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Abstract. Asset/Liability management, optimal fund design and optimal portfolio 
selection have been key issues of interest to the (re)insurance and investment banking 
communities, respectively, for some years - especially in the design of advanced risk- 
transfer solutions for clients in the Fortune 500 group of companies. The new concept 
of limited risk arbitrage investment management in a diffusion type securities and 
derivatives market introduced in our papers Risk/Arbitrage Strategies: A New Concept 
for Asset/Liability Management, Optimal Fund Design and Optimal Portfolio Selection 
in a Dynamic, Continuous-Time Framework Part I: Securities Markets and Part II: 
Securities and Derivatives Markets, AFIR 1997, Vol. II, p. 543, is immediately 
applicable to ALM, optimal fund design and portfolio selection problems in the 
investment banking and life insurance areas. The main quantities of practical interest 
(i.e., the optimal LRA asset allocation, etc.) can be derived by essentially solving a 
(quasi-) linear partial differential equation of the second order (e.g., by using a finite 
difference approximation with locally uniform convergence properties). Similarly, in 
our more sophisticated impluse control approach to modelling the RCLL risk portfolio 
dynamics of a large, internationally operating (re)insurer with considerable 
(“catastrophic”) non-life exposures, the optimal portfolio strategies can be determined 
numerically by using an efficient Markov chain approximation scheme, i.e., essentially 
the same (formal) finite difference techniques (with weak convergence properties), see 
Part III: A Risk/Arbitrage Pricing Theory and Part IV: An Impulse Control 
Approach to Limited Risk Arbitrage and also the paper Baseline for Exchange Rate - 
Risks of an International Reinsurer, AFIR 1996, Vol. I, p. 395. However, in many 
practical applications there are even simpler numerical solution techniques. We present 
here such an alternative lattice-based methodology that can be used as a general 
guide to simple and efficient numerical implementations of LRA investment 
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management together with a corresponding concrete example that plays an 
important role in the securitization of large non-life portfolio exposures in the 
capital markets. 

Key Words and Phrases. Markovian weak approximation, implied trees, adaptive 
filtering, Milstein approximation, “Beta”, alternative risk transfer process, 
securitization structure. 
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1. Introduction 

Risk/Arbitrage strategies [see Part I: Securities Markets and Part II: Securities and 
Derivatives Markets] are trading or portfolio management strategies in the securities 
and derivatives markets that guarantee (with probability one) a limited risk exposure 
over the entire investment horizon and at the same time achieve a maximum (with 
guaranteed floor) rate of portfolio value appreciation over each individual trading 
period. They ensure an efficient allocation of investment risk in these integrated 
financial markets and are the solutions of the general investment management and 
asset allocation problem 

(1.1) 

with drawdown control 

(1.2) 

limited risk arbitrage objectives 

(instantaneous investment risk) (1.3a) 

(future portfolio risk dynamics) (1.3b) 

(portfolio time decay dynamics) (1.3c) 

(portfolio value appreciation dynamics) (1.3d) 

[θ (t) = Ix (t)v(t)] and additional inequality and equality constraints 
(1.4a) 

(1.4b) 
(e.g., market frictions, etc.) in a securities and derivatives market 

(1.5) 

with associated [expressed in terms of an underlying Markov risk exposure assessment 
and control model (t,S(t))] instantaneous investment risk, future derivatives risk 
dynamics, options time decay dynamics and asset value appreciation dynamics 

(1.6) 

[where the gamma 

(N x N-matrix), etc. of traded asset Xi(t,S(t)) in the market, 1≤ i ≤ L, and the market 
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prices of risk associated with the exogenous sources W(t) of market uncertainty are 

with the asset price covariance matrix 

If this financial economy is dynamically complete, then (in a 
Markovian framework) the value function 

(1.7) 

of the limited risk arbitrage investment management and asset allocation portfolio 
satisfies the linear partial differential equation 

(1.8) 

with boundary conditions V(0,X,Z) = v and V(H,X,Z) = Iv(Z) where 

(1.9) 

[and and 

holds]. The optimal trading strategy is 

(1.10) 

In the incomplete case we have the quasi-linear partial differential equation 

(1.11) 

for the portfolio value function 

(1.12) 

with boundary conditions V(0,X,Y,Z) = v and V(H,X,Y,Z) = Iv(Z) where 

[and and 

holds and moreover 

(1.13) 
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(1.14) 

for the completion premium associated with the 

market prices of risk The optimal asset allocation is 

(1.15) 

