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Abstract 
We strongly believe that we should incorporate the information provided by 

geophysical sciences in insurance mathematics. This article is a first step in this direction. We 
provide a review of key results for multifractal models of rain and discuss their 
potential/relevance for hydro-meteorological disaster risk management. As a main result, we 
obtain an asymptotic expression for the tail probability of the return period that we derived 
from Intensity-Duration-Frequency curves under the assumption of multifractality.  
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1  Introduction 
In this research paper, we understand risk management as the discipline that provides 
quantitative tools for the manager or decision maker to compare —or better help to 
compare— different alternatives to make decisions that deal with the availability of money 
under uncertainty. Here, the term risk management should not be understood in the sense that 
it is used in geophysical sciences. 

In the case of hydro-meteorological disasters, the rain process is a fundamental variable 
of observation. For this reason, the analysis of its stochastic properties is of our special 
interest. Let's consider the following citation: 

“In Sweden, precipitation is rarely extreme in character, but there are severe 
disturbances from time to time and considerable variations on a yearly basis. 
The last 15 years have been remarkable because of an unusually high 
frequency of weather-related disaster events. The year 2000 featured the 
highest ever recorded precipitation levels, with some major floods.” 
(Dahlströhm et al., 2003) 

Whether disturbances in Sweden and all around the world are a consequence of global 
climate changes or natural climate variability, it forces us to use stochastic models which are 
able to capture changes in weather over several time scales. Our approach here is the 
application of multifractal models. 

Actually, several multifractal representations of rainfall have been proposed in the 
literature. For example, pulse-based (e.g. Veneziano & Iacobellis (2002), Deidda et al. (1999) 
and Deidda (2000)); non pulse-based using wavelet decompositions (e.g. Perica and 
Foufoula-Georgiou (1996)) or non pulse-based using discrete or continuous multiplicative 
cascades. For the beginning of this research project, we restricted ourselves to non pulse-
based multifractal representations using multiplicative cascades. Nevertheless, this does not 
mean that we suggest leaving out other representations. 

From Gupta & Waymire (1993): 

“It is clear that the analysis of intermittency and extremes in rainfall is 
particularly amenable to the cascade theory. Given the geometric and 
physical identity of quantities that have appeared in previous spatial 
hierarchial models of the type discussed in section 1, it is natural to explore 
how a cascade theory might explain the hierarchial or clustering structures.” 

With this motivation, we began to study multiplicative cascade models for rain.  
In Sec. 1 and 2, we explain why these models can be useful for hydro-meteorological 

disaster risk management. In Sec. 3, we explain the central idea of multiplicative cascade 
models. In Sec. 4, we provide a review of key results for multifractal models of rain. 
Subsequently, we introduce the reader to the topic of Intensity-Duration-Frequency (IDF) 
curves in a multifractal framework. We consider that they can lead to the applications that we 
are looking for. After that, we present the asymptotic expression for the tail probability of the 
return period T that we found from IDF curves under the assumption of multifractality and 
we comment its implications. Finally, we expose our ideas about how we could apply 
multiplicative cascade models in hydro-meteorological disasters risk management. 

 
2 Why multifractals in hydro-meteorological disasters risk management? 
Regarding extreme precipitation, we find two widely extended views. The first one relies on 
the phenomenological notion of the probable maximum precipitation (PMP). However, 
approaches from this perspective demand a sophisticated analysis of rainfall process in an 
attempt to address all its relevant physical aspects. Certainly, the existence of such a 
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threshold is plausible, as far as the amount of rainfall over a surface is finite. Nevertheless, it 
is not already known how it should be considered. Indeed, nowadays the physical foundations 
of rainfall generation are known to a certain extent. On the one hand, however, important 
aspects in the process of drop growth in convective clouds are still unknown, to the point that 
real growth occurs considerably faster, and can lead to more intense extremes than predicted 
by current models. On the other hand, the large number of degrees of freedom is currently by 
far prohibitive for direct numerical simulation (DNS) at any significant atmospheric scale. 
Various closure equations can be used to resolve the dynamical partial differential equations 
in larger-scale numerical schemes, but the simplifications that they introduce, combined with 
the relevance of drop-size scales in the rainfall production, result in ensemble statistics for 
these kind of models that differ considerably from natural statistics, a fact that makes them 
hardly useful for risk management of natural disasters. 
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Figure 1. Empirical singularities at different scales (data collected on December 2nd, 1990, in Iowa City by an 
optical rain gauge at the Hydrometeorology Lab of the Iowa Institute of Hydraulic Research)  
 

