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1 Introduction

In Mack (1993), a distribution-free method was developed in order to estimate
the prediction error of Chain Ladder reserve estimates. For claims reserving
purposes, an insurance company usually subdivides its portfolio into several
subportfolios such that the development behavior of each subportfolio can be
assumed to be homogeneous. Then, for each subportfolio, the Chain Ladder
method can be applied in order to estimate the appropriate claims reserves and
their prediction error.

But what is finally needed, are the claims reserves for the whole portfolio
of the insurance company and their prediction error. Whereas the estimates of
the claims reserves of each subportfolio can simply be added together in order
to arrive at an estimate for the claims reserves of the whole portfolio, this is
only the case for the prediction variances if the subportfolios can be assumed
to be independent. But in long tail business, the development of different sub-
portfolios is influenced to a substantial degree by the development behavior of
bodily injury claims (medical and nursing costs). Therefore, subportfolios in
general can not be assumed to be independent. Then, the question arises how
the prediction error of the aggregated portfolio can be arrived at.

In this situation, applying the Chain Ladder method to the overall triangle
and taking the prediction error from this calculation is not a good solution
because already the reserve estimates obtained in this way will not be identical
to the aggregation of the reserve estimates of the individual subportfolios, see
e.g. Ajne (1994). Moreover, the aggregation of run-off triangles with different
development patterns is like mixing apples and oranges and will normally lead
to invalid results.

Therefore in this paper, a new, more sensible approach is developed. We
assume that the correlation between two run-off triangles finds its manifestation
in a fixed correlation coefficient between the individual development factors of
the two corresponding development periods of the triangles. This correlation

coefficient may depend on the development period, but not on the accident



year. This assumption fits very well to the basic assumption behind the Chain
Ladder method that the individual development factors of each development
period fluctuate randomly around a fixed, but unknown age-to-age factor.

In actuarial practice, this approach enables the actuary to set up a range and
a prudential margin for the reserves of the whole portfolio as required e.g. by
several national accounting standards. The reserving bounds described in this
paper are solely based on stochastic assumptions and on the observed data and
not on assumed correlations between lines of business - as often done - which
do not refer to the peculiarities of the underlying portfolio.

The paper is organized as follows: Section 2.1 gives the basic notations and
repeats the recursive formulae for the prediction error of a single accident year
for one triangle. From this, the prediction error of the total claims amount of all
accident years is derived in section 2.2. In section 3, a second run-off triangle is
introduced as well as the decisive assumption on the correlation between both
triangles. In section 4, the recursive formulae for the prediction error of the
sum of the two triangles are derived. In section 5, a numerical example is given

including the derivation of a range for the best estimate of the portfolio reserve.

2 The prediction error for one run-off triangle

2.1 The prediction error of the ultimate claims amount of

one accident year

Let C;; > 0 be the cumulative claims amount of accident year i, 1 < i < n, after
k years of development, 1 < k < n, for a certain subportfolio. The amounts
Cir with i + k < n + 1 are observable and we are interested in predicting the
amounts Cy, for ¢ = 2,3,...,n. The Chain Ladder method does this recursively
by

~

Cir = Ci k-1 T (1)



with starting value @,nﬂ,i = Cj; nt+1—; and age-to-age factor
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which is a weighted average of individual development factors

C'k n+l—k
Fi = ¢ with C<7k_1 = Z Ci,k—l-
Ci k-1 P

In the following we consider numerous conditional expectation values and
variances. To avoid there lengthy expressions we introduce some notation. The
condition ”T}” means that all variables {C;;]1 <i<n,1<j<k,i+j<n+1}
of the run-off triangle up to and including development year k are given. Es-
pecially, the condition ”T,,” indicates that the whole triangle is given. Further-
more, we use ”T;;” when the variables {C;;|1 < j < k} are given.

On the basis of the stochastic assumptions (see Mack (1993) and (1999),

where the further results of this section can be found, too)

E(Fik|Tik—1) = fus (3)
oi

Var(F|Ti k1) = Gl (4)

foralll <i<mand2 <k <nwhere fr and a,% are unknown parameters, the es-
timation procedure (1) and (2) can be shown to be reasonable and conditionally
unbiased, i.e. E(fk|Tk,1) = fi and E(an\TnH,i) =Cint1—ifnto—i* o fn =
E(Cin|Thnt1-4), if the accident years are independent.

