
A GENERALIZATION OF THE FUZZY ZOOMING 

OF CASH FLOWS 

BARUCH BERLINER. NIKLAUS BUEHLMANN 

ABSTRACT 

The concept of fuzzy zooming of cash flows introduced in (1) will be gen- 
eralized in this paper, allowing for any division of the period of a cash flow into 
disjunctive partial periods which unite to the cash flow’s total length of time 
and for the corresponding partial cash flows which unite to give the total cash 
flow. 
In the introduction we shall clarify when and why fuzzy models of cash flows 
are preferable to stochastic models in classical probability theory. Later on, 
we shall derive some important results on equivalent fuzzy payments and on 
geometrically growing annuities which we shall use, after introducing equiva- 
lent two-payment cash flows, for interesting empirical analyses of geometrically 
growing annuities. We shall illustrate the excellent matching qualities of general 
fuzzy zoomings of the 5th order in the case of very long-term cash flows with 
different interest and growth rates. We shall see that these qualities remain 
quite robust even in the event of interest shocks during the cash flows. 
Finally, we shall propose how generalized fuzzy zoomings could be practically 
applied for the description of “cash Rows” of exchange indexes for the evaluation 
of assets. 

KEY WORDS: Fuzzy arithmetics, triangular fuzzy numbers, equivalent 
fuzzy payment, generalized fuzzy zooming of the Ic-th order, equivalent two- 
payment cash flows, immunization, generalized cash-flow matching. 

1. INTRODUCTION 

In ordinary Boolean algebra an element is either contained or not 
contained in a given set (6), i.e. the element is either a full member 
or not a member, but certainly not partially a member, of the given 
set. Consequently, in traditional probability theory probabilities repre- 
sent uncertainty but not degrees of partial truths, which are used for 
the description of imprecision by degrees of membership. Contrary to 
ordinary Boolean algebra, the transition of an element from the outside 
into a set, i.e. from non-membership to membership is not abrupt but 
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gradual. 

“AS the complexity of a system increases our ability to make precise 
and yet significant statements about its hehaviour diminishes. ..‘I (7). 
The increasing imprecision calls for a fuzzy treatment of the system. If 
the sources of uncertainty are non-statistical in nature, it is wrong in 
principle to deal with the problems that arise by traditional probability 
theory methods (6). 

For such cases the tool of ~U,WIJ set theoq is at hand. If imprecision 
is the state of nature of a situation and the resulting uncertainty is 
possibilistic rather than probabilistic, then the situation is said to be 
fuzzy (3). F&zy set theory should then be used rather than probability 
theory. 

If we denote a collection of objects X = {xc>, a fuzzy set A in X is 
a set of ordered pairs 

A = {CC, UA(z)} , 5 E X 

where UA(X) is the “gmde of membership” of x in A and U.J : x -+ M 
is a function from X to the “membership space” h/l. The special fuzzy 
sets that are used in the fuzzy mathematics of finance are fuzzy numbers 

(4). 
A fuzzy number is a fuzzy subset of the real line whose highest 

membership values are clustered around a given real number. The mem- 
bership function is monotonic on both sides of this real number. 

Arithmetics are defined on fuzzy numbers that take care of the 
fuzzy qualities required. Fuzzy numbers may, for example, be required 
to be associative and commutative on addition and multiplication and 
distributive on multiplication with regard to addition (5). 

The remarks about fuzzy set theory are specially valid for fuzzy 
numbers with regard to describing complex financial, mainly long-term 
financial flowings off, (l), (4), i.e. the application of fuzzy arithmetics 
in finance aims at modeling situations described in vague or imprecise 
terms. Such imprecise terms are inherent in long-term cash flows. If 
we consider cash flows, the cash amounts due, the future interest rates 
and even the times of maturity often comprise inherent imprecision. 
Much of the uncertainty which is intrinsic in future cash amounts of 
cash flows and future interest rates is rooted in the imprecision of the 
underlying probabilities due to fuzziness of information or feelings on 
future developments. Fuzzy numbers provide a better framework than 
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probability theory for modeling such problems of inherent imprecision 

Imprecision is even more inherent in predicting the development 
of a portfolio of shares. !Zuzzy numbers should be used rather than 
probability theory when modeling such developments. A proposal for 
modeling the development of a stock exchange index for the evaluation 
of assets will be given in part 5 of this paper. 

By the introduction of the “equivalent fuzzy pay,naent of a cash 

P ow” in part 2 and of an “equivalent two?ayments cash flow” to a 
given equivalent fuzzy payment, and, last but not least, by introducing a 
“generalized fuzzy zooming of the n-th order in part 3, we shall introduce 
tools that lead to zoomings of very good matching for complex long- 
term inherently imprecise cash flows. These terms will be based on 
cash-flow durations and dispersions for which we shall prove in part 3 
important specific properties that will be used in part 4. The test cash 
flow, which we shall expose to different kinds of “interest shocks” that 
we shall examine empirically in part 4, will grow geometrically. 

As we shall see, the harder the “interest shock”, the higher the 
order of generalized cash flow zooming needed for a sufficiently good 
description. 

Generally, we can say that aside from the description of financial 
terms on which little information and inherent imprecision exists, gen- 
eral fuzzy zoomings can be successfully used to considerably reduce the 
complexity of long-term cash flows, getting reliable and informative re- 
sults at the same time. A primary tool that can be used to arrive at 
these goals is “triangular fuzzy numbers” (TFN) that describe very well 
the word “about”. Thus, if we say that in a vague situation a quantity 
has about the size Z, a TFN with the highest membership value at x 
well describes that statement. 

