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Summary 

Mean/variance methodology has been commonly used as a basis for making asset 

allocation decisions. Sherris (1992) d emonstrated how this approach was really a special 

case of a more general utility maximiition problem. Thii paper intends to carry thii idea 

further by applying numerical techniques to obtain the optimal asset allocation strategy, as 

well as incorporating explicit constraints into the selection problem. 
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R&urn6 

La methodologie de la moyenne et de la variance est communement 

utilisee pour base des decisions de repartition des avoirs. Sherris (1992) 

a demontre que cette approche constitue en fait un cas particulier de 

maximisation des utilites. Cet article se propose de poursuivre ce 

raisonnement en appliquant des techniques numeriques pour obtenir une 

strategic optimale de repartition des avoirs, et pour incorporer des 

contraintes explicites au probleme de la selection. 
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1. Introduction 

1.1 Asset allocation decisions are increasingly being taken with the help of stochastic 

-t/liability modellmg. A number of practical difliculties remain in the development of 

optimal asset allocation strategies for an insurance company. In this paper, by focusing on 

the assets side, the intention is to illustrate how some of the problems can be overcome. In 

the case of an insurance company, the decision process can be regarded as being a utility 

maximisation problem (where the interested parties are policyholders and shareholders, of 

a proprietary company), possibly subject to constraints such as probability of insolvency 

being below a certain level. Some of the papers written on these topics include Sherris 

(1992), Dmenis & Dickinson (1992) Kriiky (1985) and Stowe (1978). 

1.2 In this paper, by lookmg at a personal investor, who has no specilied liabilities, we 

concentrate on two particular aspects of the asset allocation decision making process, to 

produce results which are important in their own right. The investigation is best looked 

upon as the pursuit of an optimal asset allocation strategy by a personal investor (perhaps 

investing in a unit linked pension fund) who is facing a particular utility function but also 

has a number of constraints on the investment decision. Simulation and hi climbing 

iterative techniques are used to solve for the asset allocation strategy, for such an investor, 

who requires inllation protection, over short and long time periods. 

2. The Nature of the Investment Decision 

2.1 Consider a personal investor who wishes to invest a sum of money in unit&&-d funds 
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for a lixed period. This could, for example, reflect the process of an investor choosing the 

investment funds for a unit linked personal pension scheme. One can look at the asset 

allocation decision, either from the point of view of an investor choosing hi own asset mix, 

or from the point of view of an insurance company, managing a mixed fund, determining 

the optimal strategy, for its customers. Traditionally, various factors could be said to have 

been taken into account in determining the asset mix which would suit the investor best. 

One factor will be the expected returns. Obviously the investor will wish to maximise the 

average return on hi portfolio. This however will be subject to an acceptable level of risk. 

2.2 Traditionally, risk has been defined in terms of variance of returns (Markowitz 1952). 

Thii has been the case explicitly, where the asset allocation decision has been seen as a 

tradeoff of mean and variance of return. But it has also been the case implicitly, where 

certain types of utility functions have been used and assumptions made about the 

distribution of investment returns, which lead to the decision maker only being interested 

in the first two moments of the probability distribution of possible outcomes. 

2.3 In this paper, a broader view is taken of the idea of risk. Firstly, it appears 

unnecessarily narrow to view risk purely in terms of variance of return, when other 

moments of a probability distribution may be more important. Secondly, it seems realistic 

to impose constraints on the investment policy. Such an approach adopts some of the 

concepts discussed by Clarkson (1989). In general, risk should not simply be expressed in 

terms of variance of returns but, rather, a measure of the effect due to any adverse 

consequences. Thus, a more general utility m aximisation approach is adopted. By 

applying the appropriate utility function to the possible outcomes of the asset allocation 

decision, the required risk-return tradeoff for any outcome should then be accounted for. 
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2.4 Thus investors will face a utility function, which takes a functional form and has 

parameters which reflect their subjective preferences. In thii paper, utility maximisation of 

an investor, via asset allocation decisions is considered in the absence of any liabilities. 