The prediction error mse(C,) for the ultimate claims amount of an accident
year is defined as

~

mse(Cyy) := B((Cin, — Cin)?|Th)

because for reserving purposes only the future variability given the observable

data is of interest. This can be written in the form
mse(Cin) = Var(Cin|Tni1-i) + (B(Cin|Tni1—i) — Cin)?
which for estimation purposes is approximated by

mse(Cip) & Var(Cin|Tpi1—:) + Var(Cin|Thi1—:). (5)



In (5) Var(Cyp|Ty11-4) is called the random error and Var((/l’\m|Tn+1,i) the es-
timation error. To keep the notation as simple as possible we omit from now

on the conditions in the random error and the estimation error. So, whenever

~

expectations like E(Cyy), E(@k) and variances like Var(Cjy) or Var(Cyy,) are con-
sidered, in the strict sense E(Cik\TnH,i),E(@;C\Tnﬂ,i),Var(Cik|Tn+1,i) and
Var(Cyp|Tps1—i) are meant. The exact formulations of the following derivations
can be found in Mack(1993).

Now, we deduce recursions for the random error and for the estimation error.

For this purpose, the equations (3) and (4) are used in the form
E(Cik|Tik-1) = Cig—1.frs
Var(Cix|Tix—1) = Cip_105.
Then we have for i + k >n+1
Var(Cy,) = E(Var(Cig|Tik-1)) + Var(E(Cig|Ti k-1))
= E(Cir-1)op + Var(Cix 1) fi-

This yields for the estimator @(CZ- ) of the random error Var(Cj,) of the

ultimate claims amount the recursion
Var(Cik) = Var(Ci,k,l) . fl? + Ci,k,ﬁi (6)
with the starting value
Var(C’i,nH,i) =0
as Cj 41— is already known. An unbiased estimator of 5% is given by
1 n+l1—k
~2 L . o N2
Ok = —7 Zl Cik—1(Fi — fr)~. (7)
1=
Similarly, @k = @,kqfk yields

~

Var(Cip) = E(Var(Cp_1fulTe—1)) + Var(E(C; p—1fr|Th-1))

= E(C?,_ Var(fi|Ti-1)) + Var(Ci 1) f2.



From this the following recursion for the estimator @“(@ ) of the estimation

error Var(@n) of the ultimate claims estimate Cj, can be deduced:

N N U ~2
Var(Cii) = Var(Ci,k—l)f,f + C’fk_l Tk (8)
’ Ce -1
because
~ 0‘,%
Var(fk|Tk_1)) = C . (9)
<k—1

The starting value for this recursion is
Var(C’i,nH,i) =0

because @mﬂ_i is already observed. This yields the joint recursion for the

estimate of the prediction error:

SR RPN = A G2 G2
mse(Cyy) = mse(Cyp—1) - f2+ C’Zk_l ( k4 c k ) (10)
ik—1 <,k—1

2.2 The prediction error of the total ultimate claims amount

of one run-off triangle

Annual reports of insurance companies usually disclose estimates only for re-
serves and claims amounts for all accident years together. To estimate a range
of those aggregated amounts, we have to consider the estimation error and pre-
diction error for all accident years together.

C1n is already known and no estimate is necessary. Therefore the first ac-
cident year adds nothing to the random error and the estimation error for the

whole run-off. Taking this into account, the prediction error mse(>"" Cip) for
Tn).

n 2
(E@on|Tsr—s) - G ))
=2

all accident years is defined as

=2

We have (Mack (1993))

n

mse(i@n) = Var(ZCm
i=2 i=2
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i=2
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+2 Y (B(Cin|Tus1-i) = Cin) B(Cin|Tur1-5) = Cjn)

2<i<j<n

~ Var ( i: Cin
i=2

+2 Y Cov(Cin, Cjnl Tni1-1)

2<i<j<n

Tn> + Z Var(@n|Tn+1_i)

=2

The random error of the total ultimate loss amount is Var(3""" , Cy,|T,). The
estimation error Var(}>_ , ém) of the ultimate claims amount of all accident
years together is

