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Abstract

A stochastic model of an additive loss reserving method based on the assumption
that the claim reserves are good measures for the remaining exposure is presented.
This model combines a projection of payments and a projection of corresponding
reported amounts such that both leads to the same ultimate. In addition, the
presented method even works for some kind of incomplete triangles.

We will state estimators for the total necessary reserves and estimators for the
corresponding standard error. Moreover, we will discuss an example based on motor
liability data, where we distinguish between property damage and bodily injury
claims and only have proper data to do so for the last six accounting years.

Keywords: Stochastic Reserving, Loss Development, Mean Squared
Error of Prediction.
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1 Motivation

We want to describe a method which is able to deal with some kind of incomplete
triangles of payments and reported amounts. As an example you may keep in mind
the following situation. Assume your company covers motor liability. Some years
ago one decided to distinguish between bodily injury and property damage claims.
All new claims, all still open claims and all reopened claims have been migrated
to the new claims handling philosophy. This implies that for old years only some
claims can be identified as bodily injury or property damage claims and therefore
one cannot apply the Chain Ladder method on the separated triangles of bodily
injury and property damage claims.

For a more precise definition let Si,k and Ti,k denote the incremental payments
and incremental reported amounts of accident year i and development year k, for
1 ≤ i, k ≤ n. Here, n denotes the number of observed years. By incomplete data we
mean that Si,k and Ti,k are missing, for i + k ≤ Y for some accounting year Y < n.
Clearly, in this situation the Chain Ladder method doesn’t work properly. But, if
a good measure of the underlying risk for each accident year can be obtained, the
Complementary Loss Ratio method, see [3], could be applied to both the incremental
triangle of payments and the incremental triangle of reported amounts.

We will extend the idea of the Complementary Loss Ratio method using the
case reserves (outstanding) at the end of the previous development year as risk
measure. In other words, payments and adjustments to the reported amount during
the year are assumed to be proportional to the opening reserves, which are the case
reserves at the end of the previous year. In order to do this we need all case
reserves Ri,Y−i, i < Y . We will present unbiased estimators for the total necessary
reserves. Moreover, we will use the ideas of Mack [2] to present an estimator for the
corresponding conditional mean squared error.

2 Definition of the model

We want to extend the idea of incomplete triangles in the way, that we introduce
non-negative weights wi,k, i+k ≤ n, which measures our confidence in the observed
developing during the year k of accident year i. The situation of the incomplete
triangles described in the previous section is the special case of weights wi,k = 0,
for i + k ≤ Y , and wi,k = 1, for Y < i + k ≤ n. We will use the following basic
notations:

Si,k the payments during development year k of all claims of accident year i.

Ti,k the adjustments to the reported amount during development year k of all
claims of accident year i.
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Ri,k the outstanding (case reserves) at the end of development year k of all claims
of accident year i.

We consider Si,k, Ti,k and Ri,k as random variables for which we have observations
for i + k ≤ n + 1. This variables are linked via

Ri,k+1 = Ri,k − Si,k+1 + Ti,k+1, for 1 ≤ i ≤ n and 0 ≤ k < n,

where we take Ri,0 ≡ 0.
As usual we assume the accident years, i.e.

{S1,k, T1,k, R1,k : 1 ≤ k ≤ n}, . . . , {Sn,k, Tn,k, Rn,k : 1 ≤ k ≤ n}, (2.1)

are independent.
The minimum and maximum of two real numbers we denote by

a ∨ b := max(a, b) and a ∧ b := min(a, b).

Moreover, we define the information Dk of the run-off triangles up to develop-
ment year 1 ≤ k ≤ n by

Dk := σ

(
n⋃

i=1

Bi,k∧(n+1−i)

)
(2.2)

with
Bi,k := σ ({Si,l, Ti,l : 1 ≤ l ≤ k}) , (2.3)

the run-off information of accident year i up to development year k.
The idea of case reserves being a good risk measure for incremental payments

and reported amounts can be formalised as follows:

Assumption 2.1 For 1 ≤ i ≤ n and 1 ≤ k < n we assume that

E [Si,k+1|Bi,k] = αkRi,k , (2.4)
E [Ti,k+1|Bi,k] = βkRi,k , (2.5)

Cov
[(

Si,k+1

Ti,k+1

)
,

(
Si,k+1

Ti,k+1

)∣∣∣Bi,k

]
=

(
σ2

k γk

γk τ2
k

)
Ri,k =: Σ2

kRi,k (2.6)

for some constants αk and βk and some positive definite, symmetric matrices Σk.

