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Abstract 
There are some various methods of construction of models of a change of the short interest 
rate for the analysis of a term structure of an affine yield class that have been introduced 
by Brown and Schaefer (1991). In the present paper the analysis of three from them is 
carried out the V-model (VasiEek, 1977), CIR-mode1 (Cox, Ingersoll and Ross, 1985), and 
MC-model (Medvedev and Cox, 1996). The main attention is given to a research of 
mutual properties of functions of affine structure of these models and properties of 
probability distributions of stochastic processes, which in these models the short interest 
rate follows. The analysis of the term structure of affine yield class in the literature is 
usually carried out under the “adjusted by risk” equivalent martingal probability measure. 
In this paper the analysis is made under objective probability measure. The functions of 
affine structure and the probability distributions of the short interest rate are obtained in 
the explicit form. Usually in the literature the V-model and CIR-model are considered as 
the models of different classes. In the paper these models together with a MC-model are 
set as the models of one class. The unity of models is the fact that the process of the short 
interest rate is described by the same scheme with the lower reflecting boundary which in 
the V-model is deleted to a minus infinity, it is equal to zero in the CIR-model, and in the 
MC-model this boundary takes an intermediate position. It is shown that the short interest 
rate in a transient regime is the sum of two components: 1) random variable that is 
subjected by shifted gamma distribution; 2) random variable that has a compound Poisson 
distribution with an exponential distribution of summands. Under transition to the 
stationary regime the second component disappears. If the value of the shift parameter in 
the first component is increased ad infinitum then the short interest rate is described by the 
V-model. If the significance of a shift parameter in the first component is equal to zero 
then the short interest rate is described by the CIR-model. If the shift parameter in the first 
component takes an intermediate position then the short interest rate is described by the 
MC-model. Under such modification of a shift parameter from zero ad infinitum for fixed 
expectation and variance of process of the short interest rate its marginal distribution is 
modified from the gamma distribution to the normal distribution. 
Keywords: short interest rate, bond price, term structure model, affine yield class, 
stochastic process, reflecting boundary, compound Poisson distribution. 
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Introduction 

The affine yield class of term structure models for the first time was introduced by 
Brown and Schaefer (1991) which noted that some models of term structure have identical 
closed form. They show that this takes place if the drift and the square of volatility of the 
short interest rate are linear functions of the short interest rate and the drift and the 
volatility are independent on time. Duffie and Kan (1993) have extended these ideas to a 
multiple factor setting. The examples of such models among the single factor models are 
the V-model (Vasicek, 1977), CIR-mode1 (Cox, Ingersoll, and Ross, 1985), and MC- 
mode1 (Medvedev and Cox, 1996). 

Usually in the literature the V-model and CIR-model are considered as the models of 
different classes. In this paper the base is found that these models together with a MC- 
mode1 could be considered as the models of one class. This base is the fact that the process 
of the short interest rate is described by on and the same scheme, but with different lower 
reflecting boundaries. This boundary in the V-model is se to be minus infinity, it is equal 
to zero in the CIR-model, and in the MC-model this boundary takes an intermediate 
position. 

The main attention is given to an investigation of mutual properties of functions of 
aftine structure of these models and probability properties of stochastic processes, which 
the short interest rate follows in these models. The analysis is made under objective 
probability measure. The functions of the affine structure, the probability distributions, and 
the moment generating functions of the short interest rate are obtained in the explicit form. 

It is shown that the short interest rate in the transient regime is a sum of two 
components: 1) random variable that is subjected by shifted gamma distribution; 2) 
random variable that has a compound Poisson distribution with an exponential distribution 
of summands. Under transition to the stationary regime, the second component disappears. 
If the value of the shift parameter in the first component is increased ad infinitum then the 
short interest rate is described by the V-model. If the significance of the shift parameter in 
the first component is equal to zero then the short interest rate is described by the CIR- 
model. If the shift parameter in the first component takes an intermediate position then the 
short interest rate is described by the MC-model. Under such modification of a shift 
parameter from zero ad infinitum for fixed expectation and variance of process of the short 
interest rate its marginal distribution is modified from the gamma distribution to the 
normal distribution. 

The outline of the paper is as follows. Some necessary determinations and known 
relations are given in introduction below. Section 1 contains the results concerning 
functions of affine structure. Section 2 is devoted to deriving the probability density 
functions and the moment generating functions of the short interest rate and investigation 
of their properties. 