Var(Z ém) = ZVar(@n|Tn+1_i) + Z 2 Cov(@n, @n|Tn+1_i). (11)
i=2

i=2 2<i<j<n

It is important to note, that Var(} ., ém) is only a notation for the right-
hand-side in (11) and that it is not a variance since the right-hand-side of the
definition (11) can not be rewritten as one single conditional variance due to
the different conditions of the variances and covariances in the sum. This yields

the following approximation for mse(} ;- ; Cin) (which is analogous to (5)):

mse < i ém) ~ Var < i Cin Tn) + Var < i ém) .
i=1 i=1 i=1

Again, we omit the conditions for simplicity. The random error Var(}_; , Ci,)

fulfills due to the independence of the accident years (which here implies the

conditional independence, Mack (2002)) the equation

Var(g cm> = gVar(Cm). (12)

Of course (12) can be generalized to
Var( Z Cm> = Z Var(Ciy,). (13)
i=n+2—k i=n+2—k
(13) and the recursion (6) for the random error of one accident year yield

the recursion

\//3}( Z Cm) :\//BE( Z Ci)k1>}g+é>,k1/o'\]%,

i=n+2—k i=n+3—k



with

n

627k_1 = Z 6i,k—1~ (14)

i=n+2—k
Note, CA'Z’k,l is the sum of the estimated claims amounts of development pe-
riod k — 1 plus the known amount C, o r—1 of the actual calendar year.
This recursion starts with k& = 2 since for the first development year all claims
amounts C;1,1 < i < n, are already known. Here and in the following we use
the convention that an empty summation is equal to 0.

For the estimation error Var(3.", Ci,) such a simple relation as (12) does
not hold since all correlations between the ultimate claims amount estimates of
different accident years have to be considered. A recursion for é\w(@-n, @n)

can be achieved by (with k¥ >n+1 —1i and ¢ < j)

~

COV(Cikaajk) = E(COV(ai,kflﬁcaaj,kflﬁc‘kal))+
+COV(E(6i,k71J?k‘Tk71)7E(aj,k71ﬁ|Tk71))

= E(ai,k—laj,k—lvar(ﬁc|Tk—1)) + COV(@‘,k—h éj,k—ﬁf/?

(15)
and using (9)
A~ IR ~ —~ ~ 52
Cov(Cix, Cjr) = Cov(Cip—1, Cj 1) f2 + ci,k,lc‘j,kflc—”zl (16)
<,k—

starting with C/(;/(é'i,n+1_i,6'j,n+1_i) = 0 since ¢ < j and Cj ,+1—; is known.
(16) and (8) yield the following recursion for the estimation error:

. n R . n . /\ N ~2
Var( Z Cik>=Var< Z Ci,kl)f;3+(c>,k1)2 %k

.
i=n+2—k i=n+3—k <,k-1

For the same reason as before, this recursion starts with k& = 2.

The recursions for the random error Var(}"""_, C;,,) and the estimation error
Var(Y"", Ci,) vield the recursion for the prediction error mse(327_, Cyp) of the
total claims amounts for all accident years:

n/ls\e< Xn: @k) = H/1§3( zn: 6i,k—1)}}g§

i=n+2—k i=n+3—k

=R ~2 ~2
+(C>,k_1)2(f’< + 2k ) (17)
N > k-1 Cok—1



The recursion starts with k& = 2. Using (4) and (9) it can be shown that (17) is
the same recursion as the one already given in Mack (1999) for the prediction
error. Structure of recursion (17) is the same as in (10). The only difference
between the two recursions are the estimated claims amounts éz,k,l instead of
the claims amount @,k,l for one accident year in (10).

The prediction error mse(d ., ém) gives the mean squared deviation be-
tween the estimated ultimate claims amount Z?:l (?m and the true ultimate
claims amount > ; C,. The estimation error Var(} ., CA'm) gives the mean
squared deviation between the estimated ultimate claims amount y ;- @n and
the expected ultimate claims amount E(Y"_, Cin) = E(X7_, Cin). Whereas
the prediction error has to be used for the variability loading for a loss portfolio
transfer, it is the estimation error which has to be used when assessing a con-

fidence interval (range) around » ., @-n for the best estimate E(>_._, Ciy,) of
Z?=1 Cin.