Summing up the recommendations for using fuzzy models versus 
stochastic models in finance, we can state that the more reliable and 
comprehensive statistics are the less significant are imprecision and fuzzi- 
ness and the more reasonable it becomes to describe the situation via 
stochastic models. Stochastic models have a long tradition in financial 
theory. When, on the one hand, the information available is reliable 
and sufficient and, on the other hand, the inherent stochastic nature of 
the process is “safe” (with little or no inherent imprecision) stochastic 
models are and should be exclusively used. 

On the other hand, it is doubtful if, for example, long-term cash 
flows with remarkably inherent imprecisions should be described in prin- 
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ciple solely by stochastic models. In such cases, a fuzzy theoretical treat- 
ment should be considered (l), (4). An advantage of such a treatment 
is that calculations using fuzzy arithmetics with regard, for example, 
to vaguely known future rates and vaguely known liabilities are of a 
uniform nature. An example is given in (1). 

In the “generalized fuzzy zooming” described below, a partial cash 
flow is replaced by a payment of a precise or vague amount at a vague 
point in time (time point as TFN). 

The calculation procedures in fuzzy arithmetics are very different 
from those of classical probability theory (5). The fuzzy and stochastic 
theories do not, however, contradict but rather complement each other 
when it is not clear principally which theory should be used to describe 
a partially uncertain and partially imprecise situation. 

2. THE FUZZY ZOOMING OF CASH FLOWS 

2.1. FUZZY ARITHMETICS AND TFN 

The theory of fuzzy numbers is developed and explained in the 
seminal paper of L.A. Zadeh (7) and in many books and papers like 
(l), (5), (8). Roughly speaking, a fuzzy number is characterized by a 
quadruplet of real numbers (al, ~22, as, ad), where al < a2 5 a3 < ~4, and 
a continuous membership function U,~(rc) = U~(~;nl,a2,as,a4) that is 
equal to 0 for z 2 al and n: 2 (~4, equal to 1 for (~2 5 2 5 a3, strictly 
increasing for al 5 5 2 a2 and strictly decreasing for a3 5 z 5 ad. 

Fig. 1 
The increasing part of UA(Z) is denoted UAI(O) and its decreasing 

part UA2(5). On the set of fuzzy numbers a sum, difference, product 
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and division are defined such that they fulfill required properties like 
keeping fuzzy numbers associative or commutative with respect to addi- 
tion and multiplication. A recursive application n times of the product’s 
operation leads to the n-th power of fuzzy numbers which is needed for 
example for the calculation of future values after n periods of time. 

Since - as we have mentioned in part 1 - for the long-term cash 
flows dealt with in this paper, the information is sparse and the impre- 
cision relatively great, we restrict ourselves to especially simple fuzzy 
numbers, the so-called “Triangular Fuzzy Numbers” (TFN) for which 
a2 is equal to as and UA~(Z) and UA~(CC) are linear functions. 

Adding but not multiplying TFN again results in TFN. Therefore, 
future values or present values as they were calculated for example in 
(1) are no longer TFN. 

Insurance and financial quantities with inherent imprecision ele 
ments that can only be estimated with a very large relative standard 
deviation in classical probability theory qualify for modeling by TFN. 
Such quantities are for example: 

- future cash flow amounts of a project; 
- claims with deficient information; 
- present values of IBNR claims for determination of IBNR reserves; 
- future exchange rates; 
- future interest rates; 
- future quotation of shares. 

Aside from describing the development of such quantities in the 
future, the TFN can be successfully used to reduce the complexity of 
cash flows (1). 

2.2. THE EQUIVALENT FUZZY PAYMENT OF A CASH FLOW 

This concept was introduced in (1) and uses the basic terms of 
classical financial mathematics “dumtion” and “dispersion” and their 
interpretation in the concept of fuzzy arithmetics. 

The duration of a cash flow can be interpreted as the time distance 
between the present time and the centre of gravity in time of the present 
values of the cash flow’s future payments (2). The duration is an im- 
portant characteristic of the cash flow. If we look, for example, for an 
immunization of debits by a cash flow of a bond portfolio, we should at 
least fulfill: 
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a) the present value principle, which demands the present value of the 
bond cash flow to be at least as large as the sum of present values 
of the debits; 

b) the duration pkciple, which demands the absolute values of the 
durations of credits and debits to be equal. 

These two principles effect a relatively high level of insensitivity in 
providing security for debits by credits with regard to changes of the 
interest curve parallel to the time axis (2). 

The dispersion of a cash flow characterizes the deviation of a cash 
flow from a zero coupon bond of the same present value and duration 
(2). The dispersion’s dimension of 2 is that of a variance and not of its 
square root, the standard deviation, in probability theory. 

Let us consider a cash flow with payments GI, -+ (index) at points 
of time tk, k = 1,. . . , n, where 0 < tr < t2 < . . . < t,. We denote the 
present time to = 0 and the inverse inflation factor, which we assume to 
be constant, v = (1 + i)-’ = l/~. 

