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Abstract 
This paper presents the connection between the stable laws and the fractal structure of 

markets. After having described the main concepts and their implications for the 

actuaries, we conduct an emphasized empirical examination of the Levy-stability-under- 

addition of the French MATIF notional contract on 10 years government bonds. 

Following the Mandclbrot’s intuitions, we try to verify the existence of an underlying 

fractal structure governing the price variations, on different time intervals. We 

implement the test on the complete serie of MATIF, from the aperture of the market 

(February 1986) to end of may, 1994. It represents 2052 days of quotations. We create a 

very big number of samples of a fixed size, to verify the stability under addition by 

varying the time interval. Until 30 000 series are builded and computed from the 

complete initial one. It represents different degrees of resolution, the results of which 

being compared to appreciate the fractal characteristic of the market. To estimate the 

parameters of the Levy laws, we use the Koutrouvelis regression-type method. We verify 

both the possibility of adjustment of the empirical distributions by a symmetric Levy 

law (b = 0). and the stability of the parameters by increasing the time interval of 

observations. The results are in the sense of Mandelbrot’s intuitions: it is possible to 

characterize a fractal structure from 1 to 20 days variations (returns) of the market. This 

fractal structure is only perceptible using the Levy laws, and in this sense, the fractality 

of the market is associated with the Levy-stability-under-addition property. An empirical 

scaling law is clearly distinguished, and the increase of scale parameter is following the 

rule it is supposed to do, corresponding to the value of characteristic exponent: the self- 

similarity condition is verified. Finally, we can say that the returns of the french MATIF 

notional contract are governed by a H-self-similar process, in which the exponent H 

equals the inverse of characteristic exponent a of Levy laws. By resealing space and time, 

the statistical invariance of MATIF is exhibited. Implications of the results are given for 

the investment process and portfolio management industry. 
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On prCsentc l’enjcu pour la profession actuarielle du passage d’un cadre probabiliste 

gaussien a un cadre probabiliste stable non gaussien de Levy, et l’intbrdt de la description 

fractale des marches. 11 est ensuite pro&d6 a une verification intensive de la propridte de 

stabilite par addition au sens de Levy sur les rentabilites du contrat a tcrme du MATIF 

notionnel 10 ans. Cette verification a pour objet de mettrc en evidence une structure 

fractale au sens dc Mandelbrot, i.e. uric invariance statistique d’echcllc, quel que soit le 

pas de temps d’observation. Le MATIF est examine sur la seric entibre des tours depuis 

l’origine du contrat (ouverture du march6 en fevrier 1986) jusqu’au 31 mai 1994, soit 2052 

valeurs. A partir de la serie initiale des rcntabilitCs, il cst constitut un grand nombre de 

sous-series de taille fixee, pour verifier la proprietk dc stabilite en fonction du pas de 

temps et de la taille de l’bchantillon. Environ 30 000 series sont construites. Les 

parambtres sont estimes par la methode de Koutrouvelis, utilisant une regression sur la 

fonction caracteristique empirique des lois stables. Nous verifions: 1) que les 

distributions empiriques des rentabilites sont bien ajustables par des lois de Levy 

symetriques; 2) qne la modification du pas de temps n’entraine pas de changement de 

structure statistique du marche. 11 s’agit la de la propriete d’invariance d’echelle. ou 

condition d’autosimilitude du march&. Lcs resultats vont dans le sens des intuitions de 

Mandclbrot: il est possible de mettre en evidence une stabilid par addition du MATIF sur 

une periode allant de 1 a 20 jours. Le processus regissant les variations des tours est dit 

alors autosimilaire d’exposant H, ou H reprcsente l’ordre d’autosimilitude. et correspond a 

l’inverse de l’exposant caracteristique a des lois de Levy. La croissance du parametre 

d’echelle se fait en puissance H-i&me du temps. Dans cc cas, la propriete de stabilitd par 

addition se confond avec la structure fractale du march& La fractalite du MATIF apparait 

avec l’invariance statistique au sens de Levy. En defractalisant le marche, l’invariance 

d’echclle apparait. Les consequences de la fractalite sur le processus d’investissement et 

les methodcs de gestion de fonds sont CvoquCes en guise de conclusion. 
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1. Questioning of the normality : new approaches of the market 

The economic consequences of the Efficient Market Hypothesis 
(hereafter EMH) are important : this hypothesis allows the investors to 
build efficient portfolios (Markowitz), optimal asset allocations in a 
Capital Asset Pricing Model (CAPM) context (Sharpe, Lintner and 
Mossin) and focuses on the notion of risk. The development of 
quantitative techniques has been accompanied by a corresponding 
development in actuarial field, with the emergence of actuarial firms 
which offer a wide range of advisory and consultancy services to 
companies, and the growth of fund management, particularly for the 
pension funds. New types of jobs were created. Following Wilkie [1992], 
we could say that the actuary contribution is to manage the uncertainty : 
it is necessary “to recognise the uncertainty about future investment 
conditions, particularly over the long run, and to represent this by means 
of stochastic investment models” (Wilkie [1992], p.120). Let us stress on 
the long run specificity : this necessity of the actuarial job deals with the 
ccnlral limit theorem. And consequently, with the normal distribution, 
which is the basic foudation of the so-called market efficiency (long term 
stationary equilibrium). 