Additionally, there are statistical models parameterized directly from natural statistics. 
In this case, we consider rainfall intensity as a random variable and time series as realizations 
of a stochastic process. This perspective is usually applied for engineering designs and risk 
assessment. The disadvantage is that we are fitting empirical data to ad hoc statistical laws 
without any reference to any knowledge about the rain process, which makes this approach 
unreliable when estimating extreme event probabilities, where the data is scarce. In the 
classical statistical approaches, we completely ignore the scale issue. Moreover, we assume 
that the behaviour of the random variable is the same, scale by scale. We need that, because 
otherwise the fit will not be statistically significant. However, scale-by-scale 
parameterizations lead to an unacceptably high number of parameters to fit. As data for the 
statistical analysis, we have records of the rate of rainfall (hyetograms). Our observations of 
the intensity process markedly vary with respect to the selected time scale. To give you an 
idea of the size of the problem, we present the following example. In Fig. 1 we can observe 
the same precipitation time series at different scales. With observations every ten minutes, the 
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problem of missed information is evident. If we observe the same process with different 
resolutions, the empirical maximum values strongly vary (the analysis of this data via 
classical statistical as well as fractal and chaotic dynamics methods are presented in 
Georgakakos et al. (1994) and Georgakakos et al. (1995)). This situation is also present in 
rainfall time series over longer observation periods (see e.g. Veneziano & Furcolo (2002), 
Lovejoy & Schertzer (1995)). The rainfall process has also a high spatial variability (see e.g 
Gupta & Waymire (1993)), so the same problem arises with spatial observations. 
Consequently, rainfall is a highly intermittent space-time variable process, and the scale plays 
a fundamental role in its stochastic description. This fact is considerably relevant for extreme 
rainfall events, especially in case of extreme high rainfall-depth in a short space-time interval. 

 

 
Table 1. Levels of a “bare” multiplicative cascade 

 

 
Table 2. Levels of a “dressed” multiplicative cascade 

 
3 Introduction to Multiplicative Cascades 
Multiplicative cascade models are mathematical constructs suitable to capture intermittent 
and highly irregular behaviour. Actually, these models have a wide range of applications, 
such as the modelling of turbulence (e.g. Kolmogorov (1941), Mandelbrot (1974), Frisch & 
Parisi (1985) and Meneveau & Sreenivasan (1987)), internet packet traffic (e.g. Riedi & Lévy 
Véhel (1997), Feldmann et al. (1998)), stock prices (e.g. Mandelbrot (1997)), river flow (e.g 
Gupta & Waymire (1990)) and rainfall. 

Let us begin with the simplest case of “bare” cascade. To reconstruct a multiplicative 
cascade, we begin with a given “mass” m uniformly distributed along a support (see Fig. 2). 

As we can observe in Table 1, each subsequent step splits the support and the contained 
mass m is divided according to the respective weights of each level. The generated number of 
weights is the “branching number” (b) of the cascade generator. A binary cascade, for 

 4



example, has b=2. Subsequently, the resulting measure on the support can be described in 
terms of an infinite iterative construction. 

When the resulting measure is then aggregated over nested intervals, see Tab. 2, we are 
talking about a “dressed” cascade. Note that the “mass” m is redistributed to each branch by 
multiplication with the respective weight w , see Fig. 2. Please note that to achieve 
conservation in the ensemble average of the mass, the expected value of the sum of weights 
should be equal to unity. The process illustrated in Fig. 2 and described in the Tables 1 and 2, 
can be generalized to Rd. The generator of a multiplicative cascade can be random and it is 
analogous to the weights in our example. 

)(k
i

A multiplicative cascade is an iterative process that fragments a given set into smaller 
and smaller pieces according to some geometric rule. The support of a multiplicative cascade 
can represent a surface or the time axis. If the branching number is b=ad, a∈N, then the 
cascade support can be in Rd. If we can divide the support into multiple fractal sets, we have 
multifractality. Monofractality is a particular case of multifractality, when only one 
singularity strength order appears. 
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Figure 2. Binary conservative multiplicative cascade with uniform generator (see Ap. D) 
 

The limiting object of multiplicative cascades generally gives rise to measures defined 
within a probability space and they have multifractal scale invariance. It is important to note 
that whereas multifractals in general are measures, monofractals can be associated with the 
measure given by an indicator function of a set and hereby directly to a set of fractionary 
dimension; in other words, the now classical notion of a fractal. For some definitions and 
examples, see Ap. A.  

