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Abstract

A novel approach to claims reserving is set out, adhering closely to
the philosophy of the chain ladder technique. The focus is on numbers
of claims in order to keep the exposition and methodology as straight-
forward as possible. Indications are given of how the basic approach
can be extended to more practical situations. The key feature of the
approach is to consider data in continuous time and not to group the
data by accident and development year before applying any models.
This has several advantages, including the consitency of approach for
data observed in continuous time, monthly, quarterly or annually.

Keywords: Chain Ladder; Claims Reserves; Reserve Risk; Multiplica-
tive bias correction; Density estimation, Crossvalidation; smoothing; kernel.

1 Introduction

A crucial element of non-life insurance is to set adequate reserves aside for
liabilities that are not fully known, and this is of great importance when
considering the risk of insolvency and the capital requirements for non-life
insurers. Determining the expected profit or loss in a non-life insurance
business is of growing importance because of the Solvency II regulations. For
an insurer operating in the non-life insurance business, the ultimate claims
amount of an accident year is often not known at the end of that year. It
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will depend on the business line: for instance, in liability insurance it may be
expected that the claims settlement will last several years because of bodily
injuries and/or long legal processes. Also the possible time lag between the
occurrence of the accident and the manifestation of the consequences of the
event may cause a delay. The aim of claims reserving is to estimate the
outstanding claims and thereby enable the company to set its reserves. To
forecast these outstanding claims, a simple but generally accepted algorithm
is the classical chain ladder method (CLM).

A key feature of the vast majority of claims reserving methods used in
practice, including the CLM, is that they assume that the data have been
aggregated. This aggregation is often done by year, but it could also be
done by quarter or month. Whatever time period is used, the key point
to note is that this aggregation implies some pre-smoothing of the data.
Claims reserving methods which use continuous models (parametric or non-
parametric) have been suggested in the literature but they almost invariably
involved the use of aggregated data which has therefore been reduced to
discrete time data. The approach of this paper is different in that it does
not assume that the data have been aggregated: it uses data recorded in
continuous time. As this is a new approach, we present methods which are
close to the CLM, but we keep them as straightforward as possible. It would
be possible to add sophistication to these, but this would detract from the
simplicity of the presentation and we leave this for future work. Because
the approach uses data recorded in continuous time and is based on the
philosophy underlying the CLM, it can be viewed as a continuous version of
the CLM. For this reason, we have named it “Continuous Chain Ladder”.

Methods based on data recorded over a continuous time scale have previ-
ously been suggested in the actuarial literature (e.g. Norberg, 1986), but the
papers only rarely addressed the implementation of these methods. In the
practical context the results have generally been somewhat disappointing.
We believe that this somewhat disappointing outcome for continuous reserv-
ing so far is that the methods have been too distant from well-known methods
such as the CLM to appeal to actuaries. This paper therefore aims to show
how reserving using data recorded in continuous time can be viewed as a
natural transition from CLM to sophisticated modern statistical methods.

Using the technical language of non-parametric smoothing, this paper will
show that the classical CLM can be regarded as a structured histogram on a
triangle (Jones 1989). The original CLM groups the data and develops a mul-
tiplicative histogram model: we will simply follow the same approach without
grouping the data. When the data are not grouped, it can be treated as hav-
ing a density on the triangle. This multivariate density can be estimated
using local linear smoothing methods, and it can then be approximated on
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the triangle by a multiplicative density. It is also possible to relate this ap-
proach to regression. Linton and Nielsen (1998) showed that their method
of marginal regression (Linton and Nielsen, 1995), simply minimized the dis-
tance from a multivariate regression function by two additive components.
Mammen, Linton and Nielsen (1999) developed smooth additive regression
as a kernel weighted projection of the data on an additive subspace on non-
parametrically defined functions. This research led to a number of extensions
including the generalised additive non-parametric smooth backfitting of Yu,
Park and Mammen (2008). This is related to the approach taken in this
paper, because the multiplicative model can be regarded as a generalized
additive model.

The paper is structured as follows...

2 The classical model for aggregated data

One of the most popular method used in reserving is the classical chain
ladder method (CLM) which uses simple aggregated triangular arrays of
data. Several stochastic models for CLM have been formulated which model
directly the aggregated data (see for example Verrall and England 2002, or
Wüthrich and Merz, 2008). This paper considers a new and modern approach
based on smoothing methods which will provide a different perspective on
claims reserving, which gives more insights into classical reserving methods
such as the CLM. This section describes briefly the classical formulation
which will be a benchmark throughout the paper.

In classical reserving methods it is assumed that the available information
is a run-off triangle with dimension m, i.e. a triangle with m rows. Thus, the
information is provided in an aggregated way where, in theory, any aggrega-
tion periods could be considered, such as quarters, years etc. Depending on
the data being considered, each cell in the triangle could contain the number
of reported or paid claims (counts data) or aggregated payments (reported
or paid). Traditional methods such as the CLM are often applied to all of
these types of triangles, with different distributional assumptions used as ap-
propriate. For example, a Poisson model would be suitable for counts and
an over-dispersed Poisson for aggregated payments. This paper considers
only counts in order to make the density approach as clear as possible. The
extension to payments data will be considered in future work.

We assume, without loss of generality, that the data are available as a
triangle, and denote the set indexing the periods for which the data are
available by Im = {(i, j) : i = 1, . . . ,m, j = 1, . . . ,m; i + j − 1 ≤ m}.
Here i denotes the origin period and j the delay period (i.e. j − 1 periods
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delay from i). The aggregated incurred counts triangle can then be written
by ℵm = {Nij : (i, j) ∈ Im}, where Nij is the total number of claims of
insurance incurred in period i, which are reported in period i+j−1 i.e. with
j− 1 periods delay from year i. Examples of such aggregated data is showed
in the top graph in Figure 1 and 2 . Both datasets consist of the number
of reported claims (incurred counts) observed for claims that were incurred
between 1990 and 2011, this is, during m = 22 years (a proper description
of these data will be provided in Section 5.1).

It is usual that data in this triangular form are used for classical reserving
methods and it is possible to predict the outstanding claims and construct
a reserve starting from aggregated data. In order to do this, the methods
produce projections in the lower and unexperienced triangle Jm = {(i, j) :
i = 2, . . . ,m, j = 1, . . . ,m; i+ j− 1 > m}. The traditional CLM projections
can be derived from maximum likelihood estimation under a Poisson model
for the aggregated data (see Kuang, Nielsen and Nielsen, 2009). Note that
such a model is often quite a reasonable model for counts data. Thus, it is
assumed that the cells in the triangle are independently Poisson distributed
with cross-classified mean, which is specified by the following multiplicative
parametrization:

E[Nij] = αiβj, (i, j) ∈ Im. (1)

By solving the well-known identification problem for this kind of method (see
Kuang, Nielsen and Nielsen, 2009), standard tools from generalized linear
models provide estimates for the parameters αi and βj, for i, j = 1, . . . ,m.
From these estimates the predicted outstanding claims for each underwriting
period are obtained by summing the predicted values for the claims in the
lower triangle by row. Also, outstanding claims for future calendar period
can be predicted by summing the diagonals in the lower triangle. Both
calculations are the common output required from reserving methods. An
illustration of the classical chain ladder method on real insurance data is
given in Section 5. The next section introduces the continuous approach
which underlies the new method proposed in this paper.

2.1 A regression view of the density estimation prob-
lem

The aim of this paper is show how to estimate outstanding claims using a
similar approach to the CLM, but using data recorded in continuous time. To
do this, we first reformulate the reserving problem in terms of a multivariate
density estimation problem and then develop kernel methods to estimate this
density non-parametrically. The classical CLM provides one approach to this

4



non-parametric density estimation problem as is explained in this subsection.
This new perspective can provide greater understanding of classical reserving
methods such as the CLM, and may also be the key to making progress in
the development of further modern and powerful methods.