Assumption (2.6) ensures that our weighted estimator for the necessary reserves
will be of minimal variance under all linear estimators. Moreover, (2.6) also implies
that all reserves have to be non-negative and together with (2.4) and (2.5) we even
get that all reserves have to be positive up to the time where no development is
assumed to be taken place.

Standard calculations using conditional expectations gives us.
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Corollary 2.2 Assumption 2.1 implies the standard Chain Ladder assumptions for
the reserve, i.e.

E [Ri,k+1|Bi,k] = (1− αk + βk)Ri,k := fkRi,k , (2.7)
Var [Ri,k+1|Bi,k] = (σ2

k − 2γk + τ2
k )Ri,k . (2.8)

Remark 2.3

1) Hence Corollary 2.2 immediately implies 1− αk + βk ≥ 0, for all k ≥ 1.

2) Looking at cumulative data Ci,k :=
∑k

j=1 Si,j and Di,k :=
∑k

j=1 Ti,j the as-
sumptions (2.4) and (2.5) imply that

E [Ci,k+1|Bi,k] = (1− αk)Ci,k + αkDi,k ,

E [Di,k+1|Bi,k] = (1 + βk)Di,k − βkCi,k .

3 Estimator of the necessary reserves

The main aim of this section it to define weighted estimators for the parameter αk

and βk and for the unknown values Si,k, Ti,k and Ri,k, for i + k > n + 1. Moreover,
we will derive some useful conclusions.

Proposition 3.1 Under the assumptions stated in Section 2

α̂k :=
∑n−k

i=1 wi,kSi,k+1∑n−k
i=1 wi,kRi,k

and (3.1)

β̂k :=
∑n−k

i=1 wi,kTi,k+1∑n−k
i=1 wi,kRi,k

(3.2)

are conditionally unbiased estimators for αk and βk, respectively, given Dk.
Moreover, f̂k := (1− α̂k + β̂k) is the Chain-Ladder estimator for fk, that means

f̂k =
∑n−k

i=1 wi,kRi,k+1∑n−k
i=1 wi,kRi,k

. (3.3)

The estimators α̂k, β̂k and f̂k are correlated via

Cov

α̂k

β̂k

f̂k

 ,

α̂l

β̂l

f̂l

∣∣∣∣∣Dl∧k

 = 0, for k 6= l, (3.4)
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and

Cov

α̂k

β̂k

f̂k

,

α̂k

β̂k

f̂k

∣∣∣∣∣Dk

=

 σ2
k γk γk − σ2

k

γk τ2
k τ2

k − γk

γk − σ2
k τ2

k − γk σ2
k − 2γk + τ2

k

 ∑n−k
j=1 w2

j,kRj,k(∑n−k
j=1 wj,kRj,k

)2 .

(3.5)

Proof: Using (3.1), (3.2) and the definition (2.7) of fk, formula (3.3) can be
easily verified.

The conditional unbiasedness of the given estimators is a direct consequence of

E [α̂k|Dk] =
∑n−k

i=1 wi,kE [Si,k+1|Dk]∑n−k
i=1 wi,kRi,k

=
∑n−k

i=1 wi,kαkRi,k∑n−k
i=1 wi,kRi,k

= αk

and similar calculations for β̂k.
Moreover, for k > l we get

E


α̂k

β̂k

f̂k

α̂l

β̂l

f̂l

t ∣∣∣∣∣Dl

 = E

E

α̂k

β̂k

f̂k

∣∣∣∣∣Dk

α̂l

β̂l

f̂l

t ∣∣∣∣∣Dl


=

αk

βk

fk

E


α̂l

β̂l

f̂l

t ∣∣∣∣∣Dl


= E

α̂k

β̂k

f̂k

∣∣∣∣∣Dl

E


α̂l

β̂l

f̂l

t ∣∣∣∣∣Dl

 ,

which proves (3.4).
Finally, in order to prove (3.5) we will only compute Var[α̂k|Dk]. The other