368 



Consider zero-coupon bond with a face value 1 and date of maturity T provided that 
the risk-free short interest rate at time instant t < T is equal to r .If its price can be 
expressed as 

W, r, r) = explA(t, r) - r&t, T)}, (1) 

then one speaks, that the term structure model of interest rate belongs to an affine yield 
class (Brown and Schaefer, 1991; Duffie, 1992). Let’s note, that is in this case the yield 
rate determined by the formula 

At, r, r) = [r&t, r) - A(t, r)l / (T -0 . (2) 

Thus, this class is called affine class due to the fact, that the yield interest rate y(t, r, r) 
linearly depends on value of the short interest rate r = r (t). Various aspects of properties 
of affine models were considered in the various articles (see for example, Brown and 
Schaefer, 1994; Rogers, 1995).Functions A(t, 7) and B(t, 7) are called below functions of 
an affine term structure. These functions are determined from the so-called partial 
differential equation for a term structure (the fundamental partial differential equation of 
security pricing) under no arbitrage condition 

P, + [lu (t, r) + il(t, r) o(t, r)]P, + S a2(t, r)P,, - rP = 0 , (3) 

where the arguments of function P(t, r, 2) are omitted for brevity, and the partial 
derivatives on variables t and rare denoted by appropriate subscript. A boundary condition 
of the equation (3) is given by 

P(T, r, T) = 1 for any of r. (4) 

The functions ,u (t, r) and o(t, r) in (3) are the drift and the volatility of the short interest 
rate r(t).The latest follows a diffusion process described by the stochastic differential 
equation 

dr = p (t, r) dt + a(t, r) dW (t). (5) 

The function A(t, r) is a market price of risk and it is set exogenous as well as the functions 
,u (t, r) and o(t, r). The price P(t, r, 7) also follows a stochastic diffusion process. Under 
no arbitrage condition, the drift of instantaneous rate of return of the bond is determined 
by expression ,u (t, r) + R(t, r)o(t, r). 
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In order the solution of the equation (3) to have a form given by (l), it is enough, t 
the functions ,U (t, r) + ;l(t, r)g(t, r) and 0’ (t, r) to be affine, i.e. linear with respect to r. 
This can be achieved if one sets (Bjiirk, 1995) 

02(t, r) = y(t) r + 6(t), (7) 

Hereinafter for brevity we shall refer to cx (t), B (r), y(t), ~5 (r), 5 (t) and ?J (t) as 
coefficients of an affine structure. Substituting (l), (6)-(8) in equation (3), accounting for 
boundary condition (4), and considering t and r as independent variables, one obtains the 
following two equations: 

f = s fit) B2(LT) - [a(f) + &)I m,T) - 1 I B(T,T) = 0 ; (9) 

dA - = - S S(r) B’(t,T) + [B(r) + q(t)1 B(t,T) , 
dt 

AU’,T) = 0 . (10) 

A(r,T) can be obtained by integrating (10) after B(t,T) is found as a solution of (9). 

a(r,l)=j[-~s(~)B2(~,T)+~(S)+~(s)}B(s,T)~s. (11) 
f 

The equation (9) is the Riccati equation and in general it has no explicit solution. 
However in one important special case it is possible to derive such a solution. 

Lemma. Let there exist a constant c f 0, such that the following equality is 
satisfied: 

f fit) - c [u(t) -c 5(t)] - 1 = 0, 

Then the solution of the equation (9) has the form 

(12) 

B(t,T) = cJ(f,T) 
c+J(t,T) ’ 

(13) 
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where it the following notation in introduced: 

The proof of this statement follows from results given in item 4.9 (b) of chapter 1 of 
Kamke (1959), and it is easy for checking up by a direct substitution of (13) - (14) in the 
equation (9). 

Let’s note that the formal condition (12) can be interpreted as follows sense. If the 
function of an affine structure B(t, 7) has steady-state level (i.e. it tends to some constant 
when the difference T - t tends to -), then the condition (12) takes place with a positive 
constant c= lim B(t, T) = c Indeed, if we substitute the limiting value B (- =, 7) = c = 

I+ - - 

const in the equation (9), then the left-hand side of this equation turns to zero, and the 
right-hand side (9) transforms in condition (12). 

1. AMine term structure with constant coeffkients 

Let’s assume, that the coefficients of an affine term structure a; p, 1: S, 5 and 17 are 
constants. The models of a term structure are in this case referred to as time homogeneous 
ones (Brown and Schaefer, 1994). Before starting the to analytical consideration of this 
case, we shall comment on the meaning of these coefficients. 

Let’s make the natural assumption that there exist a stationary regime of the short 
interest rate process r (I). That is, with the course of time the variance of process r (t) can 
not be infinitely increased, and it tends to a some finite level. In this case parameter cx 
should be negative, and its absolute value determines the speed of adjustment to the 
stationary regime (that is it is equivalent to the choice of a time scale).The stationary 
regime is reached faster when ais small. For convenience, sometimes we will use notation 
k=-&k>O. 

The expectation of process r (z) is determined by the equation EN (t, r)] = aE[r (t)] 
+ /? = 0 in the stationary regime. Hence the sense of parameter p is seen. Denote E [r] = B 
in the stationary regime. Then we have B = - a 8 = k 8. Because the average value of the 
short interest rate should be positive, a > 0.A process of the short interest rate r (I) that has 
such properties usually is known as the mean reverting process, or Omstein-Uhlenbeck 
process. 

