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Abstract

The paper deals with the estimation of the probability that two dependent catastrophic
events occur. Because of their nature such events are not often observed. In a two-
dimensional space as in a one-dimensional space, the extreme value theory is a powerful tool
to do inference in the tail of a distribution outside the range of the observations. This paper
considers parametric bivariate extreme value distributions which arise as the limiting
distribution of two normalized maxima to estimate the probability of exceedances over high
thresholds. The parameter of the extreme value distribution is estimated by using Asymptotic
Least Squares (ALS) methods. In case the parameter is a scalar, we derive a new and very
simple estimator. Tests for asymptotic independence and overidentifying restrictions are also
given.
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1. Introduction

Estimating the probability of catastrophic events from historical datais of much interest to
property and casualty insurers. Accurate assessments of the frequency of extreme events are
sought in a diversity of applications from environmental impact evaluation to financia risk
management.

A first example is the wave height and still-water level which are two important factors for
causing floods along a sea cost during storm events. Another example is wind speed data
where maximum hourly gusts, maximum hourly mean speeds and the dependence between
them are relevant to building safety. Problems involving spatial dependence are multivariate
in character: for example, floods may occurs at severa sites aong a coast line, or a various
rain-gauges in a national network. In such situation knowledge of the spatial dependence of
extremes is essential for risk accumulation assessment. Another example is the study of
extremes of stocks prices and stress scenari eval uation.

Understanding relationships among different lines of business is also of much interest for
insurers. Belguise [2002] used more than 150,000 individual weather-related domestic
insurance clams of a French insurer for a 11-year period (from 1 January 1990 to 31
December 2000) to analyze the dependence structure of storm impact on both motor and
household insurance claims. These claims related to damage caused by high winds, tornadoes,
lightning, hail, torrential rain and weight of snow, are referred to by insurers as 'storm
damage'. There is no uniformly accepted definition of what constitutes storm, and different
insurers employ different thresholds of maximum wind gust and temporal scale in order to
accept a clam as valid. Most current treaties between reinsurers and insurers define
occurrences using a 72 hours scale, which was also chosen by Belguise to obtain 736 storm
damages.
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Figure 1. Storm damages (both variables are on alogarithmic scale)



Figure 1 plots Motor claim amounts ( X ) and Household claim amounts (Y) of storm
events for the period 1990-2000. The data demonstrate an apparent tendency for large clam
amounts at both lines. That suggests that temporal and spatial cohesion in the level process
induces dependence in the series across lines.

The question we ask in this article is how to estimate the probability p of the dashed area,

i.e. the probability that X and Y of the same storm event exceed high thresholds
p= P(X >t, andY >tY). None of the sample points fall into the area, so we can not use the

empirical distribution function to estimate p.

In atwo-dimensional space asin a one-dimensiona space, if one hasto do inference in the
tail of a distribution outside the range of the observations, a way to proceed is to use extreme
value theory, i.e. to mode the taill asymptotically as an extreme-value distribution.
Multivariate extreme value theory has recently been an area of much theoretical (Resnick
[1987], Galambos [1987], Joe [1997], for example) and practical works (Ledford and Tawn
[1996] [1997], Coles and Tawn [1994], de Hann and de Ronde [1998], de Hann and Sinha
[1999] among others).

The multivariate extreme vaue distributions are introduced as limit distributions of
normalized componentwise taken maxima. In contrast to the univariate case, no natural
parametric family exists for the dependence structure. Thus such a distribution must be
modelled in some way, by taking into account restrictions on the dependence structure. The
first approach is to model the dependence structure via parametric ad hoc models (see Joe
[1993], [1997] or Kluppelberg and May [1998] for explicit classes of models) and to consider
appropriate estimating methods. maximum likelihood estimators (Tawn [1990]), bivariate
threshold methods (Joe, Smith and Weissman [1992], Coles and Tawn [1991]), or specific
estimators for nondifferentiable models (Tawn [1988], Csorgo and Welch [1989]). An
aternative approach is to consider non-parametric estimators (Einhmal, de Hann and Huang
[1993], de Hann and Resnick [1993], Einhmal, de Hann and Sinha [1997], Einhmal, de Hann
and Piterbag [1998], Abdous, Ghoudi and Khoudraji [1998]).

The present paper is concerned with the estimation of parametric bivariate extreme
distributions by using Asymptotic Least Squares (ALS) methods. Unlike other authors, we do
not assume that the margins are known. The tail parameters have to be estimated as the
parameter of the bivariate extreme value distribution. In the case where the parameter is a
scalar, we derive a new and very ssimple estimator. The basic idea behind our approach is a
point process representation already widely used for the probabilistic characterization of
multivariate extremes (Resnick [1987], de Hann and Resnick [1994] and de Hann and Sinha
[1999)).

The bivariate extreme value theory and the point process theory that we need is presented
in section 2. At the end of this section we define an estimator p of the probability of
catastrophic events. Section 3 tackles on of consistency results. Tests for independence and
overidentifying restrictions are also developed. Finaly, we present an example of simulated
datato illustrate the estimation procedure and the behavior of the new estimator on insurance
data. The proofs are gathered in appendices.

2. Bivariate extreme value theory

2.1. Bivariate extreme value distributions

The bivariate extreme value distributions arise in the following way: let {(X;,Y)} be a



sample of size n from the bivariate distribution F (with marginal distributions F, and F,)
and suppose there exist sequences of normalizing constants a, >0, ¢, >0, b, and d, such
that

limP L <X

n- o

(max(xl,...,xn) b max(¥, , ... ¥,) d, <yj

a, C,
=limF"(a,x+h,.c,y +d,) =G(x.y) (2)

n- oo

where G is a proper nondegenerate bivariate distribution function. It follows that the
margins G, and G, must be one of the extreme value distributions first identified by Fisher

and Tippet [1928]:

Weibull (@>0) W, (x) =exp{(X)7}  x<0
Gumbel AX)=exp{-e™}  xOIR
Fréchet (@>0) @, (x)= exp{—x-”} x =20

Their results can be considered to have the same status in extreme vaue theory as the
central limit theorem in the study of sums. The class of distributions whose normalized
maxima converge in distribution to an extreme vaue distribution is called the domain of
attraction of the extreme value distribution.

