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1 Introduction

Optimal personal financial decision making plays an important role in modern financial mathemat-
ics and economics. It covers broad disciplines like micro-economic equilibrium theory and portfolio
optimization. Merton (1969,1971) initiated the area of continuous-time consumption-investment
problems which has become a paradigm for a large set of developments and generalizations. These
are often driven by modifications of financial market models or individual preferences. In this
article we disregard the investment decision of the individual and concentrate on the consumption
decision along with the introduction of insurance decisions of various general types.

Merton (1969,1971) formulated the continuous-time consumption-investment problem. Im-
portant general results concern the optimal asset allocation including the so-called mutual fund
theorem. Explicit results on asset allocation and consumption are obtained for log-normal prices
and so-called HARA utility. Richard (1975) generalized both the general and explicit results to
the case where the individual has an uncertain life-time, income while being alive, and, apart from
asset allocation and consumption, decides continuously on a life insurance coverage. The uncer-
tain life-time is modelled, in consistency with continuous-time life insurance mathematics, by an
age-dependent mortality intensity. Actually, the idea of involving the life insurance decision in the
personal decision making of an individual with an uncertain life-time dates further back to Yaari
(1965) who studied the issue in a discrete time setting.

The same year in which Merton (1969) first published his ideas, Hoem (1969) demonstrated that
the continuous-time finite-state Markov chain is an inevitable tool in the construction of general
life insurance products and the modelling of general life insurance risk (that year queuing up for
taking small steps that proved to be giant leaps.) The finite-state Markov chain has been studied
in the context of life insurance and vice versa since then by Hoem (1988), Norberg (1991) and
many others. It provides a model for various kinds of risk connected to an individual’s life. One
important example to which we return in the core text, is the risk of loss of income in connection
with disability or unemployment. Other examples are the risk of increasing mortality intensity in
connection with stochastic deterioration of health and the risk connected with ones dependants
following from e.g. marriage and parenthood.

Financial decision making in connection with life and pension insurance has in the literature
primarily been a matter for the life insurance company. Both asset allocation and adjustment of
non-defined payments have been studied as decision processes subject to optimization. These deci-
sion problems have often been studied in the context of a quadratic loss function where deviations
of wealth and payments from certain targets are punished, see Cairns (2000) for a state of the
art exposition of the results. In that area, the life insurance risk was until recently approximated
by normal distributions with reference to the fact that the decisions concerned large portfolios of
insurance contracts. However, the life insurance market shows a trend towards a larger extent
of individualization of these decisions, e.g. in unit-linked insurance contracts where decisions on
the asset allocation and composition of payments are partly or fully individualized. Steffensen
(2003,2004) models the life insurance risk by a continuous-time Markov chain and solves the deci-
sion problem of the insurance company in the cases of quadratic loss and power utility preferences,
respectively.

Merton (1969,1971) solved the consumption-investment problem by stochastic control theory.
Also the decision problems of the insurance company presented by Cairns (2000) are approached
by stochastic control theory. However, in all these problems all risks are modelled as normal.
Also in many textbooks on stochastic control theory, applications to primarily normal risk are
studied, see e.g. Fleming and Rishel (1975). This is in contrast to Richard (1975) who works in



a survival model through introduction of a mortality intensity. It is also in contrast to Steffensen
(2003,2004) who works in a finite-state Markov chain model. Davis’ (1993) textbook demonstrates
the application of stochastic control theory to non-normal risks.

As mentioned at the end of the very first paragraph we disregard the investment decision in
this article. The reason is that it does not add much insight to this work given the results of
Merton (1969,1971) and Richard (1975). Our focus is on the consumption and insurance decisions.
Richard studies the consumption and life insurance decisions in a survival model where the saving
takes place on a private account. We generalize this in two directions. Firstly we model the
life insurance risk in a multi-state framework such that e.g. insurance decisions with respect to
disability and unemployment can be studied and an optimal position can be taken. This reflects the
variety and complexity of real life financial decisions and insurance markets. This is the primary
contribution of this article. Secondly we allow for saving in the insurance company. Richard (1975)
concludes his article by noting that 'rich, old’ people optimally should be sellers of insurance while
consuming their wealth. In his article this life insurance is sold although the policy holder has not
saved anything in the insurance company. In practice this is not possible since the maximum life
insurance sum the policy holder can sell is exactly the savings in the company. Taking this sum
to be equal to the savings in the company is exactly what happens when the policy holder holds a
life annuity. Therefore, in order to find the optimal position one has to introduce the possibility of
saving in a life insurance company. We model this by letting wealth consist of both the balance of
a private account and the balance of an account in the insurance company. This is the secondary
contribution of this article.

In Section 2 we present the finite-state Markov model, the insurance account and its relation
to classical life insurance mathematics. In Section 3 we present the rest of the model, the income
process, and the consumption process and how all payment processes affect the private account. In
Section 4 we formalize an optimization problem and present its solution. The derivation appears in
the Appendix. We study and interpret aspects of the optimal decisions in Section 5. Sections 6 and
7 contain special studies of two important cases. The survival model is studied in Section 6, obtain-
ing as a special case the same results as Richard (1975) obtained. The disability /unemployment
model is studied in Section 7 providing further results and insight.

2 Life Insurance Mathematics

In this section we present the finite-state Markov model and the insurance payment process. We
also introduce an insurance account which turns out to coincide with a traditionally defined reserve
in a special case of deterministic payment process coefficients.

We take as given a probability space (€2, F, P). On the probability space is defined a process
Z = (Z(t))y<i<, taking values in a finite set J = {0,...,J} of possible states and starting, by
convention, in state 0 at time 0. We define the J + 1-dimensional counting process N = (N k)
by

keJ

N* (1) = #{s € (0.1],Z (s-) # k. Z () = K},

counting the number of jumps into state k£ until time ¢. Assume that there exist deterministic
functions 7% (t), j, k € J, such that N* admits the stochastic intensity process (uz(tf)k (t))0<t<n
for k € J, i.e. o

k() — Nk () tZ(s)kSS
M (1) = N* (1) /Ou (5)d

constitutes a martingale for £ € J. Then Z is a Markov process. For each state we introduce the



indicator process indicating sojourn, I7 (t) = 1[Z (t) = j], and the functions p?* (¢), j,k € J and
the intensity process u?(*)¥ (t) are connected by the relation pu?®* (t) = Z . I (t) p?* (t).

