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1 Introduction

Life and pension insurance companies typically use deterministic mortality intensities when
determining premiums and reserves. These mortality intensities are often assessed via his-
torical data from the portfolios in the company. Given the estimated mortality intensities
the companies have traditionally been explicitly concerned with the unsystematic mor-
tality risk, which is the risk associated with the randomness of deaths in an insurance
portfolio with known mortality. According to the law of large numbers, the unsystematic
mortality risk is diversifiable, which means that it is eliminated if the portfolio is suffi-
ciently large. However, the mortality is not deterministic, so the companies are exposed
to systematic mortality risk as well. The systematic mortality risk, which refers to risk
associated with changes in the underlying mortality intensity (or the mortality table), is
fundamentally different than the unsystematic mortality risk. It is not diversifiable, and
thus it is not eliminated when the size of the portfolio is increased. In practice, the life
and pension insurance companies deal with the systematic mortality risk according to the
so-called prudent man principle, i.e. they set the mortality intensities to the safe side.
This will, hopefully, create a surplus which is then redistributed to the insured using the
so-called contribution principle.

During the last years, the average lifetime has increased dramatically. This fact has to
some extent been neglected, since focus has been on the financial risk, which is much
easier to observe and handle. It is now clear that the mortality tables used 20 years
ago for the pricing of life annuities were in some cases not sufficiently conservative, since
whole life annuities are being paid out for several years longer than expected. The current
challenge for the life insurance companies is therefore to control the combined financial
and insurance risk inherent in life insurance contracts.

There are essentially two ways of addressing mortality risk: One can link or adapt benefits
to the current mortality, or one can invest in financial assets, which are correlated with
the mortality or number of survivors. Linking benefits to the mortality has been called
mortality-linked contracts, see e.g. Dahl (2004). In the present paper, we focus on the
possibility of hedging mortality risk by investing in mortality-linked derivatives. The key
difference between financial risk and mortality risk, is that the financial market provides
a vast number of financial assets which the companies can use to hedge the financial risk,
whereas this is not the case with mortality risk. There is, however, much focus on the
subject, and some financial assets linked to the mortality have been issued. In this paper,
we consider the so-called survivor swap. With this contract, we swap (exchange) a fixed
rate of survivors for the actual number of survivors. Hedging with survivor swaps has also
been considered by Lin and Cox (2005). Blake, Cairns and Dowd (2006) have studied
other types of mortality-linked derivatives, such as longevity bonds, mortality swaps and
mortality swaptions.

In the literature, various models for the stochastic mortality have been proposed, see
e.g. Marocco and Pitacco (1998), Milevsky and Promislow (2001), Dahl (2004), Cairns,
Blake and Dowd (2004), Biffis and Millossovich (2004), Miltersen and Persson (2006) and
references therein. In this paper, we consider a model with stochastic interest rates and
stochastic mortality intensities. The model is inspired by the one proposed in Dahl (2004)
and Dahl and Mgller (2006) and uses the so-called CIR-processes known from the financial
literature for the modeling of mortality intensities. We study a model with two mortality
intensities and two underlying random processes. Both mortality intensities may be driven
by both underlying processes. The first mortality intensity represents the mortality of the



insurance portfolio, and the second intensity represents the mortality of a population.

We consider different financial markets, which contain a zero coupon bond and possibly
one or more survivor swaps, and study the possibilities of hedging in these markets. In all
the markets we have more sources of risk (financial risk and mortality risks) than financial
assets, so we apply theory from incomplete markets. More precisely, we use the criterion of
risk-minimization introduced by Follmer and Sondermann (1986) for contingent claims and
extended to payment processes by Mgller (2001) to determine risk-minimizing strategies.
The strategies illustrate how the combined insurance and financial risk can be hedged
partly with bonds and survivor swaps. This extends the work of Dahl and Mgller (2006).

The paper is organized as follows: Section 2.1 introduces the basic financial market, and
Sections 2.2/ and 2.3/ review the mortality theory of Dahl and Mgller (2006) within a two-
dimensional model with two portfolios, where the underlying mortalities are correlated.
Section [2.4] considers the combined model. In Section 3, we introduce survivor swaps in
the financial market and define their price processes. Section 4! introduces a portfolio of
general life insurance contracts and the market value. In Section 5, we give a brief review
of the theory of risk-minimization and apply these results for determining risk-minimizing
strategies in the various financial markets. Finally, the strategies are compared numerically
in Section 6. Proofs of some technical results are presented in the Appendix.

2 The model

In this section we introduce the combined model for the financial risk and the insurance
risk. The model is inspired by the one of Dahl and Mgller (2006). Let T" be a fixed finite
time horizon and (Q, F, P) a probability space equipped with a filtration IF' = (F(t))o<t<T,
which contains all available information. We define IF' as the natural filtration generated
by three independent standard Brownian motions W# = (W} WJ}') and W" and a 2-
dimensional counting process N(x) = (Ny(z), Na(x)). The process N(z) is used to keep
track of the number of deaths in two portfolios, whereas W# drives the mortality intensities
and W' determines the interest rate. In addition we consider sub-filtrations &, I and IH
generated by W' WH# and N(z), respectively. We assume that W” and (WH, N(z))
are stochastically independent. For an extension with dependence between the financial
market and the mortality intensities, see Miltersen and Persson (2006).

2.1 The financial market

In this section, we introduce the financial market, which exists of two traded assets: A
savings account and a zero coupon bond with maturity 7" with price processes B and
P(-,T), respectively. The short rate is determined by a so-called Vasi¢ek model, i.e. the
short rate dynamics under P are

dr(t) = (7" — 8"r(t))dt + o dW (1),

with r(0) = ro. Here, 7", 0" and 0" are constants, and W is a standard Brownian motion.
As in Dahl and Mgller (2006), we assume that

. Rp
P(t,T) = EQ [e_ ¢ rlwdu

F(b)).



where the measure Q" is defined via % = A(T), with dA(t) = AL)RT(£)dWT(t), A(0) = 1,
and where
c t
BT (t) = — (CT + Cr()) . (2.1)
o o

Here, ¢ and ¢ are constants. It follows by Girsanov’s theorem that the dynamics of » under
Q" are given by

dr(t) = ("9 — 6"9r(t)) dt + 0" dW"9(t), (2.2)
with r(0) = 79, where W is a standard Brownian motion under Q", and where

V=9 -5
9 =6 +c.

The model is affine under @), and it is well-known that

P(t, T) _ eAT(t,T)—BT(t,T)r(t)’

where A"(t,T) and B"(t,T) are given by

B"(t,T) = &17@ (1 B efgr,Q(T—t)> 7

(B"(t,T) =T +t)(y"Q6™Q — 2(0™)?)  (0")*(B"(t,T))?

A"(t,T) = Q)2 — 1570

The dynamics under P of the zero coupon bond price process are
dP(t,T) = (r(t) — h"(t,r(t))oP(t,r(t))) P(t, T)dt + oP(t,r(t))P(t, T)dW"(t),
where
oP(t,r(t)) = —o"B"(t,T).
The dynamics under Q)" of the price processes are

dB(t) = r(t)B(t)dt, B(0)=1,
dP(t,T) = r(t)P(t, T)dt + oP (t, () P(t, T) AW 9(t). (2.3)

We note that Q" is the unique equivalent martingale measure for the financial model.

2.2 The mortality intensities

We consider two portfolios and introduce two different mortalities, which may be corre-
lated. Inspired by the model of Dahl and Mgller (2006), we define for each portfolio the
processes

de(I,t) = (Vj(gjvt) - 6j(x7t)gj(x7t))dt + 4/ gj(x7t)gj($7t)dwu(t)v (2'4)

¢j(xz,0) =1, j = 1,2. The process (; is related to an insurance portfolio, whereas (s is
related to a larger population. Each of the two groups are assumed to exist of individuals



of equal age z. Here, o; is a two-dimensional row vector and W* is a two-dimensional
standard Brownian motion.

The mortality intensity processes are given by u;(z,t) = pj(x +t)¢j(z,t), where uj are
the initial mortality intensities at time 0, and the survival probabilities are defined by

RT Ry .
Sj(x’th) =E” [6_ v Kg(@T)dr .7:(75)} = gFf [e_ ¢ B (z+7) ¢(2,7)dr

f(t)} . (25)

For more details, see Dahl (2004) and Dahl and Mgller (2006). In the case where o} (z,t) =
(01,1, 0) and ob (z,t) = (O, 02,2), the two mortality intensities are independent. If instead
we take of' (z,t) = (01’1, 01,2), the two mortalities are no longer independent.