During the construction process that led to these optimal solutions of the above 
stochastic control problem for strictly limited risk investments in (highly geared) 
derivative financial products several assumptions about an investor’s utility functions 

Uc(t,c) and Uv(V) had to be made, especially 

(1.16) 

for the associated coefficients of relative risk aversion. In a general dynamic 
programming framework [see Part III: A Risk/Arbitrage Pricing Theory and Part IV: 
An Impulse Control Approach to Limited Risk Arbitrage] all these restrictions 
(beyond the standard differentiability and boundedness assumptions) on the investor’s 
overall risk management objectives can be removed and furthermore efficient 
alternative numerical solution methods obtained: We consider a discrete-time Markov 
chain approximation xh(t) (derived with the explicit finite difference method in a 
viscosity solution setting) of the controlled continuous-time state dynamics 

(1.17) 

[where are the controls and the coefficients 

and satisfy the usual conditions that guarantee a 
unique strong solution of the associated evolution equation with bounded absolute 
moments] with one step transition probabilities 

(1.18a) 
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(1.18b) 

(1.18c) 

[where is the diffusion process covariance matrix, 

e0,..,eL is the standard basis in RL+1 and for all other grid points y on 

the associated lattice structure . The discrete-time HJB dynamic 
programming equation is then 

(1.19) 

with boundary condition Vh(H, x) = ψ (x) [where 

(1.20) 

are the investor’s overall risk management objectives and is the set of all feasible 
controls u(s) on the time interval [t,H] when the time t state is x] and an associated 

optimal Markov control policy ?h(t,x) maximizes the expression 

(1.21) 

in [backwards in time from H-h to 0]. Furthermore, we have the uniform 
convergence 

[where 

(1.23) 

is the corresponding continuous-time expected utility maximization criterion] of the 
discrete-time Markov chain control problem to the continuous-time diffusion process 
control problem. If we now however instead of requiring the securities and derivatives 
investment management strategies θ (t) to be of the risk/arbitrage (without drawdown 
control) type, i.e., 

(1.24) 

for an arbitrarily given trading strategy θ (t) consider the stochastic evolution of the 
corresponding portfolio value and sensitivities 

(1.25) 
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over the investment horizon [0,H], then the limited risk arbitrage objectives can 
periodically be enforced at a certain cost by using impulsive controls that keep the 
portfolio value and sensitivities within a specified tolerance band 

(1.26) 
[see Part IV: An Impulse control Approach to Limited Risk Arbitrage]: With a 
discrete-time Markov chain approximation 

(1.27) 

[that is locally consistent with the controlled continuous-time reflected jump diffusion 
state dynamics 

(1.28) 

where X(t) is the price process of the traded assets - bonds, stocks and options - 

spanning the securities and derivatives market] an approximation Vh(t, x) of the value 

function 

(1.29) 

[where the continuous reflection part of the bounded and continuous total risk exposure 

control costs (L,M,N) satisfies on ?G and the infimum is 
taken over all admissible (relaxed/singular) control systems] of such a singular (or 
impulse) control approach 

(1.30a) 

(1.30b) 

(1.30c) 

[which is based on a Lipschitz continuous solution mapping in the Skorokhod problem 
for (G,R) and under standard conditions on the diffusion coefficients and the usual 
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compact control space has a unique strong solution 

x ε G ] to limited risk arbitrage investment management satisfies the discrete-time 
HJB dynamic programming equation 

(1.31) 

By solving this equation backwards in time from to 0 we can 

determine an optimal Markov control policy [which we denote by (du) in 
relaxed control notation], the corresponding (optimal) intertemporal singular control 

impulses and the necessary reflection impulses at the boundary 

∂ Gh (where is a corresponding discretization of the given risk/arbitrage tolerance 

band i.e., an optimal discrete-time impulsive risk exposure control strategy 

and the associated state evolution A weak 

convergence argument [with an embedded time scale adjustment to ensure tightness of 
the singular control and boundary reflection parts of the approximating discrete-time 
state dynamics xh(t)] then also establishes an optimal solution of the initially given 
continuous-time impulsive limited risk arbitrage investment management problem, i.e., 