3 A Chain ladder-type model for the correlation
between two run-off triangles

Now assume we have another subportfolio with cumulative run-off data {D;;}
in addition to the data {Cj;} considered in section 2. Denote with g, and 7',3
its Chain-Ladder parameters corresponding to fr and 0%, respectively, i.e. we

have the following assumptions (20),(21) and the estimators

n+l—k
. Z-jll Dy,
= Lzl Tk 18
k Do (18)
1 n—k+1
T o= p— > Dix-1(Gik — Gi)? (19)
i=1
with
D;
G = —2,
Dj 1
n+l1—k
Doy = Z D 1.
i=1



As before, the stochastic assumptions behind these estimators are

E(Gik|Tik—1) = gn (20)

2
-
Var(Gi|Tin—1) = TI’ZI. (21)

Here, T; ;—1 is used for the set {D;;|1 < j <k —1}. Again, the accident years
1 =1,...,n are assumed to be independent.

For each of the data sets {Cix} and {D;;} the stochastic model for the Chain
Ladder consists of an own submodel for each development period k,2 < k < n.
In order to arrive at formulae for expectation and variance of the ultimate claims
D;,, in terms of the observable amounts {D;x, i+ k < n+ 1}, the submodels are
simply chained together.

Therefore it seems natural to restrict any assumptions regarding the corre-
lation between the arrays {Cir,1 < i,k <n} and {D;r,1 < i,k <n} to each of
the pairwise corresponding development years k,2 < k < n, if we want to stay
within the chain ladder world. In this sense, the natural generalization of (4)
and (21) is the assumption

Cov(Fik, Gik|Ti j—1) = Pk (22)

VCik—1D; k-1

which is equivalent to assuming that the correlation coefficient between the

individual development factors Fj, and Gy

Cov(Fik, Gir|Ti —1) _ Pk

\/Var(Fik\Ti,k_l) -Var(Gi|Tik—1)  OkTk

is constant for k fixed. Of course, we assume
Cov(Fig, Gjx|Tir—1) = 0 for i # j,

because different accident years are assumed to be globally independent.

In these formulae "T; ,_1” means, both sets of observable variables {C;;|1 <
j <k—1} and {D;;|1 < j < k — 1} are given. Moreover, we assume (3), (4),
(20) and (21) to hold for this "T; 5—1”. Note, in this case (3), (4), (20) and

(21) with the "T; ,_1” as before still hold, being just a consequence of the new

10



assumption, i.e. we have

E(Fik|Cr-1) = EEFix|Cr-1,Dr-1)|Ck-1) = fr: (23)
Var(Fig|Cr—1) = E(Var(Fix|Cr—1, Dr-1)|Cr—1)

+Var(E(F|Cr—1, Di—1)|Cr-1)
Cik-1

Here, the notation Cj_; is used for the set {C;|1 < j < k — 1} and Dy
for {D;;|1 < j <k —1}. Aside, (23) and (24) justify actuarial practice using
the Chain Ladder method for a subportfolio without considering in addition the
observables of all other segments of the portfolio. Also, the assumption allows us
to use for one run-off the condition "7} ;,—;” without specifying whether "T; 1"
relates to one or two given sets of observables since it is without relevance.
Considering variables related to both run-offs, then ”7T; ;1" and also "T}” are
related of course to both sets.

In analogy of the estimation of o7 and 77, the new parameter pj can be

estimated by

n+l—k
1 ~
D = -——————7 Cl — Di — F’L* Gi -7 25
Pk n—F—1+uw? ;:1 VCik-1D; k-1 (Fir. — fr)(Gir — Gr) (25)

with ek
n+1— 2
w2 (D i1 Cik—1Di k1)
k) - .
Cop—1 Do

1
n—k

The factor m instead of as for o7 and 77 ensures that the estimator
k

pr for py is unbiased. Note, that w} is positive and < 1 (Cauchy-Schwarz

inequality).