Several papers in the statistical literature have described the connection
between the density and the regression problems. This connection has moti-
vated new density estimation methods such as local linear estimator, which
will be applied in this paper to the reserving problem. We begin by describing
the connection as Fan and Gijbels (1996, pp. 50) did in the unidimensional
setting, considering first the simple univariate scenario to make the exposi-
tion more straightforward. Let X1, . . . , Xn be a random i.i.d. sample from a
population X with continuous density f . Let a1 < · · · < am denote equally-
spaced grid points defining m−1 contiguous intervals or bins Bj = (aj, aj+1],
for j = 1, . . . ,m − 1. The extreme points a1 and am are typically chosen in
such a way that the support of f is contained in (a1, am]. Let Λm denote the
bin size (Λm = a2−a1). Also for each j = 1, . . . ,m, let xj denote the bin cen-
ter (xj = (aj+1 + aj)/2), and Nj the bin count defined as the number of data
falling in the interval Bj. It is clear that Nj follows a binomial distribution
with size parameter n and success probability pj =

∫
Bj
f(x)dx. Therefore

when m→∞ or equivalently Λm → 0 we have the following approximations:

E

[
Nj

nΛm

]
≈ f(xj)

and

V

(
Nj

nΛm

)
≈ f(xj)

nΛm

,

for j = 1, . . . ,m. It can be seen that the estimation can be viewed as a
heteroscedastic regression problem based on the data, {(xj, Nj/Λmn), j =
1, . . . ,m}, which are approximately independent. Equivalently the regression
model can be written for the bin counts Nj as

Nj = r(xj) + εj, (2)

with r(·) = nΛmf(·) being the regression function. From a regression esti-

mate r̂(·) the target density can be estimated as f̂(·) = r(·)nΛm.
Now if we move to the two-dimensional scenario it can clearly be seen that

the classical chain ladder method approaches the density problem through
the regression formulation in equation (2). Specifically, the CLM estimates a
two-dimensional density f supported in the triangle Im using a multiplicative
structure. The bins are constructed as squares of the form Bij = (ai, ai+1]×
(bj, bj+1], for i, j ∈ Im, with bin length Λm = a2−a1 = b2−b1 being constant.
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(It is possible to have different bin lengths in each dimension, but we make
the assumption that they are the same for expositional simplicity.) Thus,
from the bin counts Nij (the number of data falling in Bij) the regression
problem can be formulated as

Nij = r(zij) + εij, (3)

based on the data {(zij, Nij, i, j ∈ Im}. The two-dimensional covariate
zij = (xi, yj), is defined such that xi and xj are the midpoints of the intervals
(a1,i, a1,i+1] and (a2,j, a2,j+1], respectively, for i, j ∈ Im. The regression func-
tion is then related to the density by r(·, ·) = nΛmf(·, ·). By assuming that
the unknown regression function, r, is multiplicative, i.e. r(·, ·) = r1(·)r2(·),
the problem can be solved using classical generalized linear models (GLM)
with the logarithmic link function and some specified error distribution (see
for example England and Verrall, 2002, for a description of this approach).
The Poisson model (for claim counts) as defined by equation (1), relies on the
Poisson approximation of the binomial distribution. Clearly each bin count,
Nij, follow a binomial distribution with parameters n and pij, where n is the
total ultimate number of claims for each accident year and pij =

∫
Bij

f(z)dz.

It is well known that the binomial distribution can be approximated by a
Poisson distribution: Nij ↪→ P (npij), which justifies a GLM model with log
link function and Poisson error distribution. Note that the larger n and
the smaller pij the better is the approximation and therefore the better the
expected performance of the classical CLM.

The description above shows how the CLM focuses on the regression
approach when considering the estimation of a density and that it can only
work on binned data. This was the point made in the introduction: the
CLM, like many common reserving models, assumes that the data have been
aggregated (binned). The following section describes methods which aim to
estimate the underlying density and which are therefore more suited to the
consideration of individual data using continuous time.

3 The continuous approach to chain ladder

methods

By formulating the reserving problem in terms of a bivariate density estima-
tion problem, modern statistical methods can be used to provide estimates.
Note that the approach now changes from the regression perspective which
is useful when the data are given in an aggregated way (see Appendix A),
to a continuous approach where the target function is a continuous two-
dimensional density function. As was discussed in the previous section the
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chain ladder method is defined from the regression perspective, which also
starts from a histogram or a binned version of the data. This is also the case
with many other approaches in reserving that attempt to introduce smooth-
ing ideas. Some of these approaches are examined in Section 4. This section
shows how a continuous version of the CLM can be derived, and thereby pro-
vides estimates of outstanding calims with better statistical properties. The
methods can still be applied to aggregated data - the data which are usually
used in this context. However, they can be extended naturally to the context
of individual claims data. We begin with one of the simplest cases in Section
3.1. This describes how a simple kernel density estimator can be developed
from the naive and inefficient histogram, which is the basis of the classical
CLM. A sequence of steps to improve the local linear and multiplicative bias
correction estimators can then be introduced.

Before examining the various smoothing approaches which can be applied
to claims data observed in continous time, we first set out a very general
framework. This general framework encompasses the smoothing methods
which will be proposed in the rest of this paper, but it is also possible to
view the classical CLM within the same framework. Although this may
seem artificial at first sight (and over-complicated), it is very important to
recognise and understand the decisions which are being made, in a modelling
sense, when a CLM is applied. The general framework consists of a structure
for the estimator and an optimality criterion. For each of these choices, it will
also be necessary to show how the optimal solution can be obtained. This
has already been done in many cases and it is the main focus of most papers
in the literature for particular choicesof estimator and optimality criterion.
In fact, the vast majority of papers simply assume that the choices have been
made and then concentrate on obtaining the optimal solutions. The main
point of this paper is to focus instead on the initial choices, and thereby bring
a fresh approach.

The general framework within which chain ladder models work is that
the estimator has a mulitplicative form and this is then optimised using a
least-squares or maximum likelihood criterion. Thus, in general terms, the
aim is to estimate some function f(x, y) over the whole square S = {z =
(x, y)t|0 ≤ x, y ≤ T}. A chain ladder model assumes that the estimate is
multiplicative i.e. f1(x)f2(y) and a histogram smoother (with bins corre-
sponding to the accident and delay periods) is applied for both f1 and f2.
The chain ladder technique can be completed replicated using (for example)
a Poisson likelihood and maximisation as the optimality criterion.

It can be seen that the choice of a histogram smoother, where the bins
are fixed and equal to the accident and delay periods imposes some strong
restrictions on the form of the estimator. It also results in an estimate which
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is piece-wise constant and which is diffcicult to use to produce tail factors.
We therefore propose that this should be considered as just one of a wide
range of possible approaches, and begin by outlining how kernel smoothing
methods can be used in the next section.

3.1 From the histogram to kernel smoothing

Kernel methods for density estimation arise in an intuitive and natural way
from the naive histogram estimator. The application of these kernel meth-
ods in reserving relies on the recognition that the classical CLM consists of
the construction of a structured histogram on a triangle. A histogram is the
simplest non-parametric approach to estimate a density function. The his-
togram separates the data into distinct non-overlapping bins, and constructs
bars (hypercubes) with heights defined as the proportion (or the number)
of observations falling into each bin. This proportion gives an estimate of
the probability density function at the mid point of the bin (see subsection
2.1). As in Section 2.1 we start from the simpler univariate scenario and
extend this afterwards to the two-dimensional situation. Consider again a
random sample, X1, . . . , Xn, from a population X with a continuous density
f . Consider m− 1 contiguous intervals Bj = (aj, aj+1] or bins with constant
bin length Λm, which divide the support of f , and let xj be the midpoints,
for j = 1, . . . ,m − 1. The height of the bar of the histogram with base Bj

provides an estimate of the probability density function at the midpoint, xj.
Thus, an estimator of the density f at any point x0 in the support of f can be
derived from the limit concept of ratio between probability mass in a neigh-
borhood of a point and the size of the neighborhood. This is an application
of the mean value theorem of integral calculus, which implies that

lim
Λm→0

P (X ∈ Bj)

Λk

= f(x) if x ∈ Bj (j = 1, . . . ,m− 1).