In the next section, we formally introduce multiplicative cascade models and its 
applications in hydrology and meteorology. 
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4 Multifractal analysis of rain using multiplicative cascades 
The essential idea of multiplicative cascade modelling is to try to capture the scale-invariant 
behaviour of the process when present.  

The Rényi spectrum of scaling exponents τ(q) of a field is a convex function, dual to the 
codimension function c(γ) by the Legendre-Fenchel Transform (see Def. C.1.), defined from 
the scaling of moments of order q of the respective field 

.)( )(qqr τλλ ∝           (1) 

Multifractal scaling is defined as having a curvilinear (strictly convex) Rényi spectrum, 
whose definition for the one-realization case is: 
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where rk(⋅) is the integral of the quantity of interest over ∆t and δ>0 is the spatial or temporal 
scale. The function τ(q) determines the probability distribution among weights in the cascade 
generator and it is also known as multiscaling exponent or Rényi exponent. Estimating and 
plotting τ(q) is useful to identify multiscaling behaviour in the data.  

The basic equation of multiplicative cascades is given by 

P(ϕλ>λγ)∼λ-c(γ),           (3) 

where ϕλ is the random variable of our interest (e.g. rainfall intensity), 1/λ is the scale, c(γ) is 
a convex function dual to τ(q) by the Legendre-Fenchel Transform, γ is an order of 
singularity and “∼” denotes asymptotic equality as λ→∞ 1 (see Schertzer & Lovejoy (1987), 
Gupta & Waymire (1993)).  

The fact that the codimension function c(γ) is a function of γ  on an interval of strictly 
positive length, rather than a single point, is the origin of the term multifractality. The convex 
nature of the codimension function c(γ) implies a decrease in variability with respect to an 
increase in scale or vice versa.  

The modelling of rain processes using multiplicative cascades with log-Lévy generator 
is often found in the literature of multifractal models for rain. Log-stable distributions with 
skewness parameter β=-1 are used in modelling multifractals, partly because of the finiteness 
of their moments (Samorodnitsky & Taqqu (1994), p. 52). 

In multiplicative cascade models applied to rainfall, we find two schools: the discrete 
multiplicative cascades and the universal multifractals or continuous multiplicative cascades. 
In this section, we present both of them.  

 
4.1 Discrete multiplicative cascades  
This approach relies on the statistical inference for multiplicatively generated multifractals, 
and rainfall modelling is only one of its applications. Ossiander & Waymire (2002) and 
Gupta & Waymire (1993, 1997) point out that the precise nature of the cascade generator is 
not a central issue in the case of rainfall modelling. From a single realization of the cascade 
process, we statistically infer the distribution of the cascade generator that presumably 
generated the sample. The probability distribution of the cascade generators represents here a 
hidden parameter which is reflected in the fine scale limiting behaviour of certain scaling 
exponents calculated from a single sample realization (Ossiander & Waymire, 2002). Some 
relevant works on discrete multiplicative cascades are Holley & Waymire (1992), and 
Ossiander & Waymire (2000, 2002). Examples of discrete multiplicative cascades applied to 

                                                 
1 We unified the notations of Schertzer & Lovejoy (1987) and Gupta & Waymire (1993). 
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rainfall modelling can be found in Gupta & Waymire (1990, 1993), Veneziano & Furcolo 
(2002, 2002a) and Veneziano (2002). 

Gupta and Waymire (1993), p. 253, remarked that the first basic foundational results for 
the development of statistical cascade theory were obtained by Kahane (1974), Peyriere 
(1974), Kahane and Peyriere (1976) and Mandelbrot (1974):  

“They proved the existence and nontriviality of the limiting statistical cascades 
of a probability distribution carried by a random variable W, called the 
generator, and branching number b. In particular, these authors found that the 
nontriviality of the resulting limit measure (mass distribution) and the 
Hausdorff dimension of its support can be determined completely from the 
modified cumulant generating function )(hbχ  of the probability distribution of 
the generator W.” 

A recompilation of fundamental results in discrete multiplicative cascades can be found e.g. 
in Harte (2001), Ch. 6. For an introduction to the mathematical foundations of the random 
cascade theory, see e.g. Gupta & Waymire (1993). A further mathematical treatment of this 
topic is in Ossiander & Waymire (2000, 2002). 