The implications for investments are described in terms of risk-return 
analysis in a context of mean-variance efficiency (hereafter MV- 
efficiency) : investors should buy the market in a proportion depending 
on their risk aversion. Following this choice, it is possible to determine a 
strategic asset allocation for each type of investor, with its own risk 
aversion. The control for portfolio risk can be made using different 
techniques : dcrivativc products like options, or portfolio insurance. 

Following Kuhn [1962], we suppose that there are anomalies which cause 
the emergence of scientific discoveries : the crisis is followed by several 
responses, before the emergence of a new paradigm (see Walter [ 19941 
for details of application of Kuhn’s approach to finance paradigm crisis). 
It is now well know that there are a lot of anomalies obverved in the 
finance literature. These anomalies are questioning the EMH, by 
violating the assumptions of the CAPM. 
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The main point is, as mentioned in Le Roy [1989] : the obscrvcd 
volatility of asset prices exceeds that which capital market efficiency 
implies. In a probabilistic desciption, it is characterized by a martingale 
model on prices, i.e. a fair game on returns. Observed variations of asset 
prices lead to reexamine the probabilistic assumptions made with the 
CAPM. In particular, it is possible that the classical form of the central 
limit theorem could not be well adaptated to describe the successive price 
changes. The central limit theorem was proved in a very broad treatment, 
but we could switch our attention to the analysis of the variety of limit 
distributions connected with the diffcrcnt forms of the theorem. It is 
know that the classical scheme (gaussian scheme) is a special case of a 
larger family of distributions : the family of stable laws. Several authors 
have shown the interest of the extreme value problem (for example, 
distribution functions of Fr&het, Weibull, Gumbcl) in the central limit 
approach. Today, the choice seems to be made between gaussian models, 
which are easier to use, but not very accurate for representing the real 
world, and non gaussian models, which may more difficult to use, but 
more accurate. 

Broadly speaking, investors base their investment decisions on 
information. If the information is coming randomly on the market, the 
distribution of price changes results of the sum of random variables. This 
is the crucial point, the concept of “normal aggregate portfolio”. Thus the 
aggregate portfolio will be optimal over the long run in the absence of 
special information. There are large numbers of independant factors 
with are added together. The problem of a normalized sum of random 
variables has been solved by P. LCvy : it can be proved that the 
distribution of the random variable, sum of random variables, converge 
to a stable distribution. Moreover, stable laws are the only possible 
limiting laws for sums of independant, identically distributed random 
variables. The gaussian law is a special case of stable law. So, the problem 
encountered with the violation of the EMH is the problem of the choice 
of stochastic process, used to represent the variations of price changes. 
The choice of the process is the way by which one can tackles the 
question of the change of the paradigm. The development of statistical 
inferential methodology for the non gaussian processes, and the more 
powerful computers for exploring high frequencies data, have led to new 
approaches of the market. 
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where U follows the same probability law as Ul and U2. 

The family of all distributions which satisfy this requirement has been 
constructed by P. Levy [1925]. It includes the Gaussian distribution as 
special case. 

The four parameters are : 

ae[O,23 : Characteristic exponent 
p E [-l,+l] : Skewness parameter 

CER+ 

PER ; 
Scale parameter 
Location parameter. 

The characteristic exponent a is very important : the higher the value of a 
the less peaked and fat-tailed the distribution. In the limiting case a =2, 
we get the Gaussian distribution. For a =l, b =O, we get the Cauchy 
distribution. For a =1/2 and b = fl, we get the inverted chi-square 
distribution. 

Stable distributions are fractal because they are self-similar. In other 
words, the L&y-stability property says that the sum of independant 
random variables is an random variable having the same distribution 
function : if X and Y are two random variables having the same 
distribution function F(.), if F(.) is stable, the sum X+Y has also the 
distribution function F(.). In more general terms : let Xl,X2;..,X, be 

random variables iid, let Si = Xl + X2+...+Xi be the partial sums. In 
this case, a probability law X=X, is stable if, for every n 2 1, it exists 

an >O and bn so that (S, -6,)/a, has the same law as X. 

Roughly speaking, if we take the distribution of daily and weekly returns, 
we would find a five times bigger mean for the latter but the same value 
of a. And the same thing with the distribution of weekly returns and 
monthly returns (four times in this case). This means that, by modifying 
the frequency of observations on the market, we only modify the scale of 
the phenomenon, but not its structure. We analyse the market with 
different degrees of resolution. 
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physical objects are presenting this property to be self-similar (some 
macroscopic aggregates, some surfaces of biological cultures etc..). 

Following the previous propositions, we shall say that the graphical 
representations illustrating the behavior of financial markets, in their time 
evolution, arc all presenting the particular properties to have fractal 
structure, in the sense where a certain number of statistically self-similar 
patterns appear at all the observation scales. 

