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Abstract 

The application of mathematical finance to unit-linked life insurance 
is unified with the theory of distribution of surplus in life and pension 
insurance. The unification is based on a contractualization of the dis- 
tribution of surplus. We suggest a distinction between the retrospective 
surplus and the prospective surplus and study these versions of the sur- 
plus in details. The retrospective surplus and the prospective surplus 
are proposed as indices in a type of index linked insurance which we 
appropriately call surplus-linked insurance. 
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1 Introduction 

The term life and pension insurance is here used for the general type of life insur- 
ance where premiums and benefits are calculated on a certain basis at the time 
of issue and then revised, as time goes by, according to the performance of the 
insurance company. The revision of premiums and benefits can take various forms 
depending on the type of the contract. Examples are various types of participating 
life insurance (in some countries called with-profit life insurance) and various types 
of pension funding. 

The revision of premiums and benefits is based on payment of dividends, which 
in general may be positive or negative, from the insurance company to the insurance 
contract holder. It is important to distinguish between two aspects of the revision, 
the diwidend plan and the bonus plan. The dividend plan is the plan for recording 
of dividends. However, often the dividends are not paid out immediately as cash 
but are converted into a stream of future payments. The bonus plan is the plan 
for how the dividends are reflected in payments. In this paper, we shall focus on 
the dividend and the dividend plan. 

In [6] a framework of securitization is developed where reserves are no longer 
defined as expected present values but as market prices of streams of payments 
(which, however, happen to be expressible as expected present values under ad- 
justed measures). An insurance contract is defined as a stream of payments linked 
to dynamical indices, opening for a wide range of insurance contracts including 
various unit-linked contracts. The framework of securitization is one way of deal- 
ing with the dependence between the risk in the insurance contract and the risk 
in the financial market. It is built on the consideration of the stream of payments 
contracted in an insurance contract as a dynamically traded object on the financial 
market. The insurance company is then considered as a participant in this market 
and has to adapt prices and strategies to the conditions in the market. 

In the present paper we construct a general life and pension insurance contract 
within the framework developed in [S]. Working with general index-linked pay- 
ments in participating life insurance and pension funding we go beyond the tradi- 
tional set-up of payments in existing literature on surplus and dividends. However, 
indexlinked payments open for a number of appealing set-ups. An important one 
is obtained by linking payments directly to the surplus as it will be defined in 
this paper. The study of such “surplus-linked insurance” has a two-fold motiva- 
tion: Firstly, it represents a new product combining properties of participating 
life insurance, pension funding, and unit-linked insurance. Secondly, it seems to 
represent a good imitation of the behavior of managers. As such it can be used as 
a management tool as well as a market analysis tool. 

Even though payments need not be linked directly to the surplus, the surplus 
may be an important piece of information included in the information on which 
the insurance company bases the dividends. It is one of the main purposes of this 
paper to provide insight in the dynamics of the surplus, and an important step 
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is the classification of surplus into the retrospective surplus and the prospective 
surplus. 

Subjugating life and pension insurance to the market conditions, the appro- 
priate tool seems to be mathematical finance or rather contingent claims analysis. 
Contingent claims analysis, and in particular option pricing theory, was introduced 
as a tool for analysis and management of both unit-linked insurance and pen- 
sion funding in the seventies (see [I] and [PI, respectively, and references therein), 
whereas contingent claims analysis as a tool for analysis and management of par- 
ticipating life insurance has been long in coming and was, to our knowledge, in- 
troduced in [3]. A main reason for this delay may be that the link between the 
payments and the performance of the company in participating life insurance may 
be provided by statute so vaguely that it is an unreasonable approximation to con- 
sider dividends as contractual. Working in a framework of securitization, our main 
objection to this argument is, of course, that the insurance business and, hereby, 
the participation in the performance takes place in a competitive market. Thus, 
the insurance company is forced to adapt e.g. its plans for revising payments to 
the market conditions. This objection is at the same time the primary argument 
for applying contingent claims analysis to life and pension insurance at all. 

The paper is structured as follows. In Section 2, we recapitulate the framework 
developed in [6]. I n S t’ ec ion 3, we construct the general life and pension insurance 
contract within that hamework and extract some decision problems of a life insur- 
ance company. The retrospective and prospective surplus are defined and studied 
in Section 4. In Section 5, we consider dividend plans in general and surplus-linked 
dividends in particular. 