The present value PV, the duration D and the dispersion M2 are 
defined as follows: 

PV = eGrdk 
k=l 

D = & . &kG&k 
k=l 

M2=-& .&&gtk-D2. 
k=l 

If payments are due at the end of each time unit, i.e. if tk = k, 
k=l,..., n, then we arrive at 

Pv = &I:.“” 
k=l 

D= & +d--.G,, 
k=l 

M2= & .&2Gk.yk-D2. 
k=l 

This simplifying special case can be generally used in practice. 
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The convedty Co can be calculated from D and M2 in the following 
way: 

Co = y2 . (n/f2 + O2 + D) (DDK-identity) (2). 

The convexity is another basic term in financial mathematics. The 
convexity ptinciple - which demands the convexities of credits and 
debits to be equal - in addition to the present value principle and 
the duration principle, causes even large changes of the relative interest 
rate levels to result in only a small deviation of the present value of 
all credits from the present value of all debits. The convexity principle 
increases the level of immunization, at least in the case of parallel shifts 
of the yield curve (2). 

Duration and convexity have an important property. The duration 
and convexity of a portfolio of securities is equal to the present-value- 
weighted mean of the durations and convexities, respectively, of the 
individual securities. This property does not exist for the dispersion. A 
portfolio’s dispersion can, however, be calculated by the DDK identity 
by using the portfolio’s duration and convexity. 

For a known cash flow Gt and a real inflation factor r we define as 
an equivalent fuzzy payment the ordered pair 

{ Pb’.rD; F[D-d%,D,D+v%?]} 

where T = l/u = 1 + i is the inflation factor over a unit of time which 
is usually one year. F is a TFN characterized by the three points 
al=D-&@ a2 = a3 = (al + 4/2 = D u4 = D + d?@ 

Fig. 2 

In the general case when Gt is only vaguely known and r is a 
fuzzy number D and M2 are fuzzy and calculated by methods similar 
to those mentioned in (1). The second components of the TFN, F, are 
then defined in such a way that at is the lower end of the interval of 
definition of D- &@ and ad, the upper end of the interval of definition 
of D + m. In the real case the two definitions coincide. 
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Two cash flows with identical equivalent fuzzy payments behave 
similarly with respect to changes in present values that are a consequence 
of smooth changes in levels of interest rates. If, therefore, one cash flow 
is on the assets and the other on the absolute values of the liabilities, 
then their common equivalent fuzzy payment ensures stability, i.e. the 
liabilities will also be nearly covered by the assets in case of smooth 
changes in interest rates. 

2.3. THE FUZZY ZOOMING 

An equivalent fuzzy payment usually well describes the changes of 
a cash flow in case of parallel changes of the interest rate curve along the 
time axis. In the case of non-parallel shiftings of the interest rate curve 
a description of a cash flow by an equivalent fuzzy payment - which is 
a fuzzy zooming of the first order - is often insufficient. 

To guarantee in such a case that future liabilities will be more or 
less covered by assets we must approach a cash flow matching. This is 
done by analogous fuzzy zoomings of a higher order of the cash flows 
on liabilities and on assets where equivalent fuzzy payments are defined 
on appropriately defined partial cash flows (1). 

A fuzzy zooming of the first order is a fuzzy payment equivalent to 
the total cash flow. 

A fuzzy zooming of the second order is a pair of fuzzy payments 
characterizing the partial cash flows on the time intervals [0, D] and 
[D, n], where D is the cash flow’s duration and n its life time. 

A corresponding subdivision of the two partial intervals into four 
partial intervals and a corresponding assignment of four equivalent fuzzy 
payments leads to a fuzzy zoomitig of the fourth order. Fuzzy zoomings 
of higher orders are defined correspondingly. 

With every growing order a fuzzy zooming we move more and 
more from immunization to perfect cash flow matching (1). Though the 
expenditure on time for calculations becomes greater, comprehension 
of the total cash flow improves. The kind and size of changes in the 
interest curve to be expected and the quality of information necessitated 
may dictate the order of fuzzy zooming to be applied on long-term cash 
flows with a large expected number of payments. 

The difference in the quality of information of generalized fuzzy 
zoomings of the first and fifth order, describing cash flows under different 
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interest rate developments will be illustrated in numerical examples in 
part 4. 

The division of cash flows and partial cash flows by durations is 
plausible but for certain applications it may be arbitrary. We shall 
therefore generalize the fuzzy zooming procedure in the next part. 

3. GENERALIZED FUZZY ZOOMING 

3.1. DEFINITION OF GENERALIZED FUZZY ZOOMING 

Let to = 0 be the present time and t, the time of maturity of the 
cash flow’s last payment. Payments Gi, . . . , G, are due at time points 
t1 t ,-“, n.’ 

In a generalized fuzzy zooming of- the I;-th order, we calculate the 
equivalent fuzzy payments of A: disjunctive partial cash flows which unite 
to the original cash flow. A generalized fuzzy zooming of the k-th 
order consists therefore of the following sequence of k equivalent fuzzy 
payments: 

(PV&yFl) ,...) (PVh.Pk,Fk)) 

where FI, . . . , Fk are the TFNs defined by the durations and dispersions 
of the k disjunctive partial cash flows. PV,, . . , PVk are the present 
values of the cash flows (real or fuzzy numbers) and T is the interest 
factor (real or fuzzy). 