It follows by It6’s formula that, for j = 1,2, the dynamics of the mortality intensities are

d/ﬁj(l’,t) = (7;"(1‘775) - 57($>t)uj(x7t))dt + 4/ Nj(x>t)ay(x7t)dwu(t)a (2.6)

where
Vi (@, t) = pg(x +t)y; (2, 1), (2.7)
d o
e s (x+1)
0% (2,1) = dj(w,t) — mv (2.8)
a;-‘(m, t) = \/u5(x +t)oj(z,1). (2.9)

In order to ensure that the mortality intensities are strictly positive, we assume that
t
29 (2, 1) = (0(2,1)) (03 (2, )", (2.10)

where a" denotes the vector a transposed.

2.3 The lifetimes in the portfolios

This section describes the lifetimes in each of the two portfolios. For simplicity, we assume
that the portfolios consist of nj, j = 1,2, lives, all aged z years at time 0. Furthermore, we
assume, that the lives in portfolio 1 are different from the lives in portfolio 2, i.e. the two
portfolios consist of disjoint lives. We adopt the natural assumption that the lifetimes in a
portfolio are mutually independent and identically distributed conditional on the mortality
intensities. The remaining lifetimes at time 0 are described by a sequence of non-negative
random variables Tj1,...,Tj,, j = 1,2. The probability of a single individual surviving
to time ¢, given the information on the mortality intensity until time ¢, is given by

R
P(Tjy > t|Z(t)) = e~ oril@sds 5 9

All considered insurance contracts have expiration time 7', so the mortality processes are
only modeled on the interval [0,7]. We therefore introduce censored lifetimes given by
Tj*Z =T;; NT, j =1,2,1=1,...,n;. In each portfolio the censored lifetimes are now
ii.d. given Z(T'). We emphasize, that even though the mortality intensities for the two
portfolios may be correlated we have conditional independence between the lives in the

two portfolios.

The number of deaths at time ¢ € [0, 7] in portfolio j is described by the counting process
Nj(z) = (Nj(2,1))sefo,r), Where

nj
Nj(z,t) = > Lgr,,<ps (2.11)
=1



for j = 1,2. The stochastic intensity process Aj(x) = (A\j(x,t))e[o,r) related to N;(z) is
given informally by

(@, t)dt = EP[AN;(z, )|H(t—=) V I(t)] = (nj — Nj(x, t—))pj(z, t)dt, (2.12)

7 = 1,2. Hence the transition rates are simply the mortality intensity multiplied by the
number of survivors just before time ¢.

2.4 Change of measure

Inspired by Dahl and Mgller (2006), we consider martingale measures, with a likelihood
process A on the form

dA(t) = A(t—) (h’“(t)dWT(t) +RA AW (L) + g(t)dM (z, t)), (2.13)

with A(0) = 1. We assume that ET[A(T)] = 1 and define an equivalent martingale
measure ) by % = A(T). Here, h* and g are two-dimensional processes. For simplicity,
we require that g is deterministic, continuously differentiable and g; > —1, j = 1,2. The
process h" is defined in (2.1). The other terms in (2.13) are related to the mortality. We
take the Girsanov kernels on the special form

P (t, s p2) = 052(;,;,,5)(55(%75)@ G5 (x,t) >

ar(z,1) ol (z,t)\/ 2w, t)

o <af<x,t>\ﬁm<x,t> Bt ) ew

— 0-272 —

(1) o (x, t)y/ i (1)
w (x’t)<ﬁf($,t)v,u1($,t) /Bil(xvt) >

Ry (t, p, pra) = 02,1

5’“(1‘,t) 5“($7t) :ul(x7t)
N ﬂg(xvt)VN2($7t) _ Eg(x7t)
aﬁl(x,t)< iz 1) pr— M(ﬂ)), (2.15)

where 0/ (z,t) = 0¥ (2, t)0h | (,t) =0 1 (x,t)0h o (2, 1) and B and B;L are continuous func-
tions. This ensures that the mortality intensities follow CIR models under ). Moreover,
the restrictions on g and h* ensure that the stochastic independence between the finan-
cial market and the insurance elements is preserved under (). Indeed, straight-forward
calculations show that

dpj(w,t) = (’Yf’Q(fE,t) = 5;’Q(x’t)ﬂj($at))dt + /()0 (z, ) dWH (1),
where WH is a 2-dimensional standard Brownian motion under @, and where
VL a,t) =) (@) = B (x, 1),
19 (@, t) = o (w,t) — Bl (x,1).

We emphasize that ﬁf and Bf must fulfill certain conditions in order to prevent zero-valued
mortality intensities, see Dahl and Mgller (2006).

Finally, we define the @-martingales M]Q by deQ(x,t) = dNj(z,t) — A?(w,t)dt, where
/\?(:c,t) = (nj; — Nj(z,t=))(1 + gj(t))pj(z,t), 7 = 1,2. We can interpret the quantities
u?(a:, t) = (1+g;(t))pj(x,t) as the mortality intensities under Q.



2.4.1 Survival probabilities under @
We define the survival probabilities under @ by
R
S;?(x;t7 T) = EQ |:€_ tT M]Q(:C’T)d’r

Fo),
and the associated QQ-martingales by

R R
SJQ’M(HC,t,T) — EQ [e— o 1S (x,m)dr f(t)} — e éﬂf(m’T)dTSJQ(x,t,T).

A closer inspection of the Q-mortality intensities ,u]Q reveals that the dynamics are on the
form
Q — H:Q79 _ H:Q,g Q Q H:Q’g ,UqQ
dp(a,t) = (vj (,8) — 6499 (a2, )9, t))dt + /18 (e, )0 % (@, () aw (1),
where

’yf’Q’g(wjt):(lJrgj() (1),

1,Q,9 _ @ _ dth( )

oI (3, 1) = 1+ g;(t)ot (x,1).

In this case, the diffusion term is two-dimensional, so in order to use the affine theory
from Section 2.1, we first rewrite ,u? (z,t). Tt is well-known that

9 (2, ) AW () + ol (x, ) AW P () = 5499 (w0, ) dW (1),
where W]’?L @ are standard Brownian motions, and
509z, 1) = /(0829 (, 1)2 + (0429, 1))2.

The mortality intensities can now be written on a form, where the diffusion term is one-
dimensional, i.e.

S (1) = (fy]‘."Q’g(x,t) = 69 2, ), t))dt /19 @, 0799 (e, ) a W),

such that the drift and squared diffusion terms for ,U,?(l',t) are affine in ,u?(x,t). This
is similar to the situation in Dahl and Mgller (2006), and the results obtained there now
show that the Q)-survival probabilities S]-Q(a:, t,T), j = 1,2, are given by

SJQ(% tT) = eA;,‘aQ(:Jc,t,T)*B;."Q(gc,t,T)y? (m,t)’

where A? @ and B;-L @ are determined from

8 /J'aQ /J'zQ’g #7Q 1 ~/I‘1Qvg 2 u?Q 2
O B, 1) = 8599(@. B, 0.1) + L (599,12 (B, 1. 1))
B9z, T,T) =0,
0

NQ — M7Q7g M,Q
aAJ (‘T’taT) ’YJ (LIZ,t)B] (l"taT)v

wQ —

A9 (2, T,T) = 0.

The forward mortality intensities under @) is for j = 1,2 given by

0 0 0
fr (e, t,T) ~a7 logS (,t,T) = p; (:v,t)aTB] (x,t,T) — 8TAJ (x,t,T),

see Dahl and Mgller (2006).



3 Survivor swaps

Inspired by interest rate swaps, so-called survivor swaps have been introduced, where
one can exchange a fixed number of survivors with the actual number of survivors in a
portfolio. The portfolio could for example be the insured lives in an insurance portfolio or
the lives of a certain age in some population.

3.1 The payment process associated with a survivor swap

When a buyer and a seller agree to enter a survivor swap, they essentially agree on some
fixed survival probability, which is here determined at time 0 and given by
R

tﬁl‘ — 6_ otﬁo(x77)d7—_
The intensity /i° determines the fixed payments during the period of the contract.