The validity of a new concept can be measured and apprcciatcd by the 
analytical and heuristical potentialities which arc liberated by it. And so 
(could be objected), what is the interest to use the concept of “fractal” to 
characterize and specify the evolutive behavior of financial markets, i.e. 
to label with a new word a property already perceptible (at least 
intuitively) with a visual analysis, or in a more classical examination of 
the time variations of the prices ? (And even in what is called “chartist 
analysis” : because we can remark, in this occasion, that this property is 
contained in the theoretical foundations of the so-called “chartist 
methods”; and that this property has been used, more directly, but 
following non scientific directions, in, for example, the approach of 
markets lluctuations in terms of “Elliott waves”). 

The main interest is the following : to allow the cmcrgence of a 
quantitative and rigorous approach of what is only intuition in the 
framework of technical analysis; to bc able to quantify this observed 
scale invariance, and therefore, to be able to liberate a certain number of 
new possibilities of description of the behavior of markets, by 
encouraging the use of new conceptual tools, very fertile, and allowing a 
better intelligibility of the fluctuation of observed time series. 

This fertilization is realized with the generalization of gaussian stochastic 
processes (which arc in the foundation of the modelization of the 
random for the variations of prices in the statistical formalizations of the 
behavior of markets) into the more general notion of stable fractal 
process, also called self-similar processes. Self-similar processes are one, 
random, aspect of the fractional geometry of nature (see Mandelbrot 
[ 19821). A stable fractal process is a stochastic self-similar with 
stationnary increments process, whose marginal law is a L&y-stable law. 
The Gaussian process is a particular case of fractal process. So, it is 
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possible to insert the concept of fractal structure of markets in the corpus 
of financial theory which is existing today : it is only necessary to change 
the stochastic process (Walter [1989,1991]). Because of the great number 
of applications of the stochastic processes in finance (portfolio choice, 
risk management, option pricing), WC see that the field covered by the 
extension of the gaussian cases to fractal cases is a large one. This 
extension allows an enlargement of the financial theory to statistical scale 
invarianccs, i.e. an enrichment of this theory by an amelioration of its 
capability to allows an intelligibility of its object of study. 

3. The stakes of the stable-fractal processes for the actuarial industry 

Let us stress on a important point, It is very useful to notice that, for the 
classical financial theory (generally called “modern portfolio theory”), 
the extensive use of the normal (bell-shaped) curve is coming from the 
consideration of the central limit theorem. It is the distribution that 
occurs when large numbers of indepcndant factors are added together. 
But this definition is precisely the definition of central limit theorem in 
the cast of L&y laws. It is not restricted to the gaussian case. This 
limitation to the gaussian law has come from an additionnal specification 
of the efficiency in the sixties : the existence of variance, which leads to 
the concept of MV-efficiency. But this sharp restriction is not contained 
in the above (first) definition. This point is very important. Let US 

illustrate it with three examples taken from the actuarial field. 

a) The passive approach of fund management and index linked 
management 

If the hypothesis of market MV-efficiency is true, the best way to 
obtain a good performance, being defined the appropriate 
benchmark, is simply to replicate an index representing the asset 
class chooscn, called the “benchmark”. In order to construct an 
asset allocation, the fund managers use a risk-return optimisation 
process, following the Sharpe-Markowitz approach. In this case, 
risk is considered relative to the benchmark. This type of fund 
management is very used in the asset management industry. The 
foundation of these methods is the validity of central limit 
theorem, in its classical form (i.e. with finite variance) which 
implies the convergence of successive returns to the expected 
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b) 

return of the benchmark. The quantilatives techniques have been 
integrating into traditional invcstmcnl management for several 
years. The applications of these tcchniqucs sometimes allow to 
oulperform the market when the index is not situated in the 
efficient frontier (multi-factor modclling approach). In the 
general case, with the assumption that security returns are at 
equilibrium levels, the maintenance of index fund is to closely 
match the return on the benchmark. Passive management is 
applied extensively in the management proccdurcs that does not 
need specific information. Thus, the only risk is the systematic 
risk, or market risk. An example of passive management woul be 
a yield-tilted portfolio with an unchanging objective. But the 
validity of this approach is very closely linked with the existence 
of variance. If it is not the case, what about the convergence of 
empirical returns to the expected return of the appropriate 
benchmark ? 