If we suppose that the multifractal measure µ∞ was generated by a discrete 
multiplicative cascade with log-Lévy generator, we have W=e-X, where X is a Lévy-stable 
random variable (see Theo. B.1). X depends on the following parameters: the Lévy index 
α∈(0,2], the location parameter M∈ R, the scale parameter σ >0 and a skewness parameter 
β∈[-1,1]. If E[W]=1 (mean conservation condition) and E[Wq]< ∞, the values of β and M are 
determined. Therefore, in this case only α and σ are free parameters. 

The statistical moments of order q are given by 
.] )(qτλ=[ qE λϕ           (4) 

For applications, we can statistically estimate τ(q) from the data (Troutman & Vecchia, 
1999). From the obtained )(ˆ qτ , we can estimate the codimension c(γ). However, obtaining 
criteria for the choice of W is an important statistical problem. 

Veneziano (2002) considered various cases involving discrete multiplicative cascades 
with dependent or independent generator and he proposes a technique to estimate the 
codimension function c(γ). However, we realized that the observation of a critical value for q 
(q*) and thus a critical value for γ (γ*) does not contradict the results for all γ obtained by 
applying Chernoff's Theorem of large deviations (see Theo. C.2) in Gupta & Waymire 
(1993), p. 260, as pointed out in Veneziano (2002), p. 119. That is, because when estimating 
τ(q) a critical interval for q exists (Ossiander & Waymire (2002), p. 330).  

Resnick et al. (2003) used wavelet–based statistical techniques for inference about the 
cascade generator —in the case of conservative cascades— to obtain estimators of the 
structure function. 

 
4.2 Universal multifractals  
This phenomenological approach corresponds to the research groups of Lovejoy, Schertzer 
and Hubert and it attempts to capture the scaling behaviour of rain over continuous space and 
time scales incorporating statistics that are compatible with the physical laws that describe 
the process. In this case, it is considered that multifractals arise when cascade processes 
concentrate energy, water, or other fluxes into smaller and smaller regions. 

The notion of universality in physics corresponds to the fact that among the many 
parameters of a theoretical model, it may be possible that only a few of them are relevant in 
the sense of capturing the essence of the process. The concepts of universal multifractals and 
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continuous multiplicative cascades were introduced in Schertzer & Lovejoy (1987). For a 
debate about universality in multifractals for rain, see e.g. Gupta & Waymire (1993), 
Schertzer & Lovejoy (1997) and Gupta & Waymire (1997). 

If the results of Schertzer & Lovejoy (1987) hold, the limiting measure of continuous 
multiplicative cascades produces generators with weights whose distribution is attracted to 
Lévy-stable distributions.  

Let ϕλ be the intensity of the rain field at scale ratio λ>0. In the universality class of 
Lévy-stable processes, we have from the theory of continuous multiplicative cascades that, 
under the assumption of conservation, the asymptotic behaviour of the tail probability of ϕλ is 
given by  

P(ϕλ>λγ)=A(λ)λ-c(γ)           (5) 

(Schertzer & Lovejoy (1987), Schertzer & Lovejoy (1989)), where tT ∆= /~λ  is the scale 
ratio in time series of length T~  divided in elementary time-periods ∆t (∆t→0), γ is an order 
of singularity, c(γ) is the codimension function of the singularities and A(λ) is a slowly 
varying function at infinity. It means, 

0,1
)(
)(lim >∀=

∞→
a

A
aA
λ
λ

λ
.         (6) 

Equation 5 shows how the probability distribution of singularities of order higher than a value 
γ is related to the fraction of the space they occupy as determined by the characterizing factor 
of scale invariance of the probability distribution.  

In the context of Gupta & Waymire (1993), τ(q) arises through log-log plots of 
empirical moments of various orders q and the choice of discrete multiplicative cascades with 
log-Lévy generator was only a model assumption. For Schertzer & Lovejoy (1987), 
multiplicative cascades with log-Lévy generator should be strongly universal in the context of 
continuous scales. A review to this model is that this class of generators does not satisfy the 
strong boundedness conditions (see e.g. Gupta & Waymire (1993), p. 260, Harte (2001), p. 
102). 

The codimension c(γ) is a non-decreasing convex function of γ as in Sec. 4.1, but for the 
universal multifractals, c(γ) is considered as belonging to the universality class of Lévy-stable 
processes as it is meant in Schertzer & Lovejoy (1987). c(γ) depends in this context on two 
fundamental parameters: C1 and α (universality). C1 is the codimension of the mean field and 
it should satisfy the fixed point relation C1=c(C1). α∈(0,2] is the Lévy index and it measures 
how fast the codimension changes with the singularity. If α=2, we set β=0, so that the 
generator W is log-normal. For α∈(0,2), we set β=-1.  