4 Estimation of the prediction error of the sum
of two run-off triangles

First of all, we have to define the prediction error mse(@-n—i—ﬁm) for the ultimate

claims amount of an accident year of the portfolio. It is defined analogously as

11



for one run-off:

~

mse(Cin + Din) 1= B((Cin + Din — (Cin + Din))?|T0).
This can be approximated by
mse(Cip + Din) ~ Var(Cip + Din|Tos1—:) + Var(Cip + Din|Toy1—1)-

Here, Var(Ciy, + D;n|Ty41-4) is the random error and Var(am + lA)in\T,H_l_i) is
the estimation error. Again, we omit these conditions in the following.

Based on the assumption (22) which can be rewritten as
Cov(Cig, Dits|Ti ji—1) = /Cik—1Di k—1Pks

we now can calculate the random error Var(Cj, + D;;,) and the estimation error

Var(@n + lA)m) of the combined triangle {C;r + D;ili + k < n + 1}. We have
Var(C’m + Dm) = Var(Cm) + QCOV(Cm, Dzn) + Var(Dm)

and therefore, in addition to the recursions considered before, we need only a

recursion for Cov(Cjy,, Diy,), too. From

Cov(Cik, Dir,) = E(Cov(Cik, Dik|Ti k1))
+ Cov(E(Cik|Ti 5-1), E(Dir| T k—1))
= E(/Cik-1D;r-1)px + Cov(Cir—1,D; k—1) frgr

we deduce the recursion (for ¢ +k > n+ 1)
al(Cm,Dik) = éaf(ci,kq,Di,k—l)J?kﬁk + 4/ ai,kqﬁi,kqﬁk (26)
for the estimated covariance between C;; and D;;. The starting value is
éaf(ci,nﬂﬂ', Dipt1-:) =0

as both variables have already been observed. Similarly, for the estimation error

we have
Var(Cin + Din) = Var(Cip) 4+ 2Cov(Cin, Din) + Var(Dsy )

12



and

Cov(Cir, Dig) = E(Cov(Ci g1 fr> Dik19x|Th-1))
+ COV(E(Ci,kflfﬂkal)» E(Di,kfl/g\k|Tk71))
= E(Cik-1Di k-1Cov(fi, Gl Ti-1))

+ COV(@,k—l, Bi,k—l)fkgk

as well as
R n+l—k n+1—k D.
Cov(fr, G| Th—1) = Cov< ch Ly ) s ﬁG-k Tk1>
( | ) Z Ccpt Fj ; <k-1 ’
n+l—k
Cik-1 Djr—1
_ CﬂviDj’iCov(ij,ij\Tk—l)
= <k—1 < k-1

C<k 1D<k 1

Taken together, we have the recursion

COV(aik;ﬁik) = COV(éi,kflaBi,kfl)'fk/g\k
n+l—k

@ kflﬁikfl ~
B A S ey > remr N
Cert D<7k_1p ]; Jik—185,k—1 ( )

with starting value

~

GO\V(ai,n-i-l—i? Di7n+1—i) =0.

This completes the derivation of formulae for the random error, for the estima-
tion error and taken together for the prediction error for the ultimate claims
amount of one accident year in a portfolio consisting of two correlated subport-
folios.

For actuarial evaluation of the liabilities of a whole portfolio and their po-
tential adverse development the errors of the ultimate claims amount for all
accident years of the portfolio are important quantities. The prediction error of

the total ultimate claims amount > 2( in + Dm) is

n(z@ + D)) = E(<i(a—n 4 Dy~ (Cin + ﬁm>>)2

=2 =2

3

13



- Var(i(Cm + Din)

=2

2

+(Z(E(am + ﬁin|Tn+1—i) - (@ + ﬁvn)))

i=2
7,)

n n 2
+(Z(E(aan+1i) — az )+ Z(E(ﬁin‘TnJrlfi) - ﬁzn))

i=2 1=2

7, )
i=2

n n
+Var ( Z 6171) + Var ( Z ﬁln) + Z 2 Cov(ainv ﬁjn|Tn+17’min(i,j))7
=2

i=2 1<i,j<n

= Var ( i:(Cm + Diy)

=2

n

Q

where min(i, j) denotes the Minimum of ¢ and j. The first term is the random
error, the last three together are the estimation error. Note, here we used the
notation Var(Y", Cy,) and Var(Y7"_, Dy,) as introduced in section 2.2,