The parameters y and Stogether with values r(t) determine square of volatility of the 
short interest rate, as it is seen from equality (7). An inequality y r + 6 2 0 for any r 
therefore should held. Rewriting this inequality in the form r L - S/ z one sees that the 
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value (- 61 y) should be considered as a lower bound of possible values of the short 
interest rate. Because, values of r are positive, this inequality is fulfilled for example, 
when the parameters y and 6 are non-negative, i.e. y 2 0 and S 2 0. 

As it follows from (8) parameters {and q together with values of process r (t) and 
volatility o(t, r) determine a market price of the risk. It is natural to consider the interest 
rate and volatility as non-negative values. At the same time, in order the risk premium to 
be positive, it is necessary that the values /2(t, r) be positive. Therefore we can consider 
parameters 5 and v, i.e. 5 > 0 and 7 L 0. 

We will use the lemma above to determine the function B(t, 7). If the coefficients of 
an affine structure are constant then equality (12) can be considered as the equation for 
constant c and we can write it as 

yc2-2(LY+4cc22=0 

When y 2 0 this equation have real roots. For y > 0 the roots have the form 

c, ++e+&zgq, c- =~(a+&-y . 

Let’s for brevity denote E = ,,/(a + c)2 +2y > 0. Hence, the integral J (t, 7) is calculated 
from formula (14) using these roots: 

J+(t,T) = yr-r) - 1) , J-(Q) = +(I - P(r-1)). 

Substitution of values c+ and J+(t,Y) in expression (13) gives an expression for the 
function B (t, r) in the form 

B(t, T) = 
2 ,&T-d _ 1 

2E+(&-a-{ P’)-1 . 
(15) 

The substitution of values c- and .L(t,T) in (13) results in a function for B(r,T) 
distinguishing from (1.5) only by the opposite sign. However negative function B (t, n 
contradicts to economic sense of the price (1) because with the increase of the interest rate 
r the bond price will increase in this case, too. Therefore this version can not be accepted 
and the unique solution of (9) is given by (15). 

As it is natural to expect in the case of constant coefficients of an affine structure, 
the function B (t, 7) does not depend on absolute values two variables t and T but it 
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depends on their difference T - r. That is B (t, 7) is a function of one argument. Let’s 

denote I= T - t. Then we have 
dB(T -t) dB(d 

this case as 
dt 

= --. The equation (9) can be written in 
dz 

$= l+(a+&)B(zj -3 yB’(zj, B(O)=O, ~20. (16) 

Rewriting this equation in the symmetrical form, we have 

dz = dB(d 
l+(a+c)B(z)-0,5 y B2(r) ’ ‘>‘. 

The following integral relation follows from equation (17) 

B(s) 
I 

dB 
7T= 

,, l+(a+c)B-OS y B2 ’ 
Z20, 

(17) 

(18) 

it is useful in calculation of the function A. 
Now we address the equation (10) for function A(t, 0 of an affine term structure. 

The right-hand side of the equation (10) depends on a variable t only through function B. 
Therefore function A(t, r) will depend only on the difference of the arguments as well, that 

dA(T - t) 
is A(t, I”) = A(T - t) = A(@. Again, using equality ___ = -- 

dt 
d(Z) it is possible to 

dz ’ 
write the equation (IO) in the symmetrical form as 

’ A(o)=o’ =‘O. (19) 

Combining equations (17) and (19) we obtain an integral relation for function A( zj 

B(s) 
‘(‘)= [ 

0,56B2 -(a + q)B 
l+(a+~)B-OSyB’ dB. > 

(20) 

The advantage of relation (20) compare to (I 1) is that (I 1) is an integral of a rather 
composite function on variable 5 while (20) is an integral from a simple rational 
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expressions of variable B. Actually, (20) is a tabulated integral. Let’s introduce for brevity 
the notations 

E=Jm a+ =&+(a+{), 
co=y(/3+?+8(a+~), a =&-(a+~). 

(21) 

Then the integral (20) can be represented in one of the following equivalent expressions 

A(r)=$[r---B(r)]-F[(cr+5)1-ln(l+(a+t)B(r)-fB’(r) , (22) 
)I 

a(T+-B(r)l++ [~~ln(l+~B(r))+r9+ln(l-%B(r))], (23) 

(24) 

a(r)=$[r-B(r)]+$[rYr+Zlnjl-+B(i))] (25) 

Substituting the explicit expression of function B(z) (15) in these equalities, we obtain the 
explicit expressions for function A(zj in term maturity z On the other hand, from an 
integrated relation (18) it is possible to obtain the following expression 

r=-$ln(l+$B(r))-ln(l-+-B(r))]. (26) 

Using (26), one can express function A(r a function of B (zj only. 
Let’s note that the functions of an affine term structure for the considered case in 

form (15) and (25) were derived earlier (see Medvedev and Cox, 1996). Hereinafter we 
shall mention this model of an affine term structure as a MC-model. Let’s bring also two 
famous special cases, which frequently are used for analysis of the short interest rates and 
the yield rates. 