To go from the conserved process (ϕ) to the observed non-conserved process (R), a 
parameter H is required. H specifies the exponent of the power law filter or order of 
fractional integration needed to obtain R from ϕ. That is, ϕ:〈|∆Rλ|〉≈λH. Thus, for the 
measured field R,  

P(∆R > λγ-H)=A(λ) λ-c(γ-H).         (7)  

For a further explanation, see Lovejoy & Schertzer (1995). 
For the codimension c(γ) of rainfall intensity, we have the following expression (Hubert 

et al., (1993)): 
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where (α ')-1+ α-1=1, C1≠0. 
According to Eq. 8, for α∈[1,2], the orders of singularity are unbounded. If α∈(0,1), a 

finite maximum order of singularity γ0 does exist: 

.
-1
C1

0 α
γ =            (9) 

 
Regarding the maximum order of singularity (γmax) used in Hubert et al. (1993) to estimate 
the maximum accumulation Aλ for a duration τ ( ) in extreme rainfalls, 
Douglas & Barros (2003) pointed out that even if the singularity γ is theoretically unbounded, 
the maximum order of singularity in a finite sample will always be bounded due to spurious 
scaling artefacts resulting from undersampling. 

maxmax 11 γγ
λ τλ −− ∝∝A

Schertzer & Lovejoy (1991a) found that for spatial averages over observing sets with 
dimension D, a critical value qD of the moment of order q exists, such that the estimated 
statistical moments diverge as soon as q>qD. That is,  

., D
q qq >∞=λϕ           (10) 

where 

τ(qD)= (qD-1)D.          (11) 

For time series, we have D=1.  
If the statements above mentioned hold, the probability of ϕλ>λγ can be approximated 

by  
( ) DqP −

≈> γγ
λ λλϕ )(           (12) 

for large enough values of γ. According to this result, for q>qD the tail of the distribution (Eq. 
5) decays algebraically (Schertzer & Lovejoy, 1992). 

According to the theory of universality, qD should be a universal constant, but different 
studies have obtained values varying between 1.5 and 5. Some authors attribute this 
variability to differences in rainfall intensity and rainfall physics, orography, temporal 
resolution of the observations, and length of the time series (e.g. Olson 1995, Purdy et al. 
2001). Douglas & Barros (2003) point out that common values range from slightly below 2 to 
a little above 3.  
 

4.3 Remarks 
For the reasons that we mentioned in Sec. 4.2, regarding the universal multifractals approach, 
there has not been a complete agreement among the physics community.  

In spite of these problems, we decided to expose this approach because: 
I. the background of some articles is not easy to identify for a beginner because it is 

not always mentioned, and 
II. as a sign of respect to the scientists that defend universal multifractals. 

We also wish to emphasize that all multiplicative cascade models mentioned in this 
article work under the assumption of stationarity. 
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5 IDF curves 
An efficient, purpose-oriented way of representing some of the information contained in both 
marginal and joint probability distributions of hydro-meteorological variables, such as 
rainfall intensities or river discharges, are the intensity-duration-frequency curves (IDF). 

Our hypothesis is that probabilistic frequencies of extreme events may be inferred by 
extrapolating these curves under the assumption of multifractality. It has been observed that 
these empirical curves are traditionally modelled for rare events using power laws that are 
compatible with multifractal scalings. The models mentioned in Sec. 4 have the disadvantage 
that they can not be extended to time scales of the orders of magnitude involved in the return 
periods of extreme events.  

This working hypothesis is not new in geophysics literature, see Benjoudi et al. (1997), 
Veneziano & Furcolo (2002). Burlando & Rosso (1996) analyze depth-duration-frequency 
(DDF) curves using multiplicative cascades. De Michele et al. (2002) and Castro et al. (2004) 
worked with Intensity-Duration-Area-Frequency (IDAF) curves. 

An empirical relationship between intensity, duration and frequency has been 
historically given by 

,
)(

),( n

m

t
TKtTI
∆

=∆           (13) 

where I(T,∆t) is the intensity, ∆t is the temporal resolution of the record, T is the return period 
in years of an event which intensity exceeds I(T,∆t) and K, m, n are positive real-valued 
parameters to be adjusted from point rainfall data at the site of interest. A common practice is 
to estimate them by multiple regression using Eq. 14. 