The reader should think of Z as the state of life of an individual in a certafi'rjl sense of personal
financial decision making which will be described in this section. In order to fix ideas we already
now offer the reader some examples of Z to have in mind. The simplest model is the so-called
survival model with only two states, alive and dead. There, the individual jumps from the state
of being alive to the absorbing state of being dead with an age-dependent intensity. This model is
illustrated in Figure 1. To solve problems in a survival model the setup of the finite state Markov
chain is like cracking a nut with a sledge hammer, though. Indeed, we have a much wider set of
applications in mind.

(7] - [

Figure 1: Survival model

Consider the three state model illustrated in Figure 2. The absorbing state 2 is the state of
being dead. The individual can jump between two states of being alive, 0 and 1, with certain age-
dependent intensities, possibly 0. From each of these states the individual can jump into the state
of being dead with an age- and state-dependent intensity. Two examples of states 0 and 1 which
are both very apt to think of throughout this paper are the following: If 0 is the state of activity
and 1 is the state of disability, we speak of a disability model; if 0 is the state of employment and
1 is the state of unemployment, we speak of an unemployment model.

Oactivc/cmploycd | = | 1disablcd/uncmploycd

N e

Figure 2: Disability/Unemployment model

We introduce now an insurance payment process B = (B (t)),-,<,, representing the accumu-
lated insurance net payments from the insurance company to the policy holder. The insurance
payment process is assumed to follow the dynamics

dB (t) = Zj I (t)dB (t) + Zk:kﬂ(t_) b2k (1) AN (1)

where B (t) is a sufficiently regular adapted process specifying accumulated payments during
sojourns in state j and /¥ () is a sufficiently regular predictable process specifying payments due
upon transitions from state j to state k. We assume that each B’ decomposes into an absolutely
continuous part and a discrete part, i.e.

dB7 (t) =¥ (t)dt + ABI (t),

where AB7 (t) = BJ (t) — B? (t—), when different from 0, is a jump representing a lump sum
payable at time ¢ if the policy holder is then in state j. Positive elements of B are called benefits
whereas negative elements are called premiums.

In the survival model one can think of a life insurance sum paid out upon death before termi-
nation. Alternatively, one can think of a so-called deferred temporary life annuity benefit starting
upon retirement at time m and running for n — m time units until termination time n or death



whatever occurs first. Such benefits or streams of benefits can e.g. be paid for by a premium rate
paid continuously until death or retirement whatever occurs first.

In the disability /unemployment model there are also several possible constructions of insurance
payment processes: Insurance sums may be paid out upon occurrence of disability /unemployment
or rates of benefits may be paid out as long as the individual is disabled/unemployed, i.e. so-
called disability /unemployment annuities. These insurances against disability /unemployment are
typically paid for by a premium rate paid continuously as long as the individual is active/employed.
All these insurances can now be combined with the different insurances against death and/or
survival mentioned in the previous paragraph.

Assume that there exists a constant interest rate r. In general the reserve is defined as the
conditional expected present value of future payments,

Y (t) = E* [ / " re-0gp (s)

t

F o). 1)

Here and in the rest of the article we define f tn = f(t,n]' The coefficients in the payment process
are settled in accordance with the so-called equivalence principle stating that ¥ (0—) = 0 or,
equivalently, Y (0) = ABY (0), see e.g. Norberg (1991). The asterisk decoration of E* means that
the expectation is taken with respect to a valuation measure which we denote by P* and which
may be different from the objective measure. We assume that Z is Markov also under this measure
such that we can parametrize this measure by the transition intensities p/** (t), j # k, j,k € J.

We introduce a process Y which is described by the following forward stochastic differential
equation,

Ay (t) = rY (t)dt+ Zk:kﬂ(k) y? Wk (1) AN (1), (2)
=Y ) (B (1) + D sy 1O (0 (0 7 (1) dt)
Y(0) = AB°(0). (3)

The process y?* is here a sufficiently regular predictable process.
We will now show prove a relation stating that if the terminal lump sum benefit is simply the
value of Y prior to termination, independently of the state, then Y and Y are equal.

Proposition 1 If ABJ (n) =Y (n—) then

We then have that

yZ(t—)k (t) — E* [/ e—r(s—t)dB (S)
t

f@ﬂWZ®=k4—Y@ﬂ. (1)

Proof. First realize that, according to (2), we have that

Y (t) + /t " (e*“*ﬂf/ (s))

= Y@+ /t"— (—re_r(s_t)f/ (s)ds + e st gy (s)) .

efr(nft)i} (TL—)



Plugging this relation into (1), using that AB7 (n) = Y (n—), and applying (2) now gives the result
that the reserve equals Y (t),

Y(t) = E* [/n_ e "V AB (s) +6_T("_t)§~/(n—)'_7-'(t)}
= Y(t)+E* [/tn e (st Zk:k;&Z(s—) (bz(s_)’C (5) + yZs)k (s)) dM** (s)

F (t)} .

Here, M* is a martmgale under P* such that the last term vanishes.

We know that Y upon transition of Z to k at time t equals Y (t—) + yZ(t* (£). We also
know from the definition of Y that Y wupon transition of Z to k at time t can be written as
E*[[emdB (s)| F () N{Z (t) =k}]. But if Y = Y these observations together give (4).
]

This proposition has the consequence that we can skip the decoration of Y such that Y follows
the SDE given in (2). Thus, although Y is a retrospectively calculated account, it coincides with
the reserve (1). We emphasize that this relation is relies heavily on the fact that Y (n—) is paid
out upon termination such that ¥ (n) = 0. Henceforth, we use only the letter Y without the
decoration. Since this represents the savings in the insurance company we call Y for institutional
wealth.