2 The insurance contract 

The basics 

In this section we recapitulate the l?amework developed in [6] and state the main 
result obtained there. For motivation, details, and examples the reader is asked to 
confer [6]. 

We take as given a probability space (R, F, F = {&}t>o, I’). Let (Xt)t>o be a 
cadlag jump process with finite state space J = (1,. . , J)and associate a marked 
point process (T,, an), where T,, denotes the time of the nth jump of X,, and @,, 
is the state entered at time T,, i.e. XT, = a,. Introduce the counting processes 

and the J-dimensional vector 

589 



Let w),,o be a standard K-dimensional Brownian motion such that r/vi” and I/v,’ 
are independent for k + 1. The filtration F formalizes the flow of information 
generated by X and I/V. 

For a matrix A, we let AT denote the transpose of A and let A”’ and A.” denote 
the ith row and the ith column of A, respectively. For a vector a, we let D (a) 
denote the diagonal matrix with the components of a on the principal diagonal 
and 0 elsewhere. We shall write 61xJ and I!?‘~ Instead of the J-dimensional vectors 
(6.. _. ,6) and (6,. ,15)~, respectively. For derivatives, we shall use the notation 
d, = 6 and d,, = &. For a vector a, we let J a and da mean componentwise 
integration and componentwise differentiation, respectively. 

We introduce an index S, an (I + 1)-d. imensional vector of processes, the dy- 
namics of which is given by 

dSt = crfdt + P;-dN, + c;dWt, So = so, 

where os E R(‘+i), 0’ E R(l+l)xJ, and 8 E R(‘+l)‘” are functions of (t, S,) and 
SO E RI+’ is 3s-measurable. The information generated by S is formalized by the 
filtration FS= (3f}tlo, where 

- 

3; = cT(S,, 0 < s I t) G 3t 

We assume that S is a Markov process and that there exist deterministic piece- 
wise continuous functions ,LL~ (t, s), j E J, s E R’+’ such that Ni admits the 
3tS-intensity process p’ - t - ~3 (t, S,) and we introduce the J-dimensional vectors 
containing the intensity processes and martingales associated with N, 

We introduce a market 2, an (n + 1)-d’ imensional vector (n < I) of price 
processes assumed to be positive. The market 2 consists of exactly those en- 
tries of S that are marketed, i.e. traded on a given market. We assume that there 
exists a short rate of interest such that the market comprises a price process 2’ 
with the dynamics given by 

(1.2’: = r,zdt, 2: = 1. 

This price process can be considered as the value process of a unit deposited on 
a bank account at time 0. This entry will be referred to as the riskfree asset, 
even though rt is allowed to depend (t, St). It should be carefully noted that 2 
is included in S. Thus, referring to the components of the index S as indices 
themselves, we can refer to the components of 2 as marketed indices. 
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Fixing some time horizon T, we now define an insurance contract to be a triplet 
(S, 2, B), where B is an &‘-adapted, cadlag process of finite variation starting at 
Bn at time 0 and with dynamics given by 

dBt = b;dt - b;-dN, - ABT-dlcttTJ, t E (O,T] , 

where b” E R and bd E RJ are functions of (t, St) and ABT E R is a function 
of (T, ST). Note that the F?s-adaptedness of B makes demands on the connection 
between the coefficients of S and the coefficients of B. The process B is called 
the payments since B, denotes the cumulative payments from the contract holder 
to the insurance company over [0, t]. T 0 simplify notation, lump sum payments at 
deterministic times are restricted to time 0 and time T. The insurance contract 
forms the basis for introduction of two price processes, F and V. Ft is the market 
price at time t of the contractual payments to the insurance company over [O,T], 
i.e. past and future premiums less benefits, and V, is the market price at time t 
of the contractual payments from the insurance company over (t,T], i.e. future 
benefits less premiums. 

The insurance company receives payments according to the insurance contract 
(S, 2, B) and we assume that these payments are invested in a value process U. 
An investment strategy 6’ E R %+’ is assumed to generate U, i.e. 