The functional form of the utility function will be determined by the way in which risk is 

perceived by the particular investor. 

2.5 The approach is thus general, not relying on assumptions about the diitribution of 

investment returns or the restrictive assumption that the asset allocation decision is a 

mean/variance trade off. The process also imposes upon the investor constraints on the 

investment outcomes, taking it slightly outside the utility theory approach: it is felt that 

this best simulates the actual decisions taken, in practice. Such a constraint may be, for 

example, the desire to have a probability of making a negative real return of less than 

0.05. Section 3 below, discusses how a stochastic investment model was used to generate 

the distribution of investment returns, to be incorporated in the asset allocation decision. 

3. The Stochastic Investment model 

3.1 There are two basic classes of investment model: econometric models and time series 

models. Their advantages and disadvantages are diiussed in The Report on the Wilkie 

Stochastic Investment Model (JIA 1992). After careful consideration, a time series vector 

autoregressive (VAR) model was felt to be more suitable for our investigation, its main 

advantage being the greater number of asset categories the model encompassed. VAR 

models are formulated purely on a statistical basis meaning that they contain no 

significant econometric input. There are mixed feelings as to the relative merits of VAR 

models. However, the possibility of using a VAR model to estimate parameters using 

limited data was attractive. 
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3.2 In the above mentioned report, it was pointed out that, although VAR models were 

widely used in economics, they lack a regard to underlying economic theory and suffer 

limitations imposed by their linearity. It was also remarked that despite these criticisms, 

they are straightforward to fit and there is always some degree of uncertainty as to 

underlying economic theory in econometric models. The parameters in a VAR model are 

usually estimated using ordinary least squares and from an appropriate historic data set. 

Starting dates of the data set depend on the availability of indices and may vary across the 

different asset categories. Inflation, cash, gilts and UK equities could be based on figures 

going back several decades whereas for index-linked gilts, the data will only begin from the 

early 1980’s. 

3.3 In addition, there is also the problem of choosing the order of the autoregressive 

process. Time series analysts often make use of guides in solving thii problem, normally 

by optimising a suitable function of the data. Some of these approaches as mentioned in 

Chatfield (1984) include Akaike’s final prediction error, Akaike’s information criterion and 

Parzen’s autoregressive transfer function criterion. The limitations of these approaches are 

that they sometimes indicate too many parameters and assume the data to be normally 

distributed. 

3.4 A VAR model can be used to simulate possible future investment returns with the 

distribution of future returns relying on past data. In order to check the adequacy of the 

model for our purposes, it was used to predict the return for each asset category one 

hundred times. Thus a distribution of investment returns could be derived using 

simulation methods. The resulting figures were converted into means and variances of 

rates of return for each asset type over each of the twenty years beginning at 1993. On 
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considering the results, it was felt that some changes should be made to the model: the 

means and variances of return from property were rather unreasonable due to the poor 

data and this asset class was discarded for thii investigation; irredeemable gilts were also 

dropped as it was felt that low/medium coupon long gilts adequately represented this 

investment type. The growth factor for overseas equities was increased to bring their 

average returns in line with that of UK equities as it was felt that, over the long term, the 

mean return from overseas equities should be about the same as that from U.K. equities 

and that the difference was due to data inadequacies. It seemed appropriate that these 

adjustments should be made, as they did not take us away from the VAR methodology in 

principle, whilst allowing the model to reflect reality more accurately. 

3.5 After adjustment, the nominal expected returns (annualised) over twenty years from 

the asset categories ascended in the following order: cash, long gilts, medium gilts, short 

gilts, index-linked gilts, overseas equities and U.K. equities. The variance ascended in the 

order: long gilts, medium gilts, short gilts, cash, index-linked gilts, U.K. equities and 

overseas equities. Those results were intuitively reasonable. The VAR stochastic 

investment model was then used to determine optimal asset allocation strategies for 

different investors with different degrees of risk aversion. 