We emphasize that the results above hold even for non-deterministic dB7 (t), % () and y?* ().
It is in this assumption that they differ from similar classical results in life insurance mathematics
where the processes B and /% are assumed to be deterministic, see e.g. Norberg (1991) for a
derivation of the following classical results. If B/ and b’* are deterministic, then, by the Markov
property, the reserve is fully specified by the so-called statewise reserves,

Y7 (t) = E* un e "V dB (s)

2= 5)

since

=> Pyt
J
In this case the reserve jump %’* is, in accordance with (4),
yE) =Y () - Y (1),

The dynamics of Y are, in accordance with (2), given by

Ay (1) = ZIJ £)dY7 (¢ )+Z(Y’“ (t) — YZ(t) (t)) dN* (1)

IS
)~<
<.
—~
~—
I

rYJ (t)dt — dB’ (t) — Zk# P () (0% (1) + YR (1) - Y (1)) dt,
Yi(n) = 0.

In this paper we consider a decision problem where, at time ¢, the policy holder decides on
dBZ® (), bZMF () and yZ Mk (t) for all k # Z (t). This is really an unconventional construction
and to a reader with a life insurance background, this may look like a very awkward decision
problem. Deciding on dBZ® (t) and b#(* (1) may seem reasonable but what does it mean that
the policy holder decides on the reserve jump yZ®* (¢)?

In practice the policy holder decides on a set of future payments, i.e. dB’ (s), b/* (s), s > t,
j # k, and on the basis of these, the insurance company calculates the reserve jumps yZ®F (t),



k # Z (t). These reserve jumps are the only consequence of the future payments that the policy
holder realizes on his account at time ¢. But this means that the policy holder in practice indirectly
decides on the reserve jumps through specification of the future payments.

In the decision problem studied here the indirect decision on the reserve jump is made direct by
reversing the procedure: We assume that the policy holder decides directly at time ¢ on the reserve
jumps yZ®* (t), k # Z (t). In principle the policy holder could then just inform the insurance
company about the reserve jump he wants insured. But this is then what he does indirectly
by demanding a set of future payments, such that the reserve jump is obtained upon a possible
transition. Le. for a given decision yZ®* (t), k # Z (t), he (or someone else with the required
expertise like e.g. the insurance company) calculates a set of future payments dB7 (s), b* (s),
s> t, j # k such that (4) is fulfilled.

There is typically a continuum of future payment processes leading to the same reserve jump
so the future payments are not uniquely determined by the above procedure. However, he can
take any one of these as long as it leads to the right reserve jumps. When the future turns into
the present, as time goes by, he decides then continuously on the actual payments to be realized,
dBZ® (t) and bZ®OF (1), k # Z (t).

In the example section we demonstrate how this machinery works.

3 The Model and the Decision Processes

In this paragraph, we introduce an income process A = (A (t)),<;<,, representing the accumulated
income of the individual. The income process is assumed to follow the dynamics

dA (t) = oD (1) dt + Zk-kﬂ@_) a? R (1) AN (1),

where a (t) and a’* (t) are assumed to be deterministic functions. Here, a (¢) is the rate of
income given that the individual is in state j at time ¢ and a’* (¢) is the lump sum income at time
t given that the individual jumps from state j to state k at time ¢. By income we think primarily
of labor income which makes sense to the state-dependent income rate a’ in the disability and
unemployment models. The lump sum income is taken into account for the sake of generality,
and more creative models could actually defend the possibility of having a lump sum income upon
transition: Consider the three state model where state 0 is the state where the rich uncle to whom
the individual is the only inheritor, is still alive and state 1 is the state where the rich uncle has
passed away. Note that in this case u'? should be set to zero just as u?° and p?! are default set to
Zero.

In this paragraph, we introduce a consumption process C' = (C'(t))y<;<,, representing the
accumulated consumption of the individual. The consumption process is assumed to follow the
dynamics

dC (t) = 2O (¢) dt + ZM#Z(F) AR () ANF (t) .

Here, ¢/ (t) is the rate of consumption given that the individual is in state j at time ¢ and ¢/* (t)
is the lump sum consumption at time ¢ given that the individual jumps from state j to state k
at time t. The processes ¢/ (t) and ¢/* (t) are decision processes chosen at the discretion of the
individual. As for the income process the rate of consumption has an obvious interpretation while
a lump sum consumption must be motivated by a more creative pattern of thinking.

The personal wealth is accounted for on a bank account of the individual. This bank account
is assumed to earn interest at rate r, the same rate that is earned on the insurance account, and,



hereafter, it accounts for the three payment processes A, B, and C. Thus the bank account has
the following dynamics,

dX () = rX (t)dt+dA(t) +dB(t) — dC (t), (6)
X(O) = Xo.

Thus, apart from earning interests, this bank account simply accounts for labor income and insur-
ance benefits as income and consumption as outgo.

Finally, we can add up the institutional and personal wealths to derive the dynamics of the
total wealth,

AXO+Y (1) = r(X()+Y () dt+dA(t) —dC (t)
+ Zk;k;zéz(t_) (bZ(tf)k (t) + yZ(tf)k (t)) dMZ )k (t).

These dynamics have the following interpretation. Firstly, the total wealth earns interest at rate r.
Secondly, the income process and the consumption process affect the total wealth directly. Thirdly,
upon a transition from j to k the total wealth increases by /% (t) + 4% (¢). From this amount,
b7* () is paid from the insurance institution to the individual and added to the bank account. The
amount, y/* (¢) is also paid from the insurance company to the individual but kept by the insurance
company by adding it to the insurance account. For this total wealth increment of b7 (¢) 4 yI* (¢),
the individual pays a natural premium at rate p/** (b (t) + yi¥ (1)).
From the dynamics of X + Y there are three important points to make.

e Assume that X and Y appear in the objective function of the decision problem through their
sum only. Then it seems possible to replace the two state variables X and Y by their sum
S = X +Y. Otherwise we still need the two state variables. One situation where X and Y
will not appear through their sum only, is if there are specific constraints on e.g. Y. To keep
insurance business separated from banking (loaning) business, one could have the constraint
that Y (¢) > 0 for all ¢ while there could be no such constraint X. That is, loaning takes
place in the bank, not in the insurance company. We solve the unconstrained problem below
but we are still able to carry out special studies with certain constraints.

o If b7k (¢) and y?(*=)* (¢) appear in the objective function through their sum only, they
will not be determined uniquely. Below, %)% and yZ(*—)¥ will not appear in the objective
function at all, so therefore we get a non-unique solution. One situation where b%(=)% and

yZ(t=)k will not appear through their sum only, is if there are specific constraints on e.g.

bZ(t=)k_ To prevent individuals from selling life insurance on their own lives, one could have

the constraint that /% () > 0. We solve the unconstrained problem below but we are still

able to carry out special studies with certain constraints.

e If the continuous insurance payment rate b%(®) (t) does not appear in the objective function,
then that payment rate cannot be determined by solving the optimization problem since the
payment rate has vanished from the dynamics of X + Y. The payment rate can appear in
different forms in the objective function, e.g. through constraints. We solve the unconstrained
problem below, though, and 5% (¢) will therefore not be determined.

