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This paper describes a new approach to setting or appraising investment policy 
for long-term financial institutions. The ideas of “risk” and “reward”, as used in 
the framework of Modern Portfolio Theory, are refined so that they have specific 
regard to the liabilities of the particular institution in question. Therefore, the 
model described represents a true “asset/liability” model. For illustrative 
purposes, a hypothetical (and highly simplified) U.S. life office is examined, and 
it is assumed that the only investments available to the office are domestic 
stocks and bonds. Using historical data for these asset classes, stochastic 
simulation is used to create a large number of possible future investment 
scenarios. The ability of the institution to meet its liabilities under each scenario 
is examined, from which a “risk” characteristic, defined in terms of solvency 
rather than simply asset volatility, is assigned to the particular asset mix under 
consideration. A risk/reward profile is then created for all the possible asset 
mixes, from which investment policy decisions can then be made or reviewed. 
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R&urn6 

Le present document decrit une nouvelle approche permettant d’btablir ou 
d’bvaluer la politique d’investissement ZI long terme des institutions financieres. 
Les notions de “risque” et de “recompense” utilisees dans le cadre de la theorie 
de portefeuille moderne sont affinees en fonction des caracteristiques 
specifiques du passif de I’institution consideree. Le modele decrit ici represente 
done un veritable modele “actif/passif”. A titre d’illustration, nous examinons 
le cas d’un bureau d’assurance vie americain hypothetique (et considerablement 
simplifie) pour lequel il est suppose que les seuls investissements disponibles 
sont les actions et les obligations nationales. Sur la base de donnees 
historiques pour ces categories de valeurs, une simulation stochastique utilisee 
pour fournir un grand nombre de scenarios d’investissements futurs possibles. 
Dans chaque scenario, la capacite de I’institution B assumer son passif est 
examinee ; on en deduit une caracteristique de “risque” en termes de solvabilite 
plutot que simplement en termes de volatilite de I’actif, selon la composition 
de I’actif consideree. On Btablit alors un profil de risque/recompense pour les 
actifs de toutes compositions possibles, profil qui peut informer les decisions 
en mat&e de politique d’investissement. 
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Backaround 

Some of the most notable actuarial research work of the past few years has 
been in the area of asset/liability modelling. Much of this, at least that work 
coming from the UK, has been heavily influenced by the pioneering stochastic 
investment modelling ideas of Wilkie’. However, the bias of this modelling has, 
so far, been in the area of solvency testing - see Hardy’ for an excellent example 
of this - and surprisingly there has been a relative lack of published work in the 
area of using stochastic asset/liability models to formulate asset allocation 
decisions. In 1989, Arthur and Randall’ expressed that they had yet ‘Yo see a 
valid allocation system” which concerned itself with the overriding principle of 
“investing to meet liabilities”. Here, as we approach the mid-1990’s, it is our 
opinion that such a system still does not exist, 

The model put forward in this paper is an attempt to open further the door to 
the subject of “investing to meet liabilities” and to take the discussion away from 
generalities and into specifics, The model is only one of many possible 
approaches, and it sticks with the fundamental idea of Modern Portfolio Theory 
(MPT) that institutions invest to gain the highest return (or “reward”) on their 
investments subject to an acceptable level of risk. There are clearly other 
investment criteria which could be used, but unlike MPT the model adopted here 
defines “risk” so that it incorporates the nature of the liabilities as well as the 
nature of the assets. 

Although this paper is directed at an international audience, and an attempt has 
been made to be as general as possible, for illustrative purposes specific 
reference has been made to U.S. asset and liability profiles. The model has also 
been tested for the U.K. market, and the authors hope to be in a position to 
present something for the Institute of Actuaries in England in due course. 

What is an “AssetiLiabilitv Model”? 

The expression “asset/liability model” can be used to apply to any exercise which 
involves placing a value on the assets and liabilities simultaneously. Thus, a 
standard actuarial valuation of a pension fund is an asset/liability model. Clearly, 
such models have been used for many years by actuaries in many important 
applications - for example, in setting contribution rates for a pension fund, or in 
determining “dividend” or “bonus” rates in a life office. 

Today the most glamorous and increasingly important application of 
asset/liability modelling is in framing investment policy. The simplest models 
look at cash flows and attempt to match asset proceeds and liability outgo. 
More advanced approaches may involve “optimization”; for example choosing 
the cheapest selection of government bonds available in the market on a given 
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day to precisely meet a fixed monetary outgo. For more complex liability 
profiles, traditional techniques have involved application of the ideas of 
Redington ’ by equating the mean term of the assets and liabilities. Today 
actuaries are beginning to think about how stochastic modelling techniques can 
be used to make asset allocation decisions, and the model described in this 
paper uses such an approach incorporating a random simulation process applied 
within the framework of a traditional cash flow projection. 

What is Return? 

Although it is usually the case that the meaning of “return on assets” in financial 
modelling can be taken for granted - being based on market value changes after 
allowing for positive and negative cash flows - this is not the case in the context 
of an asset/liability model. 

This extra consideration arises because of the need to ensure that the definitions 
of “return” and “risk” are consistent. 

In this paper, risk is viewed as having something to do with the ability of the 
financial institution to demonstrate, from time to time, that lt is in a financially 
stable situation. This requires making an assessment of the “solvency” of the 
institution by comparing the “actual” value of assets with the value of assets 
“required” to enable the future liabilities to be met by the institution. 