The domain of attraction of the Weibull extreme value distribution contains short tailed
distributions (with finite endpoint) such as the Uniform and Beta distributions. This class is
not of interest in insurance applications.

The domain of attraction of the Gumbel extreme value distribution includes the Normal,
Exponential, Gamma, Lognorma and Weibull distributions. We say that Z has a Weibull-
like distribution if its d.f. satisfies —In(1-F, (2)) :=Z'l,(2) , for some slowly varying function
l, ! The Weibull-like distributions have moderately heavy tails and have historically been a
popular model for loss severity distributions.

It can be showed that the distribution function F, belongs to the domain of attraction of
the Fréchet extreme value distribution if and only if 1-F,(z) =z“1,(z) for some slowly

varying function |, , i.e. the tail of the d.f. F, decays like a power function. The class of

Pareto-like distributions is quite large and includes the Pareto, Burr, Loggamma, Cauchy and
t-distributions as well as various mixture models. These are all so-called heavy tailed
distributions.

General texts on the topic of univariate extreme values include Embrechts, Kluppelberg
and Mikosch [1997] and Resnick [1987] among others.

In the rest of the paper we will assume that F, is a Weibull-like distribution with
parameter 7 and F, is a Pareto-like distribution with parameter a . The other cases where
F, and F, are both Weibull-like or Pareto-like (with different parameters) can be easly

derived. The first reason why we choose these distributions is that they allowed a large broad
of tail behavior and are quite observed on insurance data. The second reason is that they can

1 |z(Z) isadowly varying function if ”mzm'z(tz)/'z (z) =1 foreach t >0.



be easily graphically detected with quantile plots (see Beirlant et al. [1996]). If the data are
generated from a random sample of the reference distribution, the plot should ook roughly
linear. This statement remains true if the data come from a linear transformation of the
distribution. Some differences in the distributional shape may be aso deduced from the plot.
For example if the reference distribution has a lighter upper-tail, the plot will curve down at
the right of the graph.

Let us consider asample of size n of adistribution Fy : (X,,...,X, ). Let X, <...< X, be
order statistics. If F, is a Weibull-like distribution (resp. a Pareto-like distribution), we
expect to see a straight line in the scatter plot (Iog(—log(l—i/(n +1))), Iog[X(n_i)]) (resp.
(—Iog(l—i/(n +1)) , Iog(x(n_i)J). Sometimes quantile plots for conditional distributions given

that X >a, where a is athreshold, are more relevant to detect the shape of the distribution
talls.
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Figure 2: Quantile plots for Motor claim amounts and Household claim amounts

Figure 2 shows two quantile plots for motor claim amounts and household claim amounts.
They have been plotted for the whole distribution vs. Pareto quantiles. Empirically both
distributions exhibit Pareto tails.

The normalizing constants in (2.1) are determined by (see, for instance, Embrechts,
Kllppelberg and Mikosch [1997]): a, =U, (n)/(rlog(n)), b,=U,(n), c¢,=U,(n) and
d, =0, where U, (t) =inf {x: F, (x) 21t} (resp. for Y) isthe quantile of order 1-t™* and
the univariate extreme value distributions are G(x, «) = A(x) and G(o,y) = ®,_(X).

Since classical characterizations of bivariate extreme value distributions are presented with
standard Fréchet distribution for all margins ®,(x) = exp{ —x‘l} , We use some transformations
on x and y and we consider the distribution G given by the condition:

limP MaX(Xy, . Xp) U () <Iogx,ws y* | =G(log X, y*) =G(x,y).

noeeo U, (n)/(rlog(n) ~ Uy (n)




and then G,(x,) = ®,(x) and G (e, y) = ,(y).

As mentionned in introduction, in a multivariate setting, a systematic approach of models
seems at first not feasable. Nevertheless there exist various equivalent characterizations
among those the one based on x functions. One possible way to write the presentation

theorem for G is as follows (see for example Resnick [1987] p.275, Geoffroy [1958], Sibuya
[1960]):

THEOREM 2.1
G(x,y) isabivariate extreme value distribution with margins @, if and only if:

G(xy) = exp{-% -% +%)((¥j} :

for x,y >0 where x(t), t =0, satisfies:
(i) x iscontinuous and concave
(i) 0< x(t) <min(1,t)

If x(t)=0 forany tOIR", we will say that extremes are asymptotically independent and
then G,(x, y) = ®,(X) P,(y).

Another presentation is based on copulas. A copulais a distribution function with uniform
margins. The bivariate extreme value copulais easily derived from Theorem 2.1:

C(U,V) =G (D), (V) :exp{h’]u +inv Anv XX(:E—ZJ}

and satisfies the property: C(u*,v') =C*(u,v), 1>0.

There is no finite-dimensional parametric family for the dependence function. We must
therefore estimate the dependence function by some methods. We restrict here on parametric

models, and we assume that the function y can be parameterized by 0IR" and it will be
denoted Y, inthe sequel.
2.2. Point process theory and bivariate extremes

Our approach follows de Hann and Resnick [1977] and Resnick [1987]: there is a measure
V,, concentrating on [0, ]*\{ 0} such that:

~10gG.(x,y) = ([0.X1 X[0,y])°
We define anew measure 4 concentrating on [0, «o]*\{ 0} :
H((x 0] % (y, o) =V (([0, e X[0,y])°| ' ([0 X] O ,})°)
~v{([0.4 x[o,y])C]éxg( y] =,(xy)
y

X



Some examples are given below for different sizes K of the parameter 6.

EXAMPLES 2.1 for K =1;
- The Marshall-Olkin model: for 60[0 ]

D, (X, Y) =9[X_1 +y™ —min(x* ,y'ljj

For & =0 we have independence, for 8 =1, we have total dependence. The distribution G,

is continuous, but a density does not exist for € >0, because Marshall-Olkin distributions
have positive mass at the main diagonal.