3.2. IMPORTANT PROPERTIES 

Let us decompose a cash flow characterized by the duration Dp and 
dispersion MS into two partial cash flows with durations and dispersions 
D1, MF, and Dz, Mi, respectively. Using the DDK identity and the 
property of duration and convexity for the calculation of a portfolio’s 
duration and convexity as mentioned towards the end of section 2.2, the 
following two decomposition functions can be derived (1): 

D 
2 

= Dp.PV--D1.PVl 
PV, - PV, 

M2= (“~+D~)‘PV~-(M~+D~)‘PVl -D2 
2 PV, - PV, 2 
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where PV, and PV, are present values of the respective cash flows. We 
now turn to the important question of how shiftings of cash flows along 
the time axis influence equivalent fuzzy payments. An answer is given 
by the 

Transformation Theorem for Equivalent Fwzy Payments: 

If a cash flow is shifted by m years into the future its equivalent 
fuzzy payment is transformed as follows: 

1 
PWrD,F[D-m,D,D+d@]} 

1 

{ 
PWrD+“,F[D+m-m,D+ m,D+m+m]}. 

PROOF 

We have to show that 
a) D--+D+m 
b) M2 --+ M2, i.e. that M2 remains invariant with respect to trans- 

formation in time. 

b) 

D, ( ) = C(tk f mPwtk+” = CtkGkdk + m C Gkutk 
c Gptk+” c G&k 

= D + m c1.e.d. 

“&, = C(t/c + m)2Gkutk+m 
1 G&k+m - qm’m, 

= %$dk . urn + 2mC tkGkutk . ,,‘” + 
1 G//k . um c G&k . y”’ 

+ m2 c G&k+” 
c G&k+ 

- (D + 77~)~ 

Z M2fD2+2mD+-m2-D2-2mD-m2 

= M2 q.e.d. 

This transformation theorem shows that an equivalent fuzzy pay- 
ment transforms into the future like a usual payment by compounding 
interest rates. 
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In part 4 we shall analyze empirical examinations on geometrically 
growing annuities. For this purpose we shall restrict ourselves to the 
most important special case of generalized fuzzy zooming by setting 
ti = i, i = 1,. . . , n and derive the following results: 

Assertion: 

s = (l@ + . . . + (n2’L)2 = 

X2 

i [ 

2x2 - (x2 _ 1)2 . x2n+2. n. n+ 2 - x2 _ 1 1 - X2n. Cn + l). 

. (nil)----$&]+l-& [ 1 . 
PROOF 

(k .x 2k+1)’ = b . (a,$ + 1) . x2k = 2k’J . x2k + k . x2k 

=+ (k . x’)~ = k2. x2k zz f ((k . x2k+l)l _ k. ,2k) 

For x2 = w we have 

B=& 
k=l 

d Wn+l - 1 nwn+l - (12 + 1)wn + 1 
=‘w- 

dw w-l (w - 1)2 

X2 

+ B = (x2 _ 1)2 
.2n+2 

cnz - (n + 1)~~~ + 1) 

A = 2 k.x2k+’ = x. 2 ,+x2k z x . B 

k=l k=l 

+S=0,5(x’B+xB’-B)=0,5.x.B’ 

2 
= cx2: 1)2 

{x2n+2.n. (n+2-&) - 

n+l-&)+I--&} q.e.d. 
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We now concentrate on a geometrically increasing cash flow (GIC) 
which is a geometrically increasing annuity (GIA): 

time: 0 1 2 . . . n-l 
cash flow: 1+9 (1+d2 . . . (1 +g)+’ (1 L?Y 

THEOREM. - 
The duration of a GIA is 

D 
l+j n.wn 

GI‘A, = - -- . 
j l-wn 

The dispersion of a GIA is 

M&* = ---l. 
1 _“wn . (w $2 

{n.wn+’ (n+2- 2) - 

n+l-s)+l-s}-D&A, 

where 

1+g l-w 
w=l+i, .I= w and 1+ i is a constant inflation factor. 

PROOF For geometrically increasing annuities it is practical and 
common to use an assisting factor w = (1 + g)/(l + i) and the corre- 
sponding interest rate j = (1 -w)/w for the calculation of present values. 
The assisting terms w and j can be formally used like the corresponding 
terms for constant annuities: 

Constant annuities -+ geometrically 

i + j 

21 = l/l + i + w=l/l+j 

For constant annuities the duration can 
easily [2, p. 1241301. The result is 

which leads to 

n . un DA&- 
z 1 - JP 

D 
l+j n.wn 

GIA = --- 
j l-wn 

increasing annuities 

be calculated directly and 

q.e.d. 
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By using the assertion just proved, we arrive for w = x2 at: 

Al&*= &(11.w+22w2+...+n2Wn)-D~** 

;(w.~)-l( (1+)2+(247)2+. . .+(7&q - D&, 

j =-- w *{w~+l.,.(,,,2-)+ 
1 - wn (w - 1)2 

2w 
-w”*(n+l). n+l-- 

( w-l ) 
t 

2w 
+1-- 

w-l 
- D&, q.e.d. 

With the help of equivalent two-payments cash flows (ETPC) - which 
we shall introduce in the following - this theorem and the transfor- 
mation theorem will allow us to analyze empirically in part 4 matching 
qualities of fuzzy zoomings of geometrically increasing cash flows. 

Before we turn to the introduction of ETPC we feel it in place to 
note an interesting property of IV&&: 

Assertion: 
The dispersion of a geometrically increasing annuity adopts an ex- 

tremum for g = i, i.e. for w = (1 +g)/(l + i) = 1 and j = (1 - w)/w = 0. 