The actuarial consultancy for pension funds 

The goal of pension fund is to ensure that enough money is 
available to pay the accrued pension debt. In the context of 
historical development of portfolio theory, some techniques has 
been developped for a stochastic asset/liabiliy modelling exercise 
for a closed pension fund porlfolio. Pension schemes are usually 
financed by contributions from both employees and the 
employer. The level of contribution by the employer will be 
recommanded by the scheme actuary. We can see the importance 
of actuarial consultancy for the companics : investment policy is 
relatively unconstrained, and the choice of asset allocation is very 
important for the funding of scheme. The risk-return analysis is 
used for limiting the value of solvency ratio. The problem is to 
maximise the surplus asset/liability, that is to say the potential for 
future contribution reductions, with equity investment, and 
simultaneously maximise the predictabiliy of demand on the 
Sponsor for funding finance. All these simulations are made in a 
context of MV-efficiency, because the assumptions of the 
modelling process are these of the CAPM context (efficient 
capital markets and martingale models). So, the financial 
economists’ two-dimensional model wcrc generalized into a thrce- 
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c) 

dimensional model, where the three variables were the current 
market value of price of the assets in the portfolio, the expected 
value of the ultimate surplus (asset/liabilities), and the variance of 
the ultimate surplus (see Wise [1984], Wilkie [ 19851). We go 
down to the portfolio optimization problem, with trade-off 
between risk and return, applied to the ultimate surplus. No 
consideration is made with the risk of big changes in the behavior 
of market prices (case of infinite variance in the generalized form 
of the central limit theorem). 

The performance measurcmcnt industry 

With the needs of defining and setting the appropriate 
benchmarks for pension funds, it simultaneously appeared the 
needs of measuring and managing the fluctuations of returns in a 
portfolio. By clarifying the definition of a fund specific 
benchmark and investment guidelines, it was possible to answer 
the questions : how will performance be achieved ? How large are 
the risks ? The performance of a fund needs to be monitored and 
such monotoring requires some specifical techniques. Actually, 
these techniques are derivatcd from the CAPM assumptions. The 
RAPM (Risk-Adjusted Performance Measurement) is identically a 
CAPM application, following the indices of Sharpe, Treynor, 
Fama, Jensen, Moses-Cheney-Veit. The AIMR standards assessed 
the implications of CAPM for funds managers, and produces a set 
of guiding ethical principles intended to promote full disclosure 
and fair representation by investment managers in reporting their 
investment results. The objective of ensuring uniformity in 
reportings is made possible, using the same measures for each 
type of fund. From an epistcmological point of view, the basic 
notion underlying the methods of performance evaluation is that 
the returns on managed portfolios can be judged relative to those 
of benchmarks with are choosen as mentionned. The definition 
of these benchmarks, considered as “naive selected” portfolios is 
finded with the two-parameters model of Sharpe-Markowitz. For 
this reason, the practical implementation of Risk-Adjusted 
Performance Measurement process is an econometric test of the 
CAPM (see Walter [ 19931 for a review of these methods and their 
problems). If we try to determinate if the return per unit of risk 
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of portfolio is proportionnally larger than the return per unit of 
risk implied by the security market line of the CAPM, it is 
important that there is not ambiguity with the CAPM 
assumptions. In this case too, no consideration is made about the 
case of infinite variance. 

Theses three examples of the extensive application of MV-efficiency in 
the actuarial field must lead us to examine in a very precise way what is 
happened in the cases of violation of the MV-cfficicncy. And it is 
necessary to take the measure of the violation, i.e. to test the fractality of 
the markets. Or, to say it differently, to dctcct a scale-cffcct by using the 
stability-under-addition property of Levy laws. 

In a practical way, the empirical structure of a market will not constitute a 
fractal set, in a mathematical point of view, because of problems of limits 
when the time scale is decreasing to zero or increasing to infinity, but 
rather a pseudo-fractal set, in the sense of there will bc only a limited 
fractal area, a domain of fractality of the serie, limited by a lower bound, 
the value of which is depending of the considered market. It is this 
domain of fractality that we have to exhibit. 

For this objective, we shall use the concept of self-similar stationnary 
increments stable process, and, correlatively, indcfinitcly divisible 
repartition function. The definitions and main properties of these 
mathematical tools can be found in Zolotarev [1989], and Cambanis ct al 
[1991]. A short presentation has been made in my [ 19901 paper in 
AFIR. WC just recall the main properties used in the following of the 
paper. 

4. The self-similarity of markets and the search for invariants : 
notion of self-similar process and L&y-stability-under-addition. 

A stochastic process X(t) is said to be self-similar with parameter H > 0 if 
X(t) satisfies the self-similarity condition : 

X(a) = c”X(t) ) c E (O,m), 
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where = denotes the equality in the sense of all finite dimensional 
distributions. Here, self-similarity means invariance in distribution of 
random functions. We shall write such a process, a H-ss process. A well 
known example is Brownian motion, which is l/2-ss. In general, it is 
made additional asumption of stationarity. In this case, we will talk about 
H-sssi processes (H-self-similar with stationary increments). In the 
classical (gaussian) finance, the processes are l/2-sssi. 

The theory of limit theorems for sums of independant variables nourish a 
lot of arcas of probability theory. In the theory of summation of 
indepcndant random variables, Khintchine finded a fundamental result, 
which is consisting in the following. 

Let (X,) bc a stochastic process with stationary independant increments. 
We have 

x, =x$+(x$-xJ+*.*+(x,-xy) 

where the variables 

X$ - X(k-l)f 

n 

are independantly and identically distributed (hereafter iid). Hence, it 
exists random variables iid Yl,,, Y2,n,...,Yn,n so that 

x, = Yl,, +*. * +Yn,$ 

for every integer n. 