Above we have mentioned possible constraints like Y (¢) > 0 and b’% (¢) > 0 which both can be
motivated by not mixing insurance and the creditworthiness of the individual. If such constraints
are fulfilled, the insurance company does not need to worry about whether the individual can afford



the insurance contract he enters into. Creditworthiness is completely left up to the bank to decide.
This motivation is closely linked to the way banking and life insurance regulation is carried out in
practice. We emphasize that below we solve the unconstrained problem in general. But due to the
non-uniqueness of v/, b/¥, and y?*, we can still solve certain relevant constrained problems as it is
also seen in the examples.

4 The Control Problem and Its Solution

In this section we present the control problem and its solution. Introduce a utility process with
dynamics given by

_ 2w (4 20 2=k (4 Z(t—)k k
duU (¢) u (t,c (t)) LR SN (t,c (t)) dAN* (1)

+AUZU) (1, X (t=),Y (t—)) de (t,n).

Here, u’ (t,c) is a deterministic utility function which measures utility of the consumption rate
c given that the individual is in state j at time ¢ and u/¥ (¢, ¢) is a deterministic utility function
which measures utility of the lump sum consumption ¢ given that the individual jumps from state
j to state k at time t. Finally, AU7 (n,z,y) is a deterministic function which measures utility of
the terminal lump sum payout from the two accounts x and y given that the individual is in state
7 at time n. We assume that the individual chooses a consumption-insurance process to maximize

utility in the sense of
sup F [/ dU (t)] .
0

where the supremum is taken over b7, b yi* 7 ik j £ k.

We specify further the utility functions appearing in the utility process. We are interested in
solving the problem for an individual with preferences represented by the power utility function in
the sense of

u (t,e) = le Oas
Y
jk 1 ik 1—v
w” (t,e) = —w" ()T,
Y
. 1 _
AUY (t,z,y) = ;AWJ () (x+y)".

Here, w’ (t) is a weight process which gives weight to power utility of the consumption rate ¢ given
that the individual is in state j at time ¢, w’* (¢) is a weight process which gives weight to power
utility of the lump sum consumption ¢ given that the individual jumps from state j to state k
at time t. Finally, AW7 (t) is a weight function which gives weight to power utility of lump sum
consumption given that the individual is in state j at time ¢. The weight functions appear simply
as factors in the utility functions. However, it is convenient to think of these weight functions as
stemming from a weight process with dynamics given by

AW (t) = w?® (¢) dt + ZM#Z(F) w? R () AN* (1) + AWZD () de (t,n) .

This artificial process - artificial in the sense that it is not a payment process anyone pays - exposes
the symmetry in structure across all appearing processes.
For presentation of the results we introduce the abbreviating function



ik 1/(1=7)
W (1) = ( B (1) ) | (7)

1 (1)
The quotient of intensities in (7), u/* (t) /u/** (¢), is actually the reciprocal of one plus the so-called
Girsanov kernel that characterizes the measure transformation from P to P* in probabilistic terms.
In financial applications, minus the Girsanov kernel is called the market price of risk.

Calculations in Appendix A show that the optimal consumption and insurance strategies are
given by the following feed-back functions for ¢/ (¢), ¢/% (t), b7% (¢), and y7* (1),

J(tzy) = I}’jg; (z+y+g (1), (8a)
wjk . .

IR (t,x,y) = fj—(g)hjk(t)(x—l-y+g](t)), (8b)
fF ) +w'* ()

vk (t,2,y) + v (t,2,y)

0 WE () (z+y+ g7 (1) (8c)

— (@) +ax+y+g" (1)
with f and g given below. In the next section we study these optimal control functions in details.

Here we just specify the functions g and f such that the optimal controls are fully specified by (8).
They satisfy the systems of ordinary differential equations given by

glt) = rg (=l ®)=3 w0 (@ O)+" (1) —g 1), (9)
gj‘(n) = 0, .
B = 0P O-w -, OO O-FE) )
fn) = AW (n),
with
R = W )R () = i () B,
5 =
L=~
rIt) = =0 =8 (W () = u () () =)

The solution to the system of ordinary differential equations for g has the Feynman-Kac rep-
resentation

st = E, { /t "m0 44 (s)}
= /tn S Zk Pix (t,5) (ak (s)+ Zl#k pF (s) a® (s)) ds. (11)

Thus, ¢’ (t) is the conditional expected present value of the future income process where the
expectation is taken under P*. This is, in other words, the financial value of the future income.

The solution to the system of ordinary differential equations for f has the Feynman-Kac rep-
resentation

FI(t) = Em‘ [/tn o= JErZ D (nydr gy (5)} ) (12)

10



Thus, f7(t) is the conditional expected value of the future weight process where expectation is
taken under an artificial measure P under which N* admits the intensity process %" (t). This
is, in other words, an artificial financial value of the future weights in the sense that an artificial
stochastic interest rate process and an artificial valuation measure are applied.

5 Studies of the Optimal Controls

In this section we study in detail the optimal controls derived in the previous section. We give
interpretations of the optimal controls in the general forms in (8). In the succeeding two sections
we study two important special constructions of the underlying process Z. There we pay further
attention to the optimal controls.