For a U.S. life office, a “solvency valuation” is required by regulation, and asset 
values in such a solvency test are prescribed by state law or the National 
Association of Insurance Commissioners (NAIC). Generally, this valuation 
requires carrying assets at market values, although there are important 
exceptions such as “amply secured bonds not in default”, which are written up 
or down so that the value at maturity will equal the maturity value. In any case, 
in order to be consistent with the risk/solvency assessment, return must be 
defined in terms of return on the “actuarial value” of assets as carried in the 
solvency valuation, and these values may or may not be market values. 

This paper considers primarily asset allocation decisions made in the context of 
a U.S. life office which may only invest in domestic long-term government bonds 
or common stocks. On the prescribed solvency valuation approach, this would 
mean that returns should be assessed on the basis of amortized values for 
bonds and market values for stocks. However, for purposes of this paper, and 
to avoid developing an overly complicated hypothetical model office, we have 
defined the actuarial value as the market value for both stocks and bonds. In 
any case, strictly the reserving method and basis for valuing the liabilities should 
also correspond precisely to the statutory model, but again, to avoid undue 
complication, the reserves and, therefore, the value of assets “required” from 
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year-to-year, are based purely on the assumptions used in originally setting the 
premium rates. 

Underlvina Prie 

In order to examine the rationale behind our asset/liability model, in this section 
an extremely simple “model” life office is introduced: a more realistic (albeit still 
highly artificial) model office is used to test our ideas later in this paper. 

In this model life office, the only liability is a policy which has been written today 
and pays $1,000 in two years time. The actuary has calculated a single premium 
based on his estimate of the future expected returns on investments made by 
the office; this is calculated as l,OOO/(l + i)2, where i is the annual rate of 
interest assumed. 

In estimating the rate of interest the actuary will look at the actual (or, in this 
case, the anticipated) investment policy. He will also recognize that investment 
policy can alter (often dramatically) over time, and will allow for potential 
fluctuations in returns by using a deliberately conservative rate of interest 
assumption. 

For the model office concerned, it is assumed that there are only two types of 
investments available, and the only possible annual rates of return on these 
investments, which in any year are equally probable and independent, are as 
follows: 

Investment (A) Investment (B) 

Annual Rate Annual Rate 
of Interest Probability of Interest Probability 

6% 0.5 2% 0.5 

8% 0.5 12% 0.5 
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Thus, for the two year horizon for which the actuary of our model office needs 
to estimate an annual rate of return (Le., the value of i in calculating the single 
premium), the possible internal rates of return are: 

Effective Internal 

1 2% 2% 2% 

2 2% 12% 6.8831% 

3 12% 2% 6.883 1% 

4 12% 12% 12% 

As these scenarios are equally probable and independent, then investment (A) 
has a mean internal rate of return of 6.9977% with standard deviation of 
0.7071% and investment (B) has a mean internal rate of return of 6.9416% with 
a standard deviation of 3.536%. 

According to MPT there is no question whatsoever as to what investment should 
be held by the office: not only does investment (A) have the highest expected 
internal rate of return but it also has the lowest risk (since according to MPT 
“risk” is defined as the standard deviation of the returns). 

However, assume that the actuary of the model office has anticipated in pricing 
the single premium policy that the future rate of return on the fund will be 9% 
per annum (maybe he anticipates favorable investment conditions over the next 
two years, or has been forced by competition in market rates to adopt a rate of 
interest at the top end of his range). 
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This produces a single premium of 1 ,OOO/( 1.09)’ = 641.68. 

lf the office were then to hold the “less risky” investment (A) it is clear that at the 
end of the two year policy term the office would have to be “insolvent” (Le., it 
would have insufficient funds available to meet the $1,000 liability at the end of 
the term), simply because the yield could never get to the required 9% per 
annum: 

On the other hand, if the office were to hold the “more risky“ investment (B), 
although there is still a high likelihood of insolvency, the office at least has a 
25% chance of being solvent at the end of the policy term: 

Investment (B): Possible fund performance scenarios 

Annual Annual Target Actual fund at end of 
rate of rate of fund at term (=841.68 x 
return return end of (l+i,) x (l+i,)) 
in Year in Year term 

Scenario Probability 1 0,) 2 (4) 

1 0.25 2% 2% $1,000 $ 875.68 (Insolvent) 

2 0.25 2% 12% $1,000 $ 961.54 (Insolvent) 

3 0.25 12% 2% $1,000 $ 961.54 (Insolvent) 

4 0.25 12% 12% $1,000 $1,055.80 (Solvent) 

On this basis, there is strong justification that it is the “probability of insolvency” 
rather than “asset return volatility” which is the true measure of asset riskiness; 
thus, in this example, investment (B) is less risky than investment (A) and would 
be our preferred choice of investment if the objective of investment policy were 
solely to minimize risk. This fits in neatly with the intuitive knowledge that 
investment (A) is totally inappropriate as it could never yield enough to make the 
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accumulated premium enough to meet the promise of $1,000 at the end of the 
policy term. 

What does “mixing” the distribution of investment between the two asset classes 
do for risk and return? The following summarizes the results on the 9% interest 
rate assumption: 

I 80% 

Expected Risk 
(Mean) Internal (Probability of 

Investment (B) Rate of Return Insolvency) 

0% 6.9977% 1 

10% 6.9975% 1 

20% 6.9962% 1 

70% 30% 6.9936% 0.9375 

60% 40% 6.9898% 0.9375 

50% 50% 6.9848% 0.75 

I 40% I 60% I 6.9786% I 0.75 

30% 70% 6.9712% 0.75 

20% 80% 6.9625% 0.75 

10% 90% 6.9526% 0.75 

I 0% I 100% I 6.9416% I 0.75 

These figures lead to the sensible conclusion that in order to minimize risk it is 
not necessary to go 100% into the low yielding and highly volatile investment 
(B): indeed, by holding 50% in investment (A) and 50% in investment (B) a 
satisfactory expected yield can be achieved with minimum risk (see Chart 1: 
note the upward sloping nature of the resulting risk/reward trade-off curve). 