A survivor swap on each of the two portfolios can now be described by payment processes
Ajwap, j = 1,2, with dynamics

A4 (2, 1) = () = Ny(a,t))dt = m iy . -1

and ATP(z,0) = 0. The payment rate in (3.1) is the difference between the actual number
(nj — Nj(x,t)) of survivors in portfolio j at time ¢ and the expected number n; ;p,, which
is calculated at time 0 by using the survival probability p,. Thus, the swap leads to a
continuous payment if the actual number of survivors exceeds the predetermined level of
survivors. If on the other hand the predetermined level of survivors exceeds the actual
number of survivors, the payment rate (3.1) is negative, and the buyer has to pay the
difference to the seller of the contract.

3.2 Market values

In the remaining of the paper we consider a fixed but arbitrary measure ) from the class
of equivalent martingale measures introduced in section 2.4l

Let the discounted payments A* V2P from the survivor swap be defined by
. R t -
dAT SV (2, 1) = e o TWMGATP (1 1),

and A* SVaP(x 0) = 0. For j = 1,2 we now introduce the process Z;’Q given by

T R,
Z;’Q(x,t) = B9 [/0 e o T(u)d“dAj Pz, 1)

f(t)] . (3.2)

Hence Z;’Q(.%', t) is the conditional expected value at time ¢ of discounted payments from
the survivor swap on portfolio j. In this paper we adopt the terminology of Follmer
and Sondermann (1986) and refer to a process on a form similar to (3.2) as an intrinsic
value process. The asterisk * in Z;’Q(x, t) and A* SV indicates that we are working with

discounted values. We will use this notation in the rest of the paper. It follows that

* %, sSwa —Rtru u r —R'rru m swa;
Z79(w,t) = AP TP (2, 8) 47 0TI pQ [/t e ¢ Mg AT (g 1) ]-'(t)]

A%, swap —7%,Q




where we have introduced the notation

~ R T _R;
70, t) = e 4T pQ [ /t e (A AT (g 1)

}'(t)] .

Here, Z]*Q(t) is the discounted market value of the future payments and represents the
discounted expected value of future payments given the current information. Using (3.1)
and the independence between the financial market and the insured lives, we get that

_ T T
Z;’Q(w,t) = (n; — Nj(a:,t))/ P*(t,7)89(x,t, 7)dr — n; t'pvx/ P*(t,7)r—tPrtedr,
t t

where P*(t,7) is the discounted price of a zero coupon bond. The first term is the dis-
counted market value of the variable payments, and the second term is the discounted
market value of the fixed payments.

We assume below that assets with discounted price processes (3.2) can be traded dynam-
ically in the financial market. These assets may now be used for hedging the combined
insurance and financial risk inherent in the insurance portfolio. We note that the dis-
counted price processes are martingales under the chosen measure (), such that @) is also
a martingale measure in the extended markets, where the survivor swaps can be traded
dynamically.

3.3 A stochastic representation of survivor swaps

In this section, we derive a stochastic representation of (3.3), which provides insight re-
garding the different types of risks associated with a survivor swap. Furthermore, it is
useful for determining risk-minimizing strategies in the situation where the survivor swaps
can be traded dynamically.

In the remaining of the paper we work under the following assumption.

Assumption 3.1 Z]*Q c 0122 e, Z]*Q is continuously differentiable with respect to t
and twice continuously differentiable with respect to r and u.

Lemma 3.2 A survivor swap on portfolio j with fixed survival probability +p; admits the
representation

t t t
*7Q . *7Q Z?Q Q Z?Q T,Q Z7Q ,Q
Z;7%(x,t) = Z; (,0) +/0 v (T)dM (2, 7) —1—/0 ;e (T)dW () +/0 p; o (T)dWH (),

K Z7 Z7
9= (ijQ’ijQ); and

where ij
T
VJ.Z’Q(t) = —/t P*(t,T)SJQ(l',t,T)dT, (3.4)

T
n79t) = —(nj — Nj(%t—))ar/t B (t,7)P*(t,7)S} (a1, 7)dr

T
—|—njt;5xar/ B"(t, 7)P*(t,T)r—tDa+tdT, (3.5)
t
p72(t) = —o (. )\ i (@, ) (g — Ny, t=))(1 + g;(#))
T
« / BYC(t, 1) P (1, 1) (o, t, )T, i =1,2. (3.6)
t



Before proving the lemma, we comment briefly on the result above. There are essentially
three types of risk associated with the value of the survivor swap. First we have the
unsystematic mortality risk driven by the martingale M JQ , which is the risk associated
with a death in the portfolio underlying the swap. Second, we have the interest rate
risk related to changes in the underlying process W driving the interest rate. Finally
we have the systematic mortality risk driven by the underlying processes W*®. Since
W€ is two-dimensional, we have both systematic mortality risk generated by wi @ and
systematic mortality risk generated by W4’ @,

Proof of Lemma|3.2: Using It6’s formula on the martingale Z;’Q defined in (3.3) and the
dynamics for A7 (z,t) from (3.1), we get that
*,Q . *, SWap 7,0
dzZ;(z,t) = dA; (z.t) +dZ; (z,t)
= y(t)dt + dZ;%(w,1). (3.7)
Here, v is some process, whose exact form we do not need to know, since the drift of a

martingale is zero. We use the processes ¢ and v as some buffers for all quantities that
concerns the drift. Using (3.7) and 1td’s formula on Z;’Q, we get that

* 'd a % T
dZ; (@, t) = Y1 (t)dt + o s Qz,t—)dW?(t)

9 Z+Q Iz Q
+\/,uj(:v,t)£j2j (z,t=)ok (2, 1)dWH=(1)

T
— dN(z,1) / P*(t,7)S (w,t,7)dr
t
— T a N*7Q T:Q a N*7Q M ,U':Q
=0 EZJ (x,t—)dW"%(t) + \/uj(x,t)a—Mij (z,t=)o} (x, )dWH=(1)
T
— AM(a,1) / P (t,7)8%(, ,7)dr.
t

In the second equality, we have rewritten dZ;’Q such that we get a term with respect to
the dynamics of the martingale M ]Q . We notice, that the drift term disappears in the last

equation since Z ]* @ isa martingale. Now, recalling that

P(,T) = A 6D -B ()

)

we see that

. T
gﬁ%mw=4m—mmpn/B%ﬂﬁ@ﬂﬁ@mﬂh
r t

T
+ ’I’Ig tﬁz / Br(t, T)P* (t, T)Tft§x+td7—- (38)
t

Furthermore, we recall that

eA;‘l«,Q(LT)fB;’Q(IZ’t,T)/Lj (z,t) (1494 (t))

Y

S%(z,8,T) = A PGB 2@t i @)

j Y

and that ,p, is deterministic at time ¢t. Hence, we get
0

_ T
@Z;’Q(x,t—):—(nj—Nj(x,t—))(l +g;(t)) /t BIO(t,7) P (t,7)8P (x,t, T)dr. (3.9)



Collecting (3.7)-(3.9) and remembering that Z;’Q is a martingale, we get

*,Q _ ZQ Q Z,Q Q Z,Q @
dZ;9 (@, t) = v () dMP (2, t) + ()W (1) + p7 2 (H)dWH(t),

Z Z
where v/} ’Q, n; @

lemma.

and p.”~ are given in (3.4), (3.9) an .0), respectively. 1s proves the
d pi@ iven in (3.4), (3.5) and (3.6 ively. Thi h

O

4 Insurance contracts

An insurance contract specifies a payment process with premiums paid by the policy-
holders and benefits paid by the insurance company. We consider a portfolio of fairly
general life insurance contracts. Each contract allows for a single premium paid at time 0,
continuous premiums, a lump sum payment upon retirement, a single payment upon death
and life annuity payments. The payment process generated by the portfolio of insurance
contracts is formally the net payments to the policy-holders, which means that premiums
are negative and benefits are positive.

4.1 The payment process
The payment process is described by

dA(t) = —ny1m*(0)d1l >0y — 7°(t)(n1 — Ni(z, t))1{0§t<T}dt + a’(t)dNy (z, t)
+ (n1 — Nl(x,T))a’"(T)dl{tET} + aP(t)(n1 = Ni(@, ) Lige oy dt. (4.1)

Here, n is the number of people in the insurance portfolio, and Ni(z,t) is the number of
deaths in the insurance portfolio during (0,¢]. The term of the contract is 7" and the time
of retirement is T < T. The first term in (4.1) is the single premium 7° paid by all n;
policy-holders upon signing the contracts, and the second term is continuous premiums 7¢
paid by the current (ny — Ny (z,t)) survivors until retirement. The third term is payments
a? in case of death, and the fourth term is the lump sum payment a” paid to the remaining
policy-holders alive at time T. The last term is life annuity payments a? to the remaining
policy-holders alive in the period from retirement until the end of the insurance period.