We require that this strategy is ?=F-Markovian, i.e. Bt = B (t, St-), selffinancing, i.e. 
dU, = 8, dZ,, fulfilling lit > 0 for all t, and complying with whatever institutional 
requirements there may be. We emphasize that 8, in general, is not a strategy 
aiming at hedging some contingent claim. Introduce op, pp, and ~7: such that 

dU, = U,a;dt + lJ&dMt + U,aE/dW,. 

The main result 

According to the above definitions and assumptions we have that 

Lt = ut o- u s 
t LdB, 

s 
Our approach to the price process F is the following: Assuming that the market 
2 is arbitrage free, we require that also the market (2, F) be arbitrage free. We 
use the essential equivalence between arbitrage l?ee markets and existence of a so- 
called martingale measure, i.e. a measure under which discounted asset prices are 
martingales. If the no arbitrage condition is fulfilled for (2, F) we shall speak of 
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(S, 2, B) as an arbitrage free insurance contract and about V as the corresponding 
arbitrage free reserve. 

Since the market may be incomplete, there may be several martingale measures 
and, correspondingly, several arbitrage free reserves. Thus, when we talk of the 
arbitrage free reserve, we think of having fixed a martingale measure according 
to some criterion. Alternatively, one could imagine that there exists only one 
martingale measure reflecting the market participants’ attitudes to risk although 
this measure, in the incomplete market, is not to be identified by looking at asset 
prices only. In this case the martingale measure could, appropriately, be fixed as 
the unique measure reflecting the attitudes to risk. 

We restrict ourselves to price operators allowing V, to be written on the form 
V (t, St). This restriction seems reasonable since 5’ is Markov, but it should be 
noted that this is actually an assumption on the structure of the price operator. 
It corresponds to the restrictive structure of the measure transformation that we 
now enter by defining the likelihood process A by 

A, = 1, 

where we have introduced 

9; = g3 (6 St), h,k = h’; (4 St) , 

and 

gt=[;],ht=[;]. 

With conditions on (9, h) we can now change measure h-om P to Q on (R,Fr) by 
the definition, 

A 3. 
T dP 

Upon introducing 

we can, finally, state the main result of [6]: 
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Theorem 1 Asmme that the partial derivatives dtV, d,V, and d,,V exist and are 
continuous. Assume that (9, h) can be chosen such that 

of + ofht + ,@D (lJx’ + gL) pLt - rtZ, = 0. (1) 

If the arbitrage free reseme on an insurance contract (S, Z, B) can be written on 
the form V (t, S,); then V (t, s) solves for some (y, h) subject to (1) the diflerential 
equation 

and has the representation 

The payments B of an arbitrage free insurance contract fulfills the prospective equiv- 
alence relation 

I!$- =o. CL11 
The prospective equivalence relation is equivalent to the retrospective equivalence 
relation 

(5) 

3 The general life and pension insurance contract 

The first order basis, the first order payments, and the technical basis 

In this section we formulate the structure of the general life and pension insurance 
contract within the framework recapitulated in Section 2. 

We introduce a first order basis, ( > F, ij, ^h , let the first order short rate of interest 

r^ drive a first order risk free paper &, and let the first order Girsanov kernel (Cj,lh) 

determine a first order measure 0. Here, r^, G, and ^h are functions of (i., St). We 
define a stream of ,jirst order payments g in the same way as B is defined in Section 
2, i.e. linked to (t, S), and we define the first order reserve by 
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we have, according to Theorem 1, the first order Thiele’s differential equation and 
t,he first. order terminal condition, 

We let g be constrained by the first order prospective equivalence relation, 

PO- = 0. 6) 

Act&$, th;s construction of the first order payments corresponds to requiring 
that ((S, 2) , 2, B) is an arbitrage h-ee contract. 

The first order basis serves solely as a tool for laying down the first order 
payments at time 0. However, also during the term of the contract, the insurance 
company needs to valuate the first order payments for different operations. The 
appropriate conditions for such a valuation depend on what operation is performed. 
We shall introduce a technical basis, (r’, g’, h*) with functions r*, g*, and h’ of 
(t, St) for such a valuation of first order payments and define the technical reserve 
as 

The technical Thiele’s differential equation and the technical terminal condition is 
now obtained by replacing ( F,?j,&p> in (6) with (r*,g*,h’,V’). Note that there 
exists no technical equivalence relatron. Only if the first order basis is used as 
technical basis, the relation V<- = 0 holds. 