covariances can be obtained in the same way. We get

Var[α̂k|Dk] =

∑n−k
j=1 w2

i,kVar[Sj,k+1|Dk](∑n−k
j=1 wj,kRj,k

)2 = σ2
k

∑n−k
j=1 w2

i,kRj,k(∑n−k
j=1 wj,kRj,k

)2 .

2

Now we can look at the random variables Si,k, Ti,k and Ri,k, for i + k > n + 1.
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Theorem 3.2 Let the assumptions of Section 2 be fulfilled. Then

Ŝi,k := α̂k−1R̂i,k−1 = α̂k−1Ri,n+1−i

k−2∏
l=n+1−i

f̂l , (3.6)

T̂i,k := β̂k−1R̂i,k−1 = β̂k−1Ri,n+1−i

k−2∏
l=n+1−i

f̂l , (3.7)

R̂i,k := Ri,n+1−i

k−1∏
l=n+1−i

f̂l (3.8)

(3.9)

are conditionally unbiased estimators for E[Si,k|Dn+1−i], E[Ti,k|Dn+1−i] and
E[Ri,k|Dn+1−i], for i + k > n + 1, respectively.

Moreover, if there is no tail development, that means R1,n = 0, then
n∑

k=n+2−i

Ŝi,k = Ri,n+1−i +
n∑

k=n+2−i

T̂i,k . (3.10)

Proof: The unbiasedness of the estimators Ŝi,k, T̂i,k and R̂i,k are direct conse-
quences of Proposition 3.1 and Corollary 2.2.

Now, let us assume that R1,n = 0. Then we get f̂n−1 = 0, which yields R̂i,n = 0,
for 2 ≤ i ≤ n. Therefore, it follows

n∑
k=n+2−i

(Ŝi,k − T̂i,k) = Ri,n+1−i − R̂i,n+2−i +
n∑

k=n+3−i

(R̂i,k−1 − R̂i,k)

= Ri,n+1−i − R̂i,n

= Ri,n+1−i ,

this completes the proof.
2

Equation (3.10) shows that there is no gap between the estimations of the total
necessary reserves using payments Si,k and using reported amounts Ti,k. This is
an advantage over the standard Chain Ladder method, where one may have a sys-
tematically gap between the estimator using payments and the one using reported
amounts, see Braun [1]. Therefore, the presented extension of the Complementary
Loss Ratio method is in this respect comparable with the Munich Chain Ladder
method, which extends the Chain Ladder method in order to eliminate this gap,
see Mack and Quarg [4]. Unfortunately, for the Munich Chain Ladder method an
estimator for the mean squared error of the estimated necessary reserves is still
missing.
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4 Estimator of the mean squared error

In this section we want to derive an estimator for the conditional mean squared
error

mse(R̂i) := E

( n∑
k=n+2−i

(Si,k − Ŝi,k)

)2 ∣∣∣Dn

 . (4.1)

of the estimated necessary reserves

R̂i :=
n∑

k=n+2−i

Ŝi,n

under the knowledge Dn of the whole run-off triangle, see also (3.10).
We want to skip problems of dealing with tail factors. That’s why we assume

R1,n = 0. (4.2)

In order to get further on we need estimators for σ2
k and τ2

k , for 1 ≤ k < n, and
for γk, for 1 ≤ k < n − 1. We take the following weighted conditionally unbiased
estimators:

σ̂2
k := Z−1

k

n−k∑
i=1

wi,kRi,k

(
Si,k+1

Ri,k
− α̂k

)2

, (4.3)

τ̂2
k := Z−1

k

n−k∑
i=1

wi,kRi,k

(
Ti,k+1

Ri,k
− β̂k

)2

, (4.4)