a continuous-time optimal impulsive risk exposure control strategy and the 

associated state evolution . The above outlined HJB dynamic 
programming framework (based on the Markov chain approximation technique) also 
turns out to be a very convenient setting for a full extension of the concept of limited 
risk arbitrage investment management to a financial market with discontinuous 
securities and derivatives price processes. Such a generalization and extension then 
implements an optimal combination of continuous risk/arbitrage control (i.e., expected 
utility maximization under given risk exposure constraints) and impulsive risk 
exposure control (i.e., minimization of the exposure control costs associated with a 
given risky trading or portfolio management strategy). Consider for example the 
general asset/liability management problem of a large, internationally operating 
(re)insurance company with significant ("catastrophic”) non-life exposures (see the 
paper Baseline for Exchange Rate - Risks of an International Reinsurer, AFIR 1996, 

Vol. I, p. 395): Which portfolio strategies are suitable candidates for effectively 
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managing a multi-currency portfolio of assets (e.g., cash, bonds, stocks, futures and 
options) and liabilities (e.g., life and non-life (re-)insurance contracts) over some 
extended period [0,H] of time? We call H the associated ALM horizon. For 
1 ≤ i ≤ m, let E i (t) denote the exchange rate at time t of foreign currency i (i = 0 is 

the index of the domestic or accounting currency). Furthermore, for and 

respectively, let A i j (t) denote the market value at time t of asset j 

available in currency i and, similarly, let L i j (t) denote the cost at time t associated 

with liability j in currency i . If now 

and (1.32) 

are the currency i asset and liability portfolio positions at time t , respectively, and 

and (1.33) 

the corresponding total foreign currency asset and liability positions, then the value at 
time t , denominated in the domestic currency, of the entire multi-currency 
asset/liability portfolio is 

(1.34) 

[where the initial value is is the total 

asset/liability portfolio at time t and 

and (1.35) 

holds for the components of the two vectors 0 l of assets 

and of liabilities, respectively]. At this stage of the ALM 
modeling process, we introduce a general Markov jump diffusion state variable 

(1.36) 

in which the component represents the multi-currency 

asset/liability market [and Applying the impulse control 
techniques outlined above, we now consider the controlled state variable 

(1.37) 

which would at least have the following additional components: 
(t) (instantaneous investment risk) (1.38a) 

(t) (future portfolio risk dynamics) 1.38b) 

(t) (portfolio time decay dynamics) (1.38c) 

(t) (portfolio value appreciation dynamics) (1.38d) 
(on the liability side exposure constraints in the form of jump size restrictions or 
solvency capital restrictions are possible). Denoting the controls with u(t) = (v(t),...) 

and with the region in state space (ALM tolerance band) 
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defined by corresponding inequality constraints we want to 

make sure that with optimal stochastic control holds, 0 ≤ t ≤ H : Started at an 
admissible point x ∈ G the state variable x(t) evolves in time until it comes close to 
the boundary ∂ G of the ALM tolerance band. At each boundary point y ∈∂ G, a set 
R(y) of admissible reflection directions is assumed to be given [e.g., the interior 
normals n(y) ⊥ ∂ G on the hyperplanes at all points y ∈ ∂ G where they 
exist] and the state evolution is then reflected back into G in one of these admissible 
directions. We also allow (relaxed) intertemporal control of the state variable while it 
meets the ALM constraints, i.e., resides in G, and therefore consider the general 
singular (reflected jump diffusion) control model 

(1.39) 

which is based on a Lipschitz continuous solution mapping in the Skorokhod problem 
for (G,R) and under our above assumptions [and the usual compact control space 

has a unique strong solution for every x ∈ G. Note that 
any (conventional) progressively measurable control process has 

a relaxed control representation (du) [by an adapted random measure on the Borel 
sets B(U) ] such that 

(1.40) 

holds. The control-theoretical value function associated with general impulsive 
asset/liability management is then 
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(1.41) 

where (V(H)) is the utility of final wealth [the utility (t,c(t)) of 
intertemporal fund consumption would be included in the term L(t, x(t), u(t)) ] and the 
continuous reflection part of the bounded and continuous total risk exposure control 
costs (L,M,N) satisfies on ∂ G. The infimum is taken over 
all admissible (relaxed/singular) control systems and the corresponding (formal) HJB 
dynamic programming equation is of the form 

(1.42) 

where the parabolic integro-differential operator (in relaxed control 
notation) is defined with the controlled jump diffusion parameters, i.e. , 