The technical basis plays a role in the operation of reporting to the owners of 
the company and to the supervising authorities. The insurance company may draw 
up a statement of accounts at market value if the owners of the company and/or 
the supervising authorities want a true picture of the company. For this operation 
the real basis introduced in the following subsection seems to be an obvious choice 
for technical basis. However, specific conditions for solvency may be formulated 
under another basis and the supervising authorities may require a presentation of 
accounts on such a basis. Such a basis could e.g. be the first order basis. 

The real basis and the dividends 

As opposed to the first order basis (C, 3, i”) and the technical basis (T’ , g’, IL’) we 
shall speak of (T) g, h) as the real basis. Since the first order basis may differ from 
the real basis, the first order payments may impose arbitrage possibilities in the 
real environment. However, the real payments B are to be determined such that 
(S, 2, B) constitutes an arbitrage free insurance contract in the real environment. 
The real payments are composed by the first order payments and an additional 
payment stream 2 called the dividends, i.e. 

B=B$B. (8) 
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We want to work within the framework of Section 2, and we are therefore interested 
in index-linked dividends. The index to which dividends are linked may be the same 
index as the index to which also the first order payments are linked. However, we 
may also augment this index by further state variables. 

The formulas of Theorem 1 then reads the real martingale measure constraint, 
the real Thiele’s differential equation, the real expected value representation, and 
the real prospective and retrospective equivalence relations. If the dividends are 
designed in such a way that the contract (S, 2, B) is arbitrage free, i.e. the real 
equivalence relation holds, we shall simply say that the dividends are arbitrage free. 
We shall be interested in designing the dividends such that they are index-linked 
and arbitrage free. 

The dividends rectifies a possible imbalance between the first order basis and 
the real basis in the sense that we get from putting (8) into (3) and (4), 

The sign of EQ (s,‘- -&d&) d eci ‘d es whether an insurance contract has positive or 
negative dividends in expectation. In particular, if the real basis is used as first 
order basis, then the expected dividends become zero. In this case, the dividends 
given by B = 0 would, obviously, be arbitrage free, and the unr&sed contract 
would be the appropriate name for this particular construction. 

In participating life insurance the dividends are restricted to-be to the policy 
holders advantage, i.e. B must be a non-increasing process with Bo < 0. From (9) 
it is seen that there will exist arbitrage free dividend plans to the contract holders 
advantage, only if 

EQ (1,1$&) 2 0. (10) 

On the other hand, if (10) is fulfilled, an arbitrage free dividend plan can easily 
be devised. We conclude that (10) is a necessary and sufficient condition on the 
relation between the first order basis and the real basis for existence of an arbitrage 
free dividend plan. The interpretation is that the insurance company cannot come 
LIP with dividends to the policy holders advantage arbitrage freely if the first order 
payments are to the policy holders advantage already from the beginning. But if 
they are not, there will exist a continuum of arbitrage free dividend plans. 

A delicate decision problem 

When designing a life insurance product we face a delicate decision problem. First 
of all, we have to decide on a first order basis. Given this first order basis, we need 
to decide on a dividend plan such that the insurance contract becomes arbitrage 
free. One can think of many dividend plan?, and amongst them some quite obscure 
ones. To mention a few one could pay out Bu = -EQ (JL -&d&) as a deterministic 
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lump sum payment at time 0 and hereby get through the revision of payments at 
time of issue. If the policy holder is bored by this plan one could simply toss a 
coin to see whether the policy holder should receive a deterministic lump sum at 
time 0 or not. The size of the lump sum would depend on the market’s attitude to 
toss-up. Usually, however, the policy holder is more interested in gambling on the 
financial market, and if we somehow let the revision of payments depend on the 
portfolio U, e.g. through the process L t, also the strategy 0 becomes a part of the 
decision problem. 

We want to design products which in these decision aspects imitate the manager 
of a life insurance company. The problem is to come up with an appropriate index 
which, on one hand, contains the important information on which the manager 
bases the decisions and, on the other hand, is mathematical tractable, i.e. not 
with “too many” state variables. We shall in the next section study, thoroughly, 
the notion of surplus, since this seems to be the all-important piece of information 
on the basis of which the manager makes the decisions concerning dividends. The 
surplus introduced in the next section depends on the technical basis. Hereby 
determination of dividends is added to the list of operations for which a technical 
bases must be specified. 