4. Utility Maxim&&ion 

4.1 Consider an investor with an amount of personal wealth W, wishing to invest a sum A 

in a mix of unitised funds. The performance of the funds depends entirely on the 

performance of the underlying assets. Thus, the investor can be viewed to have invested in 
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the asset classes directly. Using the following notation, defme : 

A = amount of initial assets 

wi = proportion invested in asset category i 

ji = rate of return earned over the period in asset i 

Ri = ( l+ j;) 

4.2 The asset categories could be numbered as follows : 

1. cash 

2. short term gilts 

3. medium term gilts 

4. long term gilts 

5. index-linked gifts 

6. UK equities 

7. overseas equities 

We can now define: 

S = A( wlRl + . . . + w,R, ) 

The aim of the investor will bc to invest in the various asset categories, in order to 

maximise the expected utility of S with respect to w;‘s, subject to certain constraints. 

mwF E [ W3 1 t 

This decision making process could be described as the investment optimisation process. 
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4.3 The conclusions which the investor will draw from the investment optimisation process 

will he highly sensitive to the utility function and it is important that an appropriate one 

isused. Let us first consider the desirable properties of a typical utility function. In 

general, a utility function should be monotonic increasing i.e. people tend to prefer more 

(money) to leas. Utility theory also suggests that people are risk averse; thii is 

accommodated if the second derivative is negative. The function should also be 

continuous. 

4.4 In relation to the investment decision making process, it seems appropriate that there 

should be a measure of risk incorporated by means of a parameter which can be changed 

readily. Sherris (1992) achieved thii by using the utility function : 

U(s) = -exp(-S/r) 

where r is taken to be the measure of risk tolerance. The larger the value of r the more 

tolerant the investor is to risk. With this form of utility function, it can be seen that 

increasing the amount invested, A, thus increasing S, would have an identical effect on 

U(S) as reducing the value of r by the same proportion. Thii is not unreasonable, as the 

more is invested in the fund for given values of W and r, the less tolerant the investor will 

be to risk, which is consistent with the idea of aversion to risk. 

4.5 In essence, any investment decisions based on this utility function will depend on two 

components: the risk tolerance level, r and the proportion of initial wealth invested, A/W. 

So, it would be possible to have a group of investors with identical values of r, but making 

diierent investment decisions as each could be investing different proportions of their total 

wealth. In order to simplify the problem, the remainder of this paper will only be 
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concerned with the effect of r for a given proportion of wealth invested. It should be said 

that, for a general utility function, the asset allocation decision will depend on the initial 

amount of wealth. If thii is the case, then inter-temporal comparisons have to he used to 

compare the utility of the accumulated amount with the utility of the wealth given up. A 

further advantage of using the form of utility function described above is that the asset 

allocation decision, for a given degree of risk tolerance, only depends on the proportion of 

wealth invested. The utility maximiition investment strategy is the same for any two 

individuals giving up the same proportion of their wealth and depends only on the utility 

of the accumulated asset portfolio. In order to keep the decision making process consistent 

for varying levels of A and W, it seems logical to redefine S as: 

s=&wlR,+... + w7R7 1 

Thus the ultimate proceeds of the investment are taken to be a proportion of the initial 

amolmt. 

4.6 From the point of view of the fund manager, the utility function should he 

independent of the size of the fund, as far as the decision making process is concerned. If 

the fund is wholly owned by the investors, the latter bearing all of the investment risk, 

then the concept of initial wealth does not apply to the fund managers. However, in the 

situation where guarauteed liabilities have to be paid by the insurance company, it is likely 

that at least part of the company’s estate will be required to provide a margin of solvency 

above the value of the liabilities. It is in these circumstances where the proportion of 

initial wealth (or estate) would need to be considered. 