When volatility and market price of risk do not depend on values of the short interest 
rate r, that is y= 0 and c= 0, we obtain VasiEek model (VasiEek, 1977). In this case E = 14 
and we have 
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(27) 

(28) 

Formula (28) can be derived from equalities (22)-(25) as a limit case 
y + O.However, the calculation of limits might be complicated, and an easier way to 
derive (28) is to set y= 0 and c= 0 in (20). 

In the other special case it is supposed, that 6 = 0 and 77 = 0. This version of the 
term structure model of the interest rates is usually mentioned as the CIR-model (Cox, 
Ingersoll, and Ross, 1985). In this case function B (@ does not become simpler and has a 
form (15) and the function A (9 gets the form 

when equality (23) is used, or 

(29) 

(30) 

when equality (25) is used. 
Let’s note that the following equalities, that obtained with the help of expression 

(15), take place 

(31) 

(32) 

Using these equalities, it is possible to derive the explicit expression A (z) from (29) or 
(30) in term r as follows 
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The above form was obtained earlier by Cox, Ingersoll, and Ross (1985). 
Let’s note that between analytical expressions for function A(z) from MC-model and 

from CIR-model, respectively, are related as follows: 

A,,&@= ;[z-B(r)]-; Adz). (34) 

For fixed values of coefficients of the affine structure q B, 1: 4 it is possible to set also 
other useful relation between functions A (23 and B (zj of various models of the short 
interest rate. For this purpose, we shall supply functions with subscripts corresponding to 
respective models, as it is already made in the formula (34. The following propositions 
hold. 

Proposition I.The function B( zj defined by formula (15) is monotonically increasing 
convex up function that has a horizontal asymptote lim B(z) = 2/(& -a - <). Also the 

T-3-== 
inequalities 0 I B(z) $ - llcr = Bv(m) are valid for any I> 0. 
Pro08 The formula (15) can be written as 

Twice differentiating this function, we see that the first derivative is positive and the 
second derivative is negative. It proves the first part of the proposition. 

Proposition 2. Functions A (zj determined by the formulae (22) - (25), (28), (29) - 
(30), (33) have sloping asymptotes that are given by straight lines az+ b. The values of 
coefficients a and b for various models of the short interest rates are given in the 
following table 

V- model CIR- model MC- model 
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Proposition 3. The analytical properties of functions A (T) for various models of the 
short interest rate are characterized by the following table 

Behavior of A (zj V- model CIR- model MC- model 

Monotone 
decrease 

-l<B+rl for any i<B+rl 
2a- 6 a<O, y>o, 450 ly- s 

Convexity up 1 B+r --<- for any 
ff s a-co, y>o, 510 

1<B 
6 s 

Existence 
of 

minimum 
O&Y 2-L no &L!l<L 

s 2a s -e 
Point 

of 
o<p+q l 

no 
inflection -I-- &I!L!l<rl 

s a s -r9- 

Monotone 
increase 

B+ v<o no B+ r<o 

The minimum of function A (23 and its point of inflection, if any, are reached for the 
values of variable rgiven in the table 

Point 
of 

minimum 
Point 

of 
inflection 

V- model MC- model 

The propositions 1 - 3 can be proved by the usual technique of calculus. In general, it is 
sufficient to calculate first and second derivatives of functions A (zj and B (z) and 

investigate their behavior. These proofs are omitted here. 
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2. Probability properties of the short interest rate processes of affine class 

If the functions of drift ,u (t, r) and volatility o(t, r) of the short interest rate r (t) in 
the equation (3) are differentiable with respect to second argument, the probability density 
function f(r, t) of process r(t) is determined by the equation 

Here as before the subscripts denote partial derivative with respect to appropriate variable. 
The equation (35) is known as the forward Kolmogorov equation in theory of stochastic 
processes and as Fokker-Plank equation in diffusions theory(see for example, Lamperti, 
1977). In the case of constant coefficients of affine structure, the equation (35) takes the 
form 

fib-, t> = W(yr + b)Ar, t)lrr - ICar + P)flr, Olr . (36) 

Let’s introduce the following notations: 
c4+1xY 

g(xlq,c) = ___ e -c-x 
l-h + 1) 

- the probability density function of gamma distribution 

with a shape parameter (q + I) and a scale parameter c, where x 2 0. 
UJ 

p(jlu) = i!e-U - the Poisson distribution with a parameter u > 0, j = 0, 1, 2, . . . 

Wlq,8) = s v* (1 -v)” - the negative binomial probability distribution with 

parameters q > 0, v e (O,l), j = 0, 1,2, . 
Theorem 1. If yr + S> 0, i.e. r E ( - 6/y, = ), then the conditional probability 

density function f(r, t 1 r (s) = R), s < t, which gives solution of the equation (36), has a 
form 

fir, t 1 r(s) = b) = z$emu x “+*+’ cr + ‘lY)4+’ 

G+j+I) 

e-~(r+d/y) = 

= ~p(~lu)xg(r+Slylg+i,C), -d/Y<r <m7 

J=o 
(37) 

where additionally the following notations are used 
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u = c(R + s/y) e+“), 2a c=-e 
Y 

( 
a(r-s) _ 1 -’ 

1 ’ 
,=2Y3-~~ p-1. (38) 

Y2 

The joint probability density functionf(r, t; R, s), s < t, of values of the short interest rate r 
(r) = r, r (s) = R has a representation 

f (r, t ; R, s) = 2 b(jlq + 1, ea(‘-‘) 
/=o 

-6/ycr -cm, -S/y<R ~00. 