The analysis so far looks at the case of a relatively high rate of interest assumed 
in calculating premium rates. it is instructive to look at the more typical case 
where the rate of interest assumption is conservative and there is a relatively 
low probability of it not being achieved. 
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The results using a rate of interest assumption of 6% per annum in pricing the 
liabilities are: 

Expected Risk 
(Mean) Internal (Probability of 

Investment (A) Investment (B) Rate of Return Insolvencv) 

100% 0% 6.9977% 0 

90% 10% 6.9975% 0.0625 

80% 20% 6.9962% 0.1875 

70% 30% 6.9936% 0.1875 

60% 40% 6.9898% 0.25 

50% 50% 6.9848% 0.25 

40% 60% 6.9786% 0.25 

30% 70% 6.9712% 0.25 

20% 80% 6.9625% 0.25 

10% 90% 6.9526% 0.25 

0% 100% 6.9416% 0.25 

In this case, whatever mix of assets are held there is very little chance of being 
insolvent, although the fact that investment (B) could fall below 6% per annum 
does mean that in an extreme downturn in investment markets the office could 
run into difficulties; hence the downward sloping curve in contrast to the 
upward sloping curve produced by using a relatively high rate of interest (again 
see Chart 1). 

The low interest rate “run” of this simple model office gives a result which is 
very similar to the MPT prediction (Le., investment (A) in preference to 
investment (B) because returns are less volatile). This is not surprising because 
the nature of the liabilities has effectively become relatively unimportant in 
choosing the correct portfolio as there should be little difficulty in achieving the 
required rate of return whatever asset mix is chosen. In this respect, MPT can 
be seen to be a special case of the more general asset allocation system using 
a true asset/liability model. 
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CHART 1 
Risk/Reward Profiles for Simple Fund 
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Model Framework 

In the real world, of course, life is not so simple that the return on investments 
have a precisely defined probability distribution. Moreover, there are unlikely to 
be many life offices which specialize in issuing single premium capital 
redemption policies with a two year term! 

To transform the basic ideas illustrated in the idealized financial world of the 
previous section into a model which may have practical applications, there are 
four important steps that need to be taken: 

1. Some assessment has to be made as to the probability distribution of the 
returns on assets available to the financial institution. 

2. A cash flow projection must be made of the future liability outgo of the 
financial institution as accurately as possible. 

3. Using the information about the probability distribution of asset returns, 
a large number of possible investment scenarios need to be tested and 
the performance of the fund in meeting the liabilities under each scenario 
needs to be examined. 

4. A large number of runs will enable an assessment to be made as to how 
a particular mix of the various asset classes will succeed in meeting the 
liabilities. This assessment can then form the basis for the construction 
of a “risk/reward” profile from which possible optimal asset mixes can be 
considered for investment policy. 

For the purpose of this paper the financial institution being assessed is taken to 
be a life office which issues a large number of level annual premium whole life 
policies on male lives aged 50 at entry, and these policies all incept today. The 
only decrement is mortality, and this is assumed to be according to the SOA 75- 
80 15 year select and ultimate table (age nearest birthday), both in setting 
premiums and in projecting future cash flows. All expenses and commissions 
are assumed to be zero. 

The model tracks forward for each of the years for which the whole life 
contracts are expected to be in force, and computes, for each year, the 
following: 

Fund at end of year t = F, 

= (F,, + P,)(l +i) - C,(l +i)ln 
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where P, = 

i = 

c, = 
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premium received (at start of year t) based on actuarially 
calculated net premium at rate i 

rate of interest assumption corresponding to the calculation of the 
net premium 

claims in year t (assumed to occur half way through the year on 
average) 

Thus, F, represents the “target fund” (at the end of any year t) to which the office 
should strive, being based on an investment return equal to that assumed in the 
premium basis. if, in practice, the actual fund falls persistently below this target 
fund then the office may be heading for financial disaster. It is therefore 
appropriate to examine the success of any particular investment policy in 
generating a fund size which is consistently at least as great as the target fund. 

The Probabilitv Distribution of Various Asset Classes: Common Stocks and 
Government Bonds 

The most difficult part of the whole exercise is the determination of the 
probability distribution of the available asset classes. To avoid going into a vast 
amount of analysis, this paper considers primarily common stocks and long 
dated government bonds; this is a reasonable starting point for any discussion 
of the basic asset allocation decision process for a US. financial institution. 

Using the figures for total returns compiled by lbbotson Associates of Chicago 
5, which go as far back as 1926, and using various standard statistical tests of 
randomness, there is fair justification that common stock returns move in a 
random fashion whilst bond returns are non-random. However, as we believed 
that it would be hard to justify an assumption of non-random returns for bonds 
if we were using an assumption of random returns for stocks, and further 
because the whole issue as to whether markets do move in a random fashion 
remains highly contentious (our personal investment experiences indicate to us 
that they are more likely to be random than non-random!), for the purposes of 
our model we deemed it acceptable to assume that both stock and bond returns 
move randomly rather than non-randomly. In any case, it would not be a big 
step to re-run the model using a stochastic approach which correlated 
successive returns in some fashion, or indeed recognized a relationship between 
stock and bond returns. 