By IDF curves, we mean plots of rainfall intensity (I(⋅)) against the scales (∆t) over 
which they occur, for various return periods (T), drawn according to the empirical 
relationship of Eq. 13. There are various ways to obtain similar plots and all of them are 
called IDF curves, but for our purposes we will use the above definition. We wish to 
emphasize that this curves are standard tools in hydrology and they were developed 
absolutely independently from the multifractal theory. 

Notice that we are dealing with equations of surfaces and not properly with curves. The 
widely extended idea of representing these surfaces by some of its cuts was, in its origin, only 
a pedagogic way to present the information. In fact, speaking about IDF surfaces instead of 
IDF curves could be more adequate. In order to preserve the usual terminology from the 
meteorology and the hydrology, we will talk about curves although we are mathematically 
working with surfaces. 

We can also write the Eq. 13 as 
KtTmtTI logloglog),(log +∆−=∆        (14) 

It is clear that in log-log coordinates, we have a plane. If we draw the curves as traditionally, 
they will appear as parallel straight lines with a negative slope. The observed organization of 
the data gives empirical evidence of scale invariance. Actually, multifractal models of 
rainfall-depth process have been shown to lead to such power laws for their extremes 
(Burlando & Rosso, 1996). 

If we consider a yearly scale and ∆t as our elementary time-period in years, then λ=∆t-1. 
λ is a dimensionless number representing the ratio of the yearly scale with the scale of 
observation ∆t. 

We noticed that in all the reviewed literature, the probability distribution of the 
estimator for the return period (T) given by the IDF curves has never been explored. So, we 
studied these curves from this perspective and we obtained an asymptotic expression for the 
tail probability of the return period T as follows 
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and λ=1/∆t. The threshold t is given by the IDF curves. 
The limiting behaviour of γ̂  at small-scales is 

t
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 =            (21) .n

Therefore, 

P(T>t)∼λ-c(n).            (22) 

Surprisingly, we found an asymptotical expression that recalls multifractal behaviour of 
rainfall time series. It reveals a link between the probability of underestimating the return 
period, the multiscaling behaviour of rain intensity and the empirical parameter n.  

Our result is important because it implies that the IDF curves are consistent with the 
multifractality of rainfall time series. We also observe that the resulting expression seems to 
be in concordance with the results of Veneziano & Furcolo (2002). They found that under 
limiting conditions (very short durations D or very long return periods T), the IDF values are 
simple scaling with a power law dependence on D and T. 

We can obtain different expressions for Eq. 17, depending on the multiplicative cascade 
model that we choose for the data. 
 
6 Possible applications in Risk Management 
As a result of our interdisciplinary adventure in hydrology and meteorology, we are 
convinced of the high potential of IDF curves within the multifractal framework. They can be 
exploited to calculate return periods of extreme events and they can also be useful for the 
generation of synthetic sequences of data.  

If we want to see an example of applying multiplicative cascades, we can begin 
studying the work of Veneziano & Furcolo (2002). There we can find an extended analysis of 
scaling properties of IDF curves for temporal rainfall. For their research, they used synthetic 
sequences of data generated using a beta-lognormal multiplicative cascade as well as real 
data.  

Multiplicative cascade models are stochastic models that can be applied to valuate 
heavy rain, flood and hail insurance policies and these models can also be useful for the 
development of innovative weather-related disaster insurance policies. Given that in the case 
of natural disasters in some countries both the public and the private sectors share risks, 
stochastic models for rain are also important for the development of risk management 
strategies for governmental funds for natural disasters. 
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We do not recommend these models in the case of rain insurance application, because 
they are not suitable for the valuation of short-term policies. 
 
Conclusions 
The asymptotic expression for  that we found implies that the IDF curves are 
consistent with the multifractality of rainfall time series and the limiting behaviour of 

)( tTP >
γ̂

n
 at 

small-scales enlarges the interpretation of the empirical multiscaling parameter n ( →γ̂ ). It 
is also possible to extend the results to include the area by means of empirical intensity-
duration-area-frequency hypersurfaces (IDAF), using the relationship T ∝ imdnAp, where A is 
the area of observation, d is the scale of observation and m, n, p are parameters to be adjusted. 