4.7 In general, the measure of risk aversion is defined as: 
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where U ‘(5’) and U “(5’) are the first and second derivative of U(S) with respect to S. The 

utility function used in thii investigation has a measure of risk aversion equal to l/r. It 

does not depend on S and hence is said to have constant risk aversion. An example of a 

utility function with diminishing risk aversion could be : 

U(s) = (z-l) exp(-S/r) - 2 exp(-S/ro) 

where a and .z are constants with a # 1 and O<z<l. 

4.8 Depending on the reason for the investment, the investor may have specific boundaries 

within which investment outcomes are considered acceptable. Thus, for example, an 

investor, investing over a long time period may regard returns below one percentage point 

above the rate of inflation as highly undesirable. It is just such an outlook, which is 

believed to reflect reality well, but which takes us away from the traditional 

mean/variance framework for optimismg investment decisions. The undesirabiity of 

adverse outcomes could be reflected through altering the utility function. However, a more 

direct and economical way of doing so would be to specify a constraint on investment 

policy, such as specifying a miniium probability of obtaining a particular nominal or real 

return. For example, the constraint could be a specification of the largest acceptable 

probability of the return being less than a particular value, thus: 

P( j < kg) < cx 

where j is the nominal or real rate of return on the fund (depending on whether the 
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constraint is specilied in nominal or real terms), g is the rate of growth in the RPI and 

both L and a are constants. Another, more complex, type of constraint, could be a 

constraint on the probability of underperforming cash returns by a particular amount. A 

probability statement similar to that above could be used, but with g representing cash 

returns. 

4.9 Mean/variance analysis is really a subset of the more general approach we are 

adopting. A mean/variance decision making framework would be most appropriate when 

investment returns are normally distributed or when the utility function is quadratic. In 

reality, equity returns tend to be skewed to the right. Third and higher moments do affect 

optimal asset allocations and should not be ignored. If options form part of the possible 

portfolio of assets, then clearly the distribution of returns could be skewed signilicantly. 

All aspects of the distribution can be accounted for if simulation is used to find the asset 

allocation strategies which maximii the investors utility. Thii flexibility extends to the 

use of any utility function and the inclusion of constraints. 

4.10 In most situations, it would be useful that positive holdings of assets are held at all 

times and that no borrowing from outside the fund is allowed. Thus a further constraint is 

that we require: 

W;‘8 > 0 and Cw;=l 
i 

5. Optimiition : An Analytical Approach 

5.1 If a normal distribution of investment returns is assumed, the asset allocation problem 

can be solved analytically for an exponential utility function with no constraints. The 
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solution becomes more complex, the more asset categories are used and here, the analytical 

solution for these asset types is derived. The problem may be written as follows : 

mwF E 1 -exp(tS) 1 I 

where t = -l/r. This is equivalent to : 

5.2 The return from the fund will be a linear combination of the returns from asset types 

available, the total returns on the fund will therefore be normally distributed. If S is 

normally distributed with mean p and variance rr2, then the expression, E [ exp(fS) 1, will 

be equal to the moment generating function of S. So the problem can then be reduced to: 

m;lln exp(@ + f12t2/2) 
I 

This function can be solved relatively easily if there are two asset types available but 

becomes more complex for more asset types. In the case with three asset types available: 

P = & [ wlEl + w2E2 + ~$3~ I 

2 = (+$,’ [ q2v, + w22v2 + ws2v, + 2w1w2q2 + 2WlW-& + 2w2w3c23 ] 

Ei and Vi representing the mean and variance of returns from asset i and Cij being the 

covariance of returns from assets i and j. By replacing w3 with (1-wr-w2), the expression 

(~‘1 + (r2t2/2) can be differentiated with respect to wr and set equal to zero to give : 
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w 
1 
= W/A)@, - % I+ 4 c,, + c,, - c,, - v, I + ( v, - c,, ) 

v, + v, - 2c,, 

5.3 A similar expression for ru2 can be obtained in terms of UQ and solved simultaneously. 

Even in the situation with three asset types, it can be seen that the problem is quite 

complex to solve, analytically. Th e solution obtained in this manner may also include 

negative values for 7~;‘s which for most purposes is undesirable. Another drawback is the 

assumption regardmg normality of the distribution of returns, which is needed in order to 

solve the problem and which may not be satisfactory, as has been pointed out above. 