From this expression the histogram estimator at any point x0 in the support
is defined by

f̂hist(x0) =
n−1

∑n
i=1 I{Xi ∈ Bj}

Λm

if x0 ∈ Bj (j = 1, . . . ,m).

Note that the histogram is not a continuous function, but has jumps at the
grid points and has zero derivative everywhere else. This gives estimates
which are not only aesthetically undesirable, but, more seriously, could pro-
vide to an untrained observer with a misleading impression. In fact, the
shape of the histogram can potentially be influenced by where the bin cen-
tres are placed. From the above formulation, these are defined by the choice
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of the width Λm and the location of the first point a1. Partly to overcome this
difficulty, and partly for other technical reasons (see for example Silverman,
1986, for a further explanation), other estimators which can overcome these
drawbacks have been developed, such as kernel methods.

Moving now to the two-dimensional scenario, assume that Z1, . . . , Zn is
an i.i.d. random sample from a population Z = (X, Y ), having bivariate
continuous density f . Consider a split of the support of f into squares of
the form Bij = (a1,i, a1,i+1] × (a1,j, a2,j+1], with constant length of the sides
Λm = a1,2 − a1,1 = a2,2 − a2,1. Following analogous arguments to those used
in the univariate case, the simple histogram estimator can be defined at any
point z0 = (x0, y0) in the support of f by

f̂hist(z0) = ν(z0)/nΛ2
m,

where ν(z0) is the number of sample data falling in the square which contains
z0. A kernel density estimator overcomes the problem of the naive estimator
concerning the location of the bins and provides a smooth estimate for the
target continuous density. The simplest kernel density estimator is the mul-
tivariate extension of the Parzen-Rosenblatt estimator. For any estimation
point in the support, z0 = (x0, y0) this is defined as

f̂h(z0) = |h|−1

n∑
i=1

Kh(z0 − Zi), (4)

where Kh(·) is a two-dimensional kernel and h = (h1, h2)t ∈ IR2
+ is a band-

width parameter with |h| = h1h2. Here we use a simple multiplicative kernel
given by Kh(u, v) = Kh1(u)Kh2(v) with Kh1(u) = h−1

1 K(u/h1), Kh2(u) =
h−1

2 K(u/h2) and K being a unidimensional symmetric probability density
function. This multiplicative structure matches the CLM assumptions, but
other general kernels such as spheric kernels could also be considered. Also
more general bandwidth parameter such as matrices (see for example Wand
and Jones, 1995, pp.103) could also be considered.

Simple kernel methods suffer from well-known boundary problems and
further corrections have been suggested in the literature to overcome these
problems. Reserving can be viewed as a typical density estimation problem
in the boundary region defined by the claims triangle. The triangular sup-
port requires refined boundary corrections methods to be considered, and
local linear density estimation can be useful in this context. Subsection 3.2
starts by considering the local linear approach to provide an estimator of the
density in the triangle. Since the aim is to predict the density in the whole
square which includes the future in the lower triangle, we will next assume a
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multiplicative structure and use the marginal integration method by Linton
and Nielsen (1995) to provide a multiplicative local linear estimator for the
density. This provides the required predictions in the forecast set (the lower
triangle in the square).

3.2 The unstructured local linear estimator in the ob-
servation triangle

Nielsen (1999) extended the principle of local linear estimation by Lejeune
and Sarda (1992) and Jones (1993) to non-parametric multivariate density
estimation with arbitrary boundary regions. Let f denote a two-dimensional
density having support in the triangle I = {z = (x, y)t|0 ≤ x, y ≤ T, x +
y ≤ T} with any T > 0. Here for simplicity we assume the origin period
is equal to zero. Nielsen’s local linear estimator is defined at each point
z0 = (x0, y0)t ∈ I as the solution Θ̂0 of the following minimization problem:(

Θ̂0

Θ̂1

)
= arg min

{
lim
b→0

∫
I

[
f̃b(z)− Θ̂0 − Θ̂t

1(z0 − z)
]2

Kh(z − z0)dz

}
, (5)

where f̃b(z) = n−1(b1b2)−1
∑n

i=1Kb(z − z0) is the standard kernel estimator
in (4) at the point z with bandwidth parameter b = (b1, b2)t ∈ IR2

+ and two-
dimensional kernel K. As in section 2.1 a multiplicative kernel, K(x, y) =
K(x)K(y) is used, with K being a unidimensional symmetric kernel function.

Note that this estimator is only defined in the observation triangle and
therefore is not suitable for forecasting purposes. Recall that the forecast
horizon is giving by J = {z = (x, y)t|0 ≤ x, y ≤ T, x + y > T}. In the next
section we assume a multiplicative structure for the density and provide an
estimator which can be used to provide forecasts in the lower triangle J .

3.3 The structured local linear density estimator

Now we assume that the target density in the whole square S = {z =
(x, y)t|0 ≤ x, y ≤ T} is multiplicative i.e. f(x, y) = f1(x)f2(y). The
marginal integration method introduced by Linton and Nielsen (1995) can
be extended to the density estimation problem in 3.2 through the following
two-step method:

Step 1. From the available data estimate the two-dimensional density
in the observation set I by an estimator f̂Ih (x, y), such as the local
linear estimators resulting from (5).
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Step 2. Assume that the target density is multiplicative, f(x, y) =
f1(x)f2(y) and estimate f1 and f2 through the following minimisation:

minf1,f2

∫
I

(
f̂Ih (x, y)− f1(x)f2(y)

)2

dxdy. (6)

The minimization at Step 2 can be performed using an iterative algorithm
such as the following:

1. Consider an initial estimator of the component f1 denoted by f̂
(0)
1 . Let

f̂ (0) denote the unstructured estimator for the density in I defined in
Step 1 above.

2. Using f̂
(0)
1 , f(x, y) ≈ f̂

(0)
1 (x)f2(y) so that∫

Iy
f(x, y)dx ≈ f2(y)

∫
Iy
f̂

(0)
1 (x)dx

with Iy = {x|(x, y) ∈ I}. Estimate the density f2 by

f̂
(1)
2 (y) =

∫
Iy f̂

(0)(x, y)dx∫
Iy f̂

(0)
1 (x)dx

.

3. Using f̂
(1)
2 , calculate the updated estimator for f1 by

f̂
(1)
1 (x) =

∫
Ix f̂

(0)(x, y)dy∫
Ix f̂

(1)
2 (y)dy

.

4. Repeat steps 2-3 until the desired convergence criterion is achieved.

This provides estimates for any point in the square S = {z = (x, y)t|0 ≤
x, y ≤ T}. The only requirement in practice is to choose the kernel func-
tion K and a bandwidth parameter h which introduces a suitable level of
smoothing. The first choice is usually made for practical or theoretical rea-
sons and it usually has a minor impact on the performance of the estimator
(see for example Wand and Jones, 1995, for more details about the choice of
kernel). However, the choice of the bandwidth parameter can significantly
affect the performance of the kernel estimator and because of its importance,
it is considered in subsection 3.5.
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3.4 A multiplicative bias correction

In this section, we consider a second improved kernel estimator using bias
reduction techniques. It is well-known that kernel methods such as those
proposed above provide biased estimates. In the context of this paper, bias
should be corrected since it could lead to incorrect reserves with serious
consequences for the solvency of non-life insurers. Note that the variability
is not so relevant because the insurer is usually interested in aggregated values
of the estimates such as the total reserves for the future calendar years or
even the overall total in the range of years under consideration.