PROOF 

M2(w) _ Eg>k cc k. w”,” 

(Cw”) 

(M2(w))/ = cc k3wk-l) . ‘c+Y-E& k2wk) . (C kw’“-l) + 
_ 2. (Ebw”). (E/c~w”-~). (Ew”)” 

cc wk14 
+ 

+ (73.w”)2.2(Cwk). (Ekwk-1) 

cc wk14 

(M2(w = 1))’ = 
n. W3) - (Ck2) (Ek) + 

n2 

2.(Ck).(Ck2)en2-(Ck)3.2n - 
n4 
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By inserting 

k=l k=l 

and 

k=l 

we arrive at 

(M2(w = 1))’ = (n - 1)2 .o = 0 q.e.d. 

M2(w = 1) = & . 
(Zk2) - [A .(&“)I2 

1 12. (n + 1). (2n + 1) 1 = - . --. n2. (n+ 1)2 = 
n 6 n2 4 

= (n+l)(n-1) 
12 . 

Direct calculations and computer simulations for varying n show that 
for h > 0 

M2(1 - h) < hf2(~ = 1) and 

M2(1 + h) < M2(w = 1) . 

The extremum that the dispersion of a GIA adopts for g = i is thus a 
maximum. We can therefore conclude: 

&4 5 (n + l)(n - 1) 
12 . 

We have moreover good reasons to assume that for w < 1, i.e. for g < i, 
M&,(g) is monotonically increasing with increasing g and for w > 1, 
i.e. for g > i, IL4zIA is monotonically decreasing with increasing g. 

Comment 
When introducing the dispersion in paragraph 2.2, we mentioned 

that it characterizes the deviation of a cash flow from a zero coupon 
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bond of the same present value and duration. This very restrictive 
property made it appear reasonable to use the dispersion’s square root 
as a deviation measure when defining the equivalent fuzzy payments. 

The fact that M&,(zu) adopts a maximum for 20 = 1, i.e. when the 
annuity increases geometrically exactly with inflation (g = i), is rather 
unexpected. g = i means a static rather than a dynamic situation since 
the present values of all payments are identical. In such a case we 
would expect a measure of deviation that characterizes the cash flow 
to assume a minimum rather than a maximum value. A dispersion in 
financial mathematics is not like the variance - its analogous term in 
the theory of probability ~ a measure of deviation that we can un- 
derstand and interpret in every situation. When mentioning in section 
2.2 the present value principle, the duration principle and the convexity 
principle for immunizabion, we left out on purpose the dispersion prin- 
ciple because dispersion is a term that can only be comprehended as a 
term of deviation in very special and restrictive cash flow situations. As 
we shall illustrate in part 4, the dispersion is, however, very useful in 
defining equivalent fuzzy payments and using them for generalized fuzzy 
zoomings of higher orders. 

3.3. THE EQUIVALENT TWO-PAYMENTS CASH FLOW (ETPC) 

Till now the starting point has always been a cash flow to be 
characterized by an equivalent fuzzy payment or by a generalized fuzzy 
zooming. In this section our starting point is a given equivalent fuzzy 
payment. Infinitely many cash flows with this specific equivalent fuzzy 
payment exist. For our empirical examination it is practical to pick a 
specially simple representative out of the infinite number of cash flows 
at disposal. We call this representative the equivalent two-payment 
cash flow, ETPC. ETPC, like every other cash flow in the array of 
cash flows with the same equivalent fuzzy payment, includes an inherent 
imprecision, at least in tilnc, due to lack of information or for other 
reasons, since it can be represented by an equivalent fuzzy payment. 

ETPC consists of the following two payments: 

1 pl = _ p\r+-At 
2 

at time point D - At and 

at time point D + At , 

whereby the present value of the original cash flow PV and the interest 
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rate factor r can be fuzzy numbers. Also the powers of r can be defined 
to be fuzzy numbers [6, p. 521. For the sake of simplicity, we limit 
ourselves here to the case of real amounts of payment, i.e., to real 
present value PV and a real interest rate factor T. 

N 

-At . + At 

D 
Fig. 3 

THEOREM. - 

a) DETPC = D 
b) ii!&,, = (At)? 

PROOF 

D 
C tlcGkvtk 

ETPC = CGkvtk = 

= (D - At); PVT-~-~~. vD-At + (D + At); PVrD+At. ,,D+At 
f pvrD-At,D-At + ; pvrD+AtvD+At 

= ;(D-At)+;(D+At) =D 
;+g 

since r = 1 + i = l/u 

=; (D2 - 2d. (At) + (At)2 + D2 + 20. (At) + (At)2 - 2D2)= 

= (At)2 q.e.d. 
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We proceed now to the empirical examinations of the general fuzzy 
zooming’s matching qualities. 

4. EMPIRICAL EXAMINATIONS ON GEOMETRICALLY INCREASING ANNU- 
ITIES 

We shall examine on GIA the matching quality of generalized fuzzy 
zoomings of the 1st order and 5th order from the following starting 
position: 
a) Level of yield: 10% for the whole observed long-term period of 100 

years (flat yield curve). 
b) Growth rate: 5% p.a. 
c) Kind of payment: At year’s end. 