With the more complex situations which could arise in the multiperiod case, an analytical 

approach is rarely feasible. Thii method would also not necessarily be appropriate for 

different types of utility function or if an analytical utility maximiition is to be subject to 

constraints. 

5.4 A simulation approach can generally cope with all the difficulties mentioned above. It 

also has the advantage of being able to incorporate other constraints mentioned earlier, in 

addition to ensuring positive holdings of assets. Using this approach, individual scenarios 

can be considered which may be useful in making a better sssessment of the consequences 

of adverse outcomes. Thii requires the use of stochastic investment modelling and 

simulation. The process is outlined below. 

6. Simulation Based Approach to Investment Optimisation 

6.1 The investment model can be used to generate a large number of future scenarios, say 

one thousand or more investment returns for each asset type. Each scenario could, for 

example, project the inflation rate, the return from cash and gross redemption yields on 



SIMULATION APPROACH TO ASSET ALLOCATION DECISIONS 231 

gilts, together with dividend yields and growth rates from equities, for each year during the 

next twenty years. Within each scenario, the figures are projected simultaneously for all 

asset types, rather than individually, to ensure that there is a meaningful correlation of 

returns from the diierent asset classes through time. The returns from real asset classes 

and inflation are interdependent. From our starting position, one thousand possible 

investment scenarios could be produced over the period concerned. 

6.2 A scenario is generated by projecting the relevant variables over the next twenty years 

one thousand times. Thus the number of possible scenarios that can be studied, at any one 

time, will be one thousand. This is sometimes known as a path approach. An alternative 

would be to use a tree approach, where one thousand more scenarios branch out from each 

epoch or sub-period, producing 100020 scenarios at the horizon date. Although the tree 

approach would be more realistic, it is not computationally feasible, particularly where 

correlation of investment returns in successive years is assumed. The path approach will 

not produce significantly different results from the tree approach, as long as sufficient 

scenarios are generated. 

6.3 Having generated these future scenarios, any of the intermediate periods could be 

taken as the ultimate period. For example, if 10 years were chosen, it would then be 

possible to accumulate a sum of A for each scenario, over ten years, given the proportion 

invested in different asset classes. The chosen utility function would then be applied to 

each of the investment accumulations and the expected utility would be the mean utility of 

returns from the investment over the ten years. The optimal asset distribution is that 

which maxim&a expected utility. This can be found using numerical optimisation 

algorithms, including the so-calhd ‘hill-climbing’ algorithms used in thii paper. 

Constraints may readily be included in the process. 
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6.4 ‘Hil-climbing’ techniques in general, involve finding a local maximum from the given 

starting position. Hill-climbing processes are by no means infallible. In finding a local 

maximum we are in no way certain that the global maximum has been achieved. Thii is 

rarely a problem in optimisation such as that we have described, as the function we are 

trying to maximise tends in most circumstances to have only one maximum point within 

the prescribed boundary conditions. Thii can bc checked by starting the ‘hill-climbing’ 

process from different initial positions although unconstrained optimiition rarely, if ever, 

yields more than one different solution. Difficulties do arise in the case where constraints 

are imposed, such as that of ensuring a minimum probability of obtaining negative real 

returns. Although every effort is made to ensure that the optimal solution found by this 

technique is indeed the asset allocation which provides the highest expected utility and 

satisfies these constraints, there is no guarantee that the global optimum has been reached. 

However, experience of using these methods suggests that the distribution determined using 

these techniques will tend to be very close to the optimal distribution. This may be 

confirmed by considering the global optimum without these constraints. The numerical 

technique is certainly adequate for most practical purposes. 