There are several alternative bias reduction methods to correct the kernel
estimates at points of large curvature. Here we consider the multiplicative
bias correction (MBC) method proposed by Jones, Linton and Nielsen (1995)
for univariate density estimation. The estimator is again introduced in two
steps. Firstly a multiplicative bias corrected estimator for the density in
the observation triangle is defined, which is an unstructured MBC estima-
tor. Secondly, the marginal integration method is applied to provide the
structured MBC density estimator.

Consider the unstructured local linear estimator defined in subsection
3.2. Denote this estimator by f̂ILL,h and recall that it is supported in I. The
unstructured MBC estimator is defined (having the same support) from the
following expression:

f̂IMBC,h(z) = f̂ILL,h(z)ĝILL,h(z) (7)

where ĝILL,h is the local linear estimator of the ratio f(z)/f̂ILL,h(z) obtained
by minimising the expression below in Ψ0.

minΨ0,Ψ1

{
lim
w→0

∫
I

[
g̃(z;w)−Ψ0 −Ψt

1(z0 − z)
]2 (

f̂ILL,h(z)
)−1

Kh(z − z0)dz

}
(8)

Now from the estimator defined in (7) and using a similar method to that
described in subsection 3.3 the MBC estimators of the univariate densities
f1 and f2 are obtained, together with the structured MBC estimator as their
product.

3.5 Choice of degree of smoothing

In practice, it is necessary to make a choice of the bandwidth or smooth-
ing parameter, and for this an optimality criterion is often used. However,
for any kernel estimate the theoretically optimal bandwidths are unfeasible
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in practice and therefore it is necessary to provide a reasonable data-driven
bandwidth estimate. The problem of bandwidth selection also arises also
when other estimators such as smoothing splines are used. In this case the
smoothing parameter defines the appropriate weightings of fit and smooth-
ness. Section 4 describes some of the approaches that have been previously
considered in the reserving literature.

For the kernel density estimators defined above, the bandwidth is a two-
dimensional parameter h = (h1, h2) which controls the degree of smoothing
in each direction. Specifically h1 and h2 move between 0 and infinity, thereby
corresponding to extreme cases of undersmoothing and oversmoothing, re-
spectively. h1 defines the degree of smoothing in the underwriting direction
and h2 in the development direction.

There are several possible methods suggested in the literature to choose
the bandwidth for a two-dimensional density. One of the simplest and most
commonly used is the crossvalidation method (see for example Wand and
Jones 1995), which estimates the optimal bandwidth for the estimator using
the sample data. In this paper, two candidates are suggested for estimating
the density from a sample in the reserving triangle using a multiplicative
structure. These are the local linear estimator and a multiplicative bias-
corrected version. We propose here simply to use crossvalidation to find
good unstructured density estimators in the observed triangle, and from such
estimators to calculate the corresponding structured densities following the
method described in Section 3.3.

For either of the unstructured density estimators defined in the triangle I,
the LL estimator (f̂ILL,h) or the MBC estimator (f̂IMBC,h), the cross-validation
score is defined by

CV(h) =

∫
I
f̂Ih (z)2dz − 2

n∑
i=1

∫
I
f̂
I,[−i]
h (z)dF̃n(z), (9)

with f̂
I,[−i]
h being the leave-one-out version of the estimator f̂Ih , and F̃n being

the empirical distribution function from the sample. The cross-validation
bandwidth is then defined as the minimizer of CV(h). The crossvalidation
multiplicative bias-corrected estimator is defined in a similar way.

4 Related non-parametric methods in reserv-

ing

The reserving literature contains other suggestions for smoothing methods,
and these can be related to the kernel density methods proposed in this
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paper. This section reviews the methods already proposed in the literature
and explains the novelty of the approach in this paper.

An early paper where the notion of smoothing is applied to the reserving
problem is Verrall (1996) which was followed by England and Verrall (2001).
The latter paper formalizes a traditional approach in actuarial practice which
consists of smoothing the development factors in the deterministic chain lad-
der approach. England and Verrall (2002) contains a description of this and
further develops it in the framework of the generalized linear models (GLM).
Chain ladder models are parametric models where the number of parameters
increases in a linear way with the dimension of the run-off triangle. From a
triangle of dimension m and assuming the Poisson model for the entries in
the triangle with multiplicative structure such as (1), the log-likelihood can
be written as

L (αi, βj;ℵm) =
∑ ∑

(i,j)∈Im

{−αiβj + αiβj log(Nij)} , (10)

(omitting a constant term). Verrall (1991) and Kuang, Nielsen and Nielsen
(2009) proved that the maximum likelihood estimators, {α̂i, βj, 1 ≤ i, j ≤
m}, provide the chain ladder estimates by N̂ij = α̂iβ̂j, for each i, j =
1, . . . ,m. The intuition in this paper indicates that low levels of aggregations
in the triangle would lead to serious problems in the likelihood behaviour.

Apart from the well-known problem of identification of the parameters,
which was solved by Kuang, Nielsen and Nielsen (2008), maximum likelihood
methods tend to break down when the dimension goes to infinity. Grenan-
der’s method of sieves was suggested (Greman and Hwang 1982) as a method
for modifying classical estimators so as to make them appropriate for such
non-parametric problems. When the dimension of the parameter space goes
to infinity, it is suggested that the optimization is attempted within a subset
of the parameter space, with this subset then being allowed to increase with
the sample size. The sequence of subsets from which the estimator is drawn
is called a “sieve” and therefore the resulting estimation method is called
the “method of sieves”. Also the growth rate is controlled by the sieve size
which, in practice, has to be chosen .

To illustrate the approach, we consider the example used by Greman and
Hwang (1982) which is the histogram. For any univariate density f the max-
imum likelihood estimator based on an i.i.d. sample, X1, . . . , Xn, is defined
as the maximizer of L(f ;X1, . . . , Xn) = Πn

i=f(Xi). If nothing is known about
the target density the maximum cannot be achieved. This problem could be
solved by restricting the set of candidates where the optimization is carried
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out. A sieve can be defined for this problem as the following sequence

sf,m = {f : f is a p.d.f. constant on Bj j = 1, . . . ,m}

with Bj being m contiguous intervals or bins dividing the support of f with
bin size equal to Λm. Then the method of sieves consists of maximizing
the likelihood L in the subspace sf,m, allowing m to grow with the sam-
ple size n. The solution, which is thus a sieve estimator, is the well-known
histogram estimator which was described in Section 2.1. Other examples
in density estimation include penalized maximum likelihood estimators. A
kernel smoother such as the simple Parzen-Rosemblat-type estimator, de-
scribed in Section 3.1, is close to the sieves method but differs in the fact
that it is not a maximum likelihood estimator for the density (see Greman
and Hwang, 1982, for more details). Thus, the kernel approach in this paper
moves away from the classical method of sieves to the modern and power-
ful kernel smoothing theory where good estimators such as the local linear
and the multiplicative bias corrected estimators can attain good theoretical
properties with excellent practical performance.