- The Hiisler-Reiss model: for 0]0 |
D, (x,y) = @(9‘1 +[0Iog[xy‘ljj /2) y* +tIJ(6?‘l {Hlog[yx’lﬂ B)X‘l

where W is the surviva d.f. of the standard gaussian distribution. For 8 -~ 0 we have
independence, for 8 — o, we have total dependence.

- The L ogistic model or Gumbel model: for 010 1]

1 1\8
Dy(x,y) =X +y" —[X'? +y“"]

Independence and total dependence correspondto =1 and @ - O respectively

- The mixed modd!:
P, (x,y) =6/(x +y)

For @ =0 we have independence, but we cannot have compl ete dependence.

EXAMPLE 2.2 for K =2: =(a,p)
- Theasymmetric mixed modedl: >0, a+ <1, a+2L3<1, a+3£5=0

®,(x,y) =[(@ +2B)x +@ +B)y] (x +y)’

Independence corresponds to a = =0, a corner of the parameter space, but we cannot
have compl ete dependence.

EXAMPLE 23 for K =3, =(a,5.y)
- Theasymmetric logisticmodel: a >0, =1, y>1

109 ()’

<k

Dy(x,y) =Bx" +ay™ —{(ax)

Note that, when a = £ =1, we get the logistic model. Total dependence corresponds to
a=[=1and y - o, whereas independence correspondsto a = 5 =0.



Given the latter definitions we re-write Condition (2.1) as
(n/k)P[{(xl_bn/k)/an/k 2log % D{(Yl_ Aoy Cy2 y;}}—’ VD[([O xk [0 Y])C}

() PI{ (%, =B )3y 2109} 1 {(% = Ay )i 2 Y7 || = (0 (. ),

for (x,y) O[O~ ]°\{0} and where k =k(n) is a sequence such that k — «, k/in - 0, as

n - oo,

Estimating G is equivalent to estimating v” or . It is natural to consider empirical
measures as candidates for the estimators. For (x,y) O[0» [*\{0} and AO[P» ]*\{0}
define:

1 if (x,y)OA
oy (=g 1 NOA
Y 0 if (xy)OA

For k < n the estimators of measures are given by:

vn(([0.X]%[0,y])°) = Z a2 i)

Axel <yl =) e el 061 X003

i=1 ank ’ ek

a([0,X] 4{0.y])°,

where 4y =U 4 (WK)/7, (1og(n/K)), P =U x(K),  Euw=U,(K), ¢, =0 with
U x(WVK) = Xy » Uy(VK) =Y,,,, and 7 and & are respectively Beirlant et al. [1995] estimator
and Hill estimator:

1 1 /K) 1&
A_:w_zp(m—x(kﬂ)j, a%:%zik (log Y ~logY,., |-
Tk X(k) k i=1

A general text on the subject about tail parametersis Beirlant et al. [1996].

2.3. An estimator of the probability of dependent catastrophic events

This section proposes an estimator of the probability p. According to the previous results
it seems natural to consider the following threshold t, (n)=a,logx+h, and

t,(n)=c,y* +d, since
EP({X >t (N} n{Y>t, (k) ) ®5(x,y)

where k =k(n) is a sequence such that k — o, k/n - 0, a n - . If we have an
estimator of & suchthat g, P — @, anatural estimator of the probability of p isgiven by:

p, = % (ng,n(x(tx k). y(t, k)

where:



%Zizl(x(i) - X

1 t t, )

y(t,. k) =exp Iog(ij :(AY J .
! %Z,k [Iog o) IOgY(k+1)j Y(k) Crk

Moreover if g, , isasymptotically normal such that \/E(ék,n—ﬁ)d 5 N(O,V(H)),then:
K@, (%) -®,0xy)d ~N(0,58xy)),

where Z(6,x,y) =(0 ,(x Y))V(8)0® ,(x y)) and OP ,(x yF 0P ,(x y)d @ isthe
gradient of @, with respectto 4.
A 95% confidence interval of the probability is given by:

[k
b0, (x(te k) ¥(t, k)tlga—\f: Ben X(te K), ¥(t, K)) |

X(tx , k) = exp K &~ % J = exp(_tX "_bn/kj
(k+1)j

2. Properties of measur e estimators

2.1. Consistency and asymptotic normality

We begin by discussing the consistency of the estimators, then we introduce a second order
condition to establish the asymptotic normality. The proofs are gathered in Appendix 1.

PROPOSITION 3.1
Suppose that (2.1) holds. Let k=k(n) be a sequence such that: k — «, k/n - 0, as
n - oo, then we have:
1 1 1

Ua(([0.XX[0Y])° P — = += —xg(ij,
X vy Yy X

2, ((x 0] x(y, o) P - X (Xj = ®y(x,).
y X

for any x and y in IR;. Moreover if k issuch that k » o, k/n - 0, k/logn - o, as
n - oo, then the estimators converge almost surely.

REMARK:
If x=1and y=1, then:

n

(L 0] % (1, e0]) ——Z xoxa) v P Xo (D)

=1

If @ isof size 1, it is possible to get an estimator of the links between extremes without
estimating tail parameters of margins.



EXAMPLE 3.1: Let us consider the Marshall-Olkin model (60[01]). Since
Xo (1) =®,(11) =6, (L ] x(L,]) isan estimator of &.

Having shown consistency of estimators, we now focus on asymptotic normality. In order
to get a rate of converge, the second order refinement will be assumed: there exists a non

constant function ¢ from IR? to IR and a positive function ¢ such that:
imNA-F@x+h, ¢y +d,)) -G(x.y)

&, (M).U, () =YYy <o,

locally uniformely for (x,y) O¢e, 0 k (Qeo ], where c(U, (.),U, (1)) is regularly varying,
cU, (t),U,(t)) - Oast - . For more details, see de Hann and Stadtmller [1994].