γ̂k := Z−1
k

n−k∑
i=1

wi,kRi,k

(
Si,k+1

Ri,k
− α̂k

)(
Ti,k+1

Ri,k
− β̂k

)
, (4.5)

where

Zk :=
n−k∑
i=1

wi,k −
∑n−k

i=1 w2
i,kRi,k∑n−k

i=1 wi,kRi,k

,

for 1 ≤ k < n− 1. Note that E[σ̂2
k|Dk] = σ2

k and analogously for τ̂2
k and γ̂2

k

We still lack estimators for σ2
n−1 and τ2

n−1. If there is even no development after
year n− 1 we set

σ̂2
n−1 = τ̂2

n−1 = 0.
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Otherwise, one can extrapolate σ̂2
n−1 and τ̂2

n−1 in the same way as described by
Mack [2]. In our examples we take

σ̂2
n−1 := min

(
σ̂4

n−2

σ̂2
n−3

, σ̂2
n−3, σ̂

2
n−2

)
,

τ̂2
n−1 := min

(
τ̂4
n−2

τ̂2
n−3

, τ̂2
n−3, τ̂

2
n−2

)
.

Now, fix n + 1− i < k ≤ n and let

B∗i := Bi,n+1−i .

Then we obtain

E

[(
n∑

k=n+2−i

(Si,k − Ŝi,k)

)2 ∣∣∣Dn

]
(4.6)

= Var

[
n∑

k=n+2−i

Si,k

∣∣∣Dn

]
+

(
n∑

k=n+2−i

(E[Si,k|Dn]− Ŝi,k)

)2

= Var

[
n∑

k=n+2−i

Si,k

∣∣∣B∗i
]

+

(
n∑

k=n+2−i

(E[Si,k|B∗i ]− Ŝi,k)

)2

=
n∑

k1,k2=n+2−i

Cov[Si,k1 , Si,k2 |B∗i ] +
n∑

k1,k2=n+2−i

(E[Si,k1 |B∗i ]− Ŝi,k1)(E[Si,k2 |B∗i ]− Ŝi,k2).

Note, the first term corresponds to the process variance and the second term to the
parameter estimation error, see, e.g., Wüthrich-Merz [5].

We split the analysis of the addends of the first sum of the last line into the two
parts: k1 = k2 and k1 < k2. For k := k1 = k2 we get

Var[Si,k|B∗i ] = E
[
Var[Si,k|Bi,k−1]

∣∣∣B∗i ]+ Var
[
E[Si,k|Bi,k−1]

∣∣∣B∗i ]
= σ2

k−1E[Ri,k−1|B∗i ] + α2
k−1Var[Ri,k−1|B∗i ].
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And for k1 < k2 we compute

Cov[Si,k1 , Si,k2 |B∗i ]

= E
[
Cov[Si,k1 , Si,k2 |Bi,k2−1]

∣∣∣B∗i ]+ Cov
[
E[Si,k1 |Bi,k2−1], E[Si,k2 |Bi,k2−1]

∣∣∣B∗i ]
= αk2−1Cov[Si,k1 , Ri,k2−1|B∗i ]
...
= αk2−1fk2−2 · · · fk1Cov[Si,k1 , Ri,k1 |B∗i ]
= αk2−1fk2−2 · · · fk1Cov[Si,k1 , Ri,k1−1 − Si,k1 + Ti,k1 |B∗i ]

= αk2−1fk2−2 · · · fk1

(
αk1−1fk1−1Var[Ri,k1−1|B∗i ] + (γk1−1 − σ2

k1−1)E[Ri,k1−1|B∗i ]
)
.