The flexible method proposed by England and Verrall (2001) is quite
close to the above method of sieves. In this case the relation comes from
an application to regression, also described by Greman and Hwang (1982),
where a particular choice of sieve leads to the well-known smoothing splines
estimator for the univariate regression function. Again, it is known that the
maximum likelihood estimator is not consistent when a non-parametric (or
infinite dimensional parametric) regression function is assumed. A sieve for
this problem can be defined as the set of absolutely continuous functions r
satisfying

∫
|r′(x)|2 dx ≤ m, and the sieves estimator would be a first degree

polynomial smoothing spline (see for example Fan and Gijbels 1996 for a
description of smoothing regression splines). England and Verrall (2001) ex-
ploits the regression formulation of the reserving problem to apply smoothing
ideas. The approach of this paper becomes more complex than in Greman
and Hwang (1982), but the aim is still to provide estimators having the max-
imum likelihood properties in a non-parametric framework. The approach of
England and Verrall (2001) is described here, in order to make the connec-
tion with the classical method of sieves clear, and also to show the connection
with the kernel methods suggested in this paper.

Consider the GLM formulation of the reserving problem described in Sec-
tion 2, and assume a more general framework where the error distribution
could be Poisson (as considered here) but also gamma, inverse gamma etc.
Such a variety of distributions allows GLMs to be used for both claim num-
bers and claim amounts triangles, with the Poisson model being suitable for
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the counts triangle, and an overdispersion property often used for the trian-
gle of paid claims. Denoting by Cij the entries in any of these triangles the
above distribution can be characterized by the following assumption for the
variance:

V(Cij) = φmρ
ij,

with E[Cij] = mij. Values of ρ = 1, 2 and 3 give the Poisson, gamma and
inverse gamma, respectively. We focus on one of the GLM modesls for the
mean for the data in a triangle, given by:

log (mij) = c+ ai + bj. (11)

Here the use of the logarithmic transform makes the model linear but it
also imposes some positivity constraints on the data in the triangle. This
parametric model is usually fitted in practice using standard GLM tools.
Note that if the dimension of the triangle is allowed to grow (and hence also
the number of parameters in (11) increases), it would again give rise to a non-
parametric maximum likelihood problem. Here the method of sieves would
suggest defining a sieve candidate which could lead to consistent solutions.
This was not the motivation of England and Verrall (2001), where a new
and flexible model is described which could generalize simpler models such
as that specified in equation (11) or others such as the so called Hoerl curve
given by

log (mij) = c+ ai + bi log(j) + γij. (12)

In this case, generalized additive models (GAMs) can be used of the following
form:

log (mij) = sθi(i) + sθj(log(j)) + sθj(j). (13)

In this, sθi and sθj are smoothers for the underwriting period i and the
development period j, with smoothing parameters θi, and θj, respectively.
The extremes values for the smoothing parameters i.e. zero and infinity,
would lead to either the classical chain ladder model, (11), or the Hoerl
curve, (12), respectively. Smoothing splines smoothers were considered for
sθi and sθj , thereby considering the underwriting and development periods
as continuous variables.

The relatively complex computational requirements of the GAMs in Eng-
land and Verrall (2001) may have deterred them from becoming popular in
reserving practice. A different approach, using GLMs was used by Björkwall,
Hössjer, Ohlsson and Verrall (2011), where smoothing is introduced moti-
vated by what is often done in practice in reserving by an actuary: the
smoothing of the development parameters using just ad hoc truncations of
the estimated values from the chain ladder method.
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All these smoothing approaches in reserving have a relationship with the
general method of sieves, even though the non-parametric nature of the prob-
lem was not the original motivation. Also, none of these papers considered
data recorded more frequently (or continuously) and they do not therefore
address the non-parametric maximum likelihood problem.

Another application of smoothing ideas can be found in Verrall (1996),
which suggested a simple smoothing of the chain ladder underwriting period
parameters derived from the simple model in (11). The limited amount of
data to estimate these underwriting period effects can lead to very volatile
estimates, in which case the introdution of an appropriate level of smoothing
can give more stable and reliable results. Also having a similar aim but
considering also smoothing in the development period are Zehnwirth (1989)
and Verrall (1989), which use the Kalman filter.

The next section compares some of these approaches with the non-parametric
density approach using real insurance data. But before considering numer-
ical results, where the peculiarities of the data might obscure some of the
weakness of the methods being compared, we conclude this section with
some remarks about the differences between previous approaches to intro-
duce smoothing into reserving from that proposed in this paper.

From the above description, it is clear that the development of smoothing
methods in reserving has focused on solving some of the drawbacks in tradi-
tional reserving practice such as the high volatility of results from classical
chain ladder methods. Reducing volatility is indeed one of the results of
using smoothing methods, but previous papers did not consider the implica-
tions of the non-parametric reserving problem. England and Verrall (2001)
pointed out the continuous nature of the problem but it was simply noted
that a continuous model was being applied to a non-parametric problem.
Indeed even the continuous nature of the problem is recognised, all of the
previous approaches look at the regression problem more than the actual
density problem. The regression view of the density problem is indeed quite
useful and has allowed many of the contributions to the density estimation
problem to be developed. However, such a perspective relies, in effect, on
a histogram smoother being applied first and therefore all the attempts to
introduce smoothing methods would lead to smoothed versions of the his-
togram. There are many papers in the literature demonstrating that this
is a poor and inefficient solution for the problem (see, for example, Jones,
1989). The new formulation of the problem as a density estimation problem
therefore has wider implications and has not been considered before in the
actuarial literature. This wider perspective allows us to develop modern and
powerful non-parametric methods, which are known to provide excellent re-
sults in other fields. Thus, although the proposal in paper may appear to be
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too sophisticated for stochastic reserving, we believe that it is in fact simpler
and more intuitive.

5 Illustrations with real insurance data

In this section, we consider illustrations of the reserving problem through two
personal accident data sets from a major insurer. We begin with a description
of the data with subsequent subsections we comparing the kernel approach
with the classical structured histogram which is the classical chain ladder
model.

5.1 The data: large and small claims

In order to improve the estimation of outstanding claims, practitioners often
divide a portfolio into two sub-portfolios, one containing small claims and the
other the large claims. The reason for this is that the underlying outstand-
ing loss liabilities are often too heterogeneous. The classical chain ladder
algorithm is then applied to each sub-portfolio. This common practice has
been discussed and formalized into a mathematical framework in the recent
literature (see for example Alai and Wüthrich, 2009).

Here we consider two data sets resulting from this separation provided by
a major insurer. The two data sets are arranged into classical run-off triangles
and were collected between 1990 to 2011. They have been provided in the
lowest level of aggregation possible for the company, which in this case is
by months. During these 264 months 1,516 large claims and 1,447,072 small
claims were recorded and then arranged into separated run-off triangles. The
company provided two type of (incremental) triangles, one corresponding to
the incurred counts and the other are aggregated payments. Cells in the
incurred counts triangle correspond to the number of reported claims as in
ℵm′ = {Nij; (i, j) ∈ Im′}, with m′ = 264. Usuing data aggregated by year
and the classical chain ladder method, reasonable results were obtained for
the small claims but not for the large claims. The small size of the large
claims data set and the high volatility mean that classical methods do not
perform well with these data.

We analyze these large and small claims data sets using the structured
kernel density approach and compare with classical methods.We begin with
the incurred counts triangles, where the classical CLM (structured histogram)
and the kernel density approach can be used to predict the numbers of future
claims. We then address the more practically relevant issue of the paid data.
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5.2 The structured histogram for counts data

This section considers the number of reported claims (counts data) and ap-
plies the classical CLM, which has been reformulated in this paper as a
structured histogram estimator. The data were provided by months, but it
is common practice consists to apply the CLM to yearly or quarterly data.
Also, as was pointed out in Section 4 maximum likelihood estimation tends
to break down when the estimation problem becomes actually a nonparamet-
ric problem. For these reasons, the structured histogram approach has been
applied to the triangle with the data aggregated by years. The data aggre-
gated by years is denoted by ℵm = {Nij; (i, j) ∈ Im} with m = 22 and have
been plotted in Figures 1 and 2, for large and small claims, respectively. The
rows correspond to the underwriting years and the columns correspond to
the delay until reporting, also in years from the underwriting year. The ob-
served data consist of a histogram with each bin grouping 12 months, where
the ultimate level of observation of the data is monthly. A histogram such as
this forms the basis of the data used by the classical CLM. The CLM then
consists of the multiplicative assumption for the density and a maximum
likelihood optimisation criterion. This is equivalent to an assumption that
the mean is given by E[Nij] = αiβj (i, j = 1, . . . ,m), with the parameters
then estimated using maximum likelihood (under the Poisson distribution).
The resulting projections from large claims and small claims are shown in
the bottom graphs in Figures 1 and 2, respectively. We can see that this
appears to be satisfactory for small claims but not for large claims. For large
claims, the CLM does not appear to fit very well, particularly in the later
underwriting years.