(1.43) 

Efficient numerical solutions can now be determined with the above outlined Markov 
chain approximation approach. The discrete-time state dynamics are 
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(1.44) 

2. Markovian Weak Approximation 

Alternatively to the very powerful numerical techniques considered so far, in the 
complete financial markets case [characterized by (1.7) to (1.10) above] which is 
applicable in most practical ALM problems (from a pragmatic point of view), the 
following simple (lattice-based) discrete-time securities market approximation can be 
used (Harrison and Kreps [1], Harrison and Pliska [2, 3], Taqqu and Willinger [4], 
Duffie [5], Willinger and Taqqu [6], Eberlein [7], He [8], Dalang, Morton and 
Willinger [9], He [10], Willinger and Taqqu [11], Cutland, Kopp and Willinger [12], 
Duffie and Protter [13], Eberlein [14], Cutland, Kopp and Willinger [15, 16] and 
Schachermayer [17]): (1) With a time discretization 

(2.1) 

a weak (order 1.0) Euler approximation of the continuous-time securities and 
derivatives market dynamics 

(2.2a) 

[LRA investment management, see Part I: Securities Markets and 

Part II: Securities and Derivatives Markets] and 

(2.2b) 

[LRA contingent claim analysis, see Part III: A Risk/Arbitrage Pricing Theory] is 

(2.3a) 

and 
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(2.3b) 

where 

is a sequence of N -dimensional i.i.d. random vectors on the filtered probability space 

(2.5) 

with 

(2.6) 

[general N -variate and N + 1 -nomial lattice evolving on the time grid 

If and are corresponding piecewise constant 
interpolations (RCLL processes), then we have weak convergence 

(2.7) 

under the usual differentiability and boundedness assumptions on the model 
parameters (note that numerically more accurate and efficient discretization schemes 
can be obtained by using higher order Ito-Taylor expansions, see also Boyle [18], 
Omberg [19], Nelson and Ramaswamy [20], Breen [21], Trigeorgis [22], Amin [23] 
and Sandmann [24]). (2) Similarly, with a piecewise constant interpolation β n (t) of 
the Euler approximation 

(2.8) 

we have weak convergence 

(2.9) 

Furthermore, 

(2.10) 
defines a unique equivalent martingale measure for the securities and derivatives 

market discretization on (3) Introducing conditional one 

period Arrow-Debreu state prices on the lattice structure by 
the equation system 
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(2.11) 

then immediately leads to the explicit representation 

(2.12) 

(4) With the above general securities and derivatives market discretization (and the 
corresponding mode of convergence to the continuous-time limit) in place we first turn 
our attention to the LRA bond, stock and options portfolio management problem: The 
discrete-time (LRA) investment management and asset allocation problem 

(2.13) 

can be solved with standard Lagrangian methods. Defining the associated Lagrange 
multiplier as the solution of the non-linear equation 

(2.14) 

and the corresponding optimal fund withdrawal rate and final wealth by 

we obtain [in a Markovian framework - with the investor’s marginal utility of wealth 
ς as additional state variable] the recursive equation for the portfolio value 

function 

(2.16) 

with boundary conditions and The optimal 
discrete-time (LRA) asset allocation [in ν (t) - strategy space] can then be determined 
by solving the linear equation system 

(2.17) 
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[in which is the amount of cash held at time and 

the corresponding amount of bonds, stocks and options]. (5) Let 

and be piecewise constant RCLL interpolations of and 

) and similarly and be piecewise constant LCRL 

interpolations of and  furthermore be the Lagrange multiplier associated 
with the continuous-time LRA investment management and asset allocation problem 

(2.18) 

and denote weak convergence of (xn) to x [where or 
denotes the corresponding usual mode of convergence]. Under appropriate 

differentiability, growth and Lipschitz conditions on the model coefficients 
(2.19) 

and the investor’s utility functions 

(2.20) 
(see He [8, 10]) we then have the convergence results 

(2.21a) 

(2.21b) 

2.21c 

(2.21d) 

which confirm that indeed the securities and derivatives market discretization 

is a structure preserving approximation of the continuous-time financial 

economy relevant in an LRA investment management 

context. (6) Recalling that (in a Markovian framework) 

(2.22) 

382 

Let



is the value function of the given R/A-attainable contingent claim we consider the 
recursive equation 