Because of Corollary 2.2, we can use the same arguments as in Mack [2] and get

E[Ri,k|B∗i ] = Ri,n+1−i

k−1∏
l=n+1−i

fl ,

Var[Ri,k|B∗i ] = Ri,n+1−i

k−1∑
l=n+1−i

fn+1−i · . . . · fl−1(σ2
l − 2γl + τ2

l )f2
l+1 · . . . · f2

k−1,

for all k > n + 1− i.
Using the notation

âk1,k2,l :=



σ̂2
l

α̂2
l

, for k1 = k2 = l + 1,

γ̂l − σ̂2
l

α̂lf̂l

, for k1 > k2 = l + 1 or k2 > k1 = l + 1,

σ̂2
l − 2γ̂l + τ̂2

l

f̂2
l

, for k1 ≥ k2 > l + 1 or k2 ≥ k1 > l + 1,

(4.7)

and replacing all unknown variables by their estimators we get for the addends of
the first sum of the last line of (4.6)

Ĉov[Si,k1 , Si,k2 |B∗i ] = Ŝi,k1Ŝi,k2

(k1∧k2)−1∑
l=n+1−i

âk1,k2,l

R̂i,l

,

where we used the notation R̂i,k := Ri,k, for i + k ≤ n + 1.
In order to estimate the addends of the second sum of the last line of (4.6) we

start with(
E[Si,k|B∗i ]− Ŝi,k

)
= Ri,n+1−i

(
αk−1

k−2∏
l=n+1−i

fl − α̂k−1

k−2∏
l=n+1−î

fl

)
.
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Using the abbreviation

Fi,k,l :=

{
(αk−1 − α̂k−1)f̂k−2 · . . . · f̂n+1−i, for l = k − 1,

αk−1fk−2 · . . . · fl+1(fl − f̂l)f̂l−1 · . . . · f̂n+1−i, otherwise ,
(4.8)

we can proceed with(
E[Si,k1 |B∗i ]− Ŝi,k1

)(
E[Si,k2 |B∗i ]− Ŝi,k2

)
= R2

i,n+1−i

k1−1∑
l1=n+1−i

k2−1∑
l2=n+1−i

Fi,k1,l1Fi,k2,l2 .

Now as in Mack [2] we approximate Fi,k1,l1Fi,k2,l2 by E[Fi,k1,l1Fi,k2,l2 |Dl1∨l2 ]. This
means we take the average over as little data as possible keeping as much as possible
values Si,k and Ti,k from the observed data fixed. Using the same arguments as in
the proof of Proposition 3.1 we get

E[Fi,k1,l1Fi,k2,l2 |Dl1∨l2 ] = 0, for l1 6= l2,

and

E[Fi,k1,lFi,k2,l|Dl]

=



Var[α̂k1−1|Dk1−1]f̂2
k1−2 · · · f̂2

n+1−i, for k1 = k2 = l + 1,

α2
k1−1f

2
k1−2 · · · f2

l+1Var[f̂l|Dl]f̂2
l−1 · · · f̂2

n+1−i, for k1 = k2 > l + 1,

αk1−1fk1−2 · · · fk2Cov[f̂k2−1, α̂k2−1|Dk2−1]f̂2
k2−2 · · · f̂2

n+1−i,

for k1 > k2 = l + 1,

αk1−1fk1−2 · · · fk2−1αk2−1f
2
k2−2 · · · f2

l+1Var[f̂l|Dl]f̂2
l−1 · · · f̂2

n+1−i,

for k1 > k2 > l + 1.

Now we use (3.5) and definition (4.7) and replace all unknown variables by their
estimators. This and similar arguments for T̂i,n with the definition

b̂k1,k2,l :=



τ̂2
l

β̂2
l

, for k1 = k2 = l + 1,

τ̂2
l − γ̂l

β̂lf̂l

, for k1 > k2 = l + 1 or k2 > k1 = l + 1,

σ̂2
l − 2γ̂l + τ̂2

l

f̂2
l

, for k1 ≥ k2 > l + 1 or k2 ≥ k1 > l + 1,

yield
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Estimator 4.1 Let the assumptions of Section 2 be fulfilled. Then the conditional
mean squared errors of the estimated necessary reserves R̂i and of the estimated
IBNR

Îi :=
n∑

k=n+2−i

T̂i,k

can be estimated, respectively, by

m̂se(R̂i) :=
n∑

k1,k2=n+2−î

Si,k1Ŝi,k2

(k1∧k2)−1∑
l=n+1−i

âk1,k2,l

 1

R̂i,l

+

n−l∑
j=1

w2
j,lRj,l( n−l∑

j=1
wj,lRj,l

)2

 ,

m̂se(Îi) :=
n∑

k1,k2=n+2−î

Ti,k1 T̂i,k2

(k1∧k2)−1∑
l=n+1−i

b̂k1,k2,l

 1

R̂i,l

+

n−l∑
j=1

w2
j,lRj,l( n−l∑

j=1
wj,lRj,l

)2

 .