5.3 The continuous approach for counts data

We next compare the classical CLM results with the continuous density ap-
proach suggested in this paper. As the data are available by month, discrete
approximations of the local linear (LL) and multiplicative bias corrected
(MBC) estimators are used. Details of the approximations are given in the
Appendix A and the data consists of the monthly counts triangle with di-
mension m′ = 264. To derive both LL and MBC estimators, it is necessary
to begin with an estimate of an unstructured density in the observation set,
Im′ , as given in (22) and (23). The crossvalidation method in (9) provides the

bandwidth vector ĥcv = (2, 2) (months) for both the LL and the MBC esti-
mator with large claims. For small claims the resulting bandwidth vector was
ĥcv = (24, 2) (months), again being the same for the LL and the MBC esti-
mators. Note that this implies little smoothing in either direction when large
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claims are considered. For small claims the smoothing implied by this is 4
years (24 months on each side) in the underwriting direction with, again, little
smoothing in the development component (neighbourhoods of 4 months). It
is well-known that the discretization of the data can cause a problem when
standard crossvalidation is applied, typically resulting in under-smoothing
for data exhibiting repeated measures (Silverman 1986). From these results
it is clear that it would be beneficial to explore whether better bandwidth
selectors could be constructed, and that this an area which requires further
attention. However, for the purposes of this paper, we continue with the
simple crossvalidation method. The crossvalidated unstructured estimators
(which are the starting point of the density estimator) have been plotted in
the left panels of Figures 3 and 4, for large and small claims, respectively. The
plotted surfaces correspond to the estimated number of reported claims for
each (observed) underwriting and development year. The estimated densities
have been presented as counts (by year) in order to facilitate a comparison
with the classical CLM estimates shown in the bottom panel of Figure 2. The
estimated (scaled) densities in the underwriting and development directions
(f1 and f2) are shown in Figures 5 and 6. These can be compared with the
classical CLM, and also with the results from two other smoothing methods
suggested in the classical reserving framework. These are a sieves method
to smooth the chain ladder parameters estimated from monthly data (Ver-
rall, 1996), and the following generalized additive model (GAM) suggested
by England and Verrall (1991):

log (E[Nij]) = sθi(i) + sθj(j), (14)

with sθi and sθj being smoothing splines with crossvalidated smoothing pa-
rameter (as was implemented in the package gam in R). These methods were
described in Section 4.

Than one can see from these results is that the resulting components from
each compared method become quite different in last underwriting years and
the first development years. The undersmoothed crossvalidation levels for
our kernel density estimators lead to curves quite close to the chain ladder
histogram. Thus in principle it should be not expected a big gain from the
simple chain ladder method. However we will see in Subsection 5.4 that
the methods provide quite different predictions of number of claims in the
future. Then we can see that small differences in the components, as we
observe in Figure 5, can give quite different results and conclusions for the
insurer. And the lesson becomes clear, the choice of a proper smoothing level
to introduce is not an easy problem and the consequences of failing when
looking for it could be quite dramatic. We have an example of this with
the simple sieves method on chain ladder parameters. Note that this simple
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but intuitive methods breaks down for small claims because of the inadequate
oversmoothing level that the method introduces in the development direction
(see curve labeled as “Sieve-CLM” in the bottom panel of Figure 6). The
consequences of this wrong smoothed estimate are enormous as we will see
when calculate the predictions for the total number of claims in Subsection
5.4.

5.4 Prediction of the outstanding number of claims

The focus for reserving the interest is often to provide a summary of the
predicted outstanding claims more than individual estimates for individual
cells, or even for individual claims. In practice, this means focussing on
predictions for the overall total or totals for each future calendar year. For
the classical CLM, the outstanding numbers are obtained by summing the
predicted values for in the lower triangle. The predicted number of claims
to be reported in future calendar periods are derived by summing up the
diagonals in the lower triangle:

D̂k =
m∑
i=2

N̂i,m+k−i+1 =
m∑
i=2

α̂iβ̂m+k−i+1 (15)

for k = 1, . . . ,m − 1. The predicted overall total of reported claims is R̂ =∑m−q
t=1 D̂t. Under the continuous approach these predictions are defined from

the following integrals:

D̂t = τ

∫ T

0

f̂1(x)f̂2(T − x+ t)dx, (16)

for calendar time t + T with t ∈ (0, T ). Here τ is the total exposure in I.
The predictions derived from the classical CLM and the continuous approach
(LL and MBC) are reported in Tables 1 and 2 for large and small claims,
respectively. The results are also compared with the projections from two
smoothing methods in classical reserving defined above.

It can be seen that there are some significant differences in the predictions
from the different methods, and some assessment of the performance of these
is required. This is covered in the following subsection, where the perfor-
mance of the methods will be tested for different prediction goals. It should
be noted that the assessment will be different when considering indivdual
cells (when less smoothing and a better fit might appear to be preferable)
and when considering the overall total or totals for caldendar years (when
more smoothing and hence a more stable estimate might appear to be prefer-
able).
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5.5 Validation of the predictions against the experi-
ence

A common method used to validate prediction methodsis to test against the
experience. Since it is only possible to assess the predictions with what has
already been observed, the data used to estimate is reduced so that only the
older data is used. The predictions can then be assessed against the more
recent data. Note that this process assumes that the past is a good predictor
of the future.

Thus, from the available data a number of calendar periods (diagonals in
the triangle) have been deleted and reserved in order to compare with the
predictions. By denoting by c the number of cut periods, the dimension of
the reduced triangle would be m−c and the observation set Ic = {(i, j); i, j =
1, . . . ,m− c, i+ j− 1 ≤ m− c}. The projection from this reduced triangle in
the future is given by the set Jc = {(i, j); i = 2, . . . ,m − c, j = m − c − i +

1, . . . ,m− c}, which can be compared with the reserved data, J̃c = {(i, j) ∈
Jc; i+ j − 1 ≤ m}.

Different measures can be used to assess the difference between the pro-
jections and the data, depending on the objective of prediction. In this case
there are three possible aims:

1. To predict individual cells. i.e. the number of claims which were in-
curred in the year i and will be reported with j − 1 years of delay,
Nij.

2. As a basis for the prediction of cash flows, the total number of claims
which will be reported in the calendar year t = i+ j − 1, this is Dt;c =∑

i,j:i+j−1=t,(i,j)∈J̃c Nij.

3. To predict the overall total of claims in the future Rc =
∑

(i,j)∈J̃c Nij.