We note two important points on uniqueness. These relate to the remarks at the end of Section
3. Firstly, there is no condition on the continuous payment rate b7 (t). This was foreseen in
Section 3. Secondly, the decision processes b’* (t) and y’* () are not uniquely determined since
there is only one equation for their sum. Also this was foreseen in Section 3. Special cases are, of
course, the cases where the one or the other is default set to zero. If we put /% () or ¥ (¢) equal
to zero in (8c), respectively, we get unique optimal controls for 3% (t) and b7 (t), respectively.
This illustrates how the lack of uniqueness, makes it possible to study certain constrained control
problems after all.

We now take a closer look at the optimal controls. First we give interpretations of them as
they appear in (8). In all three formulas appear the sum z +y + g7 (). This can be interpreted as
the total wealth of the individual given that he is in state j at time ¢. This total wealth consists
of personal wealth z, institutional wealth y, and human wealth ¢7. Recall that ¢’ is the financial
value of future income given that the individual is in state j. Furthermore, in (8c) appears the
sum a’* (t) + x + y + ¢g¥ (t). This can be interpreted as the total wealth of the individual upon
transition from state j to state k at time ¢ before the effect of insurance. This wealth consists of
the lump sum income upon transition a’* () and then again of personal wealth z, institutional
wealth , and human wealth g* (¢). Here the human wealth is measured given that the individual
is in state k at time t. We emphasize that this is the wealth before a possible insurance sum is
paid out or a reserve jump has been added to the institutional wealth. With these interpretations
of total wealth in mind we can now interpret the three control functions:

e The optimal continuous consumption rate in (8a) is a fraction of total wealth. The fraction
w’ (t) / f7 (t) measures the utility of present consumption against utility of consumption in the
future. Recall that f7 (t) is an artificial value of the future weights. The optimal consumption
rate is in related problems typically formed by a similar fraction of total wealth.

e The optimal lump sum consumption upon transition in (8b) is also a fraction of wealth. The
fraction h?* (t) wik (t) /f7 (t) consists of two elements. The fraction w/* (¢) /f7 (t) measures
the utility of consumption upon transition against utility of future consumption. However,
future consumption is calculated given that the individual is in state j at time ¢ and not
given that the individual is in state k at time ¢. This is explained by the fact that the risk
connected to the jump is partly ’insured away’. The price of this insurance is, together with
the individual attitude towards risk, hidden in h’*. This explains the first element of the
factor A7k (t) wik (t) / £7 (¢).

e The optimal insurance sum plus reserve jump upon transition in (8c) can be interpreted
as a protection of wealth. In the optimal decision one should not distinguish between an
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insurance sum that is a sum added to personal wealth, and a reserve jump that is a sum
added to institutional wealth. The allocation of the total jump should be determined by
other considerations. However, how does this optimal total insurance sum protect wealth?
The optimal sum measures the difference between a fraction h?* (t) (f* (t) + wi* (t)) /f7 (t)
of present wealth z-+y-+g¢7 (t) and wealth upon transition a/* (¢)+x-+y-+g* (t). If the fraction
hI% () (f* (t) +wi* (¢)) /f7 (t) is 1 then this difference reduces to — (a’* (t) + ¢* (t) — ¢ (1))
which is minus the human wealth sum at risk. Thus, this is really the wealth that is
potentially lost upon transition and which should be protected by an opposite insurance
position. However, in the calculation of the optimal protection two further considera-
tions should be taken into account: 1) The utility of future wealth in case of no tran-
sition is measured against the utility of future wealth in case of transition in the ratio
(f* () + wi* (t)) /f7 (t). If utility of future wealth given a transition is lower than with-
out tramsition, i.e. (f*(t) +w?* (t)) /f7 (¢t) < 1, then one should underinsure ones wealth
under risk, — (a?* (t) + ¢* (t) — ¢7 ()), and vice versa. 2) If the protection is ’expensive’, i.e.
h7* < 1, then one should also underinsure ones wealth under risk in order to pick up’ some
of this market price of risk. These underinsurances are implemented by weighting the present
human wealth with the ratio (f* (¢) +w?* (¢)) /f7 (t) and A7 (¢).

Now, take a closer look at the controls ¢/ and ¢/*. For fixed Z (t) = j, we can study the
optimally controlled processes X7 and Y7 that solve the following ordinary differential equations

%Xj t) = rXI(@t)+d &)+ (t) - (1),
d

SYI() = YT - () =30 ) (0 @)+ ().

kik#j
Since X7 and Y7 evolve deterministically, we can study the state-wise controls ¢/ (t, XI(t),Y7 (t))
and ¢/% (¢, X7 (t),Y7 (t)) as functions of time. With a slight abuse of notation we denote these
deterministic functions by ¢/ (t) and ¢/ (¢). Furthermore, we consider the optimal wealth upon
transition before consumption which is given by

7 (txyy) = VF(Lay) +y" (Lay) +dt () +a+y+g" (1)
_ fk(t)+wjk (t) j j

Also ¢7% (t, X (t),Y (t)) can be studied as a function of time, accordingly denoted by ¢’* (t). From
(8) we can, by using
0

) = Ecj (t, X7 (t),Y7 (1))

+a%cj (t, X7 (),Y7 ()
9 j j
+8—ch (t, X7 (t),Y7 (1))

dX7 (t)
dt
dY7 (t)
dt

and similar formulas for ¢/* and ¢7%, derive the following simple exponential differential equations

12



o 1 i ;- wf (1)
di) = ¢ (t)(l_/y(r—l-,u (t) = p (t))+wj(t)>v
jk Jk
A = Wﬁ>1_7“+”“”‘”“”+3Q3+$42>
qgk t) = qjk (t) <1 i - (7, () — (t)) + ftk Eg 1w§k Eg + Z;k Eg) .

By the definition of & in (7) and introducing p/** (£) = (1 +T9* (t)) u?* (t), we can calculate that
Wi* () /W% (t) = 17" (t) / (1 =) (L + 9% (1))). If we define the weights according to the usual
impatience factor, i.e. w’ (£)'™7 = exp (—ut) we can furthermore calculate that w? (t) /w? (t) =
—1/ (1 — 7). Plugging in these relations and introducing (I'y)”" (t) = Zk_k# 17k (t) ?* (1), we get

the following simple differential equations for the optimal controls ¢/ (¢) and ¢/* (t),

& (1) (r =1+ T ().