The delicate decision is made subject to two basic constraints. Firstly, we have 
the arbitrage condition 

v,- = 0, 

which appropriately could be called the market constraint. Secondly, we have the 
legislative constraints. They could e.g. simply put bounds on the first order rate of 
interest. More interesting are possible constraints on the relation between the divi- 
dends and the surplus. If such a relation is included in the legislative constraints, it 
is of course important that the insurance company and the supervising authorities 
agree upon what a surplus is and: possibly, on which technical basis the surplus 
should be based. 

4 The notion of surplus 

The retrospective surplus 

We define the retrospective surplus Fl corresponding to a technical basis (r*; g’, h*) 

by 

F; = &-by, t 20, 

F;- = 0, 

and start out by noting that the real equivalence principle can be expressed in 
terms of the retrospective surplus: Since 
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we conclude from (5) that the dividends are arbitrage free if and only if 

(11) 

Using Ito’s formula on F;t , we get 

d+& = dLt-dV, 

z b:dt - bfAd& + Ltm 2 - (d&” + (d,v,‘)* c$ + $t’) dt 

- Vt’L 
( v,’ l1 “) dLrt - (d,y)T cfdWt. 

Subtraction of the technical Thiele’s differential equation and some rearrangements 
give the form 

d?-; = %;- (c$dt + PLdh!& + o;dU:) (12) 

+ ((cc; - r; ) v,* + (&A#- c$‘h; + R;D (g;) ,+) dt 

+ (v,‘np - (d,l#- 0;) dWt + @DE - Rt_) dh& + d& 

It can now be shown, by Ito’s formula, that Fi can be written on the form 

(13) 

where C is a process defined by 

c; = -v;*-, 

dC; = cr;dt + /3;-dn/r, + o;dW,, t > 0, 
(14) 
(15) 

with 

The term aiaydt in (13) is a correction term stemming from the dependence be- 
tween the diffusion increment of dUt and the diffusion increment of dC,*. 

Apart from the term d&, (12) and (15) are written on semimartingale form 
under the measure P. Since (11) 1s a relation under the measure Q, we shall derive 
a corresponding semimartingale form under Q, 
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and 
dC,* = criQdt + /!?-dk’l~ + u;dW,Q U’i) 

with 
at *Q = (rt - r;) y + (d,I# 0: (ht - 4 + 4 D (g; - gt) pt. (18) 

Allowing, for a moment, of diffusion payments, we note that the retrospective 
surplus can be considered as the retrospective reserve of an insurance contract 
with payments given by C’ + B minus the correction term J oiayds. An appealing 
interpretation of this payment. process is to consider the process C* - J a~cfds 
as the premium payments, in general positive or negative, and the process B as 
the benefit process, in general positive or negative. The payments of this contract 
start out with a lump sum payment at time 0 of Cl + & = Bc - Vo* and develop 
according to dC’ (15) and dB, including a lump sum payment at time T of A&. 
The relation (11) is simply the retrospective equivalence relation of this contract. 

The prospective surplus 

We define the prospective surplus T!; corresponding to a technical basis (r*: g*, h*) 
by 

3; = &-by, t 2 0, 
-* F o- = 0, (1% 

and start out by noting that the real equivalence principle can be expressed in 
terms of the prospective surplus: Since 

we conclude from (4) that the dividends are arbitrage free if and only if 

T;=Bo-V;. (20) 

Using Ito’s formula on Y;‘r , we get 

dT;il = (d,& + d,V,a; + &) dt + (x” - K-llxJ) dl\i, + (d,I#- DfdW, 

- (d,V,’ + d&b; + $J;) dt - (q’ - &YlxJ) dN, - (dsV,‘)T nfdWt. 