Therefore the performance of the methods will be evaluated in three dif-
ferent ways:

Cells: Rerrc1 =

∑
(i,j)∈J̃c(N̂ij −Nij)

2

(i, j) ∈ J̃cN2
ij

(17)

Calendar: Rerrc2 =

∑c
t=1(D̂t;c −Dt;c)

2∑c
t=1(Dt;c)2

(18)

Total: Rerrc3 =
|R̂c −Rc|

Rc

(19)
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It is to be expected that smoothing should work better than histograms
when the aim is to predict aggregated values. This is confirmed by the results
in Tables 3 and 4, which have been produced by projecting from reduced
triangles, Jc, for large and small claims, respectively. Values of c = 1, 2, 3, 4
and 5 years have been considered. The simple sieves chain ladder has not
been considered for small claims since it was shown above to fail dramatically.
From comparison in Figure 5, big differences between the kernel density
approach and the chain ladder histogram would not have been expected.
However, it should also be noted that the back-testing procedure uses sub-
triangles, whereas Figure 5 uses the complete data. Also, the performance of
the approaches is affected by the choice of a multiplicative model as well as
the particular smoothing method used. For these data there are significant
differences among the compared methods for both large and small claims.
Overall, it appears that the MBC density estimator performs for large claims
(compared with the CLM). However, for small claims the kernel approach
is quite close to classical chain ladder in most of cases. The small sample
size of the large claims data set means that smoothing methods are probably
necessary, and in this case MBD seems to perform best. On the other hand
the GAM method works better for the small claims data set. One of the
explanations for these results is that the crossvalidation method, which is
used to choose the smoothing degree in the kernel density approach, may
not perform well because of the repeated data. This is more likely to be an
issue with the small claims, which has a larger sample size. Further research
into bandwidth selection in this framework may lead to better kernel density
estimators in practice.

5.6 Visualizing and analyzing paid data

This section considers the analysis of aggregated payments for the large
claims data set. The classical chain ladder method has been commonly
applied to this kind of data in the same way as for counts data, but its
perceived poor performance has motivated many papers seeking improved
versions. Many of the improvements suggested for the chain ladder consist
of ad-hoc approaches, such as those used by actuaries, where business knowl-
edge becomes essential for providing reliable predictions. This can now be
reconsidered in the new perspective of density estimation.

Figure 7 shows, in the top panel, the observed payments aggregated by
years. The plot reveals features in the data quite different from that ob-
served in the counts data in previous sections. Also, there are some negative
values, which should not be surprising and are often caused by repayments
back to the company. The results of the CLM are shown in the bottom
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panel of Figure 7. A visual inspection of the plot indicates that the model is
not a good fit to the data. The reason is that the CLM is a Poisson struc-
tured histogram estimator and then it should be applied to a real histogram,
where the data are bins counts. The reserving literature contains a number
of papers which seek distributions which can fit better than a Poisson (see
England and Verrall, 2002, for an overview). All of these papers focus on
the problem in the regression context rather than considering it as the esti-
mation of a density with a difficult support. Under the density perspective
in general, the estimation starts by defining a model which is able represent
the underlying dependencies. The kernel density methods suggested in this
paper should be then reformulated under such a model, which is more com-
plex than those considered in this paper model. We expect that a continuous
version of the double chain ladder method by Mart́ınez-Miranda, Nielsen and
Verrall (2012) can provide a solution for the problem, but even without this
it is interesting to visualize the kernel estimators ignoring such requirements
(as the CLM actually does). Figure 8 shows the projections on an scale
comparable to the chain ladder projections in Figure 7. Also Figure 9 shows
the estimated underwriting year and development year components together
with the chain ladderestimates and the two smoothed versions described in
previous sections.

6 Conclusions

This paper has set out a new framework for claims reserving, using the under-
lying philosophy of the chain ladder model, focussing mainly on the numbers
of claims. One of the advantages of this approach is that it adapts seemlessly
to data observed in continuous time and avoids the artificial adjustments that
have to be made for the traditional (regression-based) approaches. It is clear
that further work is required to extend and refine the methods, but it is
expected that this will lead to more satisfactory practical approaches to the
estimation of outstanding claims.
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A Smoothing the multiplicative density from

aggregated data

As we have described above the reserving problem consists of estimating a
two-dimensional density with a support into a triangle. As was described
in Section 2.1 the density problem estimation can be viewed as a regression
problem on using binned data (Fan and Gijbels, 1996). Since data in insur-
ance are usually presented in an aggregated way such as quarters, years or in
the lower levels by months or even weeks this approach can be required by
the available data. In this practical situation it is useful to rewrite the meth-
ods we introduce in this paper using regression formulation on the available
aggregated data. The approach is then closely related to marginal regres-
sion method by Linton and Nielsen (1998). In this work the aim is simply
minimizing the distance from a multivariate regression function to two mul-
tiplicative components. Also the subsequent multiplicative bias correction
we also suggest for the density problem can be reformulated in terms of the
nonparametric regression model by Linton and Nielsen (1994).

The regression formulation becomes more intuitive and at the moment
more popular in the current reserving practice as we discussed in Section
4. We think that this section will be a bridge to connect with the classical
reserving audience and at the same time a simple statistics exercise consisting
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in adapting continuous methods to practical problems where the data are
given at some level of aggregation.

Let consider here the reserving problem to be solved from aggregated
data into a run-off triangle such as the counts triangle, ℵm. As we describe
in Section 2.1 The regression model for the underlying problem can be written
by

Nij = r(zij) + εij (20)

with zij = (xi, yj) the points in the grid, for (i, j) ∈ Im. In this case the
local linear estimator of the unstructured density resulting from solving the
problem (5), for any given point z0 = (x0, y0) can be derived from the close
minimization regression problem:(

Ψ̂0

Ψ̂1

)
= arg min

∑
(i,j)∈Im

[
Nij − Ψ̂0 − Ψ̂11(x0 − xi)− Ψ̂12(y0 − yj)

]2

Kh(zij−z0)dz.

(21)

The solution Ψ̂0 gives an estimator for r(z0). By denoting as r̃(z0) such
estimate, the density f(z0) can be estimated by the discrete approximation

f̃(z0) = r̃(z0)/nΛ2
m, (22)

with n =
∑

(i,j)∈Im Nij and Λm the grid length. From arguments given in

Section 3.1 we can see that the estimator in (22) is equal to the local linear
density estimator in (5) as the grid-length Λm goes to 0. To derive the
corresponding discrete approximation form the structured (multiplicative)
density we carry out the the two-step method formulated in Section 3.3 from
the just derived estimator (22).

Similarly we can derive the second improved smoother using bias reduc-
tion techniques that was proposed in Section 3.4. Again from the above
regression view we can define the multiplicative bias correction estimator as
was introduced by Linton and Nielsen (1994) for nonparametric regression.
The unstructured MBC estimator at any point z0 is defined from the local
linear regression estimator r̃(z0) by:

r̃MBC(z0) = r̃(z0)h̃(z0) (23)

where h̃ is the local linear regression estimator calculated from a problem
like (21) but using as responses the estimates {Nij/r̃(zij), (i, j) ∈ Im}. From
the MBC estimator r̃MBC the discrete unstructured MBC density is given
by f̃MBC(z0) = r̃MBC(z0)/nΛ2