A0 —

) Jk
J* (1) —tW@H%;<%w+HMT®—T%§%5>

6 The Survival Model

In this section we specialize the results in Section 4 into the case of a survival model. The idea is to
study optimal consumption and insurance decisions of an individual who has utility of consumption
while being alive including utility of lump sum consumption upon termination. Furthermore he
(or rather his inheritors) has utility of consumption upon death before termination. In Figure 3,
we have specified a set of income process coefficients and a set of utility weight coefficients.

Oalive ﬁ} 1dead
w® # 0, AW #£0 w' £ 0 wl =AW =0
a® #0,AA =0 a®' =0 a' =AA' =0

Figure 3: Survival model with income and utility weights

All statewise coefficients are zero in the state ’dead’. This means that there is no income and
no utility of consumption in that state. Weights on utility of consumption in the state ’alive’ are
specified by the coefficients w® and AW?, and weight on utility of a lump sum payment upon
death is specified by w%!. Income is specified by the rate a® and other income coefficients are set
to zero such that there is no lump sum income upon death or upon survival until termination. We
start out by specifying the functions f and g for this special case.

According to (10) f! =0 and f° is characterized by

RO = @)+ O (1) - ) @ 1) - 1),
P = AW (n),
= ==t (8) — p () + () — i (1)
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This differential equation has the solution and Feynman-Kac representation, respectively,
P = / e T (w0 () + i (5) W (s)) ds + e~ AW (n), (13)
t

Et,o {/ e e iraw (s)] -
t

According to (9) g* = 0 and ¢° is characterized by

gl (t) = rg’(t)—a’(t) +p" (1) g" (1), (14)
g’(n) = 0.

This differential equation has the solution and Feynman-Kac representation, respectively,

L) = /f a0 (s) ds (15)

= Ef, [/ e T dA (s)} .
t

We can now specify the optimal controls in terms of f© and ¢°. We get the controls

A (tay) = w1 (z+y+9° ()
o fO(t) ’
01 _ w () 01 0
Mtz y) fo(t)h ) (z+y+4g°1),
wOl
P )+ () = B0 (@ (0) o
= A(tz,y)—z—y. (16)

What happens upon death in that case is that the benefit b°* (¢, x,y) is paid out and % (¢, z, %)
is consumed. If x and y are the accounts just prior to death, these accounts upon death will then
be x + b1 (t,2,y) — O (t,z,y) and y + y°! (t,2,y), respectively. But according to (16) these
accounts are the same with opposite sign. These accounts are now rolled forward earning interest
but experiencing no cash flow to time n where Y (n—) is paid out (positive or negative). But this
benefit exactly covers the deficit at the bank account so both accounts close at zero.

We can now specify a set of payments after time ¢ which gives the right reserve jump y°! (¢, z, %)
in accordance with (4). There are several solutions from which we take the payment stream
specifying that the sum AB?! (n) is paid out at time n if the policy holder is dead then, i.e.

dB (s) = AB' (s) I' (s)de" (s),s > t.

For this payment process for we get the following calculation for isolation of AB (n) in (4),

y' (tay) = E [/ e " NdB (s)| Z (t) = 1] —y
t
= e "(=HARB! (n)—y
=
AB'(n) = 0 (y° (t,z,y) +y). (17)

We now have two equations (16) with three unknowns (°! (¢,z,y), 9" (t,z,y), AB' (n)) and all
solutions are equally optimal. The natural one to take is the one where AB* (n) = 0, y°! (¢t,2,y) =
—y, and b (¢, 2, y) = c®! (t,2,y) — z, such that all accounts are set to zero upon death.
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We also specify the simple exponential differential equation characterizing the statewise con-
sumptions,

(r—c+T@)pud), (18)
) = ) ﬁ (r— LT () pt) — %) . (19)

We now consider two examples, where the control in this special survival case can be specified
further. These examples correspond to the cases where there is no bank account and no insurance
account, respectively.

Example 2 No insurance account
We can put the insurance account equal to zero without losing expected utility by specifying that
the natural premium for the optimal death sum is the only payment to the insurance account, i.e.

—b(t) =" (&) (t).

Realize from (2) and y°* (t,x,y) = —y that then Y (t) = 0 for all t. Then we can put y = 0 in all
controls and skip the dependence on y, i.e.

’LUO
Sta) = i (o 0).
A (tx) = W' (¢) RO (t) (= + ¢° (1))
’ fo(t)
W (t,z) = P (t) -

The formulas are identical to those by Richard (1975,(42,43)). In comparison we mention that
Richard (1975) uses the following notation (Richard notation = notation here): a = f1=7, b =g,
h=w'"7, m= (wl)l_v, A=p, p=ph' L,

In Richard (1975) the mortality is modelled such that the probability of survival until termination
n, exp (— j;n u), 1s zero for allt. This is obtained by y — oo for t — n. Furthermore, it is assumed
that p* (t) /u(t) — 1 for t — n. But then the last term of (13) is zero and AW (n) is superfluous:
If we know that we will not survive time n, the utility of consumption at time n plays no role for
our decision. With AW (n) =0, (13) and (15) are identical to those by Richard (1975,(41,25)).

One problem, from a practical point of view, with this construction is that the optimal insurance
sum may become negative. If the individual (and his inheritors) has relatively large utility from
consuming while being alive compared to consuming upon death, he should optimally risk losing
parts of his wealth as he grows old. When there is no institutional wealth he does so by selling life
insurance. But the way individuals sell life insurance in practice is instead by holding life annuities
based on institutional wealth. Therefore, a much more realistic special case is given now in an
example with no bank account.

Example 3 No bank account
We can put the bank account equal to zero without losing expected utility by specifying that
imcome minus consumption goes directly into the insurance account, i.e.

B=C-A.

In this concrete case this corresponds to letting —b° (t) = a° (t) — ¥ (t), i.e. the ewcess of income
over consumption is paid as premium on the insurance contract, and b°! (t) = c® (t), i.e. upon
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death the insurance benefit is consumed (by the inheritors). Realize from (6) and (16) that then
X (t) =0 for all t and we can put x = 0 and skip the dependence on x in all controls, i.e.