Subtraction of the real Thiele’s differential equation, addition of the technical 
Thiele’s differential equation, and some rearrangements give the form 

d3; = r,?;dt + ((q - r;) v,* + ((dJ# afh; - (dJ#-ofh,)) dt (21) 

+ (R;D (d) - RtD (d) ptdt 
- (da-V,* - AK) T mfdWt - (I?- - R1m) di%& + di?,. 
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Apart from the term d&, (21) is written on semimartingale form under the measure 
P. To compare with the dynamics of the retrospective surplus, we shall also derive 
the semimartingale form under the meazure Q, 

dTtf = r,T;dt 

+ ((Q - 4 v,* + C&V,‘) T 0; (h,’ - h) + R,‘D (g; - gt) A) dt (22) 

+ (d,V, - d,y)T c$dl/v,Q + (R+ - R;-) dMtQ + d& 

Since Ft = FF;; - 3, 
F.-F;‘* we know that ’ L 

ZP is an .Fz-martingale under the 
measure Q (see [6]). Writing th e retrospective surplus on the form (X3), this can 
be used to derive an appealing representation of the prospective surplus. It follows 
that 

and we get the following representation of the prospective surplus 

In (23) the correction term has disappeared since we work with Ito-integrals which 
are based on forward increments. 

This shows that the prospective surplus can be considered as the prospective 
reserve of an insurance contract with payments given by C’ $ B (allowing for 
diffusion payments) and (19) 1s simply the prospective equivalence relation of this 
contract I 
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A deterministic differential equation for the statewise prospective surplus can 
be obtained in the same way as it is done for the prospective reserve in [6]. The 
only extension is the allowance for diffusion payments. Upon introducing 

$7 t = v (t, St- + pfy) - V’ (t, St- + a;?) , 
3; = i;;+T;s - T!;y, 

$‘r = ;t, ( (,~)Td,,~;cTp) , 

?;tr solves the differential equation 

(25) 

As an alternative to the real Thieie’s differential equation and the real prospective 
equivalence relation, (25) may be used together with the prospective equivalence 
relation (20) and (14) to determine an arbitrage free dividend plan. 

5 Dividends 

The contribution plan and the second order basis 

We start this section by considering a simple dividend plan, called the contribabion 
plan. It plays an important role in the definition of a notion of participating life 
insurance, the second order basis. The contribution plan amounts to arranging 

B such that the discounted retrospective surplus 3 becomes a zero mean Q- 
martingale, i.e. 

6: - i$D (lJX1 + gt) pt = -c$Q. (26) 

Since all terms of cuiQ are functions of (t! St), the contribution plan is index-linked. 

Furthermore, since EQ $ 
( > 

= 0, the contribution plan is arbitrage free by con- 

?* struction. Note that also the discounted prospective surplus + is a zero mean Zt 
Q-martingale under the contribution plan. 

The equation (26) is actually one equation with two unknowns (b; and @) 
and we have a whole set of contribution plans. Usually, the contribution plan is 
considered as the special case where $ = 0: i.e. 

i;L = - ((~1 - T;) v + (d,i# of (h; - Izt) + R;D (g; - gt) pt) (27) 
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If there exists a vector (T, G, h) such that (27) holds with (r,g, h) replaced 

by @:h) we call F,j, h) the second order basis. This means that the second ( - 
order basis for a given dividend plan is the basis which, playing the role as real 
basis, turns the dividend plan into the contribution plan. It is seen that the basis 
(r,g, h) candidate to the second order basis only if the insurance contract actually 
follows the contribution plan. If the contract does not follow the contribution plan, 
then the real basis (r,g, h) d oes not candidate to the second order basis. The 
word candidate is appropriate here, since even if the insurance company actual1 
follows the contribution plan, b, can be obtained from (27) with other bases (F, Fj, K P 
than (r,g, h) ((27) is in this connection one equation with three unknowns). This 
recognition of the second order basis as a decision variable has to our knowledge 
not, previously, been described in theoretical literature, although it is well-known 
in practice. Sometimes the triplet of bases is completed by naming the real basis 
by the third order basis. 

In Section 3 it was seen that there will exist arbitrage free dividend plans to 
the contract holders advantage if and only if 

In the actuarial literature on participating life insurance one normally works with 
the much stricter requirement that, in particular, the contribution plan has to be 
arbitrage free and to the policy holders advantage. This is obtained if and only if 

-vb_ 2 0, 

*;Q > 0. 

One way of achieving CY,‘~ > 0 is by having all the components of criQ greater or 
equal to zero, i.e. 

These are well-known relations (perhaps except for the last one which is a conse- 
quence of our diffusion type of indices). 