m. And finally we use the two-step method to
provide the discretized structured MBC estimator.
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Observed counts: Nij
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Chain Ladder projections: N̂ij
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Figure 1: Large claims dataset: observed counts (run-off triangle) and clas-
sical chain ladder projections. The observed data consists of the number of
claims which incurred at year i and were reported with a delay of j− 1 years
(i, j = 1, . . . ,m, m = 22). The bottom histogram shows the projections
calculated using the chain ladder method.
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Observed counts: Nij
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Chain Ladder projections: N̂ij
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Figure 2: Small claims dataset: observed counts (run-off triangle) and clas-
sical chain ladder projections. The observed data consists of the number of
claims which incurred at year i and were reported with a delay of j− 1 years
(i, j = 1, . . . ,m, m = 22). The bottom histogram shows the projections
calculated using the chain ladder method.
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Figure 3: Forecasts for large claims counts data using the continuous density
approach. Left panels show the unstructured local linear (LL) and multi-
plicative bias corrected (MBC) estimators. The bandwidth parameters were
chosen using crossvalidation that provided values (h1, h2) = (2, 2) (months)
for both LL and MBC estimators. The estimated densities have been eval-
uated at years and the predicted number of claims have been plotted in the
vertical axis. Right panels show the derived projections using the structured
(multiplicative) estimators through the two step method in subsection 3.3.
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Figure 4: Forecasts for small claims counts data using the continuous density
approach. Left panels show the unstructured local linear (LL) and multi-
plicative bias corrected (MBC) estimators. The bandwidth parameters were
chosen using crossvalidation that provided values (h1, h2) = (24, 2) (months)
for both LL and MBC estimators. The estimated densities have been eval-
uated at years and the predicted number of claims have been plotted in the
vertical axis. Right panels show the derived projections using the structured
(multiplicative) estimators through the two step method in subsection 3.3.
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Figure 5: Estimated underwriting and development densities for large claims:
incurred counts triangle. Top panel shows the resulting underwriting density
(f1) from LL and MBC. Similarly for the development density (f2) in the
bottom panel. The LL and MBC estimates are compared with the classical
chain ladder parameters (CLM) and two smoothing related methods: a sieves
method on quarterly chain ladder parameters (Sieve-CLM) and a the GAM
approach proposed by England and Verrall (1991).
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Figure 6: Estimated underwriting and development densities for small claims:
incurred counts triangle. Top panel shows the resulting underwriting density
(f1) from LL and MBC. Similarly for the development density (f2) in the
bottom panel. The LL and MBC estimates are compared with the classical
chain ladder parameters (CLM) and two smoothing related methods: a sieves
method on quarterly chain ladder parameters (Sieve-CLM) and a the GAM
approach proposed by England and Verrall (1991).

33



Future CLM LL MBC Sieve-CLM GAM
1 118 132 104 133 127
2 86 93 71 93 88
3 65 72 54 70 64
4 38 43 32 43 40
5 19 21 15 21 22
6 9 10 7 10 11
7 5 6 4 6 6
8 2 3 2 3 3
9 1 1 1 1 2
10 1 1 1 1 1
11 1 1 1 1 1
12 1 1 1 1 1
13 1 1 1 1 0
14 1 1 1 1 0
15 1 1 1 1 0
16 0 1 0 1 0
17 0 0 0 0 0

Total 350 390 295 388 367

Table 1: Predicted number of reported claims at each future calendar year for
large claims. The predictions labeled by LL and MBC have been calculated
from the structured local linear and multiplicative bias corrected estimators,
respectively, with bandwidth estimated using crossvalidation. The column
labeled as CLM provides the classical chain ladder predictions. The fifth
column shows the results from a method of sieves on chain ladder estimates
and the last column the predictions using the GAM suggested by England
and Verrall (2001).
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Future CLM LL MBC Sieve-CLM GAM
1 1,312 1,922 1,216 80,418 1,303
2 98 100 91 65,584 46
3 42 41 36 52,615 33
4 19 19 16 40,921 22
5 9 10 7 30,262 13
6 6 6 4 20,956 7
7 4 4 3 13,167 4
8 2 3 2 6,717 3
9 2 2 1 1,433 2
10 1 1 1 -2,583 1
11 1 1 1 -5,575 1
12 1 1 0 -8,009 0
13 1 1 0 -9,745 0
14 1 1 0 -10,524 0
15 0 0 0 -10,443 0
16 0 0 0 -9,920 0
17 0 0 0 -8,933 0

Total 1,501 2,113 1,379 228,145 1,435

Table 2: Predicted number of reported claims at each future calendar year for
small claims. The predictions labeled by LL and MBC have been calculated
from the structured local linear and multiplicative bias corrected estimators,
respectively, with bandwidth estimated using crossvalidation. The column
labeled as CLM provides the classical chain ladder predictions. The fifth
column shows the results from a method of sieves on chain ladder estimates
and the last column the predictions using the GAM suggested by England
and Verrall (2001).
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Objective c LL MBC Siev-CLM GAM
Cells 1 1.11 0.82 1.23 1.06

2 1.02 0.59 1.22 1.03
3 1.11 0.84 1.15 0.76
4 1.13 0.94 1.33 0.86
5 1.03 0.99 0.88 0.79

Calendar 1 1.09 0.34 1.73 1.72
2 1.05 0.56 1.45 1.02
3 1.12 0.66 1.76 0.93
4 1.42 0.82 2.57 0.96
5 1.32 0.21 0.89 1.47

Total 1 1.09 0.34 1.73 1.72
2 1.05 0.54 1.46 1.03
3 1.13 0.30 1.95 1.00
4 1.60 0.26 3.07 1.04
5 1.32 0.21 0.89 1.46

Table 3: Testing against the experience (large claims-counts data). The
relative prediction error has been evaluated when the aim is either to predict
individual cells in the yearly triangle, total number of reported claims for
future calendar years (diagonals) or the overall total. The columns labeled
as LL and MBC show the reduction/increment in the prediction error against
the classical CLM considering the structured local linear and multiplicative
bias correction estimated densities, respectively. The exact expression of
these relative measures is given in (17), (18) and (19). The numbers in
the table corresponds to the ratio of the measures for each method and the
obtained for CLM. Thus quantities lower than 1 indicate an improvement on
CLM.
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Objective c LL MBC GAM
Cells 1 2.82 1.06 0.81

2 2.65 1.08 0.77
3 2.73 0.97 0.71
4 2.36 1.01 0.67
5 7.46 1.61 0.53

Calendar 1 2.68 1.04 0.69
2 2.47 1.06 0.69
3 2.83 0.94 0.53
4 2.28 1.00 0.61
5 6.96 1.51 0.40

Total 1 2.68 1.04 0.69
2 2.38 1.05 0.62
3 2.55 0.93 0.53
4 2.23 0.99 0.52
5 5.01 1.29 0.15

Table 4: Testing against the experience (small claims-counts data). The
relative prediction error has been evaluated when the aim is either to predict
individual cells in the yearly triangle, total number of reported claims for
future calendar years (diagonals) or the overall total. The columns labeled
as LL and MBC show the reduction/increment in the prediction error against
the classical CLM considering the structured local linear and multiplicative
bias correction estimated densities, respectively. The exact expression of
these relative measures is given in (17), (18) and (19). The numbers in
the table corresponds to the ratio of the measures for each method and the
obtained for CLM. Thus quantities lower than 1 indicate an improvement on
CLM.
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Observed payments: Xij
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Chain Ladder projections: X̂ij
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Figure 7: Observed paid data for large claims and classical chain ladder
projections. The observed data consists of the aggregated payments which
incurred at year i and were reported with a delay of j − 1 years (i, j =
1, . . . ,m, m = 22). The bottom histogram shows the projections calculated
using the chain ladder method.
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Figure 8: Forecasts for large claims (paid data) using the continuous density
approach. Left panels show the unstructured local linear (LL) and multi-
plicative bias corrected (MBC) estimators. The bandwidth parameters were
chosen using crossvalidation that provided values (h1, h2) = (12, 6) (months)
for both LL and MBC estimators. The estimated densities have been eval-
uated at years and the predicted number of claims have been plotted in the
vertical axis. Right panels show the derived projections using the structured
(multiplicative) estimators through the two step method in subsection 3.3.
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Figure 9: Estimated underwriting and development densities for large claims
(paid data). Top panel shows the resulting underwriting density (f1) from LL
and MBC. Similarly for the development density (f2) in the bottom panel.
The LL and MBC estimates are compared with the classical chain ladder
parameters (CLM) and two smoothing related methods: a sieves method on
quarterly chain ladder parameters (sieves-CLM) and a the GAM approach
proposed by England and Verrall (1991).
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