(2.23) 

with boundary condition The corresponding discrete-time (LRA) 
replication strategy [in ν (t) - strategy space] can then be determined by solving the 
linear equation system 

(2.24) 

[in which is again the amount of cash held at time and 

the corresponding amount of bonds, stocks and options]. (7) Let as 

above be a piecewise constant RCLL interpolation of and 

similarly and be piecewise constant LCRL interpolations of and 
Under appropriate differentiability, growth and Lipschitz conditions on the model 
coefficients 

and the boundary condition 

(2.25) 

(see He [8]) we then have the convergence results 
(2.26) 

(2.27a) 

(2.27b) 

which demonstrate that the securities and derivatives market discretization 

is again a suitable approximation of the continuous-time financial 

economy relevant in an LRA contingent claim analysis 

context. 

3. Implied Trees 

As a concrete (very simple) example of the above general lattice-based techniques, we 
mention the standard binomial option pricing model 
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(3.1) 

(Black & Scholes lattice model for stock, stock indices and foreign currencies) where 

(3.2) 

This simple but important model can immediately be extended to have the following 
properties (Dupire [25,26], Derman and Kani [27], Heynen [28] and Rubinstein [29]): 
(1) The market variable follows a general diffusion process 

(3.3) 

which evolves in discrete-time on a recombining binomial lattice structure with 
parameters 

3.4a 
such that 

(3.4b) 

(risk-averse state evolution) and parameters 

(3.5a) 
such that 
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(3.5b) 

[risk-neutral state evolution, see Part I: Securities Markets]. (2) Denoting with n(t,x) 
the number of paths ending in node (t,x) and with (t,x) and (t,x) the associated 
risk-averse and risk-neutral time/state probabilities we have 

(risk-averse state evolution) and 

(risk-neutral state evolution). Note that 

holds and therefore the one step transition probabilities 
(risk-averse state evolution) 

(risk-neutral state evolution) 
and the time/state probabilities 

(risk-averse state evolution) 

(3.7) 

(3.8) 

(risk-neutral state evolution) (3.9) 

can be determined from a corresponding terminal probability distribution 
(risk - averse state evolution) 

(risk - neutral state evolution) 
(3.10) 

by solving equations (3.6a) and (3.6b) backwards in time from i = m-  1 to i = 0. 
Simultaneously solving equations (3.4b) and (3.5b) at each node also leads to the 
remaining lattice parameters 

(risk - averse state evolution) 

(risk- neutral state evolution). 
(3.11) 

Specifically, we have 

(3.6a) 

(3.6b) 
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(3.12a) 

(3.12b) 

(3.14) 

(risk-averse state evolution) and 

(risk-neutral state evolution). (3) If U(R) = log(R) is the representative utility of the 
return R of a risky investment in equilibrium, then the myopic optimization program 

(3.13) 

allows us [KKT first order conditions, see Part II: Securities and Derivatives 
Markets] to relate risk-neutral and risk-averse one step transition probabilities, i:e., we 
have 

(4) The risk-neutral pricing formula¹ is in this context 

(3.15) 

[see Part III: A Risk/Arbitrage Pricing Theory; note that for standard American 
options 

(3.16) 

is the corresponding intrinsic value] and the contingent claim sensitivities (derivatives 
risk parameters) are 

(3.17a) 

¹ X (intertemporal cashflows) and F (terminal condition) characterize the contingent claim. L ≤ v ≤ U 
are boundary conditions for its price process. 
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(3.17b) 

(3.17c) 

(3.24) 

(conditionally expected rates of change) and 

(3.18) 

(finite difference method) where 

in general]. (5) A risk-neutral terminal probability 
distribution can be determined by solving the quadratic program 

(3.19) 
holds. Theta can be defined via the relationship 

(3.20) 

and the approximation 

(3.21) 

(3.22) 

where 

(3.23) 
is a simple (standard) approximation of the market variable dynamics 

and and are the bid and ask prices at time t of European call options with 
T exercise values X 

k 
. The market variable itself is also assumed to be 

the price of a traded asset (with x b and x a the bid and ask prices, respectively, at time 
t). 
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4. Diffusion Parameter Estimation 