Corollary 4.2 Let the assumptions of Section 2 be fulfilled and assume that there
does not exist any tail development. Then

m̂se(R̂i) and m̂se(Îi)

are estimators for the conditional mean squared error of the ultimate reserves

mse(R̂i).

Proof: Since we assume that there does not exists any tail development, it follows
from Theorem 3.2 that

R̂i =
n∑

k=n+1−i

Ŝi,k = Ri,n+1−i +
n∑

k=n+1−i

T̂i,k = Ri,n+1−i + Îi .

This and the measurability of Ri,n+1−i with respect to Dn proves

mse(R̂i) = mse(Îi),

which implies our statement.

2
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Often an estimator for the mean squared error of the estimated total necessary
reserve

R̂ :=
n∑

i=2

R̂i

is of interest, too. Since R̂i and R̂j , i 6= j, depend on the common parameter
estimates α̂k and β̂k, we cannot simply take the sum of all m̂se(R̂i). But using the
same techniques as for the derivation of the result of Estimator 4.1 we obtain:

Estimator 4.3 Assume the assumptions of Section 2 are fulfilled. Then the con-
ditional overall mean squared error of the reserves can be estimated by

m̂se(
n∑

i=2

R̂i) =
n∑

i=2

m̂se(R̂i)

+ 2
∑

2≤i1<i2≤n

n∑
k1=n+2−i1

n∑
k2=n+2−i2̂

Si1,k1Ŝi2,k2

(k1∧k2)−1∑
l=n+1−i1̂

ak1,k2,l

n−l∑
j=1

w2
j,lRj,l( n−l∑

j=1
wj,lRj,l

)2
.

Moreover, the conditional overall mean squared error of the IBNR can be estimated
by

m̂se(
n∑

i=2

Îi) =
n∑

i=2

m̂se(Îi)

+ 2
∑

2≤i1<i2≤n

n∑
k1=n+2−i1

n∑
k2=n+2−i2̂

Ti1,k1 T̂i2,k2

(k1∧k2)−1∑
l=n+1−i1̂

bk1,k2,l

n−l∑
j=1

w2
j,lRj,l( n−l∑

j=1
wj,lRj,l

)2
.

Derivation: We start with

mse(
n∑

i=2

R̂i) =
n∑

i=2

mse(R̂i)

+ 2
∑

2≤i1<i2≤n

n∑
k1=n+2−i1

n∑
k2=n+2−i2

(
E[Si1,k1 |Dn]− Ŝi1,k1

)(
E[Si2,k2 |Dn]− Ŝi2,k2

)
.

Similar to the derivation of Estimator 4.1 we substitute

E[Si,k|Dn]− Ŝi,k =
k−1∑

l=n+1−i

Fi,k,l,

12



where Fi,k,l is defined by (4.8). This leads to

mse(
n∑

i=2

R̂i) =
n∑

i=2

mse(R̂i)

+ 2
∑

2≤i1<i2≤n

n∑
k1=n+2−i1

n∑
k2=n+2−i2

k1−1∑
l1=n+1−i1

k2−1∑
l2=n+1−i2

Fi1,k1,l1Fi2,k2,l2 .

We proceed with the product Fi1,k1,l1Fi2,k2,l2 in the same way as with Fi,k1,l1Fi,k2,l2

in the derivation of Estimator 4.1 and obtain our claimed estimator for the overall
mean squared error of the reserves by replacing all unknown parameters with their
estimators.

Moreover, the same procedure leads to the claimed estimator for the overall
mean squared error of the IBNR.