We assume that 7¢, a® and aP are piecewise continuous functions.

4.2 Market reserves

The intrinsic value process associated with payment process A is defined by

V*Q(t) = BY [ /0 f dA*(7) f(t)] = E¢ { / " gy

0—
for 0 <t < T. Using that A and r are adapted processes, we see that

}"(t)} , (4.2)

t R, T R,
VeQ(t) = / e ¢ T A(r) . B9 { / e ¢ Tt A () }"(t)}
0— t

= A*(t) + V*Ot). (4.3)

The process V*Q(t) is referred to as the discounted market reserve. It represents the
discounted conditional expected value of future payments calculated at time ¢. As in Dahl
and Mgller (2006), we formulate the following proposition.

10



Proposition 4.1 The discounted market reserve ‘7*’Q(t) s given by
V*O(t) = (m — Ni(e, 1))V, 9 (),

where IN/p*’Q is the discounted market reserve for one policy-holder and is determined by

. T
‘/;7*7Q(t) :/t P* (ta T)SlQ (.Z‘, t) 7-) <ad(7—)ful7Q(x) ta T) - 7"-0(7-)1{0§7-<T} + ap(T)l{T<T<T}> dr
+ P*(t,T)SP (2, £, T)a" (T)1 -

As in Dahl and Mgller (2006), we give a short comment on the result above: The market
reserve (for one policy-holder alive at time ¢) is a function of the current level for the short
rate r(t) and the insurance portfolio’s mortality intensity p;(x,t). The market reserve is
on the same form as usual reserves, but it now involves the price P(¢,7) of a zero coupon
bond instead of the usual discount factor and the stochastic survival probability S? (x,t,7)
for the portfolio instead of the usual deterministic mortality intensity. Furthermore we
note that the deterministic mortality intensity is replaced by the @Q-forward mortality
intensity f*?(x,t,7) in the term involving the payment a? upon a death. Finally, we
emphasize that the market reserve depends on the choice of measure (). For a proof of
Proposition 4.1, we refer to Dahl and Mgller (2006).

In addition to Assumption [3.1 we assume the following holds for the remaining of the
paper.

Assumption 4.2 ‘7[,*’@ € 0122 e, XN/p*’Q s continuously differentiable with respect to t
and twice continuously differentiable with respect to r and p.
4.3 A stochastic representation of the insurance contract

Similarly to Lemma 3.2 we have the following stochastic representation for the intrinsic
value process of the insurance payment process.

Lemma 4.3 The intrinsic value process (4.2) associated with the payment process (4.1)
admits the representation

V*’Q(t) = V*’Q(O) + /t VV’Q(T)dMlQ(l‘,T) + /Ot UV’Q(T)dWT’Q(T) + /Ot pV’Q(T)dW“’Q(T),

0
(4.4)
where
VYOt) = B(t)la(t) — V1 Ot), (4.5)
T
nVQ(t) = —o"(ny — Ni(x,t—)) </t B (t,7)P*(t, T)SlQ(l‘,t, T)
X (ad(T)f“l’Q(m,t,T) - WC(T)I{OSTST} + ap<T)1{T§TST}>dT
+ B'(t, T)P*(t, T)S% (x,t,T)a" (T)1 {t<T}>, (4.6)

11



and where

T
PV t) =~ (. t) /i (@, D) (na — N, t=)) (1 + ga (1)) ( / P*(t,7) B (@, 1, 7)SP (2, 1,7)

8 b
2B (a,t,7)

a(r HQ (g ¢ 1) —
X( ( )<f (z:8,7) Bf’Q(x,th)

) — WC(T)]'{OSTST} + ap(T)]_{T<T<T})dT
+ P*(t,T)B"%(,t,T)S% (x,t,T)a’" (T)1 {KT}>, j=1,2. (4.7)

Before proving the lemma, we briefly explain the result. We note that the representation
of the intrinsic value process for the insurance payment process has the same form as the
representation of the intrinsic value process for a survivor swap in Lemma 3.2. Thus,
the value process for the insurance payment process A consists of three terms relating to
the unsystematic mortality risk, the interest rate risk and the systematic mortality risk,
respectively.

Proof of Lemma [{.3: The proof is similar to the one for Lemma 3.2 Recall from (4.3)
that the Q-martingale V*® can be written as

VER(t) = A*(t) + VHR(1),

where V*@ is the discounted market value of the payment process given by
~ T
V*Qt) = (ng — Ny (a:,t))/ P*<t,T)81Q(IL’,t,T)
t

X <ad(7—)fﬂlaQ(x, t, 7‘) — WC(T)l{Og‘rST} + ap(T)l{T<T<T}> dr
+ (1 — Ni(@, )P (£, T)SP (1, T)a" (T) 1, 7y,
see Proposition 4.1. The dynamics of V*% are given by

AVSQ(t) = dA*(t) + dV*9 (1)

WV (t)dt + B(t) Lad(t)dME (z,t) + dVFO(t), (4.8)

where 9" is some process. The exact form of this process is not important since the
value process is a (Q-martingale and therefore has no drift. In (4.8), we have added and
subtracted the quantity B(t)_lad(t))\f2 (z,t)dt in order to obtain a term involving dM@(t).

In order to determine dV*%, we now need to find the dynamics of the discounted
market value dV*@(t). This is again obtained via Itd’s formula:

W) = %V(t)dt+Jr%‘7*’Q(t_)dWT’Q(t) + /(1) ai VR (t—) ok (a, ) AW (1)
1
— V9 (t)dNy (z, 1)
=l (Ot + " TN + (e B V2ot IV
1
— Vi Q()dM P (. 1). (4.9)

Again wY and w;/ are some processes, whose exact form we do not need to know. In (4.9)
we used the same idea as in (4.8) in order to get an expression that involves MlQ . We can
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now use (4.9) in (4.8)) to obtain
v Q(t) = (V1) + 0¥ (1) dt + (BEO) () = F;2(0) ) aM P (a, 1)

07 LV R( )W) + (o o, 0) "V ) VOt ) AW 2)
1

Using the techniques from Dahl and Mgller (2006), it now follows that

dV*Q(t) = vV P )dME (z, 1) + VL ()dWC(t) 4 pV'Q () dWH (1), (4.10)

where V'@ and 7% are given by (4.5) and (4.6) and p"'@ = (pY’Q,p;/’Q) are given in
(4.7). Hence we have proved the lemma.
[l

5 Risk-minimizing strategies

5.1 Motivation

When an insurance company signs a life insurance contract with a policy-holder, the
company is exposed to both financial and mortality risk. Typically this combined risk
cannot be hedged perfectly. A way to handle the risk is to use the criterion of risk-
minimization suggested by Follmer and Sondermann (1986); see also Schweizer (2001)
for a survey. In the following, we first give a brief introduction to the criterion of risk-
minimization. We then determine risk-minimizing strategies in different financial markets.
The first market is the one studied in Dahl and Mgller (2006), which consists of a savings
account and a zero coupon bond. The other markets in addition contain survivor swaps.

5.2 Introduction to risk-minimization

Consider a financial market with a savings account B and a risky asset with discounted
price process X. Here, the Q-martingale X may be a vector process. A strategy is a
process ¢ = (&,1n) satisfying certain integrability conditions, where £ is the number of
risky assets held, and n is the discounted deposit in the savings account. The discounted
value at time ¢ associated with the strategy is V*(¢, ) = £(¢) X (t) + n(t). An investment
strategy with V*(T, ¢) = 0 is called 0-admissible. The cost process at time t is given by

cww—wwm—éawmw+mw.

Thus, the accumulated costs until time ¢ are the discounted value of the investment port-
folio, V*(t, ), reduced by discounted trading gains and added discounted net payments
to the policy-holders.

If a strategy ¢ minimizes the so-called risk process R(-,¢) defined by

Rit.) = B2 | (C(T.0) - Ot )

f@]

it is called risk-minimizing. The strategy can be determined from the Galtchouk-Kunita-
Watanabe decomposition given by

VeQ(t) = B9 [AN(T)|F ()] = V*2(0) + /Ot 9(u)dX (u) + LO(1),

13



where €9 is a predictable process, and L€ is a zero-mean Q-martingale which is orthogonal
to X. There exists a unique 0-admissible risk-minimizing strategy ¢* = (£*,n*), given by

P (1) = (€°(1), 77 (1) = (€9(1), VFO(t) — €2() X (1) — A*(1)),

see Mgller (2001, Theorem 2.1). The intrinsic risk process, which measures the minimum
obtainable risk, is given by

R(t,¢*) = BY[(LYT) — LO(1)*| F(1)] . (5.1)

Typically, this quantity has to be evaluated numerically by simulation.