On the assumption of random returns, in order to test the success of a fund in 
meeting its liabilities using any particular mix of stocks and bonds, the best 
approach is to derive a large number of potential individual investment scenarios 
by creating a set of random rates of return for each year for which the 
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projection is made, where these random rates of return are based on cumulative 
probability distributions constructed from the historical data. Appendix 1 gives 
these cumulative distributions for stocks and bonds constructed from the full 
historical data available to us, while Appendix 2 shows how a single investment 
scenario is constructed from a sample set of random numbers using a Monte 
Carlo sampling method. The projection period extends to the year in which all 
policyholders are expected to have died - in this case, 52 years on the basis of 
the SOA 75-80 tables for a portfolio comprising exclusively 50 year old males. 

Asset and Liabilitv Cash Flow Proiection 

The simulation process must then be built into the liability cash flow framework 
of the life-office, i.e., we need to compare the “target fund” with the “simulated 
fund” in each year of projection, as derived under each simulated investment 
scenario. 

This simulated fund is found by: 

Simulated fund at end of year t = N, 

= (N,., + I’,)(1 +sJ-C,U +s,)‘~ 

where P, and C, are as previously defined 

and s, = the simulated annual rate of return in year t 

Thus, for example, consider year 1 under the simulated rates of return given in 
Appendix 2, and let us assume that we are examining a mix of 50% in stocks 
and 50% in bonds. Then the simulated annual rate of return in year 1 is given 
by: 

0.5 x 0.1507 + 0.5 x -0.0014 

= 7.47% 

The level net annual premium for a whole life policy covering a male aged 50, 
face amount of $1,000, using the SOA 75-80 15 year select and ultimate tables, 
and assuming a rate of interest of 6%, is $16.38. This produces a “target fund” 
at the end of year 1 of: 

F, = (0 + 16.38) x 1.06 - 1.7 x 1.06 ln 
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where 1.7 is the expected claims cost for the year 

= $15.61 

This compares with the simulated fund of: 

Nl = (0 + 16.38) x (1 + 0.0747) - 1.7 x (1+0.0747) l/z 

= $15.84 

Thus, in this case, the simulated fund is in excess of the target fund - a good 
start for the office! 

The progress of the target and simulated funds is then tracked through for the 
full expected future term of the business in force. This is then repeated for 
various simulated stock and bond returns -we have run the model using 25,000 
simulations - using all possible combinations of stocks and bonds in steps of 1%, 
and using liability profiles based on actuarial interest rate assumptions of O%, 
2%, 4%, 6%, and 8%. (25,000 simulations have been used to ensure an 
extremely smooth curve could be drawn between any set of risk/reward points 
at a particular interest rate assumption - see below. Indeed, reasonable results 
can be achieved using as little as 5,000 simulations if computer time is scarce). 

The Definition of Risk and Return 

For each simulated investment scenario, the internal rate of return for each mix 
of stocks and bonds is calculated as: 

-1 

where s, is as previously defined and n = projection period (in years) 

This return is then averaged over the 25,000 simulated scenarios to derive an 
expected rate of return on the fund for any particular mix of stocks and bonds. 
This expected rate remains the same regardless of the liability profile under 
consideration. 

The next step is then to determine how “risk” should be specified within the 
framework of the cash flow projections for any particular liability profile. An 
extremely “aggressive” definition would be to express risk as the “probability of 
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insolvency” where this is taken to be equal to 1 if, in any year of the projection, 
the simulated fund falls less than the target fund. However, given the volatility 
of stock and bond returns, and given that no.contingency margin has been built 
into our premium rating process, it would not be unexpected that in any 
particular year the simulated fund fell below the target: thus, a more flexible 
definition of risk should be adopted. 

Clearly, this is a subjective decision and settling on an appropriate definition is 
contentious. However, for the purposes of our model we have decided to define 
risk as the probability of the simulated fund being less than the target fund for 
3 consecutive years during the full projection period. The 3 year period is 
chosen on the premiss that if the fund has gone this amount of time in an 
unbalanced financial position, then this would suggest it may have run into long- 
term financial problems. 

Thus risk for any simulated investment scenario and a particular mix of stocks 
and bonds is defined as: 

R = 1 if N, < F, and N,, <F,, and N,., < F,, 

foranytwhere3 <=t <= n 

Otherwise, R = 0 

The risk for any particular mix of stocks and bonds is then the sum of all values 
of R over the 25,000 simulations, divided by 25,000 to give an average 
“probability of insolvency.” 

Results of the StocWBond Model 

The results of the model for each liability profile under consideration (Le., for 
each rate of interest assumption) and using various combinations of stocks and 
bonds given in Appendix 3. These results are also summarized in Chart 2. Each 
risk/reward point is plotted and a curve drawn through these points to create a 
risk/reward profile for each rate of interest assumption used. 

The interesting feature of the chart is that the point at which the minimum level 
of risk is achieved is heavily dependent on the liability structure under 
consideration. At a rate of interest of 2% the minimum risk is achieved where 
32% of the fund is held in stocks and 66% of the fund is held in bonds. 
However, this minimum risk point shifts more and more towards a heavier 
weighting in stocks as the rate of interest rises - reflective of the points made in 
the simple example given in the earlier parts of this paper - and at very high 
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rates of interest the minimum risk point is not achieved until 100% is held in 
stocks. 

All points on any line which lie to the left of the minimum risk point can be 
ignored, since it is possible to achieve simultaneously a higher return and a 
lower risk by altering the mix of stocks and bonds. 

The final part of the exercise is then to determine what is an acceptable level of 
risk; having decided on this it is possible to derive a uniquely defined optimal 
asset mix. For example, for the fund which has used a rate of interest 
assumption of 2% in its pricing assumptions, it may be appropriate to go 100% 
into stocks (and therefore go for the maximum possible return) if a “probability 
of insolvency” level of around 30% were deemed acceptable. 