Surplus-linked insurance 

The apparently appealing contribution plan has considerable drawbacks in our 
framework. Here we refer to the fact that, under the contribution plan, the contract. 
holder does not participate in the game of investment. The contribution plan leads 
to the same dividends independently of the investment stratea underlying U, 
namely the dividends corresponding to pure investment in the riskfree asset. This, 
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on the other hand, explains why the contribution plan in some actuarial literature 
(e.g. [4l and [51), naturally, can be taken as canonical: Only investment in the 
riskfree asset is taken into consideration there. In practice, however: the insurance 
companies hold large positions in risky assets and this circumstance is integrated 
in our set-up. 

We propose another plan which we shall call the surplus-linked dividend plan. 
We add the retrospective surplus and the prospective surplus to the index and let 
the dividend plan be linked to this augmented index. It is clear from Sect,ion 4 
that the augmented index is really an index since both the retrospective and the 
prospective surplus possess the dynamics of an index and the coefficients appearing 
in them are functions of (C, S,). 

We now go on by specifying the functional dependence of the dividends on 
the retrospective surplus and the prospective surplus. One can think of various 
constructions but we shall go directly to a continuous affine form given by 

Bcl = 0, 
p = 0 

$ = -(,,+q,F;) or b: = - (pt + qtF;) , Pf9 
a& = 0, 

where pt and qt are specified functions of (t, St). If - we are in the case of participating 
life insurance, (28) should be modified such that Q 5 0, e.g. by 

@ = - (P’ + 43-t)+ or b,c = - (pt -t qtTi)+. (29) 

Here the options structure of products in participating life insurance can be recog- 
nized. We shall refer to the form in (28) as the pension funding form and the form 
in (29) as the participating life insurance form. 

There is a variety of candidates for the functions p, and qt.. A simple form 
would be to let pt and qt be det,erministic functions. Other examples are qt = % 

or qt = RTp,, -&- q; being a deterministic function. Hereby, we measure the surplus 
per technical reserve or per sum at risk. Such formulations could be motivated by 
solvency regulations. 

As mentioned in Section 4, only the retrospective surplus (not the prospective 
surplus) is effected by risky investments. Thus, only dividends linked to the ret- 
rospective surplus meets the drawback of the contribution plan mentioned in the 
introduction of this subsection. We propose also dividends linked to the prospective 
reserve in order to make the theory more complete. 

Theorem 1 is a constructive tool for determination of parameters (p, q) leading 
to arbitrage free dividends. For applications of the differential equation in Theorem 
1 to a concrete example, see [7], where also the bonus plan, i.e. the plan for how 
the dividends are reflected in payments, is studied in details. 
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The forms (28) and (29) are examples of surplus-linked dividend plans. This 
continuous affine form is simple and is closely connected to the way gains and 
losses are typically amortized in pension funds. It is left to the reader to think 
of other forms. E.g. one could formulate the decision of dividends as a control 
problem and get various opt,imal surplus-linked dividend plans corresponding to 
various objective functions. 

References 

[I] K. K. Aase and S.-A. Persson. Pricing of unit-linked life insurance policies. 
Scandinavzan Actuarial Journal, pages 26-52, 1994. 

[2] D. Blake. Pension schemesas options on pension fund assets: implications for 
pension fund management. Insurance: Mathematics and Economics, 23(3):263- 
286, 1998. 

[3] E. Bryis and F. D. Varenne. Life Insurance in a Contingent Claim Framework: 
Pricing and Regulatory Implications. The Geneva Papers on Risk and Insurance 
Theory, 19(1):53-72, 1994. 

[4] R. Norberg. Bonus in life insurance: principles and prognoses in a stochastic 
environment. Technical report, Working Paper No. 142, Laboratory of Actuarial 
Mathematics, University of Copenhagen, 1996. 

[5] H. Ramlau-Hansen. Distribution of surplus in life insurance. ASTIN Bulletin, 
21:57-71. 1991. 

[6] M. Steffensen. A no arbitrage approach to Thiele’s differential equation. Tech- 
nical report, Working Paper No. 155, Laboratory of Actuarial Mathematics, 
University of Copenhagen, 1998. 

[7] M. Steffensen. Contingent claims analysis in life and pension insurance. Techni- 
cal report, Working paper, forthcoming, Laboratory of Actuarial Mathematics, 
University of Copenhagen, 2000. 

603 



604 