5.3 Risk-minimization in a bond market

Consider the market introduced in Section 2.1 with a savings account and a zero coupon
bond. This market was also studied in Dahl and Mgller (2006). They showed that the
risk-minimizing strategy is given by

eh(t) = (Ex(t),np(t) = (E2(1), V*OUt) — €2(H)P*(t,T)),

where
V,Q
Q n"=(t)
t) = . 5.2
s5(1) —o" B (t,T)P*(t,T) (5:2)
The unhedgeable risk is determined by the process L9 with
AL (t) = VW Qr)dME (z,7) + py A (T) AW (1) + py U (T)dWEC (7). (5.3)

By inserting (5.3) in (5.1), we see that the intrinsic risk process is given by

2

T 2
Rit.) =B | [ | (¥ 00) M wr) + 3 (o 9) | dr) (0
j=1

t

We evaluate the initial intrinsic risk R(0, ¢};) numerically in Section 6.

5.4 Risk-minimization with an insurance portfolio survivor swap

Now consider the market (B, P, Z1), which in addition to the savings account B and the
zero coupon bond P, includes a survivor swap on the insurance portfolio. From Lemma 3.2
we have the following stochastic representation for intrinsic value process of the survivor
swap

dZ7% (x,t) = v () dME (z, 1) + 0P () AW (1) + p O (1) dWHC(t).

Thus, we assume that we can trade a survivor swap on the insurance portfolio dynamically.
It would indeed be more more realistic to work with less frequent trading of the survivor
swap. However, the current model with continuous time trading of the survivor swap still
gives an idea of how the insurance company could reduce risk in the extended markets.
The case with discrete time trading of the survivor swap is postponed to future research.

In order to determine the risk-minimizing strategy, it is useful to introduce certain pro-
cesses YlfiQ and Yf"’QQ which are orthogonal to the traded assets. These processes will
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help us construct a zero-mean (Q-martingale, which is orthogonal with the zero coupon

bond and the survivor swap. To simplify notation, we define X,L»Z]’-Q(t) =1 (/79 (1)£0} for
9 Zy]

i,j €{1,2}.
Let the zero-mean martingales Yf,}-Q, 7 =1,2, be given by

avy () = {2 ) (aMP (1) — w2, ()W) (5.4)

; Q) _ Z,Q Q
with Y775°(0) = 0. For p17;*(t) # 0, we furthermore define xy’;(t) by
Z,Q Q
vy (DAY (2, t)
mgj(t) = 1—. (5.5)

PR (t)

This construction ensures that Yfi’lQ and Yl*2Q are indeed orthogonal to the discounted
zero coupon price process P*(-,T) and the discounted price process Z; @ associated with
the survivor swap. In the situation where pj ’Q( t) = 0, we see that dY*’Q( t) = 0. In the

special case without systematic mortality risk, we have that pZ Q( t) = p1Z2Q (t) =0 for all ¢,
such that ¥7"; and Y7'y are constant and equal to 0. In fact, this implies that the insurance
payment process A is attainable and thus it can be hedged perfectly. The risk-minimizing
strategy in this case was essentially obtained in Mgller (1998, Section 5).

Proposition 5.1 The Galtchouk-Kunita- Watanabe decomposition of V*9 in the market
(B, P, Zy) is given by

V*Q(t) = VER(0) + /O e (r)dP*(,T) + /0 99 (1)dZ9 (z, 7) + LE (1), (5.6)
where V*Q(0) = —ny7®(0) + n1 V2 (0) and
2w - | (u“%) - vﬂ?v)uf@(T))dM?(m)

+ Z [ (9 - o) s

with
ViQ (¢ Q Z,Q
KO Uf;(fT)( 2, 5.7)
92 VVR(t) + py @ () (51 ()X D2 () + py @ () (kF5 () XD () 59
PR >+pZQ<t><H?1<t>> XTI ) + p2 () (k85 (D)5 (t) '

) ) )

The proof is postponed to the Appendix. The optimal number of zero-coupon bonds
determined by le is the optimal number 55‘3 from the bond market adjusted by a term
originating from the interest rate risk inherent in the survivor swap. The optimal number
of survivor swaps can be interpreted as a ratio between risk-weighted averages of the
mortality risk associated with the intrinsic value process of the insurance payment process
and the price process of the survivor swap, respectively. The unhedged risk L? consists
of both unsystematic and systematic mortality risk. The unsystematic mortality risk is
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driven by the compensated counting process MlQ , and the systematic mortality risk is
driven by the 2-dimensional Brownian motion W#*®. The unsystematic mortality risk is
the standard discounted sum at risk ©V'9 reduced by the discounted sum at risk related
to the investment in survivor swaps. Similarly, the unhedged systematic mortality risk is
the original systematic risk, reduced by the risk from the survivor swaps.

From the general theory of risk-minimization in Section /5.2, we get the unique 0-admissible
risk-minimizing strategy for the payment process (4.1))

Git) = (€ (), 05(t),ni (1)) = (62(1), 92 (1), V2O(t) — €2(t)P*(¢,T) — 97 Z7°(1)),

where 5? and 19? are given in Proposition 5.1. From (5.1) we get the intrinsic risk process

T
R(t, p}) = E° ( | (7o = o )ar e )

9 2
+3 (0 - ﬁ?w)pi;@(T))dWﬁQ(T))

f(t)]
=5 [( [ (79 - R m) o)

2 2
£ 3 (/%) - 2 ) ) ar
j=1

70

Here we have used, that MlQ , Wi @ and wi @ are mutually independent and the fact that
d(M (1)) = AP (t)dt and d(W!? (1)) = dt.

5.5 Risk-minimization with a population survivor swap

As an alternative to the market (B, P, Z;) considered in the previous section, we now
study the market (B, P, Z3). Hence, we allow for investments in a survivor swap on the
population instead of the insurance portfolio.

From Lemma 3.2, we have the following representation for the intrinsic value process of
the population survivor swap

AZy (1) = v (M (2, 8) + 1 2 (AW A(H) + 5 (H)aW O 2).
Here, we note that the unsystematic mortality risk is driven by the random source MQQ,
which means that we introduce a new random source compared to the market (B, P, Z;)
from Section 5.4l above. Consequently, we now need three zero-mean martingales Y;}Q, J=

1,2, 3, in order to span all risk, since we have five random sources in the market, and only
two risky assets to hedge the risk.

Let the zero-mean martingales Y;}Q, 7 =1,2,3, be given by
*, Z, , .
a5 ) = g2 ) (Mg (e, 1) — v, (AW O()), j=1,2,
dY;2(t) = M (x, 1),
where Y;;Q(O) =0,j=1,2,3, and for ,022739(75) #£0, j=1,2, we define /-igj(t) by
Z:
_ N (1)

Q
Ky (1) =
pay ()
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Then Y2*]Q are orthogonal to P*(-,T) and Z;’Q. We note that even in the case without
systematic mortality risk, the insurance payment process A is not attainable in the market
(B, P, Z3), since the unsystematic mortality risk cannot be eliminated. This is in contrast
to the situation in the previous market (B, P, Z).

Proposition 5.2 The Galtchouk-Kunita- Watanabe decomposition of V2 in the market
(B, P, Zs) is given by

V*Q(t) = V*9(0) / €2 (T)dP*(r / 95 (1)dZy (x,7) + LY (),
where
VSQ(0) = —nym*(0) + n V;9(0),
19(t) = /0 WVr)aM2(z, 7) - /0 Q)2 (r)dME (x, 7)
+Z/ — 93 (7)p3 )dW“Q( ), (5.9)
and
Q
Suy=" U,EB)T( ﬁ%)(t) PLT ()), (5.10)
Q= PrUOERO) e (0) 1 p C W00 e ) 5.1)
v57Q<> P () (551 (£) " IXT 2 (1) + p3 5 (1) (kS5 (1) " IXF S (t)

The interpretation of the Galtchouk-Kunita-Watanabe decomposition obtained in Propo-
sition 5.2] is essentially identical to that of Proposition [5.1. However in this case the
unhedgeable unsystematic mortality risk consists of two terms. A term which stems from
the insurance portfolio driven by MlQ and a term driven by MQQ originating from invest-
ments in survivor swaps.