Under the same conditions, the marginal probability density function f’ (r, r) of this joint 
density is a density of shifted gamma distribution with the shift parameter (- al;), the form 
parameter (q + l), and a scale parameter CO > 0, given by 

fir, 0 = cgY+*tr +a/YY e-co(‘+~/Iy) , 
I%3 + 1) 

_ 6,y < r < oo, (40) 

where CO = ( jing F[e”(rms) - I)-’ = - ??f , a< 0. 
1s m Y 

ProojI The equation (36) in the case s= 0, y> 0,O < r < 03 has been considered by 
Feller (19.51) which has shown, that the conditional probability densityf(r, 11 r (s) = R), s 
< t, has the form (in the interpretation of Cox, Ingersoll and Ross, 1985) 

f(r, f 1 r(s) = R) = c e-“-’ 

where c = --@g-y-)? u = CR ea(lWs), v = c r, q = - - 1, and Iq (.)is the modified 28 
Y 

Bessel function of the first kind of order q. The density (41) is a density of the noncentral 
chi-square probability density function with (2q+2) degrees of freedom and parameter of 
noncentrality 2~. Let’s note, that when t - s + 00, the density (41) converges to the 
density of gamma distribution with form parameter 2fi/y and scale parameter 21~~ vr 

The Feller method can be used in more general case when 8 f 0, yr + 6 > 0 , i. e. 
- 6/y < r < 00. Indeed, let’s set a new variable x = r + G/yin the equation (36) and let us 
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introduce new parameters: z = y/2 > 0 , b = Q , z = p - C&/Y . Then the conditional 
density i$x,f) =f(x -8/y, t 1 I(S) = R) , s < I , will satisfy the equation 

iY,=[iYxx(x,t)],-[($x+ F)iT(x,t)]x, o<x<-. 

This equation completely coincides with the equation considered by Feller. Therefore, 
solution of the equation (36) will be the same as the Feller’s solution. However, variables 
II, v and a parameter q have to be understand now in another way: 

u = c(R + s/ yp-“) , v=c(r+LQy), q=2(yfl-a6)/~-1. 

Let’s give one more interpretation for the obtained density. The modified Bessel 
functions Z,(x) can be represented as a series 

I&) = 2 w)2’+4 
,=oJ ! r(j+q+1)’ 

We use this expansion in expression (41) and transform it in order to represent each term 
of expansion as a product of two multiplicands, one of which would depend on variable 
R, and other would depend on variable r. This allows us to obtain conditional probability 
density as (37) taking in to account (38). 

When (t - S) is increases, the dependence between r(t) = r and r (s) = R disappears. 
Therefore, the unconditional (marginal) probability density (40) can be obtained as a limit 

f(r,t) = (,_lj$_f(r,rlT(S)=R) = g(r+6&lq+ 1,c0), 

which is exactly the probability density (40). 
By definition the joint probability density is expressed as 

f(r, t ; R, s> =f(r, t 1 r(s) = R) x f(R, S) . 

Using expression (37) forf(r, t 1 r (s) = R) and expression (40) for JR, s), and making 
necessary transformations in expression 

~P(Au)xg(r+S/Ylq+j,c)xg(R + SlyI q + 1, co), 
J=o 
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one can derive representation (39). 
Theorem 2. The moment generating function of conditional probability density (34) 

can be expressed in the form 

(42) 

The moment generating function of joint probability density (39) has the form: 

I I 

+ 

M,.R(X,Y) = dx+J+‘y 
1 _ e4-4 

(*-;J-5)-e”‘“’ 4 ‘. 
(43) 

This generating function exists in area that is determined by the following inequality 

(1-x/c)(l-y/c)> e a(t-s) 

The moment generating function of marginal probability density (40) is determined 
by the expression 

The parameters of generating functions are determined in just the same way as in the 
previous theorem. 