Clearly, the setting of an acceptable level of risk is a largely subjective decision 
and, in practice, the usefulness of a model such as this would be in assessing 
the relative “riskiness” of various portfolio mixes rather than hoping to make any 
sense out of the absolute values generated for the risk and reward of any 
particular investment policy in isolation. Indeed, the absolute values for the 
probability of insolvency in our model looks extremely high across the board, 
the result of the relatively large probability of a market crash in any one 
investment scenario - see Hardy for his similar findings when using a stochastic 
model. 

A Comment on the Results 

Although it should be stressed that a highly artificial liability profile is being 
considered in our example, the above results will come as no surprise to fund 
managers who are aware that a well diversified portfolio of stocks should, in the 
long-term, considerably outperform a well diversified bond portfolio. Ironically, 
in this instance, it is where the rate of interest assumption used in pricing the 
liabilities is relatively low, hence giving more freedom in investment policy, that 
opportunities arise to invest in bonds - contrary to the textbook principle that the 
more freedom an office has to choose its investments the more scope it should 
have for investments in stocks, 
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CHART 2 
Stock/Bond Risk/Reward Profiles 
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lntroducina Other Asset Cateaories 

The complete asset allocation model should incorporate the full range of assets 
available to the financial institution, which at the very least for a life office should 
include cash, propem/, and overseas stock and bond investment in addition to 
domestic stocks and bonds. In order to hint at what effects the addition of extra 
asset categories may have, we have re-run the model with the addition of a 
single asset class: U.S. domestic intermediate-term government bonds. 

The cumulative probability distribution derived for this new asset class is shown 
in Appendix 4, and is again based on data for total returns going back to 1926. 
The stock and long-term bond distributions as previously defined have been 
maintained. 

Chart 3 shows the plotted risk/reward points, using the same whole life liability 
profile as used in testing the two-dimensional stock/bond model, with a rate of 
interest assumption of 0% (thus giving us a case very near to the MPT model 
in that the nature of the liabilities will be relatively unimportant at such a low rate 
of interest). Each plotted point represents a combination of stocks, intermediate- 
term bonds and long-term bonds in steps of 5% (e.g., 25% held in stocks, with 
30% in intermediate-term bonds, and 45% in long-term bonds). Again, the 
results are based on 25,000 runs. As per MPT, it is possible to construct an 
“efficient frontier” which represents a line which joins those points which are 
combinations of assets giving the minimum risk for any given rate of return. 
Points showing minimum risk for rates of return below around 5.4% are not 
“efficient” because it is possible to increase the rate of return from these levels 
and simultaneously reduce the risk by choosing an alternative asset mix. 
Appendix 5 summarizes those asset mixes which may be regarded as “efficient” 
on this basis. 

In practice, the “efficient frontier” in itself may be of limited use, because a life 
office may be reauired to hold certain asset categories. For example, there may 
be an investment policy constraint within the office that at least 50% of the 
portfolio must be held in long-term bonds. Moreover, in many countries there 
are legal restrictions on the extent to which certain categories of asset may be 
held by life offices. Thus, we have not concentrated unduly on an analysis of 
the “efficient” combinations of the various asset classes, which in reality may be 
little more than an idealistic, theoretical concept. 

lt is instructive to test the sensitivity of the model to the liability profile, and we 
have examined the shift in the risk/return pattern which results from an increase 
in the rate of interest assumption used in pricing the liabilities from 0% to 8% 
(see Chart 4). The shift in the risk/reward pattern is quite dramatic; indeed the 
pattern has completely changed shape. Moreover, there is no longer any such 
thing as an “efficient frontier” since there is only one “efficient point”, that being 
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where 100% is held in common stocks since it is for this mix that we achieve 
maximum return and minimum risk simultaneously. 

How much credibility can we attach to the downward sloping curve produced 
by the 8% interest rate run? In practice it is unlikely that the actuary would use 
a rate of interest in pricing that was so high that this type of situation would be 
possible; the rate of interest is most likely to be pitched somewhere between the 
two extremes shown by the curves for the 0% and 8% runs. 

The reader may be disturbed to see that an 8% rate of interest assumption 
represents a highly optimistic pricing scenario. However, it should be born in 
mind that we have used a fairly “tough” definition of risk; a less conservative 
definition may place an 8% rate of interest assumption more towards the middle 
of our pricing expectation range, so that the more “traditional” upward sloping 
risk/reward curve should become apparent using the 8% basis. 
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CHART 3 
Risk/Reward Profiles for i = 0% 
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Extensions and Aoolications of the Model and Conclusions 

This paper has concentrated exclusively on the applications of an asset/liability 
model specifically in the context of a life office issuing purely non-participating 
whole life assurance. However, the principles can be applied equally to any type 
of financial institution which is concerned with “investing to meet liabilities”. 

Refinement of the model to incorporate the features of participating business 
should not be problematic; essentially this would be akin to lowering the rate of 
interest assumption used in pricing the liabilities which implicitly means a 
general reduction in the risk profile - and hence potentially greater freedom in 
investment policy. 

The application of such a model to a pension fund poses some interesting 
issues, although these issues are rather specific to the particular country under 
consideration. On a general note, although it is recognized that pension funds 
can overcome deficit situations by increasing contribution rates from time-to- 
time, pension fund trustees may be interested to know whether a particular 
investment policy is more likely to lead to persistent deficits than another. 
Alternatively, if it is accepted that a primary objective of pension fund investment 
policy is to avoid unduly fluctuating contribution rates, then the asset/liability 
model could use a refined definition of risk - say, the probability of the fund 
falling outside a certain surplus or deficit range. 