The unique 0-admissible risk-minimizing strategy for the payment process (4.1) is given
by

P5(t) = (E5(6), 03(t), m3 (1)) = (&5 (1), 95 (1), V*O(t) — €2 (t)P*(¢,T) — 95 Z3 (1)),

where §2Q and 192Q are given in (5.10) and (5.11). The intrinsic risk process R(-, ¢3) can be
determined as in the previous section. This leads to

Rt = 9| ([(790) W07+ (18008 90) (e,

3 (520 - B i) ) ar

Jj=1

F(t)] .
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5.6 Risk-minimization with survivor swaps on both portfolios

Now consider the situation where the market includes both survivor swaps. In this case the
considered market (B, P, Z1, Zs) includes three risky assets, whereas we have five random
sources in the market: Two random sources driving the unsystematic mortality risks, two
random sources driving the systematic mortality risks and one random source driving the
interest rate risk. Thus, the market is still incomplete.

Proposition 5.3 The Galtchouk-Kunita- Watanabe decomposition of V*9 in the market
(B, P, Z1, Zs) is given by

¢ 2 t
V*Q(t) = V*2(0) + /0 (AP (1, T) + > /0 0§ (r)dZ 9 (x,7) + LE (1),
j=1

where
VR g Ve gz, AMONA P53z,
vYR() + Lo IR (1) + R0 - ( S XL )+ S R (0) 93 ()
ﬁ?l(t) — 1,1 1,2 1,1 1,2
, Z.Q Z.Q Z.Q 7.Q ’
Z, pii () Zz, P12 () Zz, a1 () z, pas" () Z, 5
g Q(t) + ;811 ) 171Q<t) ,:1Q’22(t) 1,2Q (t) - <:§11 () Xl,lQ(t) + ,f?i(t) Xl,QQ(t)> 192Q (t)

v.Q v.Q e o
S L )+ eGP0 — 05 () (S a0 + S a0
(t) ”2,2(t) ﬂz,z(t)

193?2(15) = 2

Z,Q Z,Q )
1/2Z’Q(t) + pa1° () i,Q( )+ Pa° (t) Z’Q(t)

Ky (t) V21 RSy () 22
Q1790 = I On (1) — 05 (0 (1)
s —o"Br(t, T)P*(t,T)) ’
and where
o) Y ) (kS (1) 7 IXT () + py @ () (1S5 (1)~ XT3 (1)
2 )
vy (1) + py P (O (RS (1) " IXT R (8) + ps? (8) (kS5 (1) XD (8)
39 - pTR (0 (K51(8) XD () + pT 5 (8) (5F5(8) S (1)
? vy (1) + py P (O (RS (1) " IXT (8) + ps? (4) (kS5 (1) XT3 (t)
Furthermore

V*Q(0) = —ny7*(0) + n1 V2 (0),

The proof of the proposition, which is postponed to the Appendix, is carried out using
the same techniques as in the proof of Proposition [5.1.

We observe that the Galtchouk-Kunita-Watanabe decomposition essentially is of the same
form as in the cases with only one survivor swap. However the coefficients are far more
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complex here than in the previous markets.

Here the unique 0-admissible risk-minimizing strategy for the payment process (4.1) is
given by

Pi(t) = (&5(1), 05 1(£), 95 2(t), m3 (1))
= (EF(t), 05,(1), 955(t), VIOUt) — L ()P (1, T) — 05, 27°(t) — 95,259 (1)),

where 536;2 , 19362,1 and 19362,2 are given in the above proposition. From (5.1) we get the intrinsic
risk process

R(t,¢%) = B9

I ((ﬂQ(ﬂ =0 Om)) A ) + (92 Om)) MG ()

+)° (ij’Q(r) - ﬁgl(T)pIZ”jQ(T) — ﬁ§2(r)p§3Q(7))2> dr
j=1

m] |

6 Numerical examples

In this section, we study the risk-minimizing strategies and their efficiency. We first focus
on investments in the survivor swaps in the relevant markets. We then study investments
in the zero-coupon bond, which is included in all the markets. Finally, we compare the
efficiency of the various investment strategies.

6.1 Setup

Unless stated otherwise we consider an insurance portfolio with 100 policy-holders aged
30, who pay a continuous premium of 7¢(¢) = 0.2 during [0, T], where T = 30. In case of a
death at time ¢ the insurance company pays a lump sum of ad(t) =5-1 {(0<t<T}" Hence the
death benefit is paid out upon a death before retirement only. At the age of retirement,
which is 60 years, a lump sum of a”(T) = 3 is paid to all survivors. Finally, the contract
contains a 30 year life annuity starting at age 60 with a rate of a?(¢) = 1, which implies
that T'= 60. The population portfolio exists of 1000 lives aged 30.

The initial mortality intensities 417 are taken on the Gompertz-Makeham form
w5 (@ + ) = aj + bj(c;)™,

with parameters given in Table 1. The parameters for portfolio 1 are taken from Dahl
and Mgller (2006). For portfolio 2, we have modified the parameters slightly, such that
there is a minor difference between the two initial mortalities. The parameters for the

Portfolio (j) a b c
1 0.0001340 0.0000353 1.1020000
2 0.0001360 0.0000350 1.1030000

Table 1: Gompertz-Makeham parameters.

dynamics for the mortality intensities are also inspired by Dahl and Mgller (2006) and can
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Portfolio ()  p;(z,0)  v(z,t)  6i(z,t) oju(2,t) oj2(z,t)
1 p9(x)  0.0001800 0.0080  0.006 0.018
2 p9(z)  0.0001805 0.0081  0.000  0.019

Table 2: Parameters for mortality intensities.

be found in Table 2. Here, however, the mortality intensities are driven by two underlying
Brownian motions. The parameters for the financial market are listed in Table [3. Using
these parameters in the Vasicek model, we get a short rate model with (Q-mean reversion
level 4™ /6@ = 0.055. The speed of mean reversion is determined by 6™9.  Figure [I

r(0) A™Q@ 9 o7
0.03 0.011 0.2 0.01

Table 3: Parameters for the financial market.

0.08

0.04

0.00
o_

10 20 30 40 50 60

Figure 1: The short rate in two different stochastic scenarios (red and blue lines).

shows the development of the short rate in two stochastic scenarios (red and blue lines).
We observe that the level of the short rate is similar in the two scenarios until time 20.
In the time interval from 20 to 40, the short rate in the blue (red) scenario is relatively
low (high), whereas the situation is reversed from time 40 to 55. In the last 5 years the
short rates again lie at the same level. The corresponding intrinsic value processes for
the insurance payment process in these two scenarios are plotted in Figure 2. Comparing
Figures [1l and 2 we see that a low (high) interest rate has a positive (negative) impact on
the intrinsic value process for the insurance payment process.
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Figure 2: Intrinsic value processes for the insurance contract the red and blue scenario.

6.2 Risk sensitivity of the insurance contract

Figure [3/ shows the outcomes of the so-called risk sensitivities v°?, nV°Q and p"’? in the
We observe that due the relatively large number of insured lives

red and blue scenario.

Ve nv.Q
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w-\\\ ?
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Figure 3: Risk sensitivities for the insurance contract in the red and blue scenario.

in the insurance portfolio, the magnitude of the sensitivity "9 to unsystematic mortality
risk is insignificant compared to the other sensitivities. Initially v¥'? is positive reflecting
that the discounted death benefit is larger than the discounted individual market reserve.
From time 0 to the time of retirement, V"9 decreases due to the premiums paid. After
approximately 15 years v¥'? becomes negative. At the time of retirement we observe
a negative jump in V9 since the death benefit is larger than the sum at retirement.
At the age of retirement, only payments from the life annuity remains, and here v¥:%
attains its minimal value. Hereafter it increases steadily towards the value 0 at the expiry
of the contract. We see that vV*? attain lower values in the blue scenario than in the
red scenario. This difference is most prominent between times 20 and 40, where we also
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observe considerable differences for the short rates.

The sensitivity to interest rate risk n"°? is the most significant risk due to the large interest
rate volatility. As noted already this fact is especially evident if we focus on the value
process in Figure 2/ in the period from 20 to 35 years. The differences in the sensitivities
to interest rate risk in the two scenarios can be explained by the development in the value
processes.