Proc$ The formula (44) is obvious, because it is the usual formula for a moment 
generating function of shifted gamma distribution (40). For the proof of the formula (43) it 
is enough to remember that due to the properties of gamma distribution, it is possible to 
consider a probability density g (x 1 q +j, c) as a convolution of probability densities g (x 1 
q, c) and g (x Ij - 1, c). Therefore expression (37) can be considered as a convolution of a 
probability densities g (x 1 q, c) and probability densities that has the form 

e-“S(x)+ $:e-’ X 
c(cx)‘-’ -(-- 

r(j) 
(45) 
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The probability density (45) is a probability density of the sum of a random sum of N 
independent and identically distributed random variables. The random number N is 
distributed according to the Poisson law with a parameter u, and its value in our case is 
proportional to the value of the interest rate r (s) at time s. The terms of the sum have an 
exponential distribution with a parameter c. Let’s remark, that the sum of j such values 
has a probability density of gamma distribution g (x 1 j - 1, c). Such distribution is known 
as a compound Poisson distribution (CPD) (about CPD see, for example, Gerber, 1979). 
The moment generating function of CPD has a form exp{u [m (r) - l]}, where u is a 
Poisson parameter, and m (z‘, - the moment generating function of the terms. In our case, 
m (r) is a moment generating function of an exponential distribution with a parameter c, 

c 
that is m(z)=- 

C--z’ 
Thus the probability density (37) is a probability density of a 

random variable that is sum of two independent random variables, one of which has a 
probability density g (x 1 q, c), and other has a density of compound Poisson distribution 
(45). It is also expressed by the formula (42), taking account that in our case the gamma 
distribution is shifted, that is x = r + Sly. 

To prove formula (43) we use the definition of two-dimensional moment 
generating function for density (39) supposing that variables x and y satisfy the inequality 

(I-xlc)(l-ylc)>e 
a(r-s) 

,s<t, 

M,R(X,y) = EpX+Rq = 

= em(x+yp,r[ c~(l-~~(~-~~~~~,q+j+l’( C2ea(‘-s) 1’- 
(c-x)(c-y) ,=o j!I-(q+l) (c-x)(c-y) 

Thus, the obtained expression is equivalent to (43). 
The density (40) does not depend on r and its moment generating function is the first 

cofactor in (42). Because of a < 0, the parameter u in the second cofactor (42) tends to 
zero when (t - s) + 00 , therefore the second cofactor in (42) degenerates in one. Thus 
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the density (40) is a probability density of steady-state process of the short interest rate, 
and the second cofactor in (42) characterizes a transient regime from a initial state of 
process in at time s to a stationary regime. 

It should be noted that one of the Feller’s results can be interpreted in our case as 
follows: if F = p - C!6/ y > Z = y/2, the level r = - Slyof the lower reflecting boundary 
is unattainable. It means that if the inequality - p/a> - Sly- y/2a holds and the short 
interest rate at some time takes a value exceeding - 6 ly , then its values always will 
exceed the value - Sly. 

CoroElary 1. The probability distribution of the short interest rate process r (I), that is 
determined by the equation (5) - (7), has the following conditional moments provided that 
r(s) = R, s < t: 

Expectation E: 

Variance V: 

l+q+u s ---. 
C Y’ 

l+q+2u 
c2 

Correlation coefficient: 

Index of skewness: 

Index of kurtosis: 
3(1+ 4x1 + q + 2(1+ 2U)) + 12U(2 + U) 

(l+q+2U)2 

The parameters u, c and q are determined by expressions (38). 
Proof implies the calculation of appropriate derivatives of moment generating 

function (42) at point I= 0 in order to determine the initial moments (or moments about 
the origin) and then if necessary to recalculate them in central moments (or moments about 
the mean). To derive the correlation coefficient, the moment generating function (43) is 
used. 

Corollary 2. The moments of random variable that has a marginal probability 
density (40) are calculated under the formulas: 

Expectation 0 : -LT. 
a’ 
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Variance D: 

Index of skewness: 

YP-aS. 
2a2 ’ 

Index of kurtosis: 

Proof is the same as in the previous corollary. The formulae of corollary 2 can be 
obtained also from the formulae of a corollary 1 in the limit t - s + m. In this case u + 0, 
and c + - 2a ly (a < 0). Let’s remark that the natural requirement the variance to be 
positive, i.e. yfl> aa corresponds to the requirement the expectation level to be above 
than the level of the reflecting boundary, i.e. - /?/a> - sly. 

At last we shall remark that the statement of corollary 2 concerns the MC-model, 
when all four factors of the affine structure in representation of drift and volatility in 
equalities (6) - (7) can differ from zero. For V-model and CIR-model some coefficients 
will be reduced to zero and the moments of density (40) for these models are easier 
expressed: 

Expectation, 0 
Variance, D 
Index of skewness 

Index of kurtosis 

V-model 
- p/a 
- dL2a 
0 

3 

CIR-model 
-p/a 
yfl/2a2 

&a 
3 + Y/B 

Theorem 3. The conditional probability density of the short interest rate (37) 
provided that y -+ 0 converges to the probability density of normal distribution with 
expectation E and variance V that are determined by corollary 1. In addition 

E = R ea(t-S) -q -e4-s)) for any K 
a 

V 
s ) _ e24-4 _ 1 

Y+O 2a ( 1 

Proof: The moment generating function of normal distribution for E and V by 
corollary 1 has the form 
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To prove the statement it is enough to show that Mv (zj and the moment generating 
function M, (~1 u) that is determined by formula (42) provided that y+ 0, have the same 
limit, that is Yfi”O(M,,, (z)/M,(zlu)) = . 0 Let’s prove this statement for non-negative 1. The 

proof of the statement for non-positive ris similar. From formula (42) for 0 < z/c < 1 we 
have 

lnM,(rlu)= “z/‘-s”-(l+q)l 
l-z/c y f 1 

1-; = 

= 

It follows from here that 

It is not difficult to show that 

Using explicit expressions of values u, q and c through the model parameters of the short 
rate by the formulas (38) we shall receive the following limiting relations 
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z - ry (,4-s) 
c--z 2a 

-1) 
/( 

1-J$eW) 
1 

y~o > 0. 