PROPOSITION 3.2
Suppose that (2.1) holds and k =k(n) is such that k - o, k/n - 0, as n - o and

lim,_ . vke(U, (/k),U,, (n/k)) =0 then:

\/E([/E((X, o] X(y, o]) —%Xg(¥jjd - V(X,y) =W(x,0) W(ooy) -W(X y)

+WX(W(LOO) +7logxT, )+

where W is a zero mean Gaussian random field (W ({x,3} ).{x,3} O[0 *{ b ) with
covariance function:

cov[W ({3} ) W({x,y ]} =0 X[0.y])* n([0.X] 4Oy 1)),

Wy(W(oo,l) +alogyl,).

and
M= [ W o)du-2W(Lw), T, = W(w V)% -2W (o).
0 T 1

3.2. An estimator of 8 when K =1
In the case where @ isascalar and ®,(11) isinvertible with respect to &, an estimator of
8, 8, is easily derived and the asymptotic normality of 2"((1 0] x(L,]) =,(L1) givesthe

asymptotic normality of 6. A simple expression of the asymptotic variance can be also
derived:

VK (@] % (1)) - @,@D)d ~N(©0,9,),

with:

0, :(6%(1,1)]2(6%(1,1)} +¢g(1’1)(2(1+a¢5(11)][1 +a¢g(11)j _1J |
0X oy 0x oy

Since ®, is homogeneous of order —1.:



0Py (%,Y) ., 9P5(X.Y)
ox ay

y =-—D,(X,y).

Distributions with a scalar parameter are symmetricin x and y, which implies that:
0P,(11) N 0P,(1,2) —5 0P, _ 0P,(1D _ —@,11),
0x oy 0x oy

and:

Q, =2 0,(LY(P4(LD) D(B1LD 2).

EXAMPLE 3.2: For the Logistic model (600 1)
®,(1)=21-2" and Q, =(1-2°")(2° 1)2°.

Then we have:

s (1-2°1)(2° -1)2°
Jk (6 e)dﬁN(o, Flog2y j

where the estimator of & isgiven by 6= log(2-,(12))/log 2.

EXAMPLE 3.3: For the Husler and Reiss model (60 [)
®, (1) :2[1—L|J[9-1j] and Q :2[1—L|{9-1j](2 Wot) ) Wt

Then we have:

Jk(6-6)d - N{O,

26*(1-W(6))(2w( 6| - W[ aljj
2T

where the estimator of 6 isgiven by 8=(W™ (1-6,(1.1) 12))

-1

3.3. A test for independence

The componentwise maxima are asymptotically independent for many distributions (for
instance bivariate normal distributions with correlation coefficient strictly smaller than one).
The independence play an important role in many applications and it is possible to define
moderate dependence in the class of asymptotically independent distribution (see Ledford and
Tawn [1997]).

In this section we consider a test for asymptotically independence. If the test is not rejected
then Proposition 3.2 is not valid and the asymptotic Least Squares method discussed below is
not necessary.

PROPOSITION 3.3.
Suppose that (2.1) holds and k =k(n) is such that k - o, k/n - 0, as n -~ o and

lim,_ . vke(U, (/k),U,, (n/k)) =0 then:



x/E[ﬁE((X,W]X(y,W]) (% +— — B (x Y) j -W(xy) -
1

(i_,_ 0P,(x,y)

v ™ j X(W(L ) +7logxT, | (

y O—y] (W(e,)) +alogyT,).

The null hypothesis of independenceis:
Ho (X, X(y, o) ==+
Xy
Under H, the asymptotic law is given by:
Jk [oﬁ((x, 0] x(y, o) —% %j ~W(xy) = (vv(l ® +rlogx T,

—)1/(W(oo,1) +alogyr, ).

COROLLARY 34.
Suppose that (2.1) holds and k =Kk(n) is such that k — o, k/n -~ 0, as n - « and

mnmx/Fc(Ux(n/k),UY(n/k)) =0. Let x<1 and y<1. Under the null hypothesis H,, the
statistic:

2
- (PO ] % (y,cal) =2 +2)
(712(1+(|09 X)? —X) +¢(1 +(log y)? —y))
is asymptotically distributed as a x?(1) distribution. The test with critical region

{E,: >xz2, (1)} has asymptotic level a and is consistent.

4. Asymptotic L east Squares methods (AL S)

The basic principle of ALS methods is to choose the parameter estimate so that the
distance between the corresponding sample conditions and the theoretical conditions are equal
to 0. We assume that extremes are asymptotically dependent and & is of size K. Suppose
that the true value g, is characterized by the H orthogonality conditions:

H((%, 0] X(y; , o] ) —i)(go (lj =0,i =1,..H .
Yo%

Its sample analogue is the sample mean evaluated at some hypothetical value &

A% o] % (y, o) ——xgm i =1,..H . (4.1)
Y, X

The following notation will be used in the sequel: x denotes a generic vector of size H
and

B 1y, )~ x, (Xj
y X



isthe vector of size H with components given by (4.1).
If the number of orthogonality conditions is equal to the number of parameters (i.e.
K =H), then applying the ALS principle amounts to choosing &, such that:

2 e x(y, o) == X (Xj =0 (4.2)
y X

But, if there are more orthogonality conditions than parameters (i.e. H > K), the system
may not have a solution. The basic idea of ALS methods is to choose 6, so that (4.2) is as
closeto O aspossible.

One way to proceed isto define: 8,(S,) = arg m;n J(6, Sn) where:

N 1 T 1
J6.s,) :{ﬂf((x,oo] x(y ,od) -g)(g(%ﬂs{;&((x,oq «(y ,od) _g)(g(%ﬂ
That is, the ALS estimator &,(S,) isthe value of & that minimizes the objective function

J(6,S,), where S, isa (H,H) symmetric positive definite matrix sometimes, called the
weighting matrix.

Under technical assumptions defined in Appendix 2, the ALS estimator is consistent. The
proofs are also gathered in Appendix 2.

PROPOSITION 4.1.:
The ALS estimator associated with S, exists asymptotically and convergesto g, .

The asymptotically multivariate normality of z.((x,]*(y,]) is easily derived from a
sample modification of Proposition 3.2. If the sequence k satisfies k - o, k/n - 0,
Iimnm\/Ec(Ux(n/k),UY(n/k)) =0,as n - oo, then:

K (pf«x,oo]x(y,oo]) . (yj]d L N(0,Q, (X)),

X
where:

Q, (X,¥),; =cov(V(X,¥) V(X))

The asymptotic normality of the ALS estimator is then obtained by adding some extra
technical assumptions (see Appendix 2).