This remarkable property can be expressed by using the characteristic 
function of Xt. Let CD,(u) be the characteristic function of Xt (Fourier 
transformation of the density), and <D k,n (u) the characteristic functions 
of Yk,n, then : 

q (u> = [@l,n (u)]” 
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Now, we say that the probabiliy law of the random variable Xt is 
indefinitely divisible, in the sense of the above formula : there is a 
statistical self-similarity of the law on itself. 

In general terms, a probability law is said to be indefinitely divisible if 
its characteristic function Q(u) is so that, for every integer n, it exists a 
characteristic function an (u) so that 

@(u> = [on cqn 

In the same way, a distribution Q is indefinitely divisible if, for every 
integer ,“, Q is a n-uple convolution product of a distribution Q, : 
Q = Q, n. The indefinitely divisible distributions are the only possible 
limits for sums of random independant factors, and the finite- 
dimensional distributions of continuous stochastic processes with 
independant increments (for example the Brownian motion) are 
indefinitely divisible. Thus, for example, the Gaussian law is indefinitely 
divisible. 

In a more general way, the family of probability laws defined by the 
canonical form of the characteristic function Q(t) : 

Log Q(t) = i&t -/ala 
[ 
I- i/?Mw(t 

t ’ 
a) 1 

I 
w(t, a) = t&q if a#1 

with w(t, a) = 1 logltl if a=1 

constitutes a class of probability laws, stable by convolution product, with 
indefinitely divisible distributions, called Levy-stable laws. Now, we give 
the following definition : 

Definition : A probability density is said to be stable under addition if : 
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where U follows the same probability law as Ul and U2. 

The family of all distributions which satisfy this requirement has been 
constructed by P. Levy [1925]. It includes the Gaussian distribution as 
special case. 

The four parameters are : 

ae[O,23 : Characteristic exponent 
p E [-l,+l] : Skewness parameter 

CER+ 

PER ; 
Scale parameter 
Location parameter. 

The characteristic exponent a is very important : the higher the value of a 
the less peaked and fat-tailed the distribution. In the limiting case a =2, 
we get the Gaussian distribution. For a =l, b =O, we get the Cauchy 
distribution. For a =1/2 and b = fl, we get the inverted chi-square 
distribution. 

Stable distributions are fractal because they are self-similar. In other 
words, the L&y-stability property says that the sum of independant 
random variables is an random variable having the same distribution 
function : if X and Y are two random variables having the same 
distribution function F(.), if F(.) is stable, the sum X+Y has also the 
distribution function F(.). In more general terms : let Xl,X2;..,X, be 

random variables iid, let Si = Xl + X2+...+Xi be the partial sums. In 
this case, a probability law X=X, is stable if, for every n 2 1, it exists 

an >O and bn so that (S, -6,)/a, has the same law as X. 

Roughly speaking, if we take the distribution of daily and weekly returns, 
we would find a five times bigger mean for the latter but the same value 
of a. And the same thing with the distribution of weekly returns and 
monthly returns (four times in this case). This means that, by modifying 
the frequency of observations on the market, we only modify the scale of 
the phenomenon, but not its structure. We analyse the market with 
different degrees of resolution. 
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To understand this point, it is equivalent to consider that the 
phenomenon is only expanded in space and time, but without changing 
its own “form”. Is is a sort of “model” for chance, a sort of structure of 
chance which is completely described by the characteristic exponent of 
the L&y laws. The scale invariance is as characteristic of a fractal set as 
the rotation invariance for a sphere, or the invariance under displacement 
in the case of a frieze. 

The underlying fractal structure of a market is exhibited by using the 
scale property of the distributions, the self-similarity condition : by 
“zooming” on the successive monthly price changes, WC make to appear 
the structure of the successive weekly price changes. By zooming on the 
successive weekly price changes, we make to appear the structure of the 
successive daily price changes etc... This point is called the scaling 
principle of price changes. Only the LCvy laws have this property, and 
the fractal structure of the market is, in this sense, associated with the 
stability-under-addition property. In the gaussian case (let us remember 
that the gaussian law belongs to the family of stable laws), the stability- 
under-addition is not verified, because the marginal law governing the 
price change is not normal. But, in the general case, this is that property 
we have to exhibit, to disclose the fractal structure of the market. We need 
to exhibit the empirical scaling law. 

The conceptual fertility of the fractal approach of the markets resides in 
that : price changes are analyzed on different scales, with different 
degrees of resolution, and the results are compared and interrelated. 
Thus, it becomes possible to analyze a local movement of a market as 
statistically identical to a global movement, differing only with the value 
of scale parameter. Secondly, the non gaussian stable laws have an 
infinite variance : it means that the stochastic process is able to model the 
small changes and the large deviations in the same statistical mechanism. 
The combination between the values of the two parameters a and c allows 
us to capture the reality of observed price changes in the majority of the 
markets (set Walter [ 19941 for an exhaustive test on 98 indexes over 30 
years). 