The application of these inequalities and limiting relations in the expression for the 
logarithm of the ratio of the moment generating functions proves the necessary result 

,~,(M, ww b-l4 = 0, that means convergence of the conditional probability density 

(37) to normal probability density. In summary we shall remark, that expectation E and 
variance V have the following explicit expressions through the model parameters of the 
short interest rate 

E= l+q+u 6 = R p(r-s) --- 
c Y 

-q-,4-q, 
a 

Hence, it is seen that E does not depend on x and V 
s ) _ 

Y-10 2a ( 
p(r-4 _ 1 

1. 

Theorem 4. The joint probability density of the short interest rate (43) provided that 
S/y+ -converges to the probability density of two-dimensional normal distribution with 
a vector of expectations (8 eT and a covariance matrix 

Z= 
’ 

p = e41-s) , 
where B and D are determined by the corollary 2. 

Proof: In order to verify validity of this statement, it is enough to show that the 
moment generating function of the joint probability density (43) provided that 6/y-+ m 
converges to the moment generating function of two-dimensional normal distribution 
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=exp{(u+v)B+0,5D(u2+2puv+v2)). 

Let’s for convenience denote x = 6/y. According to the formulae (43) (38) and 
corollary 2 the moment generating function I&&J (u,v) of the joint probability density can 
be written as 

M~.R (U,V) = eXp(- (U + 

= exp{- (u + v) x) 

According to the restrictions on the moment generating function (43) this function is 
determined on a set of variables that satisfies the to an inequality 

(u+v)&-“(1-P )i 1 --& 2 <l. 
It is enough to show that X$W(M,,T (u,v)/M,,~ (u,v)) = 0. For this purpose, first we 

shall remark that from representation ln(1 - Z)= -xzk/k , 1 z 1 c 1, follows that the 
k=l 

following inequalities take place for 0 < z < 1 

2 
z3 

>-z- 4-- 
2 1-Z’ 

(46) 

O<ln(l +z)= z-:+2- 
- (3)” 2 z3 

<z-c+-. 
k=,, k + 3 2 l-z 

ht’s now evaluate ln b’fr.R (u,v). 
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(8 + xy 
In 1-(u+v)&+uv(l-p & I 

2 

In M,R (u.v) = - (u + v) x - - c 11 = 
D 

=-((u+v)x + @g (u+v)-&-uv(l-p g$ 2 
r c 11 

+ 

+ @g (u+v)---&uv(l-p -& I 2 2 

i ,) 

+ 

=(u+v)O+; D(u2+2~uv+v2)-uv((u+v)(l-p)--& + 

+; (u~)~(l-p)~D(&)I+Dz $-+r(u+v--w(I-p[-& 

Therefore 

From here it also follows that 

that is the validity of the statement of the theorem 4. 
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Theorem 5. The probability density of the short interest rate (40) provided that 
6/y-+ m converges to the probability density of normal distribution with expectation 0 
and variance D that are determined by corollary 2. 

Proo$ It is enough to show that the moment generating function of the probability 
density of the short interest rate (40) provided that 6/y+ m converges to the moment 
generating function of normal distribution 

M,(z)=exp{0r+ 3 D 8). 

The moment generating function of the probability density (40) is expressed as (44). 
Because M,(I) is the moment generating function of shifted gamma distribution, the 
following relations take place between expectation 0, variance D and parameters of this 
distribution q, CO, x = S/y 

(j= q+’ ‘,D- q+’ 8+x --- 
2 ' co = - q+l=oZ. 

co Y CO D ’ D 

The moment generating function Mr( z) can be written through 8 and D as follows 

Let’s consider logarithm of the ratio MN (zj / A&( z> 

In MN (4 
Mr (4 

= &+;Dr’+xr+-- @+dzl 
D 
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The sum of a series in brackets is easily evaluated from above and from below. Let’s do it 
only for positive z. For negative r it is similar. 

* *D, < l+q..jE-)+,(jg f... < -+-. 
e+x e+x 

DT3 <,&&<- 20~~ 
- 3(8 + x - Dz) Mr (4 6(8+x)-302’ 

MN (4 From here it follows that provided that 6/y-+ CQ the convergence ln- 
Mr (~1 

+ 0 takes 

place, or &in-M,(r) = M, (r) as it was needed to show. 