PROPOSITION 4.2.:
The ALS estimator associated with S, is asymptotically normally distributed such that:

Jk(8,(S)-8)d — N(0,X(S,x.y)),

and:



00, (x y)

2(S%y) = e

aq;go (X,Y) a(DgO (x ,Y)} { aq)éb (x.y) S ng x.y)S

00 06 08

' -1
0P, (X,y) . 0P, (X,y)
06 08 '

where @, (x,y) isthevector (x,(vi/x )/y,)

i=1,..H

Now we would like to know whether there exists an optimal choice for the sequence
matrix S,, or equivalently whether there exists an optimal choice for §;, since the asymptotic

variance covariance matrix depends only on the non-random matrix S,, if

PROPOSITION 4.3.:
There exists a best estimator which is obtained when the limit matrix is §'= Q' (x,y).
Its asymptotic variance covariance matrix is equal to:

00, (%Y) s xy) 0, (x.y) |

2(S,xy) =
(S.%.Y) Y I Y
This description of S is somewhat circular because g, is an estimate that we want to

obtain by the ALS estimation. The practical procedure, called the two-step efficient ALS
procedure, is asfollows:

-Step 1: S =1d,, and 6:(S)) iscomputed

-Step2: §8 = Q;(ld ,(x,y) and 67(S?) iscomputed

The iterative GMM estimator repeats this procedure until g, converges, but in theory the
two previous steps are just needed.

Now we would like to test the validity of the model with family x, by using
overidentifying restrictions. We know that, for the true value g, and for a sequence matrix
Sn - o Qu(x,y)

kJ (9, Q;;“dH)(x,y))d =~ x(K)

If g, is replaced by 8,(S)), then the number of freedom degrees changes from H to

H — K in the overidentified case. Then it is possible to test whether every restrictions of the
model are satisfied.
Let the null hypothesis be:

1
Ho 08, such that f(0ro < (4 1) |t G} Q

PROPOSITION 4.4.:

Let 6,=6,(S,) bethe best ALSestimator (i.e. suchthat Sn — e — Q. (x,y)). Under the
null hypothesis H,, the statistic:



£ = k[ﬂf((x,oo] x(y.d) 2, (Xﬂs,?{xﬂ«x Ay o) =Xy (Xﬂ
y o\ x y @\ x

is asymptotically distributed as a x*(H-K). The test with critical region
{fn > xZ2.(H —K)} has an asymptotic level a and is consistent.

REMARK 4.1.. Estimators defined in Section 3.2 (see examples 3.2 and 3.3) are (ALS)
estimators built with the orthogonality condition

A ([ eo] x|3 o ) - @, (12) = 0.

5. Applications

5.1. Smulations

Three samples of one thousand bivariate data were generated for the HUsler and Reiss
model (6=0.5, =1, 8=2) by using the statistical software Xtremes. Severa estimators of
6@ was computed for different values of k. Let us recall that the Hisler and Reiss model is
defined by:

D, (X,y) = @(9‘1 +[6’Iog[xy‘1j] /2) y! +TJJ(6‘l i{@log[yx‘lﬂ 2)x‘1 ,

with @] ] and the estimator of & isgiven by:

n

le ‘S{Xi >Xgof A ¥>Yed

6=(W(1-GyL1) /2))‘1,with de(1D) :%

6=0.5 06=0.5

8 I I I I 10
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k

Figure 4.1: Simulated data and estimators of 6 (6=05)
(Spearman correlation coefficient: 0 =0.026)
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Figure 4.2: Simulated dataand estimators of 8 (6=1)
(Spearman correlation coefficient: o0 =0.438)

Estimateur de 6

Figure 4.3: Simulated data and estimators of 6 @=2
(Spearman correlation coefficient: o =0.773)

Let us remember that for & -~ 0 we have independence, for € — «, we have tota
dependence. The estimator is quite good on small samples.

1.2. Insurance application: storm damages

In this sub-section the method developed in Section 2 and 3 are applied to the problem
outlined in introduction. The data we will consider consist of 736 pairs of storm damages:
motor claim amounts and household claim amounts (see Figure 1). The two outliers
correspond to the windstorms Lothar and Martin passed over France in December of 1999
causing the largest insured catastrophe loss in Europe’s history.

We first estimate tail parameters. Quantile plots have shown that both distributions exhibit
Pareto tails. In Figure 3(a) Hill estimators are plotted with respect to the k upper order
statistics.

Hill estimators

—o—Household claims

—o—Motor claims

Marshall- Olkin
—o—Logistic
0.8 - —o—Husler-Reiss

0.6 *WW
0.4 W\/\M

054 9¢°

° 20 40 60 80 100 0 20 40 60 80 100

Figure 3: () Hill estimators for Household claim amounts and Motor claim amounts
(b) @ for the Marshall-Olkin model, the logistic model and the Hiisler-Reiss model



The tail parameter estimates 7, , and 7y, should be inferred from a stable region in the

graph. But the choice of k which is a critical parameter depends also on the dependence
structure. Figure 3(b) gives the estimators ¢,(1,1) (Marshall and Olkin curve) based on the

pairs [X(k) ,Y(k)] . As acompletion of these graphs the previous simulations can aso be used to
decide on the optimal k. Finally we choose k =60, which gives X, =2,054, Y, =205,
Txeo=0.754, fye=1104. The graph on Figure 4 shows the clam amounts after

(60) and

normalization transformations: [(Xilx(m)]Tx’m,(\ﬁ/\((m)]”'so] where  X; 20.1xX

Y, 20.1xYg, .