Incorporating the inflationary aspects of a pension fund model is problematic. 
However, we are aware of some innovative actuarial research being done 
whereby inflation is either linked to the yield curve in some way or alternatively 
stochastically modelled as an independent variable. We remain undecided as 
to which of the two approaches may be more appropriate; perhaps, given the 
major uncertainties associated with inflation, there is no definitive model. 

In concluding, there remains much exciting asset/liability modelling work to be 
done. We anticipate some dramatic developments in the coming years as 
micro-computer processing power becomes more widely appreciated, making 
the type of stochastic model we have described in this paper a standard tool of 
financial analysis. 
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Appendix 1 : 

Cumulative distribution for stock and long bond returns using historical total rates of 
return 1926- 1992 inclusive. 

COMMON STOCKS 

Raleof Cumulative 
Return (%) Probability 

-45 0.00% 
-40 1.49% 
-35 2.99% 
-30 2.99% 
-25 4.48% 
-20 5.97% 
-15 5.97% 
-10 11.94% 

-5 22.39% 
0 29.85% 
5 32.84% 

10 43.28% 
15 50.75% 
20 82.69% 
25 73.13% 
30 76.12% 
35 88.08% 
40 92.54% 
45 95.52% 
50 97.01% 
55 100.00% 

LONG-DATED GOV‘T 
BONDS 

RIteof Cumulatlvo 
F&turn (%) Probability 

-10 0.00% 
-5 7.46% 

0 26.87% 
5 58.21% 

10 60.60% 
15 88.06% 
20 96.52% 
25 97.01% 
30 97.01% 
35 98.51% 
40 s6.51% 
45 100.00% 
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Appendix 2 : 

Generation of a single projected investment scenario for stocks and bonds using 
a Monte Carlo sampling method in conjunction with the derived cumulative 
probability distributions 

COMMON STOCKS 

‘ear 
Random Derived Rate 
Number of Return (x) 

1 0.509151 15.07 
2 0.966205 49.36 
3 0.206382 -5.84 
4 0.810175 32.05 
5 o.aa6l60 35.62 
6 0.048337 33.58 
7 0.480432 13.19 
6 0.590104 18.46 
9 0.726607 24.78 

10 0.804064 31.79 
11 0.6216a5 19.78 
12 0.5a1107 18.08 
13 0.123378 -9.81 
14 0.671051 22.11 
15 0.105238 -12.37 
16 0.059364 -20.21 
17 0.556782 17.15 
18 0.793792 31.36 

19 0.046615 -24.32 

20 0.065479 -19.03 
21 0.406555 0.74 
22 0.534101 16.11 
23 0.702762 23.63 
24 09074al 38.00 

25 0.430857 9.91 

26 0.769420 30.34 
27 0.970053 49.98 
28 0.657823 21.48 
29 0.286473 -0.81 

30 0.392817 a.09 

31 0.886284 35.63 

32 0.654884 21.34 

33 0.018814 -38.70 

34 0.812981 32.17 

35 0.129680 -9.51 
36 0.002668 -44.10 

37 0.563914 17.36 

38 0.454231 11.43 

39 0.519086 15.49 

40 0.070805 -la.14 

41 0.248433 -3.36 

42 0.256606 -2.81 
43 0.513977 15.27 

44 0.994548 54.09 

45 0.289657 -0.59 

46 0.175373 -7.32 

47 0.714449 24.19 
48 0.174776 -7.35 
49 0.295496 -0.20 

50 0.682025 22.64 

51 0.361226 6.57 

52 0.777992 30.70 

LONG-DATED GOV’T 
BONDS 

‘ear 
Random Derived Rate 
Number of Return (%) 

1 0.263236 -0.14 
2 0.369126 1.92 
3 0.452062 2.93 
4 0.887875 15.49 
5 0.134651 -3.45 
6 0.775603 9.33 

7 0.827665 11.45 

a 0.327874 0.94 

9 0.630776 6.09 
10 0.068121 -5.57 

11 0.867285 14.11 
12 0.525273 4.09 
13 0.974755 28.10 
14 0.268380 -0.01 
15 0.645629 6.42 
16 0.152437 -2.99 
17 0.217858 -1.31 
ia 0.844007 12.55 
19 0.315528 0.75 

20 0.584852 5.06 
21 0.739481 a.51 
22 0.207552 -1.5a 
23 0.607941 5.58 
24 0.401133 2.1 1 
25 0.747141 8.69 
26 0.226691 -1.08 
27 0.331948 1.01 
28 0.6a3nla 15.16 
29 0.776484 9.34 
30 0.722225 a.13 
31 0.874757 14.61 
32 0.515369 3.94 
33 0.19128 -1.99 
34 0.96ao7a 2432 
35 0.701700 7.67 
36 0.486176 3.47 
37 0.683422 7.26 
38 0.191304 -1.99 
39 0.856234 13.37 
40 o.la655l -2.12 
41 0.772930 9.26 
42 0.072076 -5.17 
43 0.459940 3.05 
44 0.710732 7.87 
45 0.307950 0.63 
46 0.243696 -0.64 
47 0.212527 -1.45 
48 0.356084 1.39 
49 0.964749 23.20 
50 0.792589 9.70 
51 0.891826 15.75 
52 0.123095 -3.75 

943 
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Appendix 3 : 

Risk/return results using various interest rate assumptions 
(based on 25,000 simulated projected investment scenarios) 