The theorems in this section have been proved for the MC-model. From these 
theorems we conclude that the reflecting boundary - 6/y has the very strong influence on 
the kind of the probability density of the short interest rate r(t). In general case this 
probability density is a shifted gamma density (40). If 6/y= 0 (S= 0, y> 0) then the 
probability density of the short interest rate r(r) is a classical gamma density. In this case 
the MC-model is converted in the CIR-model. At last if the reflecting boundary - S/y+ 
- 00 (i.e. S > 0, y + 0) and the expectation 0 and the variance D are fixed then the 
probability density of the short interest rate r(t) converges to the density of normal 
distribution and the MC-model is converted in the V-model. 

It can seen that in general, the model with the negative reflecting boundary can not 
be realistic. However it is possible that such a model will be more likelihood for some real 
sample data. Indeed if some model with a negative reflecting boundary will be rather 
exactly describing a real process with very small probability of negative interest rate 
values, then it seems such a model can be used in the practice (Rogers, 1995). The final 
decision about such problem can be taken using the statistical analysis. 

Conclusions 

As it can be seen from the literature (Bjork, 1995; Brown and Schaefer, 1994; 
Duffie, 1992; Rogers, 1995; Vetzal, 1994) the affine yield class of the term structure is 
very important for obtaining the fundamental properties of the zero-coupon bond yield. 

390 



Therefore any new results about the properties the affine yield class are very desirable. The 
present paper is devoted to this problem. The main results of the paper are following. 

The lemma of the Introduction determines the solution of the Riccati equation (9) for 
the function of the affine term structure B(t, 7) when the coefficients of the affine structure 
are constant or are connected by relation (12). 

If the coefficients of the affine structure are constant rather simple integral relation 
(20) is derived for the function of the affine term structure A(t, 7). These results allow us 
to obtain some equivalent explicit expressions for function A(t, 7) under assumptions of 
the MC-model and as special cases for the V-model and the CIR-model. 

The propositions 1 - 3 of the Section 1 explain the properties of the functions of the 
aftine term structure A@, r) and B(l, 7) provided that the coefficients of affine structure are 
constant and give the comparative characteristics of these functions for the V-model, the 
(X-model and the MC-model. 

The theorem 1 of the Section 2 set the explicit forms for the conditional probability 
density, the joint probability density and the marginal probability density of the short 
interest rate r(t) under assumptions of the MC-model. In general case, the marginal 
probability density of the short interest rate is a shifted gamma density. The conditional 
probability density is a mixture of the shifted gamma densities with different shape 
parameters. The mixing variable is a Poisson random variable with Poisson parameter that 
is directly proportional to the value of short interest rate at time of condition. The joint 
probability density is a mixture of pairs of identical shifted gamma densities with different 
shape parameters. But the mixing variable in this case is a random variable with a negative 
binomial probability distribution. For the proof of these results the Feller’s technique has 
been essentially used. 

Let us understand the structure of conditional and marginal probability densities of 
the short interest rate as the probability structure of this interest rate process. In stationary 
regime this stochastic process r(t) has the shifted gamma density. In transient regime when 
the value of short interest rate r(t) is dependent on given value r(s), s < r, the value r(t) can 
be present as a sum of two components. The first component has shifted gamma density as 
in the stationary regime. The second component has compound Poisson distribution, i.e. it 
is a random sum of the exponentially distributed random variables with parameter that is 
equal to 1. The number of terms of the random sum is a random variable with the Poisson 
distribution. The Poisson parameter of this distribution depends on the length of the time 
interval (s, t) and tends to zero provided that (t -s) + m It means that if (t - s) + 00 then 
the second component converges to zero, too. 

The explicit forms of moment generating functions for conditional, joint and 
marginal probability densities of the short interest rate are set by theorem 2. It is seen from 
theorem this that the explicit forms of moment generating functions have more simple 
structures than appropriate probability densities. It allows us, for example, very simply to 
analyze the transient regime of short interest rate process by moment generating function 
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(42). The corollaries 1 and 2 set the leading four conditional and marginal moments of the 
short interest rate. 

The simple structure of moment generating functions makes possible easily to prove 
the limit theorems 3 - 5 concerning the convergence of the conditional, joint and marginal 
probability densities of the short interest rate to the probability densities of normal 
distribution provided that the low reflecting boundary - 6/y tends to - oq 

In the framework of the affine yield class of the term structure, the price of the zero- 
coupon bonds is determined by relation (1) in terms of the short interest rate r and the 
functions of the affine term structure A(t, 7’) and B(t, 7). Therefore, the present paper is 
devoted to the analysis of the properties of r(t), A@, 7) and B(t, 7). However, the short 
interest rate process r(t) is unobservable in the practice. Hence, the values of the short 
interest rate process can not be used for the identification of the adequate model bond 
price process. At the same time it is known that bid quotations on the most actively traded 
securities on the market are base for issuing the yield curves. Therefore, from the practical 
point of view it is more natural to use the yield interest rate (2) instead of short interest rate 
r(f). Thus it is interesting problem to identify the adequate model bond price process by 
handling of yield rate samples. The solution of this problem will allow us to understand 
which of considered above models is more relevant to describe the bond price process. We 
leave this problem to a next paper. 
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