(Motor/205)7~1.104

(Household/2054)~0.754

Figure 4: Claim amounts after transformations (both variables are on alogarithmic scal€)

The independence test gives & =9.53 for x=0.5 and y=0.5 which clearly rejects the
null hypothesis of asymptotic independence. Now we have to decide which model to used.
The biplot on Figure 4 is quite symmetric with respect to the main diagonal and thus a model
with a symmetric functioni.e. ®,(x,y)= ®,(y,x) seemsagood choice. We will consider the

Mixed model, the Logistic model and the Hisler-Reiss model which have all a parameter of
size 1. Figure 3(b) gives estimates of the parameters

k=60 Mixed model Logistic Model Husler-Reiss
model
6, 0.9 0.632 1.323
o (6) 0.113 0.0526 0.165
e 0.21 0.16 0.14

Table 1: Comparison of bivariate extreme value distribution




Table 1 gives for each model the parameter estimate, its standard error and the statistic of a
test for three overidentifying restrictions with the points (11), (0.5,10) and (10;0.5). In all

the cases the test is not rejected (level 5%). To discriminate between them, the statistic &\ is

areasonable tool of comparison leading to the choice of the Hisler-Reiss model.

Finally the probability that the claim amounts due to a storm (for the French insurer) are
bigger than twice the largest losses from windstorm Lothar is 0.001439 (with a 95%
confidence interval [0.0001086;0.0001791]), which corresponds to a storm every 104 years
(resp. [84;138]). This return period confirms figures given by Swiss Re experts (Bresch,
Bisping and Lemcke [2000]) and aks the recurrent question of a price structure for the storm
risk at an inadequate level.
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Appendix 1

We first introduce some sets and definitions. Let E:=[0, oo]z\{O} be the one point

uncompactification of [0, ] x[0, o] so that the compact sets of E are of the form U°, where
U isan open set of [0,)x[0,) and 00U . Let C*(E) be the space of continuous, non-

negative functions on E with compact support. The vague topology on M, (E) , the space of
positive radon measures on E , can be generated by a countable family of semi-norms:
{pf ‘M, (E) = IR" 1 p, (1) =p(f),|f| <L f DC*(E)}

turning M, (E) into a complete, separable, metric space. Convergence of x, OM, (E) to
H, DM, (E) in the vague topology is then denoted by £, —, /4.



PROOF OF PROPOSITION 3.1.:
To prove the probability consistency in Propositi on 3.1, wefirst define the estimators:

7a(([0,X] %[0, ¥])°) = fow/k) « ([0.X]+0.y])°,

=1 Ux (Wk)/Tog(nk) U (k)

Vn(([0, ] x[0,y1)%) ——ZE soom v ([0.X]140.Y])°,

i=1 O x(K)/Tog(VK) G y (WK)

and establish some intermediary Propositions.

PROPOSITION A.1.
Suppose that (2.1) holds. Let k(n) be a sequence such that: k — o, k/n - 0,as n — o,

then we have for each x>0 and y >0:
7a(([0,X]%[0,Y1)) —p v(([0,X] X[O,Y])%) . (A.1)

PROOF OF PROPOSITION A.1.
(2.1) isequivalent to vague convergence of measureson E:

n X; —U, (n/k) Y, c
FPHUX(n/k)nog(n/k) g X} D{W y}]‘ V[0 X [0 y])°)

In the vague topology on M, (E), we have:
7a(([0,X]%[0,Y1)) —p v(([0,X] X[O,Y])%) . (A.2)

by Proposition 5.3 of Resnick [1986].
Now we replace the unknown quantities by sample versions.

PROPOSITION A.2.
Suppose that (2.1) holds. Let k be a sequence such that: k — o, k/n - 0, as n — o,

then we have for each x>0 and y >0:
0o(([0.XX[0.Y])°) ~» v[([0.X] 40.Y])°) -

PROOF OF PROPOSITION A.2.:
We replace the unknown quantities U, (n/k) and U, (n/k) by sample versions and use a

simple continuity argument. Let us remark that:
- 8 &y = U x(n/k) U (n/k)-U, (n/k) U (n/k) ‘
([0, X] %[0, Y])*) V{([O’Xux(n/k) +UX(n/k)/(rIog(n/k))} ){O ’yUY(n/k)D J '

Define a continuous map T : M+(E)><[IR+j3 -~ M, (E):
T(v,a,b,c) :=v(([0,xa +(a -1) £] HO yb)°] .

From Proposition (A.1) and classical arguments:



(Vmox(n/k) U(0/) 1§ (0/K) U, (k) j ., (v110)
U, (n/k) "U, (n/k) "U, (n/k)/ (7 log(n/k))

in M+(E)><[IR+j3 Apply the map T and the continuous mapping theorem to obtain the

result.
The proof of the probability consistency of both measures in Proposition 3.1 is similar to
the previous proof by considering also that:

Tk T ax a

(% 2] % (y, o]) =05(([0,X] }0,d)%) +7:(([0, {0 y1)°) V([0 K %O y1)°)

The amost sure consistency of j,, is obtained with the same arguments as de Hann and

Resnick [1993]. Moreover Beirlant et al. [1995] and Deheuvels et al. [1988] show with
similar assumptions that:

1 1 1
s.?’and,\_ “ps. "

1
fk a«

p.

The classical convergence:

U9 G0
U, (k) 'U, (k) | PV

and the mapping theorem give the final result.

PROOF OF PROPOSITION 3.2.:
To prove Proposition 3.2, we begin by discussing the limiting properties of:

F0XX[0Y])) =Y e (104 0 )",

XU (k) v\
TGy (k) Mog(nk) )"\ Ty (k)

« (X, 09 x(y, o .

Ay ) =Y e

(TUXXJn_/Lk})X/I(oZ(kn)/k))*(W)
PROPOSITION A.3.
Suppose (2.1) holds and for {x, y} DE define:

W, ({x y}) =k (05((10,X] [0,y])) ~E3((10 X §0 ¥1))) ,

There exists a zero mean Gaussian random field (W ({ X, ) ){ X, % DE) with covariance
function:

cov(W ({x 3} ) W({x,y }]] =v10.X1 X0.y])° n([10.X]40.y1)°).

such that in D ((0, ] x(0, ) :
W =W.

n

Moreover there exists a version of W which is sample path continuous.



PROOF OF PROPOSITION A.3:
The proof is standard and details can be read in de Hann and Resnick [1994], Section 3.