Given general (diffusion type) securities market dynamics 
(4.1) 

simple estimates of the associated drift and diffusion coefficients 
(4.2) 

can be obtained by (strong, order 1.0) numerical approximation with the Milstein 
scheme (Andrews [30], Rogers and Satchell [31], Hansen [32], Aggoun and Elliott 
[33], Chesney, Elliott, Madan and Yang [34] and Elliott and Rishel [35]). We first 
consider the problem of estimating the diffusion coefficient σ (t,x(t)) of the market 

variable x(t). (1) Writing y(t) = e x(t) and applying Ito's formula we have 

(4.3) 

and furthermore 

(4.4) 

for any function f(y) of class C². (2) With Milstein's approximation formula we then 
obtain 

(4.5a) 

(4.5b) 

and therefore 

(4.6) 

from which it can be seen that 

(4.7) 

is an unbiased estimate of σ (t)². (3) With f(y) = y 1+α this reduces to 
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(4.8) 

and we have the corresponding conditional moments 

(4.9a) 

(4.9b) 

from which the optimal (variance minimization) exponent 

(4.10) 

can be determined. (4) In two dimensions we obtain similarly 

(4.11) 

[where for the variances and with the variables 

(4.12) 

(and corresponding exponents and also 

(4.13) 

for the associated covariances. The drift coefficient µ (t,x(t)) of 
the market variable 

(4.14) 
can now be estimated by using an adaptive filtering technique and the above Milstein 
approximation scheme. (1) The dynamics of the observation process 

389 

and 



(4.15) 
are given by 

(4.16) 

where is a constant vector and X(t) is a Markov chain on the set 

of orthonormal basis vectors in R N with 

(4.17) 

(4.18) 

with the associated innovations process 

[A is a constant N × N -matrix] and the semimartingale representation 

[M(t) is a square-integrable {F t } -martingale]. (2) A filtered 
coefficient is then 

(4.19) 

estimate of the drift 

(4.20) 

[which is a {Y t } - Brownian motion]. (3) With the Girsanov transformation 

(4.21) 

[K(t) is an {Ft} -martingale] of probability measure and the {Ft} -martingale

(4.22) 

[ K(t) Λ (t) = 1 ] the Zakai form of a corresponding smooth estimate is 

(4.23) 

[note also that 
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(4.24) 

holds by the Bayes formula]. (4) Denoting with the number of jumps of the 

Markov chain X(s) from state e 
i 

to state e j in the time interval [0, t] and with the 

time spent by X(s) in state e i during the time period [0, t] and setting 

(4.27c) 

(4.25) 

adaptive (improving) estimates of the model coefficients are 

(4.26) 

where 

(4.27a) 

(4.27b) 

(5) Writing 

(4.28) 
a corresponding Milstein approximation is then 

(4.29a) 

(4.29b) 

(4.29c) 
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(4.29d) 

and the adaptive updates for the model parameters based on observations in the time 
period [0, t] consequently 

(4.30) 
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5. Securitization 

In the final part of our paper we should like to briefly indicate a potentially interesting 
area of application for limited risk arbitrage techniques: the securitization of 
“catastrophic” non-life (re)insurance exposures in the capital markets. One important 
reason why LRA techniques are very well suited for this kind of application lies in 
the fact that they achieve an overall allocation of the asset/liability risks involved 
that meets set targets at a reasonable price whereas the otherwise commonly applied 
hedging techniques (for the finance part of a securitization program) often 
unnecessarily avoid financial risks at an unacceptably high price while the 
(potentially dominating) risk exposure on the liability side remains high. Starting 
point of our considerations is Swiss Re’s recently launched “Beta” program for Oil & 
Petrochemicals industry high-excess property and casualty layers as an example for 
“catastrophic” non-life (re)insurance exposures: 

“Beta” provides multi-year, high-excess, broad form property and comprehensive 
general liability coverage with meaningful total limits for Fortune 500 clients in the Oil 
& Petrochemicals industry (“Beta” is also available in other Fortune 500 segments, its 
program parameters are industry-specific, however). 

Coverage is provided at optimal layers within prescribed minimum and maximum per 
occurrence attachment points and per occurrence (i.e., each and every loss: E.E.L., see 
Fig. 1 below) and aggregate (AGG.) limits, split appropriately between property and 
casualty. These attachment points and limits are derived from the risk profiles and the 
needs of the insureds (Swiss Re’s Value Proposition for the Oil & Petrochemicals 
industry). 

The aggregate limits provide “Beta” base coverage for one year and over three years. 
Simply stated, if the base coverage is not pierced by a loss, then its full, substantial 
limits (USD 200M property and 100M casualty) stay in force over the entire three year 
“Beta” policy term. 