2

Finally, the same arguments as in the proof of Corollary 4.2 yield

Corollary 4.4 Let the assumptions of Section 2 be fulfilled and assume that there
does not exist any tail development. Then

m̂se(
n∑

i=2

R̂i) and m̂se(
n∑

i=2

Îi)

are estimators for the conditional overall mean squared error of the ultimate reserves

mse(
n∑

i=2

R̂i).

Note, there are also other methods that lead to an estimate for the estimation
error (second term in (4.6)). An alternative would be to apply the conditional
resampling approach, see Wüthrich-Merz [5].

5 Two examples

As first example we choose some complete triangles and no weights in order to
compare the standard Chain Ladder method, see Mack [2], with our method. The
triangles are shown in Table 4 and Table 5. As estimators for the parameters we
get the values shown in Table 1, Table 2 and Table 3.

13



k 1 2 3 4 5 6 7 8 9
f̂k 1.2343 1.2904 1.1918 1.1635 1.1457 1.1013 1.0702 1.0760 1.0444
σ̂2

k 6˙658 9˙884 8˙707 1˙497 2˙321 5˙522 1˙850 8˙024 1˙850

Table 1: Chain Ladder parameters for payments of Example 1

k 1 2 3 4 5 6 7 8 9
f̂k 1.6502 0.8561 0.8718 0.9614 0.9812 0.9833 0.9900 0.9917 0.9949
σ̂2

k 31˙586 7˙885 5˙771 538 235 10 13 4 1

Table 2: Chain Ladder parameters for reported amounts of Example 1

k 1 2 3 4 5 6 7 8 9
α̂k 0.1174 0.0922 0.1114 0.1764 0.2424 0.3002 0.3271 0.4279 0.8923

β̂k 0.9761 -0.1896 -0.2026 -0.0802 -0.0501 -0.0663 -0.0564 -0.0548 -0.1077
σ̂2

k 4˙241 5˙560 5˙103 2˙796 16˙724 9˙625 18˙536 26 0
τ̂2
k 48˙855 10˙044 11˙535 856 300 1˙025 567 345 210

γ̂k 1˙931 2˙771 1˙403 -175 -47 -895 -3˙130 -95

Table 3: Extended Complementary Loss Ratio parameters of Example 1

The resulting estimated reserves are shown in Table 6. Table 7 and Table 8 list
the corresponding standard errors and the standard errors in percent of the reserves.
In this example the extended Complementary Loss Ratio method leads to reserves
which lie for almost all accident years between the two corresponding Chain Ladder
reserves.

Chain Ladder Ext. Compl.
Paid Incurred Loss Ratio

1 0 0 0
2 114˙086 337˙984 314˙902
3 394˙121 31˙884 66˙994
4 608˙749 331˙436 359˙384
5 697˙742 1˙018˙350 981˙883
6 1˙234˙157 1˙103˙928 1˙115˙768
7 1˙138˙623 1˙868˙664 1˙786˙947
8 1˙638˙793 1˙997˙651 1˙942˙518
9 2˙359˙939 1˙418˙779 1˙569˙657

10 1˙979˙401 2˙556˙612 2˙590˙718
Total 10˙165˙612 10˙665˙287 10˙728˙771

Table 6: Estimated reserves of Example 1
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Chain Ladder Ext. Compl. Loss Ratio
Paid Incurred Paid Incurred

1
2 89˙423 2˙553 194 14˙639
3 234˙652 5˙186 4˙557 5˙538
4 255˙590 9˙264 10˙541 12˙566
5 261˙272 10˙874 36˙792 38˙250
6 323˙859 33˙243 43˙940 44˙835
7 274˙914 55˙884 65˙055 65˙909
8 373˙587 165˙086 176˙706 176˙977
9 492˙815 209˙162 197˙781 197˙917

10 468˙074 321˙560 322˙900 323˙049
Total 1˙517˙480 455˙794 467˙814 471˙873

Table 7: Estimated standard errors of the reserves of Example 1

Chain Ladder Ext. Compl. Loss Ratio
Paid Incurred Paid Incurred

1
2 78.4% 0.8% 0.1% 4.6%
3 59.5% 16.3% 6.8% 8.3%
4 42.0% 2.8% 2.9% 3.5%
5 37.4% 1.1% 3.7% 3.9%
6 26.2% 3.0% 3.9% 4.0%
7 24.1% 3.0% 3.6% 3.7%
8 22.8% 8.3% 9.1% 9.1%
9 20.9% 14.7% 12.6% 12.6%