The empirical verification of the existence of a scaling law consists in 
estimating the value of the parameters, and in verifying the self-similarity 
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condition. This is this test we have conducted on the French MATIF 
notional contract. Now, we present the procedure and the results finded. 

5. Empirical verification of fractality on the Paris market 

The aim of the test is 1) to obtain the value of the parameters of a Levy 
law; 2) to verify the self-similarity condition with these parameters. To 
simplify the approach, we assume that the distribution of price changes is 
symmetric. This restriction is not very strong, because it is possible to 
consider that, in a first approximation, there is a symmetry in the 
movements. Moreover, the influence of the skewness parameter is not 
very important when the characteristic exponent ranges between one and 
two (what we observe in reality). 

We have to choose an estimation method. We use the Koutrouvelis 
iterative regression method, presented in Koutrouvelis [ 19801, and 
shortly reviewed in Walter [1990]. The method has been tested in Walter 
[ 19941 with the algorithm of Chambers-Mallows-Stuck, which simulates 
stable random variables. Three series of 105 000, 210 000, and 420 000 
values of a stable random variable were generated by the generator, and 
thereafter we have estimated the parameters. The method provides 
satisfactory estimations. 

We examine : 

1) the adjustment of daily price changes by a symmetric Levy law; 

2) the self-similarity condition with the parameters linded in the first part 
of the test. 

The data are constituted by the 2052 quotations of the notional contract 
on french 10 years government bonds (MATIF NNN), from the aperture 
of the market (20/02/86) to the 5/05/94. 
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We conduct two types of test. 

1) Tests with the complete seric, by increasing the time interval from 
one day to 30 days, i.e. the size of sample being more and more 
small. 

2) Tests with constant size samples, by choosing the size from 200 price 
changes to 800 price changes For each size, we compute the 
estimation of parameters by moving the sample from the beginning 
of the serie to the extreme possible value, related to the size of the 
sample. This approach costs a lot of time of calculation. 

5.1 Stability tests with decreasing size samples 

We build the following scrics 

rp,t ,i = ( LogXip+, - LogX(i-])p+t x 100 1 

with : p = time interval, from 1 day to 20 days, 
t = first quotation of the serie, t E { 1,. . a, p} 

i = index of quotation, i E {l;.-,2052} 

Yp,t,i is the return of the market on the period examined. 

The maximum time interval is 20 days, because of the resulting size of 
the samples ,which could be too small for p>20. For p=20 days, the size 
of the sample is equal to 102. 

Thus, we execute an adjustment test to a symmetric Levy law for every 
serie Yp,t,i . 

Next, with the finded paramctcrs, we try to verify the self-similarity 
condition, i.e. the stability-under-addition property. cr. must remain 
approximately constant, and c has to follow a scaling law defined with the 
value of CX. 6 is supposed to vary linearly in function of the time interval. 
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1) Calculation of the returns. There arc “p” series for each time interval 
11 ,, 
P. 

2) Estimation of the parameters of the symmetric Levy law, for each 
serie, by using the Koutrouvelis method. 

3) Calculation of the mean value of each parameter, for each group of 
series. 

4) Ordering of the results in function of the time interval. 

5) Verification of the self-similarity condition. 

6) Conclusion. 

5.2 Stability-under-addition of the MATIF NNN 

1) Validation of the hypothesis 

The results are given in the tables 1 to 3. 

For each parameter, we give the values finded with each time interval, the 
standard deviation of this value, and the max and min. The number of 
series is given in the sixth column, and the size of the serie in the seventh. 

The results are in the sense of the validation of the hypothesis. An 
empirical scaling law is clearly exhibited, and the increase of scale 
parameter is following the rule it is supposed to do, related to the value of 
the characteristic exponent. 

2) Analysis of the fractal structure of the MATIF NNN 

- Values of the characteristic exponent 

The values of the characteristic exponent range between 1,6 and 1,8. In 
general, a is approximately equal to 1,7. This value is close to the value 
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findcd by several authors on different markets. The corresponding chart 
makes to appear the alignment of the results findcd, in function of the 
time interval 

Alpha : value close to 1,75. 

from 1 to 10 days : value close to 1,7. 
from 10 to 20 days : value close to 1,8. 

An other point is the dccrcasing size of the sample. With the incresing of 
the time interval, the size of the resulting sample is falling down until 102 
points. May bc these small sizes (when the time interval is greater than 10 
days) are the origin of the small difference between the two values of a 
findcd in the test. Moreover, from a financial point of view, when the size 
of a sample is too small, there arc not enough “t-arc cvcnts” to allow a 
relevant estimation using a LCvy approach, with a time interval too large. 

- Values of the scale oarameter 

We exhibit a empirical scaling law in l/a, with the value of a finded 
previoulsly. The inverse of or is called the H cxponcnt in the context of 
self-similar approach. 

n days price changes = (1 day price changes) x II Ila 

with 

or : 

V(Xi -Xi-J = V[lZ(Xi - Xi-,)] = rl+ V(Xi - Xi-l) 
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We verify this relationship with the results. The chart illustrates the 
different values of cn, compared to the theoretical values on the dotted 
line : we observe the good corrcspondance between the two curves. 