Insureds might be concerned they would have no (or only a reduced) coverage if losses 
were to pierce the base coverage. Therefore, “Beta” includes a provision to reinstate 
all or a portion of the base coverage that is exhausted. 

Lastly, the “Beta” design includes an option at the inception of the base coverage to 
extend its initial three year high-excess insurance coverage (i.e., the property and 
casualty base coverage and the provision for a single reinstatement of the base 
coverage) for an additional three year policy term at a predetermined price. 
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Fig. 1: The “Beta” Insurance Coverage for the Oil & Petrochemicals Industry 

From Swiss Re’s risk management point of view, optimal layers for “Beta” property 
and casualty excess coverages are defined as follows: 

No annual loss should pierce the chosen property or casualty excess layer more 
frequently than once every four years (based both on the historical and scenario 
annual aggregate loss distributions). This translates into a 75% confidence that 
annual aggregate losses for a given layer of “Beta” coverage will equal zero.2 

The risk quantification process leading to the above optimal “Beta” layers for multi- 
year (i.e., three years) high-excess property and casualty Oil & Petrochemicals industry 
insurance coverage in principle follows standard actuarial tradition - however with 
some new elements: 

The ‘Beta” implementation team (consisting of Swiss Re and ETH Zurich3 personnel) 
has developed and implemented a consistent and stable (with respect to small 
perturbations in the input data) actuarial modelling approach for “Beta” high-excess 
property and casualty layers (see Fig. 2 below). This new methodology is based on 

2 This optimality criterion is mainly derived from Swiss Re’s perception (based upon an extensive Oil 
& Petrochemicals industry analysis) of a “Beta” or “catastrophic” event. In the case of “Beta” 
programs with combined single limits / deductibles, lower percentiles and thus shorter contract 
maturities may be preferable from a marketing point of view. 
3 The ETH Zurich “Beta” implementation team was lead by Prof. Dr. Hans Bühlmann, Prof. Dr. Paul 
Embrechts (Extreme Value Theory) and Prof. Dr. Freddy Delbaen (“Beta” Options). 
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Extreme Value Theory (Peaks-Over-Thresholds Model4) and fits a generalized 
Pareto distribution 5 to the exceedances of a data-specific threshold. 

Once the frequency and severity distribution parameters are determined, per claim loss 
layers are selected and aggregate distributions both within the selected layers and 
excess of those layers up to the maximum potential individual loss (MPL) in the Oil 
& Petrochemicals industry (e.g., USD 3 billion for property and USD 4 billion for 
casualty) calculated. 

This procedure is repeated for sequential layers (usually chosen at the discretion of the 
underwriter to approximate the anticipated “Beta” program structures reflecting the 
needs of the insureds or the entire Oil & Petrochemicals industry), thus mapping out 
the "Beta" risk potential. 

4 It has to be noted that claims histories are usually incomplete, i.e., only losses in excess of a so-called 

displacement δ are reported. Let therefore be an i.i.d. sequence of ground-up losses, be 

the associated loss amounts in the “Beta” layer and the corresponding 

aggregate loss. Similarly, let , be the losses greater than the displacement δ and 

, the corresponding “Beta” aggregate loss amount. Some elementary 

considerations then show that holds for the aggregate loss distributions, provided that 
δ < D. The Peaks-Over-Thresholds Model (Pickands-Balkema-de Haan Theorem) on the other 
hand says that the exceedances of a high threshold t < D are approximately distributed, 

where is the generalized Pareto distribution with shape ξ , location t ≡ µ and scale 

σ > 0. The threshold t < D is chosen in such a way that in a neighbourhood of t the MLE-estimate 

of ξ (and therefore the “Beta” premium) remains reasonably stable (see Fig. 2). 
5 The generalized Pareto distribution (GPD) is defined by 

where . Compare this with the ordinary Pareto 

distribution (PD): 
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The resulting probabilistic (excess-of-loss) profiles (“Beta” risk landscapes or risk 
maps, see Fig. 3 below) can also be used for the securitization 6 of “Beta” portfolio 
components. 