0 _ w’ (1)
¢ (ty) a0 (y+g(), (20)
01 _ w ()
¢ (t,y) 700 h(t)(y+g(t)
= V().

Note that since now bt = %1, the differential equation (19) holds also for the optimal death sum.

Remark 4 The optimal consumption rate (20) solves the problem of optimal design of a life an-
nuity. If from time t there are no more incomes, i.e. g(t) = 0, the optimal life annuity rate is
given by the fraction w® (t) /O (t) of the reserve. If w® (t) is constant and there is no utility from
benefits upon death or termination, i.e. w% (t) = AW?Y (n) = 0, we get the optimal annuity rate
equals the reserve divided by B
/ e JirtRgs,
t

This is just the present value of the life annuity with interest r* and mortality rate . For the
logarithmic investor (v = 0) we get the simpler ftn e~ i rds. It is interesting to see how the life
annuity rate evolves over time, but this question is answered by (18),

ci (1) =" (1) (r—e+T @) p().

1—nv

If the insurance is priced fair, this simplifies to

11—~
Whether this annuity is decreasing or increasing depends on whether the impatience factor v is

larger or smaller than the interest rate r. Typically, one would take the impatience factor to be
larger than the interest rate and then the optimal annuity rate decreases exponentially.

7 The Disability /Unemployment Model

In this section we specialize the results in Section 4 into the special case of a survival model. The
idea is to study the optimal consumption and insurance decisions of an individual who has utility
of consumption as long as he is alive. The utility may change, however, as he jumps into a state
where he looses his income. This state may be interpreted as a disability state or unemployment
state, depending on the study. In Figure 3, we have specified a set of income process coeflicients
and a set of utility weight coeflicients.

All statewise coeflicients are zero in the state ’dead’. This means that there is no income and no
utility of consumption in that state. Weight on utility of consumption in the state ’active/employed’
are specified by the coefficient w®. Lump sum consumption upon termination or transition between
states is given no weight, i.e. AWY = AW = w® = 0. Weight on utility of consumption in the
state ’disabled /unemployed’ is specified by the coefficient w!. The income in that state is set to
zero, a® = 0. Letting p = 0 may be less realistic in an unemployment interpretation than in a
disability interpretation but is nevertheless assumed to obtain explicit results.
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Oactive/employed é 1disablied/unemployed
=0
w® #£0,AW° =0 wo’izo wl # 0, AW =0
CLO#O,AAOZO a()l:O aleAlz()
m v
N e
w2 =0 w2 =0
(L02 =0 a12 =0
2dead
w2=AW?2=0
a>=AA2=0

Figure 4: Disability /Unemployment model

According to (10) f2 =0 and f! and f° are characterized by

@y = (o +v@) L) —wt (@), fH(n) =0,

) = —or—0(W—v)+v-7,

@) = (W+n)+a) ) —w’ @) —a @) fHt),f*n) =

Ot = == () ot () —p(t) o (t) Fult)+o(t) - ﬁ(t)—a(t)~

This differential equation has the solution and Feynman-Kac representation, respectively,
n s %1 | ~
re) = / e I () ds
t

= Et,l [/ e I aw (s)} )
t

PO = [ e W )5 () () ds
= Et,O |:/n e~ JE T*Z(T)(T)deW (S):| )

t

We specify further this solution in the special case where 0* = o, v* = p* and v = p. This

means that disability /unemployment risk is priced by the objective measure and that the mortality
=90 =p*and 7 = 0.

0 =w! =w, we

risk is not changed when jumping into state 1. In that case we have that r
If we furthermore have that the utility is the same for the states 0 and 1, i.e. w
get that fO = f! is given by

o = / e T iy (s) ds
t
= Et,o {/ e_ftST*(T)deW(s) .
¢

According to (9) g2 = g' = 0 and ¢ is characterized in the same way as in (14) and (15) with
w* replaced by p* 4+ o*.
Assume now, as in the previous section, that the insurance account is set to zero upon death,
i.e.
y? (tx,y) = y' (ta,y) = —y. (21)
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We can now specify the optimal controls in terms of f and g. The consumption upon transition
is zero since we have no utility of consumption upon transition. Furthermore, the optimal life
insurance sum becomes minus the personal wealth, i.e.

A= 22

b2 = b= —a (22)

The more interesting controls are the consumption rates as active and disabled and the optimal
protection against disability risk,

w0 (¢
A (ta,y) = 7o ((t)) (z+y+4°(),
wt (¢
o) = G @),
01 01 1), o 0 _
Pz y) 9 hey) = mpht O @ty @) - @ +y). (23)
Concerning the transitions into state 2 we have from (21) and (22) the relations
2 (82 y) + 4 (tay) = —(z+y), (24)
0 (tayy) +y (tayy) = —(z+y),

which have the same interpretations as in Section 6: Upon death the bank account balance = +
b2 (t,z,y) (or x + b'2 (t,x,y) if the policy holder dies as disabled) equals minus the insurance
account balance y + y°2 (t,z,y) (or y + y'2 (t,z,y) if the policy holder dies as disabled). This
just means that these accounts, one being negative the other, earn interest until time n where
the terminal benefit }7(71) is paid to the bank such that both accounts close at zero. As in
Section 6 we can now find payments upon death and after death such that (24) holds. But then
we can just as well take the insurance account to zero already upon death by requiring that
y02 (t,{E,y) = y12 (t,{E,y) =Y.

Before looking closer at the insurance decision we specify the simple exponential differential
equation characterizing the statewise consumptions,

1 > (r—o+T2 @) p(t)+I% (1),

1 12
W(T‘—L-i-l—‘ (t)u(t)).

The optimal protection against loss of income is given in (23). There we see that for the special
case with the same utility in states 0 and 1, i.e. f = f0 = f!, the optimal protection reduces to
RO (t) (z +y + ¢° (t)) — (z +y). If furthermore, the price of this protection is calculated by the
P-intensity, i.e. k%" = 1, then the protection reduces to ¢g° (t). Thus, under these circumstances
the individual should fully protect the financial value of future income. If utility of consumption
as disabled is lower than utility of consumption as active and/or if the protection is expensive in
the sense of h%' > 1, then one should underinsure the potential loss.