10 23.6% 12.6% 12.5% 12.5%
Total 14.9% 4.3% 4.4% 4.4%

Table 8: Estimated standard errors in percent of the reserves of Example 1

It is remarkable that although we have to estimate 44 parameters for the ex-
tended Complementary Loss Ration method compared to 18 for the Chain Ladder
method, we don’t get much higher and for some years even smaller standard errors.
This may be caused by the estimated negative correlations γ̂k, for k > 3. And
because you combine two sources of information, that is, you have more parameters
to estimate but you also have more observations to do this parameter estimation.
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For the second example we take some part of a motor liability portfolio. We
took all small bodily injury claims. Because of the lack of good information, we can
trust the split into bodily injury and property damage claims only for the last 6
business years. The corresponding incremental triangles are shown in Table 9 and
Table 10. The opening reserves Ri,6−i, 1 ≤ i ≤ 5, are given by Table 11

i Ri,6−i

1 5˙210˙174
2 6˙093˙211
3 11˙142˙105
4 11˙467˙760
5 887˙953

Table 11: Opening reserves for Example 2

We choose weights

wi,k :=
{

0, for i + k ≤ 5,
1, otherwise.

Moreover, since we only see 10 years of claim development, we have to decide how
to deal with the reserves remaining after 10 years. In this example we assume that
only fifty percent of those remaining reserves will be paid. Note, this decision does
not affect the estimated standard errors.

Applying our method we get the following estimators for the parameters:

k 1 2 3 4 5 6 7 8 9
α̂k 7.4862 0.3889 0.1647 0.1186 0.1299 0.1174 0.0686 0.0975 0.2862

β̂k 18.6909 0.3512 -0.0762 -0.0825 -0.0914 -0.1155 -0.1536 -0.1696 -0.1474
σ̂2

k 7˙359˙451 71˙545 4˙301 3˙522 2˙561 9˙217 13˙058 2˙646 536
τ̂2
k 25˙224˙905 274˙131 57˙645 17˙390 59˙029 44˙779 62˙834 1˙058 18

γ̂k 13˙351˙758 123˙550 14˙805 1˙853 4˙527 9˙429 -3˙633 -1˙673

Table 12: Estimated parameters of Example 2

This leads to the following estimated reserves and their corresponding standard
errors (s.e.):
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Paid Reported Amount
Reserves IBNR s.e. in % Res. s.e. in % Res.

1 389˙107 -389˙107
2 1˙310˙917 -991˙339 57˙460 4.4% 10˙474 0.8%
3 1˙559˙034 -1˙469˙423 82˙210 5.3% 45˙552 2.9%
4 1˙380˙074 -1˙562˙693 211˙574 15.3% 351˙627 25.5%
5 2˙845˙519 -3˙117˙679 424˙820 14.9% 635˙533 22.3%
6 3˙639˙882 -3˙618˙609 513˙117 14.1% 769˙909 21.2%
7 6˙106˙104 -5˙653˙541 664˙565 10.9% 969˙190 15.9%
8 9˙152˙283 -7˙223˙097 943˙067 10.3% 1˙264˙629 13.8%
9 17˙901˙115 -1˙415˙244 2˙173˙399 12.1% 2˙486˙225 13.9%

10 29˙514˙639 27˙944˙434 6˙960˙209 23.6% 7˙413˙137 25.1%
Total 73˙798˙673 2˙503˙701 7˙803˙265 10.6% 8˙681˙194 11.8%

Table 13: Estimated reserves and standard errors of Example 2

If you try to apply the Chain Ladder method to the last 6 years, you would have
to estimate a tail factor for the payments of about 1.17 and for the reported amount
of about 0.87 in order to get similar results for the total necessary reserves.
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