Sample Mean Excess Plot 

6 From an actuarial standpoint, securitization is a modern capital markets alternative for traditional 
retrocession agreements. 
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QQPlot 
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Data : Shape by Threshold 
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Data : GPD Fit to 98 exceedances 

Fig. 2a: Oil & Petrochemicals Industry Severity Parameters (Property) 
Solid Line: GPD, Dotted Line: PD 
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Sample Mean Excess Plot 
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QQPlot 
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Data : Shape by Threshold 
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Data : GPD Fit to 51 exceedances 

Fig. 2b: Oil & Petrochemicals Industry Severity Parameters (Casualty)
Solid Line: GPD, Dotted Line: PD 
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Fig. 3a: Oil & Petrochemicals Industry Risk Landscape (Property)
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Fig. 3b: Oil & Petrochemicals Industry Risk Landscape (Casualty)



Based upon a risk management target for "Beta” portfolio excess-of-loss 
probabilities, a corresponding securitization structure might then look as follows (in 
simple terms that could be made more precise with some financial engineering): 

1. 

2. 

3. 

4. 

5. 

etc.). 

AAA Swiss Re bond with coupon 
a. r fixed = best financial markets conditions 
b. + x variable = linked to performance of underlying risk portfolio 
and a maturity schedule that is adapted to the coverage structure of the 
underlying risk portfolio, i.e., in the case of “Beta” a maturity of at least 3 
years. 
For tax reasons, (the fixed part r of) the coupon would (at the investor’s 
discretion) not actually be paid out, i.e., the bond would be of the deep-discount 
type. 
In the case of a catastrophic loss in the underlying risk portfolio, the notional 
principal of the bond would be transformed into a long-term loan (i.e., the 
investor would not loose any money). With some financial engineering, interest 
rates at best financial market conditions could be guaranteed to both sides at the 
outset. 
In the case where an existing Swiss Re share-holder participates in such a 
structure, the notional principal of the bond could alternatively be transformed 
into Swiss Re shares at a fixed price (i.e., Swiss Re would not actually have to 
pay it back). 
The limited risk arbitrage techniques outlined in this publication series could be 
used to effectively exploit any opportunities for arbitrage profits offered by the 
global financial markets (disparity in interest rate regimes, exchange rates, 

Note that such a securitization program can also be designed according to specific risk 
management requirements (w.r.t. exposures, capital, cashflows, etc.) of a particular 
client. Usually, however, securitization (the “back-end” of an alternative risk transfer 
process) is completely transparent to "Beta" clients, i.e., Swiss Re takes complete care 
of the allocation of (re)insurance risks in the capital markets. 

Returning to LRA techniques now, we note that the above mentioned financial 
engineering critically depends upon an efficient model for interest-rates, stocks and 
foreign currency which is also reflective of the “Beta” excess-of-loss probabilities. The 
main idea is to start with an interest rate model (as interest rates are the most 
significant factor in the above securitization scheme) and to combine this in a 
consistent way with a model for stocks /stock indices / currencies (on the same 
lattice): 

A. Processes. 
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(I) for stocks, stock indices and currencies 

Reference: J.C. Hull, Options, Futures and Other Derivative Securities, 
Prentice-Hall 1993 

Generalization: M. Rubinstein, Implied Binomial Trees, Journal of 
Finance 49, 771 - 818 (1994) 

(II) for interest rates (volatilities) 

Reference: J.C. Hull and A. White, One-Factor Interest-Rate Models and 
the Valuation of Interest-Rate Derivative Securities, Journal of 
Financial and Quantitative Analysis 28, 235 - 254 (1993) 

B. Rubinstein Implied Tree (consistent with Hull & White interest rates). 

Stock / Stock Index / Currency Dynamics (as in 3. Implied Trees above): 

(5.1) 

Interest Rates and Dividend Yields (Ito formula): 

(5.2a) 

(5.2b) 

Hull & White Interest Rates (comparison of respective drift and diffusion terms): 
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(5.3) 

Simplification r(t, x) = a + bt + cx + dx² : 

(5.4a) 

(5.4b) 

This defines the stock / stock index / currency evolution (consistent with interest rates). 
The simplification y( t, x) = e + ft + gx then leads to the parameters (initial conditions) 

(5.5a) 

(5.5b) 

(5.5c) 

(5.5d) 

with the remaining model specifications 

for r(t, x) : 

for y( t, x) : 
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(5.6a)

(5.6b)



Using this model, the LRA techniques presented in this paper can be implemented on a 
notebook computer with reasonable response times for both lattice construction and 
contingent claim (portfolio) evaluation. 
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