Moreover we assume that x, (or equivalently ®,) has continuous first order partial
derivatives.

PROPOSITION A .4:
Suppose  that  (21) holds and that k=k(n) is such  that

im__ Jke(U, (n/k),U,, (n/K)) =0, then in D((0, o] X (0, oo]) XIR*:
(un«x o] X (y,09) —yxg(yj] 1.1

T r’
11 g, n/k)=Uy(n/k) Jy(nk)-U,(nk)

a a’'U,(nk)/(log(nk)) U, (nk)la

= (W(x, ) +W(0,y) “W(x,y), T, ,T, W(L, ) W(])),

N

where:
M= W(e" «)du Lwae T, = [ W(eo,v) 8 —2W(0))).
0 T 1

PROOF OF PROPOSITION A .4:
The proof is presented in a series of steps.

STEP 1.
As previoudly,

£ (% 2] % (y, ) =5(([0,X] X[0,4)°) +/3(([0, o] 50 y])°) ([0 x] %O y])°) ,

Thisimplies:
Vi (F(x 2] x(y, ) = Dy(x,))
Jk (7510, [0, o)) ~E(([0.X] §0,d)%))

K| D (L Fy (B log x +b,,)) ~v7((10,4] 40, d)° ]}

k(70,1 X{0.y])°) ~E(([0.d {0 ¥])))

R R ey 0,0 (0. 1103])°)
~Vk (70,4 X[0.1)°) ~E([0.4 {0 ¥))))

~I|>

x|

\/_( (1= F (@ 10g X +by Cope Y™™ +0y)) —v [([O X] {0 yI)° j]

Proposition 3.1 and Assumption (3.2) imply:



Vi (206 ] % (y, 1) = B, (x,)) = W(x,2) +W(e0,y) “W(x,).

STEP 2:
We use Proposition 2.1 in Resnick and Starica[1999] to get:

U (k) -U, (n/k) ) _ L‘bn/k 3
\/E(Ux(n/k)/(rlog(n/k))j_\/E( . j*dW(l, ),

and:
U, (k) =U, (n/k)
U, (nk)/a

— 4 W(e0,1).

STEP 3:
Proposition 2.2 in Resnick et Starica[1999] implies that:

T Ux(k) (e carets W o
&(;m 1jd = 7 W(E", )du -W(1,09),

Using Step 2:

&[ij(n/k)_lj:&( U, (WK) =U, (n/k) j 1

U, (k) U, (Wk)/(rlog(n/k)) ) (7 log(n/k)) ~© 0

and:

Jk (%—ljd - j “W(e™, )du —EW(l, ).
v T 0 r

By using second order condition and results in de Hann and Resnick [1996], we get:

\/F(Ai—ljd R jmw(oo,v“)@—EW(oo,l).
ak a ! v .a

Combination of Steps 1 to 3 givesthe result.

We can now establish Proposition 3.3. First let us remark that:
f2,((%, 2] % (y, ])

= ] (el Ziogx 0 , U0 -U, (k) | T [ (G, () "
" FC U, (nk) U, (n/K)/(T log(n/k)) | u,k)) ||

Then:



Vi (2 (% ] x(y, ) = Dy(x,y)) =1+

- &(af{(exp{%ogxﬁ () |, () =U, () H ( ) ooﬂ

Fo © UL (K) U, (W/K)/(zlog(n/k)) U, (n/k)

_kq)g{exp { T 1ogx9x(V) | U (k) U, (nfk) },ygk(LjY(n/k)j }
fi U, (n/k) U, (n/k)/(rlog(n/k)) U, (n/k)

r Ux(0K) U, (k) -U,(nk) | = Ma )
+\/E(¢g(exp{fklogxux(n/k) +Ux(n/k)/(rlog(n/k))}’y (UY(n/k)J J ng(x,y)J

Then let us look at the convergence of | . In this purpose, consider the continuous function
5
T: M, ([0,0*\{G)x[IR"]" = M, ([0,0*{ P ):
T(v,a,b,c,d,e) ::V(([exp{adlogx +c} , o 0 b” exp{elog y} ,o<]) .

which gives:

o (00K G G (KU, () T a
A elx(y, ) T('Lﬁ"ux(n/k) U, (/) U (k) (T Tog(/K)) ‘7 ’aJ

Note that:

0 Ux(K) g, (n/k) (k) =U, (n/k) ra
"U, (n/k) U, (n/k) U, (n/k)/(Tlog(n/k)) "7 "d

j:» (,1,1,011)

in M, ([0,e]*\{0})x [IR*)S. Apply the map T and the continuous mapping theorem to

obtain:
| = W(X, ©) +W(o0,y) “W(X,Y)

Here we have used the fact that since W has sample continuous, the convergence is the
same as as weak convergence with respect to the topology of local uniform convergence.
We finish this proof with the convergence of Il . Since ®, has continuous first order

partial derivatives, Corollary (3.1) implies that:

7, UK G, -U, (nk) | o G,k ]
«/E{tb{exp{flnxux(n/k) +Ux(n/k)/(rlog(n/k))}'y (UY(n/k)j J CDQ(X,y)J

— 0D, (X,Y) X
0X

0P, (x,Y)

(W(1,00) +7logxT, )+ Y

y(W(,1) +alogyr,),

which givesfina result.

PROOF OF PROPOSITION 3.3:
The proof is similar as Proposition 3.2.



PROOF OF COROLLARY 3.4
A simple computation of the variance of:

W(X, y)——(W(l o) +7logxI,) - 1(W(oo,l) +alogyr,)
y
gives the result.

Appendix 2

PROOF OF PROPOSITION 4.1.:
To prove consistency, we make the following technical assumptions:
HO: the sequence k satisfies k — o, k/n - 0, k/lognh - o, as n - .

H1: thevariables (X,,Y)), i =1,...,n, areindependent and identically distributed..
H2: f1((X, 0] x(y,]) convergesamost surely to ®, (X,y).

H3: S, converges aimost surely to a non-random matrix S, .