Proportionofasset 
class(%) Rate of 

Stocks Bonds Return(%) 

100 0 10.0 
99 1 10.0 
98 2 10.0 
97 3 10.0 
96 4 9.9 

95 5 9.9 94 8 9.9 
93 7 9.8 
92 8 9.8 
91 9 9.8 
90 IO 9.7 
89 11 9.7 
88 12 9.6 
87 13 9.8 
86 14 9.6 
66 15 9.5 
84 16 i:: 
83 17 
62 18 9.4 
81 19 9.4 
80 20 9.3 
79 21 9.3 
78 22 9.3 
77 23 9.2 
76 24 9.2 
75 25 9.1 
74 26 9.1 
73 27 9.1 

5: 26 29 9.0 9.0 
70 30 8.9 
89 31 8.9 
68 32 8.8 
67 33 8.8 
66 34 25 
66 35 
64 36 8.6 
63 37 8.6 
62 38 X:i: 
61 39 
60 40 8.4 
59 41 8.4 
68 42 8.3 
57 43 8.3 
56 44 8.2 
55 45 8.2 
54 46 8.1 
53 47 8.1 
52 48 8.0 
51 49 8.0 
60 50 7.9 

RISK 
lntwestFtate 

0% 2% 4% 6% 8% 

0.218 0.305 0.413 
0.218 0.303 0.411 

::iZ 0.660 
0.661 

0.212 0.300 0.409 0.534 0.661 
0.210 0.297 0.408 0.634 0.862 
0.207 0.295 0.406 0.633 0.863 

0.204 0.292 8:Z 0.638 0.201 0.289 0.532 E-i 
0.198 0.286 0.400 0.531 0.666 
0.195 0.283 0.398 0.531 0.667 
0.193 0.281 0.398 0.531 0.668 
0.190 0.279 0.394 0.531 0.870 
0.187 0.276 0.392 0.530 0.671 
0.183 0.274 0.390 0.530 0.672 
0.180 0.272 0.389 OS30 0.873 
0.177 0.269 0.367 0.675 
0.174 0.266 0.386 

::iE 
0.678 

0.171 0.263 0.883 o.sso 0.677 
0.168 0.260 0.381 0.529 0.679 
0.165 0.258 0.880 0.529 0.680 
0.162 0.255 0.378 0.529 0.661 
0.159 0.252 0.376 0.529 0.684 
0.156 0.249 0.375 0.529 0.685 
0.153 0.246 0.373 0.529 0.687 
0.150 0.243 0.371 0.630 0.689 
0.148 0.240 0.370 0.630 0.692 
0.145 0.237 0.368 0.530 0.694 
0.142 0.235 0.366 0.531 0.697 
0.139 0.232 0.366 0.531 0.699 

0.137 0.134 0.230 0.227 0.868 0.362 0.531 0.532 0.702 0.706 
0.131 0.225 0.360 0.533 0.709 
0.128 0.222 0.359 0.833 0.712 
0.125 0.219 0.357 0.834 0.715 
0.122 0.216 0.366 0.536 0.7t8 
0.120 0.213 0.365 0.638 0.721 
0.117 0.211 0.364 0.537 0.725 
0.115 0.209 0.853 0.539 0.729 
0.113 0.206 0.351 0.640 0.733 
0.110 0.203 0.351 0.542 0.737 
0.107 0.201 0.349 0.648 0.741 
0.104 0.198 
0.102 0.195 

::Ei ::iZ 0.745 
0.749 

0.099 0.192 0.346 0.547 0.754 
0.097 0.190 0.345 0.549 0.760 
0.095 0.186 0.345 0.551 0.765 
0.092 0.184 0.344 0.556 0.770 
0.090 0.182 0.344 0.568 0.776 
0.088 0.180 0.342 0.660 0.761 
0.085 0.177 0.342 0.563 0.786 
0.082 0.174 0.342 0.666 0.792 
0.079 0.172 0.342 0.569 0.799 
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Appendix 3 (continued) 

7.9 
7.8 
7.8 
7.7 
7.8 
7.8 
7.5 
7.5 

5:: 
7.3 
7.2 
7.2 
7.1 
7.0 
7.0 
8.9 

::i 
8.7 
8.7 
8.8 
8.5 
8.5 
8.4 

2: 
8.2 
8.1 
8.1 
8.0 
5.9 
5.9 
5.8 
5.7 
5.8 
5.8 
5.5 
5.4 
5.4 
5.3 
5.2 
5.1 
5.1 
5.0 
4.9 
4.8 
4.8 
4.7 
4.8 

0.078 
0.078 
0.074 
0.072 
0.071 
0.068 
0.066 
0.065 

i:E 
0.060 
0.059 
0.057 
0.056 
0.055 
0.054 
0.053 
0.052 
0.050 
0.050 
0.049 
0.049 
0.048 
0.047 
0.047 
0.046 
0.045 
0.045 
0.045 
0.046 
0.046 
0.047 
0.048 
0.049 
0.050 
0.052 
0.054 
0.056 
0.060 
0.068 
0.066 
0.071 
0.077 
0.064 
0.090 
0.097 
0.103 
0.112 
0.122 
0.133 

0.170 
0.168 
0.166 
0.164 
0.163 
0.181 
0.159 
0.157 
0.156 
0.155 
0.153 
0.152 
0.151 
0.151 
0.149 
0.148 
0.147 
0.147 
0.148 
0.148 
0.149 
0.150 
0.151 
0.153 
0.154 
0.156 
0.158 
0.181 
0.164 
0.189 
0.173 
0.179 
0.185 
0.191 
0.197 
0.206 
0.215 
0.224 
0.233 
0.244 
0.256 
0.289 
0.284 
0.298 
0.314 
0.331 
0.346 
0.385 
0.384 
0.404 