The random error Var(}.! ,(Cin + D;n)) - omitting conditions - can be

written as

v 334 .92

=2

For the random errors Var(} ., Ci,) and Var(}_;_, D;,) we have already
derived recursions in section 2. Therefore, only a recursion for the covariance
of 1 , Cip and Y i, Dy, is needed. Due to the (conditional) independence of
the accident years we have

n n n
cov(zcm,zpm) =" Cov(Cin, D).
i=2 =2 i=2

Using the recursions for 60\\7(Cik, Dix),2 < i < n yields the recursion

C/O\V< E”: Cik, En: Dik)

i=n+2—k i=n+2—k
n n n
= COV( E Ci k-1, E Di,kl) Gk + Dk E \/ Cik—1Di k-1
i=n+3—k i=n+3—k i=n+2—k

14



starting with & = 2 since for the first development year all C;; and D;; are
known.
For the covariances Cov(Cip, ZA)M) in the estimation error we proceed as in

(15) and for (26). This leads to the recursion

COV(ailmﬁjk) = COV(@,kq,ﬁj,k—l)ﬁc@k—F
PN ~ 1—k
Cik-1Djr-1 ~ e
D}, Crk—1 - Dm—1 (28
Capt Degn” mz::l v ! v (28)

with starting value & = n 4+ 1 — min(é,j). Recursion (27) is a special case of

(28). The recursion for >, ; (/J()\V(am,ﬁjn) is then

n n
> Cov(Cir,Djx)= Y Cov(Cik1,Djr 1)sGs
ij=n+2—k i j=n+3—k
1k
i Cik—1- Dig—1

+C> k—1D> k1%
- - Ccep—1-Dep—

starting with k& = 2 (cf. definition of 62,;@,1 in (14)). This recursion completes
the derivation of the recursions for the estimation error and the prediction error
for the ultimate claims amounts estimates of the sum of two correlated subport-

folios. The extension to more than two subportfolios is obvious.

5 Numerical example

In our numerical example we use data published by the Reinsurance Associa-
tion of America (RAA) in their historical loss development study (RAA (2001)).
Cumulative incurred losses {Cj;} of General Liability (GL) reinsurance busi-
ness are given in Table 1. Table 2 contains the corresponding data {D;;} for
Auto Liability (AL) reinsurance business. For details see RAA (2001). For a
demonstration of our approach with these runoffs we assume that the claims
development comprised in each of these triangles is homogeneous so that we
can limit our analysis to the two given triangles and we have not to perform
any analysis of subtriangles. Moreover, we assume for simplicity that the devel-
opment stops after the fourteenth year for both run-offs. Therefore we dispense

with any extrapolation beyond the fourteenth development year.

15



The Chain-Ladder method yields the development factors ]?k (for the GL
run-off) and gi (for AL run-off) and the parameter estimates o3 (GL run-off)
and 7Ty (AL run-off) as given in Table 3. The parameters 014 and 714 which can
not be estimated via (7) and (19) since there is only one individual development

factor in each run-off for the fourteenth development year, are selected as

~2 N N O PN
014 = min(013/01,012)

(see Mack (1993)) and 77, analogous. The parameters wj in the row 5 of Table

3 show that w} is approximately 1 for all development years in this example i.e.

1

——. Rows 6 and 7 of Table 3 contain the estimate for pj

1 ~
we have ~——r» ~ .

and for the correlation coeflicient py /(o 7). For development years 8 and 12 py,
is negative. This should not be overstated since the estimate of the covariance
parameter p; is based here only on seven and three observations, respectively
and has no substantial contribution to the total errors due to the small py in the
later development periods. p decays rapidly with respect to k, as it is usually
the case for o7 and 77 (and also for fy and gx). Row 7 shows py/(0xT) which
gives the correlation coefficient of the individual development factors. It can be
seen, that it is quite stable in the first seven development years. Table 4 shows
for each accident year i the estimated reserve Cin — Ci n+1—i for GL run-off and
the estimated reserve ﬁm — Dj n 41— for AL run-off and the sum of these two
reserves ("Portfolio”). In the last column of Table 4 the estimated reserve is
given when aggregating first both data triangles to one single triangle and then
estimating the reserve with the Chain-Ladder method. This (nonsense) calcula-
tion is only done for comparison purposes and is denoted ”overall calculation” in
the following and in the tables. The example shows that the overall calculation
leads to another result which can be considered as unusable here since run-offs
with different development patterns were added together. The reserve is about
265 Mio. lower than the one by separate calculation of the GL and AL reserves.
To evaluate this difference we have to consider the variability in our estimates.