Finally, we recall from Table 2 that the dependence of y11 on W}’ '@ {5 three times that of the
dependence on W' ‘@ This relationship essentially carries through to the risk sensitivities
p}/’Q and p;/’Q. Once again the differences in the sensitivities to systematic mortality risk
in the two scenarios can be explained by the development of the value processes.
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Figure 4: Number of survivor swaps on the insurance portfolio held at time t in the
(B, P, Zy) market (in the red scenario).

6.3 Investment strategies

The risk-minimizing strategy minimizes the total risk, which consists of unsystematic and
systematic mortality risk and interest rate risk. Here we first focus on investments in
survivor swaps and then we turn to investments in bonds. In this section we diverge
from the standard setup and consider an insurance portfolio of 10,000 individuals and a
population of 100,000 individuals.

In the (B, P,Z;) market, the survivor swap can be used to hedge both unsystematic
mortality risk and systematic mortality risk generated by W' @ and wi © The large
number of insured implies that the unsystematic mortality risk is insignificant compared to
the systematic mortality risks. Until the age of retirement the investments in the survivor
swap is therefore essentially the ratio between a weighted average of the sensitivities to
systematic mortality risk from the insurance contract and the sensitivities to systematic
mortality risk from the survivor swap. At the age of retirement, the only remaining
payments from the insurance contract is a life annuity, which has the exact same sensitivity
to mortality risk as a survivor swap on the insurance portfolio. Hence, from the time of
retirement the mortality risk can be hedged perfectly by holding exactly one survivor
swap. The investment strategy is seen in Figure 4.
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Figure 5: Number of survivor swaps on population held at time t in the (B, P, Zs) market.

In the (B, P, Z2) market, the survivor swap can be used to hedge systematic mortality risk
generated by WY @ only. Furthermore, the survivor swap introduces an additional source
of unsystematic mortality risk, M2Q . Since the unsystematic mortality risk is insignificant
compared to the W' ’Q—systematic mortality risk, the investments in the survivor swap
is essentially the ratio between a weighted average of the sensitivity to W' ’Q—systematic
mortality risk from the insurance portfolio and the sensitivity to W' ’Q—Systematic mortal-
ity risk from the survivor swap. The investment strategy is seen in Figure 5. Comparing
Figures 4 and 5/ we observe a large similarity between the shapes of ¥; and 2. However,
we notice, that the investment in the (B, P, Z2) market tends to zero at the end of the
insurance period. This can be explained by the fact that the sensitivity to systematic
mortality risk from the insurance contract converges to 0, whereas the swap’s sensitivity
to unsystematic mortality risk does not converge to 0. Since the number of individuals in
the population is 10 times the number in the insurance portfolio the magnitude of 91 is
essentially 10 times the magnitude of 9.

In the (B, P, Z1,Z3) market, the survivor swaps are used to hedge both unsystematic
mortality risk related to the insurance portfolio and the systematic mortality risk. Fur-
thermore, the survivor swap on the population introduces the additional unsystematic
mortality risk. First we recall that, from the time of retirement, a survivor swap on the
portfolio eliminates all mortality risk, which in turn means that no investments in the
survivor swap on the population is needed after the time of retirement. Prior to the time
of retirement we use both survivor swaps to hedge the mortality risks. From the strategies
in Figure 6, we observe that, upon correcting for the larger number of individuals in the
population, the total number of swaps is slightly higher than the number of swaps held in
the (B, P, Z;) market.

In the four markets considered in Sections [5.3:5.6) all interest rate risk can be hedged.
When we invest in survivor swap(s), we introduce additional interest rate risk, and the
investments in the bond eliminate the interest rate risk from the insurance payment process
corrected for the interest sensitivity from the survivor swap(s). Thus, the investment
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Figure 6: The left plot shows the number of survivor swaps on the insurance portfolio held
at time t in the (B, P, Z1, Zs) market (black line). The red line is the number of survivor
swaps on the insurance portfolio held at time t in the (B, P,Z1) market. The right plot
shows the number of survivor swaps on the population held at time t in the (B, P, Zy, Z3)
market (black line). The grey line is the difference between the investments in the survivor
swap on the insurance portfolio from the (B, P, Z1) market and the (B, P, Z1, Zs) market
scaled by a factor 10.

strategies for the zero-coupon bond will differ slightly, depending on the investments in
survivor swap(s). The investment strategies are plotted in Figure [7.

6.4 Efficiency of the strategies

The efficiency of the strategies is assessed by calculating the initial intrinsic risks R(0, -).
We use Monte Carlo simulation with 1,000 simulations to calculate R(0,-) in different
markets with portfolios of different sizes. In order to quantify the total risk inherent in
the insurance contract we consider the initial intrinsic risk in the market including only
the risk free asset B. In this case the intrinsic risk process for the insurance contract is
given by

Rt i) = B /T <<VV’Q(T)>2)‘?(:U,T) + (77‘/’@(7))2 4

2
t =

(<)) Jar| (0

7=1

The results of the Monte Carlo simulations are collected Table 4. First of all, we observe
that introducing a zero coupon bond eliminates approximately 80% of the risk, so the
interest rate is without doubt the most significant source of risk. Investigating the mar-
kets without survivor swaps we observe how the unsystematic mortality risk is diversified
when the size of the insurance portfolio is increased. The initial intrinsic risk in the mar-
kets without survivor swaps is obviously unaffected by the size of the population, since
the insurance payment process is independent of the unsystematic mortality risk of the
population. Introducing survivor swaps allow us to hedge some of the mortality risk in
addition to the interest rate risk. We observe that more mortality risk can be eliminated
in the case with a survivor swap on the portfolio than with the survivor swap on the pop-
ulation. This is due to the fact that the systematic mortality risk more closely resembles
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Figure 7: Number of zero coupon bonds held at time t.

ni n2

VEO9Y)  VEO9E)  VROwD)  /BO.w3) /RO
ny ni n1

n n
100 1,000 0.632 0.111 0.048 0.103 0.033
100 10,000 0.633 0.111 0.048 0.100 0.020
1,000 10,000 0.628 0.062 0.032 0.037 0.018
1,000 100,000 0.628 0.062 0.032 0.035 0.015
10,000 100,000 0.622 0.055 0.013 0.020 0.010

Table 4: Intrinsic risks calculated at time 0.

the one associated with the insurance payment process and that it allows for hedging the
unsystematic mortality risk. In contrast, the survivor swap on the population introduces
a new source of unsystematic mortality risk. If we allow for investments in both survivor
swaps we obviously obtain an even smaller initial intrinsic risk. Furthermore, we see that
the difference between the two strategies with only one survivor swap is largest when
the number of individuals underlying the survivor swaps are low, since the unsystematic
mortality risks become more important in these cases.

When we have a very large number of lives in both portfolios, we observe that the markets
with survivor swaps hedge almost the same amount of risk. It might therefore be better to
invest in only one survivor swap instead of both survivor swaps, since one might introduce
too much credit risk and administration costs compared to the small advantage of the
(B, P, Z1, Z5) market.
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A Appendix
A.1 Proof of Proposition 5.1
From Lemma 4.3 we have the following dynamics of V*:
dV*Q(t) = VYR )dME (z,t) + VL () dW (1) + p¥' () dWH 2 (¢). (A1)

Furthermore we know from Section 5.2 that the Galtchouk-Kunita-Watanabe decomposi-
tion has the form

AV*Q(t) = €2 (t)dP*(t,T) + 92 (t)dZ; % (x, t) + dLO(t), (A.2)

where §1Q and 19? are predictable processes, and LIQ is a zero-mean @)-martingale orthogonal
to P* and Z*%. Since Yl*’lQ and Yl*’QQ are orthogonal to P*(-,T") and ZT’Q and the four
processes together span the space of (-martingales driven by the underlying stochastic
processes W@, W and MIQ, we may take LlQ of the form

dLY (1) = 7 (1)dY; (), (A.3)

where gi)? is a two-dimensional predictable process, and where

avy () = X720 (A @) = w2, ()W (1))

j = 1,2, are the zero-mean @-martingales introduced in (5.4). Hence L? is indeed a

zero-mean martingale and orthogonal to P* and Z; @ as required.