This result is important because it gives a measure of the self-similarity of 
the MATIF NNN. We can say that, by increasing the time interval of 
observations, we don’t change the behavioral structure of the market. 
Seeing the market from a long distance view is equivalent to observe it 
very closely. Consequently, it is possible to “zoom” on different 
sequences of price changes, without alterate the perception of its 
behavior. The different degrees of resolution choosen have not impact 
on the results of measurements, related to the scaling law : the scaling 
principle of the price changes is verified for the range [I day - 20 days]. 

With this result, we can say that it is the same mechanism which is at the 
origin of the small as the large variations. The value of the characteristic 
exponent gives us the “form of the chance”, the nature of the uncertainty 
(which is important in an actuarial point of view), and the value of scale 
parameter allows us to define, by using the scaling law, the adaptated 
“size of the chance”. And, therefore, the adaptated measurement of risk 
for a given time horizon. Because the annualization of risk is given by 
the scaling law in l/o. 

Considering this result, we are able to replace the classical risk 
measurement, in which the volatility is increasing by following a square 
root of time (power law in l/2), by an generalized equivalent law, in 
which the dispersion (“hypervolatility”) is increasing by folowing a power 
law in l/cc. 

And we observe that, using this scaling law, we generalized the gaussian 
scaling law, in which the characteristic exponent is equal to 2. 

- Values of the location oarameter 

Because a>l, the signification of location parameter 6 is the mean : the 
value of the mean, measured on the n-days price changes is equal to n 
times the value of the mean of the daily price changes : 
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It is possible to compare this relationship with the previous on the 
dispersion effect. 

This relationship is illustrated in the chart n”3. 

5.3 Zoom with constant size samples 

Now, we investigate the stability-under-addition by using an other kind 
of approach. WC fix the size of the sample, and WC crcatc a very large 
number of identical sized samples. Then, we increase the size until the 
maximum value possible, and we examine the variability of the 
estimations. It costs a long time in a computer, because of the large 
number of calculations. The proccdurc is defined as it follows. 

Given N data for the main sample, we build N-np samples with a time 
interval p. For every couple (N,n), we find a maximum time interval p*, 
which allows to calculate the parameters. We have p*=E(N/n) where E is 
the operator “integer part”. 

For example, if we take N=2052, p=l, n=200, we find 1852 series of 200 
points. Consequently, we have to do 2052 estimations of (a,~,&). The 
maximum time interval is, in this cast, p*=lO. 

Practically, every serie leads to a set (a,~,&) of parameters. At the end of 
an estimation, we have N-np sets. 

To resolve the problem of homogcncity of the series, aggregated by time 
interval, it is possible to group the series ordered by the time interval, and 
to analyze a same class of equivalence modulo the time interval. 

We use different sizes of under-samples. Each size determines a 
maximum time interval. 

For a size n of an under-sample, the total number of estimated series is 
given by : 
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P=P* 

nS = C(N-np)=p*N 
p=l 

=p*N-n p*tp* +l) 
2 

1305 

P=P* 

.n P c 
p=l 

For example, with N = 2052, p = 1, n = 200, we find 9520 series of 200 
points. 

For each class of equivalence modulo p, with the homogeneous series of 
200 points of time interval p, the size of each class is given by the length 
of the interval : 

[ 
N(p-1)-n 2 , Np-nP(p2+1) (P-NJ +1 

I 

Thus, it is possible to desaggregate the series, by fixing the time interval. 

We build the following series : 

rp,t,i = ( mxip+* - Lwqi-l)p+t) x 100 

avec : p = time interval, from 1 day to p? days, with p* = E(N/n) 
t = first value of the serie, t E { 1, e . ., N - np} 

i = index of the value, i E {l;..,n} 

rp,t,i is the return of the market.. 

Description of the nrocedure. 

1) Definition of n. 

2) Calculation of returns, to product the differenced series. 
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3) Estimation of parameters with Koutrouvelis method, for the N-np 
series. 

4) Calculation of the mean of results, grouped by homogeneous series, 
for each parameter. 

5) Verification of the self-similarity condition with a, c ct 6. 

6) Conclusion, 

n is choosen varying from 200 to 2000. 

The results are given in the tables 4 to 15. WC can see the influence of the 
size on the precision of the estimations. The results arc in the sense of the 
validation of the hypothesis. 