We shall now expose this convenient GIA cash flow to four different 
kinds of “interest rate shocks”: 

First kind of interest rate shock: 
Parallel shifting of the interest rate curve from 10% to 15%. 

Second kind of interest rate shock: 
Parallel shifting of the interest rate curve from 10% to 5%. 

Third kind of interest rate shock: 
Payments due before the 51st year are subject to an interest rate of 
5%; those afterwards to an interest rate of 15%. 

Fourth kind of interest rate shock: 
Payments due before the 51st year are subject to an interest rate of 
15%; those afterwards to an interest rate of 5%. 

These examples were chosen according to the following criteria: 
- Very long-term cash flow (100 years). 

- Very large fluctuations of the level of yield. 

- Very large deviations from a parallel shifting of the flat yield curve 
under the third and fourth kind of interest rate shocks. 

For our analysis we choose the ETPCs as specially simple cash flows 
representing the required generalized zooming characteristics. 

The generalized fuzzy zooming of the 1st order is the equivalent fuzzy 
payment of the following characteristics: 
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i = 0,l 

g = 0,05 

w = 0,954545 

j = 0,047619 

D = 21,0366 

M2 = 364,7276 

PV=20,800. 

The time points of the corresponding ETCP are 

tl = D - @ = 21,0366 - 19,0978 = 1,9388 

t2 = D + m = 21,0366 + 19,0978 = 40,1344 

and the corresponding payments 

PI = 10 4.rt’ = 12,510 

P2 = 10:4 . rt2 = 476,765 . 

By using the decomposition functions described in section 3.2 we can 
easily proceed to a generalized fuzzy zooming of the 2nd order. We 
move, however, directly to a generalized fuzzy zooming of the 5th order 
and choose a division of the total period of 100 years into 5 equal, 
disjmlctive partial periods of 20 years each, the first including years 
l-20, the second 21-40 and so on. For the generalized fuzzy zooming 
characteristics of the first partial interval, we arrive at: 

n = 20 

D = 8,975l 

M2 = 31,8554 

PV = 12,7177 

The values for the corresponding ETCP are: 

tl = D - &i?- = 3,331l 

t2 = D + d%? = 14,619l 

PI = 6,3588 . rt’ = 8,7349 

P2 = 6,3588. rtZ = 25,6157 . 

For the calculation of the characteristics of the subsequent 4 partial 
intervals we make use of the transformation theorem for equivalent fuzzy 
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payments and of the results for duration and dispersion for geometrically 
increasing annuities. We then arrive easily at the following results for 
the time points and amounts of payment that determine the 5 respective 
ETPCs: 

Table 1 

Time Interval ETPC-time points ETPC-payments 

l-20 3.3311 8.7349 
14.6191 25.6155 

21-40 23.3311 23.1765 
34.6191 67.9656 

41-60 43.3311 61.4941 
54.6191 180.3330 

61-80 63.3311 163.1621 
74.6191 478.4771 

81-100 83.3311 432.9176 
94.6191 1269.5420 

We now calculate the present values of the cash flows subject to the 
four kinds of interest rate shocks by zoomings of 1st order and of 5th 
order and compare them to the corresponding present values of the 
original cash flows. This comparison will indicate the matching qualities 
of zoomings of different orders. 

Table 2 - Present values 

Kind of interest rate Original cash flow 1st order zooming 5th order zooming 
shock 

1st kind 10.49 11.29 10.51 
2nd kind 100.00 78.66 99.89 
3rd kind 50.11 78.66 47.51 
4th kind GO.39 11.29 62.88 

An exact calculation of these results and charts of the original and 
ETPC cash flows of the 1st respectively 5th order zoomings are given 
in the appendix. 

As can be seen, the present values calculated by the 1st order gener- 
alized zooming are not good approximations of the exact values under 
the hard conditions of these shocks, even in the case of parallel shifting 
in the second kind of interest rate shock, whereas the 5th order general- 
ized zooming results in good approximations even under the very rough 
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conditions it is exposed to in the third and fourth kind of interest rate 
shocks. 

We can assume that 5th order zoomings produce good approxima- 
tions and - if easily computable - can well be used for all kinds of 
characteristics of long-term cash flows like, for example, pension funds. 

Comment 
In part 5 of (1) we calculated special fuzzy zoomings of different orders 

in a special life annuity example. Now we not only extend our consider- 
ations to general fuzzy zoomings of different orders and to geometrically 
increasing annuities but we chose a special and simple representative in 
the class of generalized fuzzy zoomings of a given order by introducing in 
section 3.3 via equivalent fuzzy payments the equivalent two-payment 
cash flows which we inserted into the generalized zooming procedure. 
Tools for using a general fuzzy approach in a generalized fuzzy zooming 
of the F;-th order are developed in this paper and in (1). 

5. MODELING OF INSECURE ASSETS 

In (1) it was shown how insecure future interest rates can be modeled 
by triangular fuzzy numbers and how they can be used for the calculation 
of present values. 

Often, however, the amounts of payment as well as the times of 
payment and, of course, the interest rates can be defined as TFNs. In 
such cases the corresponding cash flow terms are inherently imprecise 
due to fuzziness of information or feelings on future developments, as 
discussed in part 1. Examples are market indexes of shares, long-term 
insurance covers or cash flows resulting from complicated projects. In 
all these cases the generalized fuzzy zooming of cash flows based on 
triangular fuzzy numbers provides a comprehensive frame of modeling. 