Although much more empirical and theoretical research is needed, multifractals models 
in rain can already be considered as a real alternative for some applications in risk 
management. However, when applying multiplicative cascades, we should always remember 
that all models of Secs. 4 and 5 work under the assumption of stationarity. We also wish to 
emphasize, that in the multiplicative cascades framework, the study of the rain process at 
small-scales is of the highest importance for the future development of the theory and its 
applications.  

If not using multiplicative cascade models, the existent evidence of intermittency, long 
memory and multiscaling properties in rain processes provided by geophysical sciences is 
already helpful for the development of risk management techniques as well as for other 
applications. 

We also wish to stress that the identified problem of missing information on rain  (also 
present in run-off data) should be considered (or at least remembered) in any case when using 
data bases, also when not applying IDF curves or calculating asymptotic tail probabilities. 
Multiplicative cascades can be used for generation of synthetic sequences that resemble the 
original data in terms of its scaling properties.  

 
Appendix A   Measures and Fractal Dimensions 
Definition A.1 (Cantor set) Let 
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(observe that ϒ  and 0 nϒ  are closed). 
The compact set 

I
∞

=

=
0n

nCC  

is known as the Cantor set. 
 
Definition A.2 (measure) Let µ be a set function on a field M in the space  where ,Θ M∈Θ  
and  If .φ=Θc

1. (non-negativity) µ(A) ∈ [0, ∞] for A∈M, 
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2. µ (φ)=0 and 
3. (countable additivity) for a sequence { }∞

=1kkA  of disjoint elements of M, 
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11
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then µ is a measure. 
 
Definition A.3 (probability measure) Let Ω be an arbitrary non-empty space. If a measure P 
defined on a field F of Ω satisfies  

1. P(A)≤1 ∀ A∈ F; 
2. P(Ω)=1 and 

3.  where ,)(
11

∑
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=

∞

=

=








i
i

i
i APAP U { }∞

=1kkA  is a disjoint sequence of F-sets satisfying 

  F,∈
∞

=
U

1i
iA

then P is a probability measure. 
 
Definition A.4 (Hausdorff measure) Let A⊂Rn, A≠φ. We will denote the set of the countable 
ε-covers of A as A(ε,A), where ε>0. For s>0, let 

.)(inf)(
1

def









∈= ∑
∞

=

ε,AAAAh i
i

s
i

s Aε         (A1) 

We define the s-dimensional Hausdorff measure as 
).(lim)(

0
AhAh ss

εε→
=           (A2) 

 
Definition A.5 (Lebesgue measure) A set A⊂Rd is Lebesgue measurable, if the function 1 is 
integrable in A. In this case, the quantity 

∫ ∫==
A

A
d

d

dxxdAv
R

11
def

d )(          (A3) 

is the Lebesgue measure of A. We often write v(A) instead of vd(A). 
Example: We calculate the Lebesgue measure of C (v(C)) as follows: 

.0
3
12lim)(lim )( =






==

∞→∞→

n
n

nnn
CvCv         (A4) 

 
Definition A.6 (Hausdorff dimension) We define the Hausdorff dimension of a set A 
( ) as )(dim Ah

{ } { }.)(:sup0)(:inf)(dim ∞==== AhsAhsA ss
h       (A5) 

Remark: It is important to distinguish, that a dimension is a property of a set and it is not a 
measure. 

Example: Let C  be the Cantor set and C  be the smallest number of δ-covers I
∞

=

=
0n

nC )(Cδ

required to cover the set C. Then, 
)(dimlim)(dim nhnh CC

∞→
= .         (A6) 
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We observe, that  at least  intervals of length n∀ n2
n

n 





=

3
1δ  are required to cover C . 

Therefore the Hausdorff dimension of a Cantor set is 

n

.63.0
3ln
2ln
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2ln
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−

=
−

= −n
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h
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δ
δ n
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      (A7) 

Remark: The box-counting dimension of the Cantor set is also 
3ln
2ln , but this dimension is not 

defined in terms of a measure. 
 
Appendix B   Stable distributions 
Definition B.1 A r.v. Y is stable if, ∀k, there are i.r.v's Y  with the same distribution as kY...1

Y and constants a   such that ,0>k kb

.
d

1
kk

k

i
i bYaY +=∑

=

          (B1) 

This equality forces α
1

kak =  where 0<α≤2 (Revuz & Yor (1999), p. 110). The number α is 
called the index of the stable law. For α =2 we get the Gaussian random variables. Among 
the infinitely divisible r.v.'s, the so-called stable r.v.'s form a subclass. 
 