Now, recall that the discounted zero coupon bond price dynamics under @) are given by
dP*(t,T) = —o" B"(t, T)P*(t, T)dW"®(t). (A.4)

Inserting the representation of the survivor swap in Lemma 3.2 together with (A.3) and
(A.4) in (A.2), we rewrite the Galtchouk-Kunita-Watanabe decomposition in terms of the
underlying stochastic processes. This leads to the representation

v Q(t) = (92O 2(t) + 62 O + oFo (T (1) ) aM P (a,1)
+ (ﬂ?(t)nZ’Q(t) - & (t)aTBT(t,T)P*(t,T)>dWr,Q(t)

2
+ 3 (VTR0 — o, (TP KL (1)) aw (), (A.5)

Jj=1

which involves the unknown processes ( ? , 29?, gb?) We now determine these processes
by simply equating the terms in the two decompositions (A.l) and (A.5). Hence, we
need to solve the following linear system with four equations and the four unknowns

(5?7 191Q7 ¢1 1 ¢§2):

VRt = 9P ()] 2 (1) + 6T (DT () + 65 (OXT S (1),
"9 (t) = 0% (1) () — €2 ()o" BT (¢, )P (1.T).

p1 ) = 92O (1) — P XD ()R (1),

py O(t) = 9T ()75 (1) — pPox T ()R Eo (L),

)
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Here, the second equation determines 5?(75) in terms of 191Q (t), and this gives (5.7). From

the last two equations, we determine d’% and gb% in terms of 19? provided that P1le and

p1Z2Q are not equal to 0, such that we can devide by H?,l and /@82. In this case, we get

IR Wi (1) — 2
Z, 1 1, Z,
¢1Q,j(t)X1,jQ(t) = ]Q ! X1,J'Q(t)7
rry(t)

j = 1,2. By inserting thse expressions in the first line, we get the equation

Z7Q Z7Q
Py (t) 1o (1)
VRt = 92 () (2t + S xR0 + S xR )

KT (t) KZy(1)
V, V,
1,1 1,2 :
KT (1) KT (t)

This now gives (5.8). The expression expression for L? follows e.g. by inserting cp? in

(A.3) and writing Yl*’Q in terms of the underlying @Q-martingales.
O

A.2 Proof of Proposition 5.3

Define processes Y3 and Y3, by
avia(6) = P20 (MR @, 6) + n (A (@, 6) = kP, (AW (),
AV (t) = X790 (aMP (@) + aa(t)aM (w,1) — KEo(HaWE (1) ),

and Y3;(0) = 0, j = 1,2. Clearly, these processes are orthogonal to P*(-,T) and Zj. Now
we determine o and ag such that Y},)* ; and Z3 are orthogonal. Since

AV, 25) ) = X2 (s AN (1) — k2, (005 2 (1)) dt, (A.6)

we get that

1,j

Q
— ! , A7
vg AL (t) v AT ()l (1) (A1

O O Bz PO VA )
Z,

j =1,2, which are well-defined for pi}Q(t) # 0. We need to rewrite the decomposition
dV*Q(t) = VR ()dME (z,t) + V2 ()dW (&) + pV'(t)dWH 2 (t) (A.8)

on the form
dV*Q(t) = E2(t)dP*(t, T) + 95, (t)dZ} % (2, 1) + 955 (t)dZy° (x,8) + AL (1),  (A.9)

where L3Q is a Q-martingale, which is orthogonal to the traded processes P*(-,T'), Z7 and
Z5. Here, we take L3Q on the form:

dLY (t) = 65, (£)dY5 (1) + 695 ()Y ().
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We need to determine the processes ({g , 19:(‘;%1, 19??2, ¢§1, ¢§2). We insert the dynamics for
the traded processes in (A.9) and collect terms to obtain that

dV* () = g??(t)( o B"(t,T)P*(t, T))dW“Q(t)

+Zﬁ ( )dMQ(x )+ n? n;’ (t)dw ™ (t) —i—Zp dW”Q()>

+Z¢3] e (dMQ(:c £) + o (1) dME (1) — kL AWt ))

We now collect the terms from the driving process and rewrite dV* on the form
av*(t) = (65(6)(=0" B' (£ T)P* (¢, 7)) + 9F, (09T () + 05 (t)nF () ) W™ (1
R G AR NN O RS NONEONEATERD

+ (05202 0) + 6F1 (O NP @) + 0FaDas (T (1) ) adif . )
2
+Z(ﬁ§% L8 + 0550052 (1) = s51 (NP WK, (0)) aw O ).

We now identify the processes with the ones appearing in the original decomposition (A.8)
to obtain the system

0" Q) = EF(t)(—o" B (£, T)P*(t,T)) + 9§, (t)nf (1) + 055 () (1), (A.10)
YQ(t) = 05, (D072 (1) + ¢F1 (XL (1) + ¢ (N5 (1), (A.11)
0 = 995 (Vs (1) + 61 (Dar (OXT () + ¢Fo (H)az(t)XT 5 (1), (A.12)

Y O(t) = 91 (0)pT 2 (1) + 99, (1)p5 2 (1) — 6§, (TP (KT, (1), (A.13)
Py @ () = 05, (P75 (1) + 955 (1) pF 5 (1) — 6F5 (TS (DRTo (D). (A.14)

Using (A.10), we first see that

o 1790 v O (1) — 95, (8)nf (1)
&) = —o"Br(t,T)P*(t,T))

(A.15)

Next, we determine the parameters ¢3 1 and ¢3 2 in terms of ﬁgl(t) and 29%(75) from (A.13)
and (A.14). This leads to

50 = g (a0 + 08,0600 - o %0)
k11
—99,t)" RGN ORI ()

t)—2 — ,
K1 (2) 3’2()5?1@) K1 (2)

)

forp1 ()7&0 and

Z’Q Z7Q VQ
P’ (1) P () py(t)
#52(t) = 95:() 4 g &

1,
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for ,0122Q(t) # 0. Now, these terms may be inserted in equations (A.11) and (A.12). In this
way, we get the two equations

V,Q V,Q
P () 7 Py (t) 7,

V(1) + B TR () + x5 ()
51,1(75) 51,2(75)

Z,Q Z,Q
P () 70 P12 (1) 70
=930 (17U + SR + SR )
’ Ky Ky ()

Z,Q Z,Q 7
+19Q (t)<9271 (t) Z,Q() P22 (t) Z’QQ(t)),

and

0 T e
Z, o Z,
— o, (2O, za 2 W)
Ky (t) K1a(t)
[0 2.Q « 2Q
09,0 (40 + L2 20 | OB, 20y,
"h,l(t) K1 a(t)

Here, we furthermore note that al(t)/ngl (t) = 1//&5271 (t) and ag(t)/m?z(t) = 1/&32(t). By
solving these equations, we get

¢ V,Q Z’Q(t) Z Q(t)
V() + 870\ 20 1 1220\ 20y (2200 20y | 2220 Z0(5) Q)
19Q (t) . 1(t) Ky o(t) Ky q (1) Kio(t)
3,1 - Z,Q Z,Q Z,Q Z,Q
t) 2z, t) 2z, @)z, () z, >
POt + P IR () + B2 TR ) — (2R ) + IR (1)) 95 (1)
“1,1(t) nl’Q(t) ”1,1(t) &1’2(15)
V,Q Z,Q Z,Q
B0\ Q) 1 220,201 9 (1) A D ER() + L SR
19Q (t) . ”2 1() ””2,2(t) ’ ’ Ky 1 (t) 7% Ky o(t) 74
3,2 (t)+”21 0 ZQ(t)+02Z,’2Q(t) 28 ’
L) X2 RG, () K22
where
%) - Py () (551 (1) TIXNT R () + py (1) (555(1)) TIN5 52 (1)
2 - )
vy () + p5 2 () (K5, (1)~ lef?() pF5e () (KS5() XT 5 (t)
3% PR () (RS (1) TG (1) + pU5 (0 (555(1) " IXT 5 (1)
Q)
Ve QL) + pF P () (kS (1) "G 2 () + P55t (D) (K55 (1)~ X352 (L)

)

We complete the proof by rewriting the orthogonal term. First, using the definition of
Y3’fj, we see that

dLs(t) = ¢, (1)dY3: (1) + ¢3Q,2(t)dY3*,z(t)
2

2
:_Zﬁbg] le ()dW#Q (Z‘bu le )dMQ($t)

7=1

+ (i%j X7 -(t))dMQQ(x,t).
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Using (A.10)—(A.14), we finally see that

2
dLs(t) = 3 (py 4 (1) = 93, (e (t) — 955(1)p; (1) AW} 2 (1)

7=1
+ (V) = 95, (P ) AMP (2, 1) — 9F (v D (O AM ().

This completes the proof.
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