H4: the parameter is identifiable from the contraints, i.e.

oo| X 00 —1 X | oo| X —.1 X = =
{/JD((X. 1%(y, o) y)(g(xﬂs{ﬁﬁ((x, ] X(y ,od) y)(g(xﬂ 0=6=4,

H5: The function ®,(x,y) iscontinuousin &.
H6: g, is known to belong to acompact set A.

The function:

6“—{# ((x, 0] x(y, o) == xg( ﬂ {;F((x o x(y ,od) =xg(yﬂ

is continuous on the compact set A. It follows that the estimator &,(S,) exits because the
associated optimisation problem has a solution.
Let us consider the sequence 6,(S,). Since it belongs to the compact set A, there exists a

sub-sequence Hnj (Snj) converging to a value, which implies the existence of 8_(X,Y)OA.
Since

{un ((x, 0] x(y, od]) - )(g (sn)( ﬂ {;F ((x, e x(y ,od) — )(g (Sn)(yﬂ
{un (o] Xy, od]) = xgo( H {;P (.9 x(y o) =xgo(yﬂ

because Hnj (Snj) is a solution to the minimization problem, taking the limit, it follows that:

oo | X 00 —1 X | ool X —1 X
{uu((x, 1x(y, ) ngw(xﬂs{%((x’ ] *(y , o) y/\/‘g”(xﬂ

< {ﬂu«xl 5] x(y, ) -éxao (ﬁﬂso {u] ((x, o9 x(y ,od) %X% gﬂ .



Because the right-hand side of the latter inequality is zero, it follows that the left-hande
side must aso be equal to zero. Then assumption H4 implies that 8, = §,. In particlular

6.(X,Y) is nonrandom. Finally it suffices to note that every converging subsequence of
6.(S,) convergesto 8, because A iscompact.

PROOF OF PROPOSITION 4.2:
In addition to the previous conditions, it is assumed that:
H8: g, belongsto theinterior of A.

HO: the gradient 222%¥) exists and is continousin 6, .

H10: lim,_ J_c(uX (n/k),U,, (n/k)) =0.
We have:

0P, & (%)

PY:) S, [[IE((X, o] X (y, 00]) —qggn(sn)(x ’y)] -0

We can take the Taylor expansion because g,(S,) converge to g,, as n increases to
infinity:

0P, (x,y)
06

Dy, (s (X:Y) = Py (X y) +———(6,(S)) -&) +0:(4,(S)) —4) .

We obtain:

0D, < (X,Y) ( YY)

Y (6.(S) &) +0.(4,(S)) -66)}

S{/J (X, 0] X(y, ]) =@, (X}y) —————

or equivalently:

00, (X.Y) ¢ 0P (Y) ooy oy OBXY) ro
S (6(S) = 6) = S 1%, x(y od) — @, (x y) |

+0p (Hn (31) - ‘90)1

Then it suffices to use the asymptotic normality of

JK (ﬁf«x, ] X(y, ) —%xgo (%j] ~a N(0,Q, (x¥)),

to establish that:
Vk(6,(S)-8) ~4 N(O,2(Sx.y)),
with:
D, (x,y) _ 0D, (x.y) | | 0%, (,
S8 %) = 5(;y) ggy)H 2(;30% 0, (cy)g Y %( y)

' -1
0D, (X,y) o 0%, (X,y)
06 00 '




PROOF OF PROPOSITION 4.3:

We need to prove that 2(S;,x,y)° (S, ,x,y) for every other symmetric positive matrix
S,, where the order relation ° means that the symmetric matrix (S, x,y) -34S, xy) is
negative. This condition can be written as:

0P, (xy) 0%, (xy)]
{ 00 ng (X’y)—aﬁ }
0D, (x,y) . 0P, (x.y) | | 96, (x.y) %(x y)
06 04 } { 06 S0, 0S5
0D, (xy) . 3P, (x) |
06 . 04 '
Let:
A=Q, (x,y) YR
— A2 acDHo(x’y)
B= Qeo (X,¥)S 00 .

The above condition becomes:
(AA)™° (AB)'(BB)(AB)™,

AA+ AB(BB) 'BA,

A(ld-B(BB)'B)A% 0.

The latter inequality is satisfied because |d-B(BB)™'B is an orthogonal projection

matrix.
PROOF OF PROPOSITION 4.4:
By using a Taylor expansion around &,, we have:

i (0 ealx(y o) = @, 06.) ) =K (200x o4 Xy <) =, (x )
-0 K 6-6) +o, (VK@ - ).

On the other hand, the proof of Proposition 4.2. implies:



00 08

0P, (x.y)
00

Jk(8-8,) = {M Q%l(x,y)w}

Q; (x YK (%, 5] x(y o) = @, (x ) | +0, (VK (6] ) |

hence, we obtain:

JE([JE((X, 0] x(y, %9]) = P (X ,y))

:{I |09, 0) {a% () . 00, (x y)T 3%, (x y)

QO (x, Q(x,
26 05 WY —5g 20 (y)J

k[ A%, 0] Xy, o) = @, (x ) ] +0, (VK(E) ) -

But,
_ 0P, (X,y)
0 06

Q, (X,y)

. -1 '

0D, (x)y) __ 0D, (Xy) | 0D, (Xxy)
Q% y)— 4
26 96 90

is the orthogona projection matrix onto the subspace generated by columns of
6(!390 (X,y)/08, with respect to the scalar product Q;j(x,y) .

Thus the asymptotic distribution vk (,[JE((X,OO]X(y,oo])—CDgnD(x ,y)) is the singular
multivariate normal distribution N(0,(Id =M,)Q, (x,y)(Id =M,)) . Since Q. (x,y) is the
generalized inverse of (ld-M;)Q, (x,y)(Id -M,), it follows that the asymptotic
distribution of & isa x?* distribution with the number of degrees of freedoms equal to the
rank of (1d -=M;)Q, (x,y)(Id -M,) , whichis H -K .

If there does not exist a value of the parameter &, g’ converges to 6, such that
HA((X, 0] X (y,]) =@, (x,y) #0. It follows that ¢ converges to +c« and the test is
convergent.
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