We shall restrict ourselves here to indicating a proposal on how to 
model on the assets’ side the future development of a stock market 
index that takes into account the reinvestment of dividends (e.g. the 
DAX index in Germany). Since an investment in such an index has 
no real cash flow, an artificial cash flow must be constructed for the 
generalized fuzzy zooming. We assume for the artificial cash flow that 
the market index at the beginning of a period of observation is sold 
during that period. Starting from a given generalized fuzzy zooming 
of the liabilities of a portfolio, we are able to define a partition of the 
period of observation into time intervals for the assets and calculate 
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for them the generalized fuzzy zooming of the same order as for the 
liabilities.--, F~ 

We propose that the relative amount of nominal value of the stock 
market index which is sold during each time interval of the zooming 
is proportional to the length of this interval. For example, we assume 
for a generalized fuzzy zooming of the 4th order, where the period 
of observation is divided into four time intervals of equal length, that 
during each time interval of 5 years 25% of the original stock market 
index is sold. 

By this method, with the help of fuzzy arithmetics, we can calculate 
the generalized fuzzy zooming of mixed portfolios which contain both 
stock market indexes and bonds. The generalized fuzzy zooming supplies 
a valuable tool to match such mixed assets with vaguely known future 
liabilities (e.g. long-term annuity liabilities) of the same generalized 
fuzzy zooming order and division of the period of observation into partial 
time intervals. A problem is to develop a matching algorithm that selects 
securities matching the vaguely known liabilities in a way that minimizes 
costs. 

Returning to the stock market index, we register that the prices P 
are often well modeled as a Geometric Brownian Motion (9) that is 
described by the following stochastic differential equation: 

dP 
- =k.dt+s.dz, 
P 

where I; and s are constants, t is the time and z a zero drift and unit 
variance Wiener process. Let PO and Pt be the “prices” of the stock 
market index at the beginning of the period of observation and at time 
t in that period. From the theorem of It6 follows that ln(PJPo) is 
normally distributed with expected value (k - s2/2) .t and variance s2 .t. 
s and Ic must be estimated. 

For modeling the duration and dispersion of the equivalent fuzzy 
payment in a partial time interval, we assume that one third of the 
stock market index sales during that partial time interval is sold at the 
beginning, one third at the expected value and one third at the end 
of the respective partial time interval. A TFN (ul,u2 = ~3, ~4) can 
then be used where a2 = a3 is the expected sales value in time, a1 a 
lower quantile and a4 the respective upper quantile of the log-normal 
distribution function. The fact that the variance s2 . t of ln(PJPo) 
is proportional to time t results in increasing wideness of TFN with 
increasing t. The definition of the TFN depends strongly, moreover, on 
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the matching goals that are to be achieved. If, for example, a rather 
riskless matching strategy is desired, the maximum of the membership 
function in each general fuzzy zooming interval should be assumed to 
be close to the respective lower quantile. 

APPENDIX 

TIME PAYMENT PV 15% PV 5% 5%++15% 15%c6% 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 

0 0 0 
0 1.05 0 
0 1.1025 12.5 

8.7349 1.157625 0 
0 1.215506 0 
0 1.276282 0 
0 1.340096 0 
0 1.4071 0 
0 1.477455 0 
0 1.551328 0 
0 1.628895 0 
0 1.710339 0 
0 1.795856 0 
0 1.885649 0 
0 1.979932 0 

25.6155 2.078928 0 
0 2.182875 0 
0 2.292018 0 
0 2.406619 0 
0 2.52695 0 
0 2.653298 0 
0 2.785963 0 
0 2.925261 0 

23.1765 3.071524 0 
0 3.2251 0 
0 3.386355 0 
0 3.555673 0 
0 3.733456 0 
0 3.920126 0 
0 4.116136 0 
0 4.321942 0 
0 4.538039 0 
0 4.764941 0 
0 5.003189 0 
0 5.253348 0 

67.9656 5.516015 0 
0 5.791816 0 
0 6.081407 0 

0 
0.913043 
0.833648 
0.761157 

0.69497 
0.634538 

0.57936 
0.528981 
0.482983 
0.440984 
0.402638 
0.367626 
0.335658 
0.306471 
0.279821 
0.255489 
0.233272 
0.212988 
0.194467 
0.177557 
0.162117 

0.14802 
0.135149 
0.123397 
0.112667 
0.102869 
0.093924 
0.085757 

0.0783 
0.071491 
0.065275 
0.059598 
0.054416 
0.049684 
0.045364 
0.041419 
0.037817 
0.034529 

0 

1 
1 

0 
1 

1 

1 
1 

1 
1 

1 
1 

1 

1 
1 

1 
1 

1 

1 

1 

1 

1 

1 
1 

1 
1 

0 
0.913043 
0.833648 
0.761157 

0.69497 
0.634538 

0.57936 
0.528981 
0.482983 
0.440984 
0.402638 
0.367626 
0.335658 
0.306471 
0.279821 
0.255489 
0.233272 
0.212988 
0.194467 
0.177557 
0.162117 