0.342 
0.342 
0.342 
0.343 
0.343 
0.343 
0.844 
0.345 
0.346 
0.846 
0350 
0.351 
0.352 
0.355 
0.858 
0.360 
0.363 
0.366 
0.373 
0.378 
0.388 
0.390 
0.396 

E 
0.421 
0.430 
0.436 
0.449 
0.462 
0.474 
0.488 
0.500 
0.515 
0.530 
0.546 
0.562 
0.579 
0.597 
0.814 
0.630 

o":E 
0.862 

:Ri 
0:731 
0.745 
0.759 
0.773 

49 
48 
47 
46 
45 
44 
48 
42 
41 
40 
39 
86 
37 
36 
35 
34 
33 
32 
31 
30 
29 
28 
27 
26 
25 
24 
23 
22 
21 
20 
19 
18 
17 
18 
15 
14 
13 
12 
11 
IO 

9 
8 
7 

: 

Ii 
2 
1 
0 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
81 
82 
63 
64 
65 
66 
87 
68 
69 

;: 
72 
73 

5: 
78 
77 
78 
79 
80 
81 
82 
83 
64 
85 
86 
87 
86 
89 
90 
91 
92 
93 
94 
95 
96 
97 

ii 
100 

Proportion of asset RISK 
class(%) Flaleof lnteresi Rata 

Stocks Sods Fbturn (?6) 0% 2% 4% 696 8% 

0.573 
0.578 
0.581 
0.586 
0.591 
0.598 
0.603 
0.810 
0.815 
0.821 
0.828 
0.634 
0.642 
0.650 
0.658 
0.666 
0.875 
0.684 
0.694 
0.704 
0.714 
0.724 
0.736 
0.748 
0.782 
0.774 
0.765 
0.796 
0.808 
0.820 
0.631 
0.841 
0.851 
0.862 
0.873 
0.683 
0.892 
0.901 
0.909 
0.917 
0.925 
0.930 
0.936 
0.941 
0.946 
0.950 
0.954 
0.957 
0.961 
0.964 

0.806 
0.812 
0.819 
0.825 
0.832 
0.839 
0.847 
0.853 
0.660 
0.867 
0.875 
0.882 
0.891 
0.897 
0.904 
0.910 
0.918 
0.923 
0.930 
0.936 
0.942 
0.947 
0.953 
0.957 
0.962 
0.986 
0.969 
0.973 
0.976 
0.979 
0.982 
0.984 
0.985 
0.987 
0.986 
0.990 
0.991 
0.992 
0.993 
0.993 
0.994 
0.995 
0.995 
0.995 
0.996 

::ii 
0.997 
0.997 
0.997 
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Appendix 4 : 

Cumulative distribution for stock and intermediate bond returns using historical 
total rates of return 1926- 1992 inclusive. 

INTERMEDIATE-DATED GOVERNMENT BONDS 
I 

t 
FLsteof Cumulative 
Rsturn (%) Probability 

-5 0.00% 
0 8.96% 
5 59.70% 

10 86.57% 
15 92.54% 
20 97.01% 
25 95.51% 
30 100.00% 
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Appendix 5 
Optimal asset mixes at a 0% interest rata assumption for stodcs, 
kng bonds, and intermediate bonds (based on 25.000 simulated 
investment scenarios) 

Ropution of asset cless(%) 
8toda Long Inter- Rate Risk 

Bonds mediate of 
Bonds FmJrrl(%) 

5 25 70 5.4 0.002 
5 15 80 5.4 0.002 
5 10 85 5.4 0.002 

10 15 75 5.8 0.003 
10 10 80 5.8 0.003 
10 5 85 5.8 0.004 
15 20 65 6.1 0.004 
15 15 70 6.1 0.004 
15 10 75 6.1 0.004 
15 5 80 6.1 0.005 
15 0 85 6.1 0.006 
20 20 60 6.4 0.007 
20 15 65 6.4 0.008 
20 10 70 6.4 0.008 
20 5 75 6.4 0.008 
20 0 80 6.4 0.010 
25 15 60 6.7 0.012 
25 10 65 6.7 0.013 
25 5 70 6.7 0.013 
25 0 75 6.7 0.015 
30 15 55 7.0 0.019 
30 10 60 7.0 0.020 
30 5 65 7.0 0.020 
30 0 70 7.0 0.021 
35 15 50 7.3 0.028 
35 10 55 7.3 0.028 
35 5 60 7.3 0.029 
35 0 65 7.3 0.031 
40 15 45 7.6 0.039 
40 10 50 7.6 0.039 
40 5 55 7.6 0.040 
40 0 60 7.6 0.041 
45 10 45 7.8 0.051 
45 5 50 7.9 0.052 
45 0 55 7.9 0.052 

10 40 8.1 0.084 
50 5 45 8.1 0.064 
50 0 50 8.1 0.065 
55 5 40 8.4 0.078 
55 0 45 8.4 0.079 
60 5 35 8.6 0.094 
60 0 40 8.6 0.094 
65 0 35 8.8 0.109 
70 5 25 9.0 0.124 

9 

70 0 30 9.0 0.125 
75 5 20 9.2 0.139 
75 0 25 9.2 0.139 
80 5 15 9.4 0.156 
80 0 20 9.4 0.156 
85 0 15 9.6 0.170 
90 0 10 9.8 0.184 
95 5 0 9.9 0.201 

100 0 0 10.1 0.216 