7. Results of the Optimisation process 

7.1 Using these techniques, various aspects of portfolio selection can be studied. One 

aspect could be the effect of the horizon date on the optimal asset allocation. In this 

example, the best asset mix for a person investing 10% of hi wealth will be considered 

over one and twenty years. For each situation, optimal ass& allocations will be 

determined for varying levels of risk tolerance. The values of the risk tolerance parameter 

r chosen for the one year investigation were 0.005, 0.01 and 0.02. The values of r for 0.001 
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and 0.1 are also included to demonstrate more extreme cases of risk averseness and risk 

tolerance. The optimisation was also carried out with constraints on allowable investment 

outcomes. The results are shown in tables l(a) and l(b), with the optimal asset mix for 

all five values of r given, correct to the nearest percentage. The real rate of return per 

annum, on the total fund, is given for the optimal asset mix expressed as a percentage. 

The probability of failing to meet the constraint of achieving a positive real return is also 

shown as well a4 the probability of the portfolio producing a return less than that of cash 

over the period. 

7.2 Table 1 shows the optimal asset allocation strategies for an investor over one year. 

Investment returns are translated into purchasing power terms before applying the utility 

function. This situation is similar to that of a personal investor, investing in a personal 

pension plan, close to retirement. A number of interesting features of the optimal strategy 

cm be noted : 

6) As the investor becomes more risk tolerant, larger proportions of assets are invested 

in equities. The investor who is risk averse favours index-linked gilts and cash. Given that 

the returns from assets and the income of the investor is measured in real terms, a result 

that the risk averse investor favours index-linked gilts seemed intuitively reasonable. 

(ii) Overseas equities are not included in the optimal portfolio for any degree of risk 

tolerance. This is due to the variability of returns from this asset class caused by short 

term real currency risk and the volatility of many overseas investment markets. 

(iii) The portfolios which are equity based have significant probabilities of negative 

returns. 

(3 No portfolios contain conventional gilt edged securities. Thii is due to their 

significrurt fluctuation of real returns, not compensated for by higher expected real returns. 

(4 If the investor constrains the investment decision, rejecting those strategies which 
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risk tolerance 0.001 0.005 0.01 0.02 

cash 23 0 0 0 0 
short gilts 0 0 0 0 0 
medium gilts 0 0 0 0 0 
long gilts 0 0 0 0 0 
index-linked gilts 77 96 85 65 0 
UK equities 0 4 15 35 100 
Overseas equities 0 0 0 0 0 

Real return ( % p.a.) 5.70 7.06 7.79 9.12 13.42 

P(negative real return) 0.04 0.03 0.06 0.15 0.27 
P(underperfoming cash) 0.12 0.10 0.08 0.16 0.29 

0.1 

table 1 (a). 1 year optimal allocations with no constraints 

risk tolerance 0.001 0.005 0.01 0.02 0.1 

cash 10 0 0 0 0 
short gilts 0 0 0 0 0 
medium gilts 0 0 0 0 0 
long gilts 0 0 0 0 0 
index-linked gilts 90 96 92 92 92 
UK equities 0 4 8 8 8 
Overseas equities 0 0 0 0 0 

Real return ( % p.a.) 6.31 7.06 7.34 7.34 7.34 

P(negative real return) 0.03 0.03 0.03 0.03 0.03 
P(underperfoming cash) 0.12 0.10 0.08 0.08 0.08 

table 1 (b). 1 year optimal allocations with constraint : 3% max. probability 
of yielding negative real returns 
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risk tolerance 0.01 0.02 0.05 0.1 0.2 

cash 0 0 0 0 0 
short gilts 0 0 0 0 0 
medium gilts 0 0 0 0 0 
long gilts 0 0 0 0 0 
index-linked gilts 89 82 63 29 0 
UK equities 5 11 27 54 74 
Overseas equities 6 7 10 17 26 