Theorem B.1 Consider the Lévy-Khintchine formula 
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       (B2) 

where M∈ R, σ >0 and ς a Radon measure on R-{0} such that 

.)(
1 2

2

∞<
+∫ dx

x
x ς           (B3) 

If the r.v. Y is stable with index α∈ (0,2], then σ=0 and the Lévy measure ς has the density 
( ) ,11 )1(

)0(2)0(1
α+−

<< + xmm xx          (B4) 
with  and  (Revuz & Yor (1999), p. 111). 1m 02 ≥m
 
Appendix C   Large Deviations Theory 
Definition C.1 (Legendre-Fenchel Transform) The function 

{ } ,,)(,sup)( d

R

R∈−=
∈

yqCyqyI
dq

        (C1) 

is the Legendre-Fenchel Transform of C(q). 

 
Theorem C.1 (Cramérs Theorem) Let { }∞

=1iiX  be a sequence of i.d.r.v. and 
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If  exists and it is finite, then  and its Legendre-Fenchel transform is ][ 1ZE ][log)( 1qXeEqC =
{ } ,,)(sup)( R∈−= yqCqyyI

q
        (C3) 
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(Harte (2001), p. 226). 
 
Theorem C.2 (Chernoff's Theorem) Let  be independent, identically distributed 
simple random variables satisfying 

,..., 21 XX
[ ] 0<nXE  and ( ) 00 >>nXP , let M(t) be their common 

moment generating function, and put ρ=inft M(t). Then 

.log0log1lim
1

ρ=







≥∑

=
∞→

n

i
in

XP
n

        (C4) 

(Billingsley (1995), p. 147) 
 
Appendix D   Simulation of a multiplicative cascade 
In this appendix we present the program made in Matlab language that we wrote to generate 
Fig. 2. Using this algorithm we can “bare” a multiplicative cascade in the sense of Tab. 1 
until a finite level n, n∈N. 

This program simulates a binary multiplicative cascade with support in the interval 
[0,T], 0<T<∞, complementary weights and uniform generator w  A graphic of the 
cascade at every level is produced. The algorithm can be adapted to simulate other discrete 
multiplicative cascades. 

].1,0[)( Un
i ∼

 
% Begin  
 
m=4; % This is the mass to be distributed along the support. 
n=8; % This is the number of levels of the cascade that we want to develop. 
T=1; % This is the length of the support. The cascade has support in the interval [0,T]. 
branchn=2^n; % This is the branch number. In the last level (n) we will have 2n branches. 
% Now we generate a matrix with complementary weights (w). 
w=zeros(n,branchn); 
for i=1:1:n; % rows 

for j=1:2:2^i %columns; 
w(i,j)=rand(1,1); % The weights are uniformly distributed in [0,1]. 
w(i,j+1)=1-w(i,j); % We have complementary weights. 

end; 
end; 
% In the matrix M, we store the weights in a convenient order. 
M = ones(n+1,branchn); 
% The first row of M will have ones, because the mass (m) is uniformly distributed along the 
% support at the first level of the cascade,  
% The cells of the other rows will store elements of the matrix of weights (w). 
for i = 2:1:n+1 % i-1 is the corresponding row in w 

repeat = 2^(n-i+1); 
for k = 0:1:branchn/repeat-1; 

for j = k*repeat+1:1:(k+1)*repeat; 
if j <= 2^k*repeat; 

temp = k+1; 
else temp = k+2; 
end; 

M(i,j) = w(i-1,temp); 
end; 

end; 
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end; 
 
% We calculate the values for every branch: 
cascade = cumprod(M)*m; 
% Every row of the matrix 'cascade' corresponds to a level of the cascade. 
% For the graphics: 
N = zeros(n+1,branchn); 
for i=1:1:n+1; % We should consider the different scales for the graphic. 

N(i,:)=cascade(i,:)*2^(i-1)/T; % . i-1 is the level of the cascade. 
% The calculated mass for every sub-interval of length T/2i-1 is distributed along it. 

end; 
graf=N'; 
t=T/branchn:T/branchn:T; % The matrix stores the support divided in the finest scale. 
 
% This is to obtain a graphic of the simulated binary multiplicative cascade 
figure(1); 
for i=1:1:n+1; 

subplot(3,3,i); % n+1=9 graphics are generated and presented in a 3x3 array. 
plot(t,graf(:,i)); 
axis([1/branchn,T,0,max(graf(:))]); 

end; 
 
% End 
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