Tables 5-7 show the square roots of the random error, the estimation error

and the prediction error, respectively for GL run-off in column 1 and AL run-off

16



in column 2. The column ” Portfolio” of these tables shows the corresponding fig-
ures for the whole portfolio consisting of the GL and AL subportfolios, computed
with our method as described in section 4 taking into account the correlation be-
tween the individual development factors. Column 3a gives the implied average

coefficent of correlation, i.e. the solution p(X,Y) of the equation
Var(X +Y) = Var(X) + Var(Y) + 2p(X,Y)+/Var(X)Var(Y) (29)

where X and Y are the reserves of the GL and AL run-off, and Var(X), Var(Y)
and Var(X + Y) are the squares of corresponding errors from columns (1)-
(3). Columns 4 to 6 show the results of the calculation (29) but assuming a
positive correlation of +1, no correlation and a negative correlation -1 between
the corresponding individual development factors of all columns of run-off 1
and 2. In column 7 the roots of the errors are given for the overall calculation.
The errors for the reserve of each accident years and all accident years together
are between the ones assuming no correlation and a correlation equal to 1.
Note that, the overall calculation yields for the accident year 1988 and 1989
errors which are larger than the corresponding error of the portfolio under the
assumption of a complete positive correlation between both run-offs. This is
a further hint that the overall calculation is not suited for the estimation of
portfolio reserves and its range.

Assuming a log-normal distribution for the best estimate of the reserve with
mean and variance according to table 4 and 6 a reasonable range for the best
estimate for all accident years of our portfolio consisting of the GL and the
AL runoff can be calculated. The mean is equal to the estimated reserve and
the variance equal to the estimation error. We use the interval containing 50%
probability around the mean with 25%-probability on each side as range. This
is a fair compromise between a non-informative 99%-range and the straight
point estimate which would not contain the true reserve with 100% probability.
This 50%-range leads to a lower bound of 8.008.292 and an upper bound of
8.438.171. Within this range, each amount can be taken as best estimate. The

reserve estimate of the overall calculation is outside this range, since it is below
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the lower bound. This shows again that the overall calculation is not reasonable.

6 Final remarks

Correlations between run-off triangles are often attributed to the claims infla-
tion affecting all or most of the run-offs of a portfolio in a similar way. For
this reason, it is obvious to derive the correlation between the reserves from
the correlation between the estimated inflation rates in the run-offs. But, since
the inflation affects the diagonals in the run-offs, the basic Chain Ladder model
assumption of independence of the accident years is violated. Therefore, calcu-
lating reserve ranges by using calendar year based correlations in conjunction
with reserves estimated with the Chain-Ladder method is inadvisable. In prin-
ciple, all calendar year based dependences should be removed from the run-offs,
before the reserves are calculated with the Chain-Ladder method.

Furthermore, the inflation rate of a calendar year does not affect the accident
years of a run-off in the same way, since the payments are for different types of
claims due to their different development periods. For instance, considering a
fixed calendar year in a general liability portfolio, in earlier development years
mainly property damages are paid while for later development years payments
of bodily injury claims dominate. Moreover, the portions of claims affected by
the inflation of a fixed calendar year related to all noticed claims per accident
year are different due to the different development periods. To summarize, the
inflation of a calendar year does not influence the affected cells of the triangle
in the same way.

Our approach comes up with an individual correlation coefficent for each
development period. In contrast to this, some other approaches measure the
correlation between two run-offs by a single number, e.g. by a correlation coef-
ficient. If one likes to do this with our approach - even though it is not in line
with the Chain-Ladder model - one can simply set in the basic assumption for
the covariance in section 3 pp = Yo7, with o and 73 as before and estimate

1 now by using data from all development periods. This simplified model im-
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plies a constant correlation coefficient v for all development years and v can be

compared with estimated correlations of other approaches.
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