the mean and variance parameters
,=Ex,]= Zvvkxk = PR — (A.6)
] P Fi)- + F)j. i
o? =Varlx,]= Zvvuk(xi}< — 1) (A.7)

Note that the formula (A.6) is compatible with tiiefinitions (A.3) and (A.4). In order that
(A.7) is also compatible with (A.3) and (A.4), tberrelation coefficientp;, must satisfy the

relationship

). = l J(F? + PI)O—IJ ]2 B [FT.O—I]2 B [PJ'.UJ' ]2 (A 8)
"2 (R'a)(P o) ' '
and the probabilities Pr(X; = Xijk) =vvijk must be compatible with the probabilities

Pr(X; = X{)=w‘ and Pr(X, = X¥) =w. Using (A.3) and (A.8) one sees that the mean

and variance of the portfolio risk factor ratio gieen by (A.2).
Exhaustive conditions under which the estomgA.8) defines a “true” correlation
coefficient  p, D[— J,l] are not known to the author. Simulation exammhsw that

p; U [— 1,1] may occur, however with a very small probability.
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In the following let us specify a simple practicabthod under which (A.8) will define a
“true” correlation coefficient p; D[— Ll]. Using regression analysis it is possible to dit f

eachi O{1...,n} the premium volumes to the following function
P“=r“'g, k=1..m, (A.9)
where r is interpreted as a price index adjustment faétorthermore set

rm-1

PP=>PR‘=aI[8, S=)r"= i =1,...,n. (A.10)
k=1 k=1 r-1
Under (A.9) and (A.10) the weights are simply gilsn
rk—l
vvik:wjk:vvij.‘:?, i#j,i,j=1..n,k=1...m (A.11)
One sees that (A.3), (A.6) and (A.7) can be reemitis
/Ji - Sr_l @rk—l D(ik,
- (A.3)
ol =St rtOX{ -~ p)?, i=1..n
k=1
a a
== i -+ - A.6'
H ai+a,./J' a+a; "’ (A6)
m a 2
02 =51DD ) —T (XK - ) — (X )| AT
ij r % I:Eai_'_aj( i lu|) a’i+a'j( i /'IJ):I ( )

Inserting into (A.8) the correlation coefficientrglifies to the analytical expression

S X - ) X - )
= , (A.12)

P = - -
er“mxr—mz S XS - )
k=1 k=1

which reminds one in the special case=1 of the classical product moment estimator of the
correlation coefficient, for whichp, D[— 1,1] clearly holds.
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