0.14802 
0.135149 
0.123397 

0.11266 
0.102869 
0.093924 
0.085757 

0.0783 
0.071491 
0.065275 
0.059598 
0.054416 
0.049684 
0.045364 
0.041419 
0.037817 
0.034529 

continued 
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Continued 

TIME PAYMENT PV 15% PV 5% 5%-15% 15%+6% 

38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 

0 6.385477 
0 6.704751 
0 7.039989 
0 7.391988 
0 7.761588 

61.4941 8.149667 
0 8.55715 
0 8.985008 
0 9.434258 
0 9.905971 
0 10.40127 
0 10.92133 
0 11.4674 
0 12.04077 
0 12.64281 
0 13.27495 
0 13.9387 

180.333 14.63563 
0 15.36741 
0 16.13578 
0 16.94257 
0 17.7897 
0 18.6i919 
0 19.61315 
0 20.5938 

163.1621 21.62349 
0 22.70467 
0 23.8399 
0 25.0319 
0 26.28349 
0 27.59766 
0 28.97755 
0 30.42643 
0 31.94775 
0 33.54513 
0 35.22239 
0 36.98351 

478.4771 38.83269 
0 40.77432 
0 42.81304 
0 44.95369 
0 47.20137 
0 49.56144 
0 52.03951 
0 54.64149 

432.9176 57.37356 
0 60.24224 
0 63.25435 
0 66.41707 
0 69.73792 
0 73.22482 

0 0.031526 
0 0.028785 

476.8 0.026282 
0 0.023997 
0 0.02191 
0 0.020005 
0 0.018265 
0 0.016677 
0 0.015227 
0 0.013903 
0 0.012694 
0 0.01159 
0 0.010582 
0 0.009662 
0 0.008222 
0 0.008055 
0 0.007354 
0 0.006715 
0 0.006131 
0 0.005598 
0 0.005111 
0 0.004667 
0 0.004261 
0 0.00389 
0 0.003552 
0 0.003243 
0 0.002961 
0 0.002704 
0 0.002469 
0 0.002254 
0 0.002058 
0 0.001879 
0 0.001716 
0 0.001566 
0 0.00143 
0 0.001306 
0 0.001192 
0 0.001089 
0 0.000994 
0 0.000907 
0 0.000829 
0 0.000757 
0 0.000691 
0 0.000631 
0 0.000576 
0 0.000526 
0 0.00048 
0 0.000438 
0 0.0004 
0 0.000365 
0 0.000334 

1 
1 

1 
1 

1 
1 

1 

1 
1 

1 

1 
1 

1 

0.009662 
0.008222 
0.008055 
0.007354 
0.006715 
0.006131 
0.005598 
0.005111 
0.004667 
0.004261 

0.00389 
0.003552 
0.003243 
0.002961 
0.002704 
0.002469 
0.002254 
0.002058 
0.001879 
0.001716 
0.001566 

0.00143 
0.001306 
0.001192 
0.001089 
0.000994 
0.000907 
0.000829 
0.000757 
0.000691 
0.000631 
0.000576 
0.000526 

0.00048 
0.000438 

0.0004 
0.000365 
o.Oclo334 

0.031526 
0.028785 
0.026282 
0.023997 

0.02191 
0.020005 
0.018265 
0.016677 
0.015227 
0.013903 
0.012694 

0.01159 
0.010582 

1 

1 

1 
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Continued 

TIME PAYMENT PV 15% PV 5% 5%#15% 15%&o/o 

89 0 76.88606 
90 0 80.73037 
91 0 84.76688 
92 0 89.00523 
93 0 93.45549 
94 0 98.12826 
95 1269.542 103.0347 
96 0 108.1864 
97 0 113.5957 
98 0 119.2755 
99 0 125.2393 

100 0 131.5013 

0 0.000305 1 o.ocO305 1 
0 0.000278 1 0.000278 1 
0 0.000254 1 0.000254 1 
0 0.000232 1 0.000232 1 
0 0.000212 1 0.000212 1 
0 0.000193 1 0.000193 1 
0 0.000176 1 0.000176 1 
0 0.000161 1 0.000161 1 
0 0.000147 1 0.000147 1 
0 0.000134 1 0.000134 1 
0 0.000123 1 0.000123 1 
0 0.000112 1 0.000112 1 

PV: 10.49882 100 50.10994 60.38889 

FIFTH ORDER 
TIME PAYMENT 

PV 15% PV 5% l-50:5% l-50:15% 
51- . :15% 51- . . . :5% 

3.3311 
14.61913 

23.3311 
34.61913 

43.3311 
54.61913 

63.3311 
74.61913 

83.3311 
94.61913 

8.734969 5.483663 7.424679 7.424679 5.483663 
25.61552 3.320119 12.55261 12.55261 3.320119 
23.17647 0.888996 7.424679 7.424679 0.888996 
67.96561 0.538248 12.55261 12.55261 0.538248 
6 1.49408 0.144122 7.424679 7.424679 0.144122 

180.333 0.087259 12.55261 0.087259 12.55261 
163.1621 0.023365 7.424679 0.023365 7.424679 
478.4771 0.014146 12.55261 0.014146 12.55261 
432.9176 0.003788 7.424679 0.003788 7.424679 
1269.542 0.002293 12.55261 0.002293 12.55261 

Pv: 10.506 99.88646 47.51011 62.88234 

FIRST ORDER PV 15% PV 5% 
TIME PAYMENT 

1.9388 12.5105 9.540996 11.381133 
40.1345 476.7574 1.746707 67.27838 

PV: 11.2877 78.6597 
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QENERALIZED FUZZY ZOOMINd OF FIRST ORDER 
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