6. Summary of results 

We have verified both the possibility of adjustment of the empirical 
distributions by a symmetric Levy law (p = 0), and the stability of the 
paramctcrs by increasing the time interval of observations. The results are 
in the sense of Mandelbrot’s intuitions : it is possible to characterize a 
fractal structure from one to 20 days variations (returns) of the market. 
This fractal structure is only perceptible using the Levy laws, and in this 
sense, the fractality of the market is associated with the Levy-stability- 
under-addition property. An empirical scaling law is clearly 
distinguished, and the increase of scale parameter is following the rule it 
is supposed to do, corresponding to the value of characteristic exponent : 
the self-similarity condition is verified. Finally, we can say that the 
returns of the frcnch MATIF notional contract are govcrncd by a H-self- 
similar process, in which the exponent H equals the inverse of 
characteristic exponent a of LCvy laws. By resealing space and time, the 
statistical invariance of MATIF is exhibited. 
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7. A comment for actuaries about the investment process in a stable- 
fractal market 

With such a framework, as defined previously, let us consider the 
following question : related to a stable-fractal behavior of the market, 
what becomes the classical investment process, based on the central limit 
theorem and the gaussian law ? We have perceived the importance of the 
EMH for setting the appropriate benchmark, and simultaneously we have 
verify the non gaussian stability-under-addition which violates this 
hypothesis. So, the question is : what about the central benchmark? what 
about the strategic asset allocation ? 

More precisely, the classical assumptions lead to a separation between 
strategic asset mix, tactical asset allocations and stock picking. But, 
theoretically, if the probabilistic framework is not gaussian, the 
convergence of successive empirical returns towards the expected return 
will be slower. This point has two consequences : 1) the more a is far 
from the value 2, the greatest will be the specific risk. The part of the 
portfolio risk that is not attributable to market influence will be more and 
more important. Moving further away from normality, the “diversifiable” 
unsystematic risk is less and less divcrsifiable. In other words, the active 
management is more and more useful, and the tactical asset allocations 
will take a important part in the final result. The performance 
measurement, based on CAPM, suppose that it is possible to separate the 
passive return, i.e. return due to the market (index-linked management), 
from the active return, i.e. rctum due to the management. In a stable- 
paretian universe, would the active return be appear as the most important 
source of contributions, more than the market return ? 2) the more a is 
far from the value 2, the more important will be the criteria of time 
horizon. It is no more possible to ignore the time objective of an investor, 
because, as seen previoulsly, the central limit theorem is modified with 
non gaussian stable laws. When a is very far from the value 2, it is the 
distinction between strategic asset mix and tactical allocations which 
could become irrelevant. For example, if c( < 1, the mean does not exist, 
and Fama [1965] has shown that the diversification is no more a relevant 
concept : diversifying a portfolio is increasing the total risk. 

To sum up the situation at a glance, we could ask the following question. 
Indexation as an investment management technique, and separation 
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between strategic/tactical/stock picking, find their origin in the couple 
“Efficient Market Hypothesis” + central limit theorem (gaussian form). In 
a gaussian market, the majority of the return comes from the strategic 
asset allocation. When the central limit theorem is revisited as previoulsy, 
is the strategic asset allocation still the most important factor of return ? It 
is possible that stocks selection and tactics lead to an important added 
value, more important that the strategic asset allocation decision. The 
question is opcncd. 
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TABLE 1 



Alpha for different time scales : stability-under-addition property 

1 2 3 4 5 6 7 a 9 10 11 12 13 14 15 16 17 18 19 20 

X-axis : number of days (time interval) for observation 
Y-axis : value of the estimation 



Values of the scale parameter for different time scales 

I 2 -- 
. I I I I I 

days I 
I 

0,271 I 0,080 
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CHART 2 
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CHART 3 
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CHART 4 



Constant sized samples : 9520 series of 200 points, builded 
for different time intervals 

Values of the scale parameter 
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CHART 5 



Constant sized samples : 9520 series of 200 points, builded 
for different time intervals 

Values of location parameter for different time scales 

0,095 1 452 200 

I32 1 252 200 

2 200 
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CHART 6 
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TABLE 7 

: . 



Table no8 

I 
SAMPLES OF 300 PRICE CHANGES 3 6012 SEFUES I 

Table n-9 

I SAMPLES OF 400 PRICE CHANGES + 4260 I 

1 day 1,734 0,130 1,671-m 1,820 1652 400 

2 days 1.808 0,080 1,718 1,882 1252 400 

3 days 1,788 0,069 1,732 1,870 852 400 
I 1.839 I A57 i AnnI I 1.778 I ~ 4 days 0.065 I 1,735 ~-~ _ 

5 davs 1.749 a.030 1 
. , - - -  ,  . - -  . I -  

725 1,777 1 52 1 400 



Values of characteristic exponent at different time scales with 

different sizes of samples, for series of fixed size 

Table no10 

I SAMPLES OF 500 PRICE CHANGES + 3208 
I 

Table no11 

SAMPLES OF 600 PRICE CHANGES + 2556 SEES I 



Table no12 

I SAMPLES OF 700 PRICE CHANGES + 2004 SERIES 
I 

Table no13 

I SAMPLES OF 800 PRICE CHANGES + 1704 
z 



Values of alpha by size of sample : 

(. -. 

01 

I 900 orice chanoes 1 dav II!=,7 I I 721 I 



Values of alpha for different sizes of samples, 
with constant time interval 

X-axis : size of the sample (number of price changes) 
Y-axis : values of alpha estimated 



Values of scale parameter c by size of sample 
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CHART 8 
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