We now consider two examples, where the control in this special disability /unemployment case
can be specified further. These examples correspond to the cases where there is no bank account
and no insurance account, respectively.

Example 5 No insurance account.
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We can put the insurance account equal to zero without loss of value by specifying that the
natural premium for the optimal death sum is the only payment to the insurance account, i.e.

=00 (t) = o ()b () +pt (1) (1),
W) = b2 ),
y? () =

Realize from (2) and y°% (t,z,y) = y'? (t,z,y) = —y that then Y (t) = 0 for all t and we can put
y = 0 and skip the dependence on y in all controls, i.e.

SER S

_w' (1Y)
A (t,x) = 0 (z+4° (1),
_w! w ()
ta) = Fy®
VOl (t,z) = ?0 Et; RO (t) (x4 ¢° (1) — =

The remark at the and of Example 2 applies again here: The insurance sum may becomes
negative, and in practice negative insurance sums are not obtained by and individual’s selling of life
isurance but by putting the wealth saved in the institution at risk through some annuity contract.
Therefore, a much more realistic special case is given now in an example with no bank account.

Example 6 No bank account.
We can put the bank account equal to zero without losing expected utility by specifying that
imcome minus consumption goes directly into the insurance account, i.e.

B=C-A.

In this concrete case this corresponds to letting —b° (t) = a® (t) — ° (t), i.e. as active the excess
of income over consumption is paid as premiums on the insurance contract, b* (t) = c! (t), i.e. as
disabled the annuity benefit is fully consumed, and b°* (t) = O' (t) — a®t (t) = 0, i.e. there is no
lump sum death benefit paid out. Realize from (6) that then X (t) =0 for all t. We can then put
x =0 in all controls and skip the dependence on x, i.e.

’U}O
Aty = fo((;) (y+9°),
) = e
y(ty) = ﬁogt; ) (y+9° (1) — . (25)

The question is now, what should the policy holder actually do in order to demand the optimal
reserve jump y°* (t,y). Let us consider the case where the policy holder demands to optimal reserve
Jump by purchasing an optimal disability annuity. In general, we have that the disability annuity
rate solves the equivalence principle upon transition

y+y" (ty) = / e I bl (s) ds,
t

which by the optimization relation (25) leads to

L), o N A
fO(t)hO (t) (y+90(t))—/t e~ I Bl (s) ds.
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If the disability annuity demanded is constant this leads to the optimal annuity rate

1:f1(t)h01(t) y+4° () '
[lem firvids

fo@)

This rate becomes particularly simple in the special case where preferences in the states 0 and 1
are equal and where insurance is priced fair, i.e. h% (t) f1(t)/f°(t) = 1. However in that case
one could also come up with a very simple non-constant solution. The differential equation for
YO(t)+4°(t),

LN+ M) = Hu) YO )~ 0)+a (1)~ o (1) (1Y (1)
(1) + o (6) g (1) —a” (1)
(r+ 1 () (Y0 (£) +¢° (1) = < ()

should be equal to the differential equation for the value of the future annuity benefits,

d </ S Sty (s) ds) = (r+p (1)) / S (s ds b (1),

dt

But these are the same exactly if
bt(t)=c"(t).

Thus the policy holder obtains the optimal reserve jump by demanding a disability annuity with
a time dependent payment rate corresponding to his optimal consumption rate given that he is
still in state 0. It is very intuitive that he then gets full protection if the disability rate equals
his optimal consumption in state O since this gives him the opportunity, in case of disability, to
continue consuming ’as if nothing had happened’. If instead the policy holder is underinsured, i.e.
RO (t) f1(t) /fO(t) < 1, because he has lower utility from consumption as disabled than as active
and/or because the protection is expensive, then he would have to demand a correspondingly lower
disability annuity.
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Appendix A

For solution of the control problem we introduce a value function

V(ta,y) =suwpkEl,, [/ dUu (S)] ,
t

where ng denotes conditional expectation given that X (t) = x, Y (t) = y, and Z (t) = j. The
HJB equation for this value function is as follows,

Vi (t,z,y) = inf [—%wj )7 (t)
Vi (tay) (re +f () + 6 (1) = (1)
Vi () (ry =¥ (0 =3, 0™ @) (0 (1) + v ()

k:k#j
1

- Zk:k# 1 (t) <;wj’f ) TR )T+ VE (2R ),y + R (1) - VI (ta, y))}

with
27k (1) = 2+ a* (t) + 075 (1) — IF (1)

We now guess that the HJB equation is solved by the following function with according deriva-

tives,
Vit zy) = %fj(t)l_”(:v+y+gj(t))”,
Vi (tz,y) = 1;7fj(t)_”ff(f)(w+y+gj(f))7
PO @y+g () 6 @),
Vitay) = P (@ry+g 1),
Vitay) = P (@ry+g @)

Firstly we consider the first order conditions for the elements of the consumption process. The
conditions for ¢ and ¢* becomes

j w (t) j
c (t) 70 (z+y+d’ (1),
ik
) = D ik gyt (1) by g () g (1), (26)

FE(E) + wt (t)
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Here, one should note that 5% and y’* appear in the first place in the relation for ¢7*.
Secondly we consider the first order conditions for the elements of the insurance contract. These
conditions are given by the following relation

e WO )
V=

Here, there are several points to make. Firstly, there is no condition on . Secondly, »* and
y7* are not uniquely determined since the first order condition only puts a condition on their the
sum. Thirdly, ¢/F appears on the right hand side. Thus, we have to calculate the solution of two
equations (26) and (27) with two unknowns ¢/* (t) and /¥ (t) + y7% (¢). The solution is

(z+y+gd @) — (2+d" @) - * +y+4"(1). (27)

IRt = fj—(t)hk(t)(w‘ul"‘g (1)),
k wik _ _
vy = %@)mhﬂ“ ) (= +y+g (1)

—(a* () +z+y+g" ).

Plugging these control candidates and the value function and its derivatives into the HJB
equation leads to the ordinary differential equations for f and g presented in (9) and 10). That
these ordinary differential equations actually have solutions, see (11) and (12), verifies that the
suggested value function is the right one and that the control candidates above are indeed the
optimal ones.
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