Real return ( % p.a.) 4.09 4.32 4.90 5.75 6.41 

P( C 2.5% real return) 0.00 0.00 0.03 0.06 0.10 
P(underperfoming cash) 0.04 0.03 0.01 0.00 0.01 

table 2 (a). 20 year optimal allocations with no constraints 

risk tolerance 0.01 0.02 0.05 0.1 0.2 

cash 0 0 0 0 0 
short gilts 0 0 0 0 0 
medium gilts 0 0 0 0 0 
long gilts 0 0 0 0 0 
index-linked gilts 89 82 63 37 37 
UK equities 5 11 27 48 48 
Overseas equities 6 7 10 15 15 

Real return ( % p.a.) 4.09 4.32 4.90 5.56 5.56 

P( C 2.5% real return) 0.00 0.00 0.03 0.05 0.05 
P(underperfoming cash) 0.04 0.03 0.01 0.01 0.01 

table 2 (b). 20 year optimal allocations with constraint : 5% max. probability 
of yielding negative real returns 
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lead to a probability of achieving a negative real return of greater than 0.03, the equity 

based strategies are rejected; although some equities are included in the portfolio. 

7.3 Table 2 shows the optimal asset allocation strategies for an investor over twenty years. 

Due to the fact that the returns were not d&counted in any way, the values of r here are 

not comparable with those in the one year investigation. Many of the observations made 

about the results over one year also apply in the twenty year case but with some slight 

differences : 

(i) Cash does appear in any of the in twenty year optimal asset allocations. Thii is 

reasonable as cash would not be expected to provide a good hedge against inflation in the 

long term. 

(ii) Significant proportions of overseas equities now feature in the results reflecting 

their higher expected returns and greater stability in real terms over longer periods. 

(iii) The relatively low probabilities of achieving a real rate of return of less than 2.5% 

demonstrate how most real asset categories are considerably more stable if held for long 

time periods. 

7.4 Considering Table 2 in isolation, we can note the following points about the optimal 

asset allocation strategy : 

(9 Once again, as the risk risk tolerance level increases, the proportion of funds 

invested in U.K. equities and overseas equities rises. 

(ii) With a risk parameter of 0.1, a portfolio predominantly in U.K. equities but 

diversified between overseas equities and index-linked gilts is optimal. 

(iii) If the investor is risk tolerant, the constrained investment strategy has a 

significantly greater proportion of assets in index-linked gilts. 

(iv) The constrained investment strategy can have a greater probability of 
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underperforming cash. This is because the constraint on the investment policy shifts the 

distribution to the left as well as making it more concentrated around the mean. 

The constraint used in table 2 (b) was to restrict the probability of achieving a real return 

of less than 2.5% to 0.05. 

7.5 If the distribution of returns on the fund were normally distributed, then we would 

expect the optimal asset allocations as determined above to lie along the efficient frontier 

derived using mean-variance methodology. The constraints on the investment strategy and 

the fact that the distribution of investment returns is not normal, however, may shift the 

optimal asset allocation away from such a region. 

8. Conclusion 

8.1 In this study, we have found the optimal asset allocation for an investor with long and 

short time horizons for different degrees of risk tolerance, with and without constraints on 

investment policy. We have found that a risk tolerant investor, investing over a long time 

horizon will diversify between U.K and overseas equities and index-linked gilts. Overseas 

equities do not feature in optimal portfolios, if the investor is investing over a short time 

period. The investor will not necessarily be on the “efficient frontier” as defined in modern 

portfolio theory. 

8.2 The simple case of the personal investor as described may be extended to a more 

complex situation, incorporating liabilities and optimising over more than one period. 

Simulation methods allow problems to be solved with fewer restrictive assumptions. There 

is also scope for incorporating guarantees on the minimum return from the fund, which is 
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equivalent to purchasing put options on the assets held. The cost of obtaining guarantees 

by restricting investment policy can be- compared with the cost from purchasing options. 
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